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A B S T R A C T

Wheeled mobile manipulators (WMMs) are primarily composed of a manipulator and a mobile
base, which lead to their agility, maneuverability, and mobility. Despite impressive progress
in recent years, there remains some substantial work in improving WMMs’ motion precision,
owing to the current limitations in unpredictable wheel slippage, high system redundancy, and
absence of external perception information. One intuition is to distribute more of a given set
of end-effector motion requirements to the manipulator adaptively – to reduce the motion error
introduced by wheel locomotion. With the ultimate goal of improving a WMM’s motion accuracy
without external perception information, here we present a novel adaptive multi-objective motion
distribution framework (AMoMDiF) for a redundant WMM, which is drawn inspiration from
null-space exploration. The framework adopts a hierarchical structure to explore the WMM’s
null space iteratively to achieve three tasks, which are end-effector motion achievement (primary
objective), adaptive motion distribution (secondary objective), and manipulability enhancement
to avoid singularity (tertiary objective). The secondary objective strives to assign more of
an end-effector motion to the manipulator when possible. The tertiary goal will enhance the
manipulator’s capability to stay away from singularities via the WMM’s remaining redundancy
after the primary and secondary tasks are completed. Experiment results on a physical platform
show that, compared with the traditional motion planning method, the proposed AMoMDiF
significantly improves the WMM’s motion accuracy through the achievements of the three
objectives.

1. Introduction
By fusing the respective advantages of manipulators with wheeled mobile bases, wheeled mobile manipulators

(WMMs) are widely used in unstructured environments due to their dexterity, maneuverability, and mobility in complex
scenarios. Besides, many tasks that require high accuracy are completed by deploying WMMs, including opening a
door [1], rotating a valve [2], grabbing an object [3], and opening a drawer [4]. It is practical to extend the reach of
a manipulator by adding a mobile base to it, as otherwise it would be limited to a settled workspace [5]. However,
researchers usually establish the model of the WMM without considering the inherent differences between these two
subsystems (mobile base and manipulator). For example, the base usually moves in an environment with complex
dynamics (e.g., slippage/skidding, or locomoting on uneven ground) while the manipulator is in free or contact motion
[6]. Under such constraints, the existing high-precision operation methods for WMMs are mostly based on external
perception information feedback. Studying how to improve WMMs’ operation accuracy under circumstances without
environmental information will reduce their dependence on external perception and broaden the adaptability of WMMs.

Due to the above-mentioned different characteristics of the mobile base and the manipulator, an unified modeling
and motion planning framework of the entire system (called the mobile manipulator) should take these differences into
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account [7]. Fortunately, this combination often makes a WMM a kinematically redundant robotic system, which means
it has more degrees of freedom (DOFs) than minimally required for performing tasks. While facing an infinite number
of solutions, the WMM can provide a wealth of possibilities for the diversification of exercise options by selecting
different joint motions, so as not to affect the posture (position and orientation) of the end-effector. Many different
objectives have been achieved by using this inner joint motion, e.g., manipulability enhancement, joint limitation
avoidance, obstacle avoidance, and/or singularity avoidance [8, 9, 10, 11, 12].

Few studies, however, have addressed motion accuracy of a WMM’s end-effector in absence of environment
perception information, taking motion errors of the mobile base into account. As a result of discretizing a complex
task, Shin et al. [13] enhanced the accuracy of the WMM by avoiding simultaneous activation of the mobile base
and manipulator. Nagatani et al. [14] proposed a coordinated motion planning approach for a WMM to improve its
kinematic precision. However, the inaccuracy of the mobile base’s motion was neglected. Based on the assumption
that the motion base had no motion inaccuracy, Papadopoulos et al. [15] proposed a motion planning approach for
nonholonomic WMMs that simultaneously satisfied the nonholonomic constraints while maintaining the motions of
the end-effector and the mobile base, respectively. Leoro and Hsiao [16] presented a method for planning the motions
of nonholonomic mobile manipulators taking into account joint constraints and avoiding singularity/self-collisions.
It was however ignored that the mobile base and manipulator had different motion accuracy, and the method cannot
be used to solve hierarchical problems. Jia et al. [7] noticed the differences between the manipulator and the mobile
base. For a nonholonomic mobile manipulator, the authors proposed an integrated motion planning approach using
a weighted inverse Jacobian; however, the joint constraints (position, velocity, and acceleration) were not taken into
account.

In our previous work [17], we used a weighting matrix to determine how the desired end-effector’s motion of an
omnidirectional WMM should be distributed to the movement of the mobile base and the behavior of the manipulator
in order to improve the precision of the WMM’s motion. A inverse Jacobian with a weighted component can be used
to distribute motion between the mobile base and manipulator subsystems. However, if one joint exceeds its limit, the
motion will simply be transferred from the manipulator to the mobile base, thus not fully exploiting the manipulator’s
redundancy [18].

This paper draws inspiration from the “saturation in the null space” (SNS) algorithm proposed by Flacco et
al. [19, 20] for redundant manipulators and extends it to redundant mobile manipulators. Because of its ability to
distribute end-effector motion to joint motion, the SNS method can address redundant systems’ limitations effectively.
However, it has never been utilized to improve the motion precision of a WMM. In view of this, we propose a
novel adaptive multi-objective motion distribution framework (AMoMDiF) to improve WMMs’ motion accuracy in
circumstances without environment perception feedback. This framework adopts a hierarchical structure to explore the
WMMs’ null space iteratively for completing end-effector motion (primary objective), adaptive motion distribution
(secondary objective), and singularity avoidance (tertiary objective). The motion accuracy enhancement is achieved
by the secondary objective via distributing less of the end-effector motion to the mobile base. The tertiary goal is used
to improve the capacity of the manipulator to stay away from a singular configuration.

The proposed framework includes an emphasis on examining the singularity of the manipulator first. It is possible
to activate the mobile base at the same time if the manipulator is near a singular configuration. Due to this, the proposed
method can only be performed when the manipulator is far enough away from a singularity. Additionally, the tertiary
objective will be met without interfering with the primary and secondary objectives, in order to prevent a singularity
from forming.

This paper is organized as follows. Section 2 presents the kinematics of a WMM. In Section 3, the proposed adaptive
multi-objective motion distribution framework (AMoMDiF) is provided. The experimental results are reported in
Section 4 to examine the performance of the proposed motion distribution framework. Concluding remarks appear
in Section 5.

2. Kinematics of a Wheeled Mobile Manipulator
A typical wheeled mobile manipulator is usually composed of a wheeled mobile base and a manipulator. Thus,

its kinematic model can be derived from the kinematic models of the two subsystems. A sketch of a WMM is shown
in Fig. 1, where Σ𝑤, Σ𝑏, Σ𝑚, and Σ𝑒𝑒 represent the world reference frame, mobile base frame, manipulator reference
frame, and end-effector frame, respectively.
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Figure 1: Sketch of a wheeled mobile manipulator.

First, assume that there is no slippage or skidding between the wheels of the mobile base and the ground (i.e., pure
rolling). Then we can express the mobile base’s forward kinematics as 𝑞̇𝑏 = Ψ(𝑞𝑏)𝑣𝑏, where 𝑞𝑏 ∈ ℝ𝑛𝑏 represents its
generalized coordinate vector expressed in Σ𝑤, 𝑣𝑏 ∈ ℝ𝑏 represents the wheels’ velocity vector, Ψ(𝑞𝑏) ∈ ℝ𝑛𝑏×𝑏 denotes
its kinematic constraint matrix (holonomic or nonholonomic) that transfers the wheel velocities to the generalized
mobile base velocities, and 𝑛𝑏 and 𝑏 represent the dimensions of the mobile base’s generalized coordinate vector and
the wheel velocity vector, respectively. Furthermore, both holonomic and nonholonomic mobile bases can apply to the
above kinematic model.

The manipulator is usually subject to holonomic constraints, i.e., its generalized velocity vector 𝑞̇𝑚 ∈ ℝ𝑚 can be
assigned arbitrarily at any manipulator configurations, 𝑚 denotes its dimension (number of joints). Here, we specify
𝑣𝑚 = 𝑞̇𝑚, where 𝑣𝑚 ∈ ℝ𝑚 denotes the manipulator’s joint input velocity vector.

The generalized coordinate vector and wheel/joint input velocity vector of the WMM are defined as 𝑞 = [𝑞T𝑏 , 𝑞
T
𝑚]

T ∈
ℝ𝑛 and 𝑣 = [𝑣T𝑏 , 𝑣

T
𝑚]

T ∈ ℝ𝑏+𝑚, respectively, where 𝑛 = 𝑛𝑏 + 𝑚. Then, the forward kinematics at the velocity level for
the entire WMM can be calculated as [21]

𝑥̇ = 𝐽 (𝑞)𝑞̇ = [𝐽𝑏(𝑞) 𝐽𝑚(𝑞)]
[

𝑞̇𝑏
𝑞̇𝑚

]

= [𝐽𝑏(𝑞)Ψ(𝑞𝑏) 𝐽𝑚(𝑞)]
[

𝑣𝑏
𝑣𝑚

]

= 𝐽𝑣(𝑞)𝑣, (1)

where 𝑥̇ ∈ ℝ𝑟 is the task-space velocity vector of the end-effector with its dimension being 𝑟, 𝐽𝑏(𝑞) ∈ ℝ𝑟×𝑛𝑏 and
𝐽𝑚(𝑞) ∈ ℝ𝑟×𝑚 denote the Jacobians of the mobile base and the manipulator, respectively. 𝐽 (𝑞) ∈ ℝ𝑟×𝑛 is the Jacobian
of the unconstrained WMM (i.e., no mobile base constraint is considered), and 𝐽𝑣(𝑞) ∈ ℝ𝑟×(𝑏+𝑚) is the Jacobian of the
WMM.

It should be mentioned that there are two Jacobians for WMMs due to the different locomotion of mobile bases, and
this characteristic broadens the adaptability of our framework. In the presence of holonomic constraints on the mobile
base, both 𝐽 (𝑞) and 𝐽𝑣(𝑞) can be utilized. In the case of a nonholonomic mobile base, only 𝐽𝑣(𝑞) can be employed [22].

In most cases, a WMM system is kinematically redundant (i.e., 𝑟 < 𝑛). Thus, for an end-effector velocity 𝑥̇, its
inverse kinematics with null-space exploration considered can be expressed as1

𝑞̇ = 𝐽 †𝑥̇ + (𝐼 − 𝐽 †𝐽 )𝑞̇ , (2)

where 𝐽 † = 𝑊 −1𝐽T(𝐽𝑊 −1𝐽T)−1 denotes the weighted pseudoinverse of 𝐽 with 𝑊 being a symmetric and positive-
definite weighting matrix, 𝐼 represents an 𝑛 × 𝑛 identity matrix, 𝐼 − 𝐽 †𝐽 is the 𝑛 × 𝑛 orthogonal projector in the
Jacobian null space, and 𝑞̇ ∈ ℝ𝑛 denotes a generic joint velocity. Eq. (2) presents the joint solution 𝑞̇ that fulfills (1)
(or minimizes ‖𝑥̇ − 𝐽 𝑞̇‖2 if the task cannot be completed), while minimizing in norm the distance to 𝑞̇ .

In practical kinematic controller design, the inverse kinematics (2) can be expressed as[17, 23]

𝑞̇ = 𝐽 †[𝑥̇𝑑 +𝐾𝑥(𝑥𝑑 − 𝑥)
]

+ (𝐼 − 𝐽 †𝐽 )𝑞̇ , (3)
1For brevity, the dependence of the Jacobian matrices upon the joint variables is omitted in the notation.
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where 𝑥 ∈ ℝ𝑟 and 𝑥𝑑 ∈ ℝ𝑟 denote the actual and desired poses of the end-effector, respectively, and 𝐾𝑥 ∈ ℝ𝑟×𝑟 is a
diagonal positive-definite matrix. The end-effector velocity 𝑥̇ in (2) is changed to 𝑥̇𝑑 +𝐾𝑥(𝑥𝑑 −𝑥) in (3) to ensure that
the motion tracking error converges to zero.

3. Adaptive Multi-objective Motion Distribution Framework
The mobile base of a WMM has less motion accuracy compared with the manipulator mounted on its top due to

unknown ground-wheel contact, wheel wear or wheel slippage/skidding [7]. To improve the motion accuracy of the
WMM in the absence of environment perception, an AMoMDiF is proposed. With this framework, the WMM can
accomplish multiple objectives by exploring the WMM’s null space iteratively in a hierarchical structure. In Section
3.1, the joint velocity limits are presented. Section 3.2 provides the basic motion distribution algorithm, taking the
above joint limits into account. Section 3.3 discusses the singularity avoidance and mobile base motion issues. Finally,
the structure of the proposed AMoMDiF is presented in Section 3.4.

3.1. Joint Velocity Limits Definition
This motion distribution approach is performed at the velocity level. Therefore, the limits on joint velocity need

to be locally calculated considering the joint position, velocity, and acceleration bounds of the WMM. The velocity
limits on 𝑞̇ at the current WMM configuration 𝑞 (time 𝑡 = 𝑡ℎ) can be derived as

𝑄̇min(𝑞) ⩽ 𝑞̇ ⩽ 𝑄̇max(𝑞) (4)

with the velocity limits of each joint defined as [20]

𝑄̇min,𝑖 =max
{𝑄min,𝑖 − 𝑞𝑖,ℎ

𝑇
, 𝑉min,𝑖,−

√

2𝐴max,𝑖(𝑞𝑖,ℎ −𝑄min,𝑖)
}

, (5)

𝑄̇max,𝑖 =min
{𝑄max,𝑖 − 𝑞𝑖,ℎ

𝑇
, 𝑉max,𝑖,

√

2𝐴min,𝑖(𝑞𝑖,ℎ −𝑄max,𝑖)
}

, (6)

where 𝑄max/𝑄min, 𝑉max/𝑉min, and 𝐴max/𝐴min denote the maximum and minimum hard joint bounds of the position,
velocity, and acceleration, respectively. 𝑖 = 1,… , 𝑛 represents the 𝑖th joint, 𝑇 is the sampling time, and 𝑞𝑖,ℎ denotes
the WMM’s 𝑖th joint position at current time 𝑡ℎ.

Here, we take (6) as an example to illustrate how to derive these velocity limits. The first term on its right-hand
side is caused by the joint position constraint, the middle term is caused by its velocity constraints, and the third term
is caused by its acceleration constraint. Thus, the largest joint velocity ought to be the minimum of the three. It is
worth emphasizing that the third term is obtained by maximally decelerating the 𝑖th joint when it approaches its upper
position constraint.

3.2. Basic Motion Distribution Algorithm via Null-space Exploration
The proposed basic algorithm achieves the primary task (end-effector motion following) and the secondary

objective (motion accuracy improvement) by exploring the WMM’s null space iteratively. As the mobile base’s motion
precision is lower than that of the manipulator, it is desirable to distribute the end-effector motion requirement as much
as possible to the manipulator to obtain high motion accuracy. Therefore, the mobile base will be activated only when
the manipulator cannot complete the task.

In the proposed framework, a diagonal selection matrix is employed to assign enabled joints. is an 𝑛×𝑛 diagonal
selection matrix whose diagonal elements are of one or zero specifying whether the joints are active or inactive, i.e.,
if the 𝑗th element on the  diagonal is one, the 𝑗th joint is enabled. Then according to the selection matrix  and (2),
the joint velocity command can be expressed as

𝑞̇𝑎𝑚𝑑 = (𝐽)†𝜑𝑥̇ + [𝐼 − (𝐽)†𝐽 ]𝑞̇ , (7)

where 𝜑 represents a scaling factor used to curtail the end-effector motion requirement 𝑥̇ when the WMM is not
capable of meeting it. It is noteworthy that 𝑞̇𝑎𝑚𝑑 is a joint velocity solution when provided with end-effector velocity 𝑥̇
and null-space velocity 𝑞̇ . It will change to the usual pseudoinverse (minimum norm) solution 𝐽 †𝑥̇ on the condition
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that 𝜑 = 0,  = 𝐼 , and 𝑞̇ = 0. With this approach, there is no need for the complicated calculation mentioned in
[24], which is performed at joint acceleration level.

At the outset, the selection matrix is selected as  =
[

0𝑛𝑏×𝑛𝑏 , 0
0, 𝐼𝑚×𝑚

]

; thus, no motion is distributed to the mobile base

since it is disabled (the null-space velocity 𝑞̇ vector is chosen as a zero vector). Next, (7) is employed to calculate the
joint velocity command. In detail, if the 𝑗th joint of the manipulator is over-driven (𝑞̇𝑗,𝑎𝑚𝑑 > 𝑄̇max,𝑗 or 𝑞̇𝑗,𝑎𝑚𝑑 < 𝑄̇min,𝑗),
the corresponding element on the  diagonal is specified as zero to deactivate the joint, and the 𝑗th element of 𝑞̇ is set
equal to 𝑄̇max,𝑗 or 𝑄̇min,𝑗 . The above operation on 𝑞̇ and  will set back the 𝑗th joint velocity to its saturation level,
and the corresponding velocity deficiency will be specified to other manipulator joints to conduct. This practice yet
may overload the other joints of the manipulator. Thus, this approach needs to be reiterated until there is no over-driven
joint remained. Otherwise, the end-effector velocity 𝑥̇ is infeasible for the WMM with an immobilized mobile base.

The feasibility of the desired end-effector task 𝑥̇ can be checked by the rank of 𝐽 . In the case where the rank of this
matrix is less than the dimension of the task-space motion 𝑟, then 𝑥̇ is infeasible for the manipulator. Consequently, the
mobile base should be enabled by changing the corresponding zeros in  to ones. When the mobile base is involved,
all the WMM’s joint velocities require to be recalculated according to (7). It is essential to downscale the required
end-effector motion 𝑥̇ to be partially accomplished if it cannot be completed by the WMM even with a mobile base
that is enabled. To achieve this function, a scaling factor 0 ⩽ 𝜑 ⩽ 1 is introduced for 𝑥̇ to make it realizable. 𝜑 is equal
to one unless 𝑥̇ is infeasible for the WMM. Further description of 𝜑 will be detailed in 3.4.

3.3. Singularity Avoidance and Mobile Base Motion Issues
The above algorithm can make maximal use of the manipulator to perform the required end-effector motion.

However, it sometimes propels the manipulator to the edge of its workspace and then launches the mobile base. During
this process, workspace-boundary singularities are generated as the manipulator reaches its full extension. Thus, a
revised version of the proposed framework should be presented to avoid singularity. We perform singularity avoidance
in two levels. First, during each loop, if it is determined that the initial segment of the desired trajectory will make the
manipulator approach one of its singularities, the mobile base is directly activated. Second, we add a tertiary objective
to the WMM’s null space to avoid paths that get close to them. We adopt the velocity manipulability ellipsoid, which
is an effective measure to evaluate the distance of a robotic system from its singularity [25]. For a robotic manipulator,
it is expressed as

 =
√

det (𝐽𝑚𝐽T
𝑚). (8)

A prioritized task motion plan ensures that the primary task is completed in a priority manner. It may also be
possible to perform lower-priority tasks if there is still redundancy [26]. Here, the joint velocity command for the
tertiary objective 𝑞̇𝛾 is devised as

𝑞̇𝛾 = 𝜓𝑃𝑆 𝑞̇𝑆 , (9)

where 0 ⩽ 𝜓 ⩽ 1 represents a scaling factor to respect the joint bounds when the remaining redundancy is not sufficient
to hold it. In joint space, the subsidiary null-space projection matrix 𝑃𝑆 is defined as follows,

𝑃𝑆 =
[

𝐼 −
(

(𝐼 − )𝑃
)†
]

𝑃 , (10)

where 𝑃 denotes the Jacobian null space of the WMM with its definition being 𝑃 = 𝐼 − 𝐽 †𝐽 . The variable 𝑞̇𝑆
denotes the joint velocity vector associated with the null-space projection matrix 𝑃𝑆 , which is defined as

𝑞̇𝑆 = 𝑘𝑁

[

0𝑛𝑏×1
(▿𝑞𝑚)T

]

− 𝑘𝐷𝑞̇, (11)

where 𝑘𝑁 and 𝑘𝐷 are positive constants. 𝑘𝐷𝑞̇ is a damping term to stabilize the system. The joint velocity command
that achieves the desired end-effector motion, follows the motion distribution method, and fits the tertiary objective
can be expressed as

𝑞̇ = 𝑞̇𝑎𝑚𝑑 + 𝑞̇𝛾 . (12)
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Figure 2: Flowchart of the proposed AMoMDiF for a WMM.

We note that the proposed framework is realized at the joint velocity level. Thus, once the mobile base is suddenly
enabled or disabled, the instant velocity command may vibrate the WMM. This phenomenon ought to be avoided to
improve the WMM’s motion accuracy. Therefore, a transition function is adopted to launch/stop the mobile base stably

𝑞̇𝑏,𝑡𝑟 =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

0 ∕ 𝑞̇𝑏, if 𝑡 ⩽ 𝑡𝑠

𝑉𝑏
𝑡−𝑡𝑠
𝑡+𝑓−𝑡𝑠

∕𝑉𝑏
𝑡+𝑓−𝑡

𝑡+𝑓−𝑡𝑠
, if

{

sign(𝑉𝑏) > 0
𝑡𝑠 < 𝑡 < 𝑡+𝑓

𝑉𝑏
𝑡−𝑡𝑠
𝑡−𝑓−𝑡𝑠

∕𝑉𝑏
𝑡−𝑓−𝑡

𝑡−𝑓−𝑡𝑠
, if

{

sign(𝑉𝑏) < 0
𝑡𝑠 < 𝑡 < 𝑡−𝑓

𝑞̇𝑏 ∕ 0, if

{

sign(𝑉𝑏) > 0
𝑡 ⩾ 𝑡+𝑓

𝑞̇𝑏 ∕ 0, if

{

sign(𝑉𝑏) < 0
𝑡 ⩾ 𝑡−𝑓

(13)

where 𝑞̇𝑏,𝑡𝑟 denotes the mobile base velocity during the transition procedure, 𝑡𝑠 and 𝑡+𝑓 (𝑡
−
𝑓 ) denote the start and final time

of the transition, respectively. In (13), the first value denotes the start condition, and the second value represents the stop
condition. 𝑉𝑏 represents the base velocity when it starts to activate/deactivate. 𝑡+𝑓 = |

𝑉𝑏
𝐴min,𝑏

|+ 𝑡𝑠 and 𝑡−𝑓 = |

𝑉𝑏
𝐴max,𝑏

|+ 𝑡𝑠,
where 𝐴max,𝑏 and 𝐴min,𝑏 denote the maximum and minimum accelerations of the base, respectively.

3.4. Illustration of the Adaptive Multi-objective Motion Distribution Framework
The complete procedure of the proposed AMoMDiF is presented in Fig. 2 and Algorithm 1, and an approach to

regulate the scaling factors 𝜑 (in (7)) and 𝜓 (in (9)) is shown in Algorithm 2.
Fig. 2 and Algorithm 1 show the proposed framework to realize motion distribution for a WMM, taking singularity

avoidance into account. The primary task is to achieve the desired end-effector’s motion, and the secondary mission
is to distribute the end-effector motion requirement as much as possible to the manipulator. In this study, the mobile
base is deactivated until the manipulator approaches a singularity or saturated.

The minimum singular value of the manipulator Jacobian matrix 𝐽𝑚 [27] is employed to detect the manipulator’s
singularity, which is denoted as 𝜎𝑚 and the singularity measure here is specified as 𝜎𝑚,𝑚𝑖𝑛. It is noteworthy that the
maximization of  in (8) can enlarge 𝜎𝑚. Suppose 𝜎𝑚 < 𝜎𝑚,𝑚𝑖𝑛, indicating that the manipulator is close to a singularity.
Then, the mobile base will be activated to move the manipulator away from it by kinematic reconfiguration. Further,
when the WMM has remaining redundancy after the primary and secondary tasks are realized, the tertiary objective
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Algorithm 1 Adaptive motion distribution algorithm.

Initialization:  =
[

0𝑛𝑏×𝑛𝑏 , 0
0, 𝐼𝑚×𝑚

]

, 𝜎𝑚,𝑚𝑖𝑛, 𝑟

Steps:
Compute 𝜎𝑚
if 𝜎𝑚 < 𝜎𝑚,𝑚𝑖𝑛 then

𝑛𝑏×𝑛𝑏 = 𝐼𝑛𝑏×𝑛𝑏 and activate (13)
else

𝑛𝑏×𝑛𝑏 = 0𝑛𝑏×𝑛𝑏 and activate (13)
end if
𝑞̇𝑎𝑚𝑑 = (𝐽)†𝑥̇ + [𝐼 − (𝐽)†𝐽 ]𝑞̇
if ∃𝑗 ∈ [1 ∶ 𝑚] ∶ 𝑞̇𝑗,𝑎𝑚𝑑 > 𝑄̇max,𝑗||𝑞̇𝑗,𝑎𝑚𝑑 < 𝑄̇min,𝑗 then

repeat
k={most critical joint}
𝑘𝑘 = 0

𝑞̇ ,𝑘 =

{

𝑄̇max,𝑘, if 𝑞̇𝑘,𝑎𝑚𝑑 > 𝑄̇max,𝑘

𝑄̇min,𝑘, if 𝑞̇𝑘,𝑎𝑚𝑑 < 𝑄̇min,𝑘
if rank(𝐽 ⩾ 𝑟) then

𝑞̇𝑎𝑚𝑑 = (𝐽)†𝑥̇ + [𝐼 − (𝐽)†𝐽 ]𝑞̇
else

if 𝑛𝑏×𝑛𝑏 = 𝐼𝑛𝑏×𝑛𝑏 then
Compute scaling factor 𝜑
𝑞̇𝑎𝑚𝑑 = (𝐽)†𝜑𝑥̇ + [𝐼 − (𝐽)†𝐽 ]𝑞̇
go to marker

else
𝑛𝑏×𝑛𝑏 = 𝐼𝑛𝑏×𝑛𝑏 and activate (13)
𝑞̇𝑎𝑚𝑑 = (𝐽)†𝑥̇ + [𝐼 − (𝐽)†𝐽 ]𝑞̇

end if
end if

until ∀𝑗 ∈ [1 ∶ 𝑚] ∶ 𝑄̇min,𝑗 ⩽ 𝑞̇𝑗,𝑎𝑚𝑑 ⩽ 𝑄̇max,𝑗
else

Activate (9)–(11)
Compute scaling factor 𝜓 and 𝑞̇𝛾

end if
marker:
Calculate joint velocity command with (12)

a

b

c

d

with (9)–(11) will be conducted to enhance the manipulator’s ability to stay away from a singularity. If the primary
task or the tertiary task cannot be fully realized, a scaling factor 𝜑 or 𝜓 is utilized to make it partially executed.

Algorithm 2 presents the procedure of regulating the two scaling factors according to the joint bounds (4)-(6).
The variable 𝜆 represents the needed joint velocity for the previous task, and 𝜉 denotes the consuming joint motion
capability of the manipulator for the primary or the tertiary task. Then, the ratio of the residual joint velocity to the
required joint velocity (denoting as 𝜌min and 𝜌max) is calculated, and the minimum ratio of all the joints is obtained,
expressed as 𝛷. The variable 𝛷 is a criterion showing the residual capacity of the manipulator to complete the task.
Suppose 𝛷 ⩾ 1, the manipulator has sufficient capacity to achieve the task. 𝛷 < 1 indicates the manipulator cannot
accomplish the task. The desired end-effector task should not be upscaled; thus, the scaling factor (𝜑 or 𝜓) is selected
as the smaller between 𝛷 and 1.

4. Experimental Results
To verify the effectiveness of the proposed AMoMDiF, it was implemented on a wheeled mobile manipulator. A

traditional motion planning approach that employed the pseudoinverse of the WMM’s Jacobian was implemented as
a control group (to be fair, we extended it to perform manipulability enhancement). Alternatively, you may choose
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Algorithm 2 Scaling factor regulation.

Initialization: 𝜑:
{

𝜆 = (𝐽)†𝑥̇
𝜉 = [𝐼 − (𝐽)†𝐽 ]𝑞̇

}

; 𝜓 :
{

𝜆 = 𝑃𝑆 𝑞̇𝑆
𝜉 = 𝑞̇𝑎𝑚𝑑

}

Steps:
𝜌min = (𝑄̇min − 𝜉)∕𝜆, 𝜌max = (𝑄̇max − 𝜉)∕𝜆
for 𝑖 = 1 → 𝑚 do

if 𝜌min,𝑖 > 𝜌min,𝑖 then
Switch 𝜌min,𝑖 and 𝜌max,𝑖

end if
𝛷 = min{𝜌max,𝑖}

end for
Scaling factor (𝜑 or 𝜓) = min{𝛷, 1}

Motion Capture 

System

Mobile Manipulator

System

Tracking Marker

Figure 3: Experimental setup. Mobile manipulator system consists of an omnidirectional WMM and a computer; motion
capture system is composed of a binocular camera and a computer; tracking marker is a target to be tracked by the motion
capture system. The subsystems are connected via the UDP/IP Ethernet protocol.

the quadratic programming (QP) method [28] as the traditional motion planning approach, but it has some limitations,
including the high computational load that results from the increase in DOFs and the possibility of multiple hierarchical
tasks or impractical tasks. In comparison to pseudoinverse-based techniques, it is less suitable.

The experiments comprise two units: (A) the confirmation of the necessity of singularity avoidance and (B)
evaluating the proposed motion distribution framework.

4.1. Experimental Setup
The experiments were conducted with an omnidirectional WMM, which is composed of a custom-built four-wheel

mobile base and a 7-DOF ultra-lightweight robotic arm Kinova Gen3 (Kinova Robotics, Canada), as shown in Fig. 1. As
a result of the mobile base’s four Mecanum wheels, omnidirectional movement is possible. The motion planning code
was developed in C++, adopting the Eigen library [29] for algebraic computations. The experiments were performed
in the ROS environment [30] on a Intel(R) Xeon(R) CPU X5550 @ 2.67 GHz, with 16 GB of RAM.

Fig. 3 presents the setup for the experiment, which consists of a self-assembled WMM and a motion capture system
(Claron Technology Inc., Canada). The RMS value of the motion capture system’s calibration precision is 0.35 mm.
It deserves attention that the motion capture system is utilized solely for determining the end-effector’s actual position
to evaluate the motion accuracy of the proposed framework and not used for motion planning.

The WMM we employed in our experiment is an omnidirectional one and we chose 𝐽 as its Jacobian, as defined in
(1). The mobile base’s kinematics representation is shown in Fig. 4, where its generalized coordinate vector is denoted
as 𝑞𝑏 = [𝑥𝑏, 𝑦𝑏, 𝜃𝑏]T ∈ ℝ3 and the wheels’ velocity command vector as 𝑣𝑏 = [𝜔1, 𝜔2, 𝜔3, 𝜔4]T ∈ ℝ4. The matrix
Ψ(𝑞𝑏) ∈ ℝ3×4, which is employed to transfer the wheel velocity to the generalized base velocity, can be derived as

Ψ(𝑞𝑏) = 𝐽𝛼𝐽𝛽 , (14)
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Table 1
Joint constraints of the WMM. Joints corresponding to the mobile base are the first three; joints corresponding to the
manipulator are the rest seven.

Joint No. Angle Velocity Acceleration

1 ±∞ ±0.25 m/s ±0.025 m/s2

2 ±∞ ±0.25 m/s ±0.025 m/s2

3 ±∞ ±1.0 rad/s ±1.5 rad/s2

4 ±∞ ±1.75 rad/s ±3.0 rad/s2

5 ±2.2 rad ±1.75 rad/s ±3.0 rad/s2

6 ±∞ ±1.75 rad/s ±3.0 rad/s2

7 ±2.5 rad ±1.75 rad/s ±3.0 rad/s2

8 ±∞ ±3.14 rad/s ±5.0 rad/s2

9 ±2 rad ±3.14 rad/s ±5.0 rad/s2

10 ±∞ ±3.14 rad/s ±5.0 rad/s2

ω1 

ω2 

ω3 

ω4

xb 

yb θb 

h1 vy 
vx 

Σw

Σb

Rw 
h2 

Figure 4: Kinematics of the omnidirectional mobile base.

with

𝐽𝛼 =
⎡

⎢

⎢

⎣

cos 𝜃𝑏 − sin 𝜃𝑏 0
sin 𝜃𝑏 cos 𝜃𝑏 0
0 0 1

⎤

⎥

⎥

⎦

,

and

𝐽𝛽 =
𝑅𝑤
4

⎡

⎢

⎢

⎣

1 1 1 1
−1 1 1 −1
−1

ℎ1+ℎ2
1

ℎ1+ℎ2
−1

ℎ1+ℎ2
1

ℎ1+ℎ2

⎤

⎥

⎥

⎦

.

The meaning of the variables 𝜃𝑏, 𝑅𝑤, ℎ1, and ℎ2 are illustrated in Fig. 4.
Table 1 shows the joint constraints of the WMM, where the first two joints are prismatic joints and the remaining

eight are revolute joints. We note that the joint configuration of the mobile base is selected as its generalized coordinate
vector since its wheel motions are not entirely independent. The task-space dimension of the WMM’s end-effector is
defined as 𝑟 = 3, considering the end-effector’s position. The mobile base frame Σ𝑏 is presumed to be overlapped with
the world reference frame Σ𝑤 at the beginning of the experiment.
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Figure 5: Results of singularity avoidance experiment. The left figure provides the minimum singular value 𝜎𝑚 of the
manipulator’s Jacobian, and the right figure presents the end-effector position with the proposed framework but without
singularity avoidance.

4.2. Experimental Demonstration of Singularity Avoidance
If no singularity avoidance is implemented, the AMoMDiF can sometimes bring the manipulator to a singularity.

Thus, the consideration of singularity avoidance is inevitable, albeit it will somewhat decrease the WMM’s motion
accuracy as the mobile base is activated. There is actually a trade-off between the WMM’s motion accuracy and the
manipulator’s singularity, depending on whether the mobile base is enabled or not. Earlier deployment of a mobile
base will cause the manipulator to be farther away from the singularity, and WMM’s motion accuracy will be lower.

The AMoMDiF and the modified AMoMDiF (i.e., the AMoMDiF with singularity avoidance) were experimentally
compared to verify the advantages of the latter. During the experiment, the desired end-effector trajectory is defined
as a circle with a radius of 0.25 m. It is worth mentioning that this radius surpasses the manipulator workspace, which
is 0.2 m with its initial configuration. The motion planning parameters are set as 𝐾𝑥 = 10𝐼3×3, 𝑘𝑁 = 5, 𝑘𝐷 = 0.5,
and 𝜎𝑚,𝑚𝑖𝑛 = 0.15. These parameters are provided because they are necessary to fulfill the motion planner design, but
they do not occupy a critical position in enhancing the WMM’s motion precision. Fig. 5 presents the results of the
singularity avoidance experiment.

Fig. 5a shows the results with and without singularity avoidance. The minimum singular value 𝜎𝑚 of the WMM’s
Jacobian is adopted as the singularity index. In the absence of singularity avoidance, the manipulator strove to
accomplish the task on its own and finally reached a singular configuration at approximately 8.35 s. This result made the
system uncontrollable and prevented the task from being completed. However, if the proposed singularity avoidance
method was employed (singularity supervision and manipulability enhancement), the mobile base was activated, and
the manipulator adjusted its configuration to move away from a singularity when the manipulator approached it. As
a result, it is still possible to accomplish the task. Fig. 5b shows the position of the end-effector when no singularity
avoidance was used. In that case, the desired trajectory was unable to be followed at about 8.35 s, and substantial motion
errors began to occur in all directions. This section does not include the position result with singularity avoidance since
it will be discussed in more detail afterwards.

4.3. Experiments for Motion Accuracy Improvement
It is possible to take full advantage of the manipulator to perform tasks while keeping it from a singularity with the

presented kinematic motion distribution framework. The mobile base is activated only when the manipulator cannot
complete the assignment or when the manipulator reaches a singular configuration. Thus, the mobile base motion under
the desired WMM’s end-effector motion is minimized, enhancing the motion accuracy of the WMM.

A predefined end-effector trajectory was used to evaluate the efficiency of the proposed motion distribution
framework in comparison with a traditional kinematic motion planner. The employment of the pseudoinverse of the
Jacobian 𝐽 † = 𝐽T(𝐽𝐽T)−1 with manipulability enhancement for the manipulator in its null space [31] is considered as
the traditional motion planner. Two desired trajectories are provided. The first one is within the manipulator workspace,
a circle with a radius of 0.1 m. The second one is beyond the manipulator workspace, a circle with a radius of 0.25 m.
The motion planning parameters in the experiments are the same as those in the first experiment, and the results of these
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Figure 6: End-effector’s motion accuracy with traditional and proposed methods (within manipulator workspace).
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Figure 7: End-effector’s motion accuracy with traditional and proposed methods (beyond manipulator workspace).

two experiments are shown in Fig. 6 and Fig. 7, respectively. The motion capture system was used to obtain ground-truth
information about the actual position of the end-effector. The RMS value and duration time of the commanded mobile
base velocity in these two conditions are provided in Table 2.

Fig. 6a shows that with the proposed framework, there was only a tiny motion error when the desired end-effector
trajectory was within the manipulator workspace. This desirable experimental result is induced by the fact that no
motion was specified to the mobile base, as shown in the first column of Table 2. With no adaptive motion distribution,
some motions were assigned to the mobile base, as shown in the second column of Table 2. In this case, the motion
error was much more significant compared with the motion distribution scenario because of the low motion accuracy
of the mobile base (as illustrated in Fig. 6b). A maximum error of 2.26 cm was observed on the 𝑥-axis and 2.04 cm
was observed on the 𝑦-axis.

When the desired end-effector motion was beyond the manipulator workspace, indicating the manipulator could
not complete the task alone, then the mobile base was always forced to be actuated, as shown in the last two columns of
Table 2. It must be noted, however, that the movement of the mobile base was much smaller if the proposed AMoMDiF
was used. The commanded duration and RMS value of the mobile base velocity in 𝑥𝑏, 𝑦𝑏, and 𝜃𝑏 only took up 26.95%,
56.67%, 35.75%, and 36.65% of the commands without motion distribution, respectively. The end-effector motion
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Table 2
Motion of the mobile base.

Within workspace Beyond workspace
Proposed Traditional Proposed Traditional

𝑥𝑏
RMS (cm/s) 0 1.09 1.53 2.7
Duration (s) 0 40 10.78 40

𝑦𝑏
RMS (cm/s) 0 0.59 0.54 1.51
Duration (s) 0 40 10.78 40

𝜃𝑏
RMS (◦/s) 0 0.229 0.206 0.562

Duration (s) 0 40 10.78 40

accuracy results are presented in Fig. 7. Fig. 7b shows that the maximum motion errors in 𝑥 and 𝑦 were reduced from
3.47 cm to 1.81 cm, and from 5.93 cm to 2.62 cm contrasted with no motion distribution condition, respectively.

In this paper, the motion accuracy of a WMM can be improved with our proposed framework. However, we only
consider the kinematic motion here; thus, some challenges still exist to enhance the WMM’s dynamic motion accuracy.
In the future, we will investigate both the dynamic and kinematic accuracy of the system.

5. Conclusions
This paper presented an adaptive multi-objective motion distribution framework (AMoMDiF) to improve the

motion accuracy of a wheeled mobile manipulator (WMM) in the absence of environment perception feedback. The
presented framework tried its best to transfer more motions to the manipulator to enhance the WMM’s motion accuracy
due to the lower kinematic accuracy of the wheeled locomotion. Its significant performance lies in that the mobile base
was immobile until all the redundancy of the manipulator for the task was depleted, or the manipulator was close
to a singularity. If the remaining unsaturated joints of the manipulator were not sufficient to execute the task, then
the motion planner would distribute some motions to the mobile base. Also, we utilized the task priority method to
designate manipulability enhancement as a tertiary task to avoid singularities. To sum up, when the primary task
(end-effector motion achievement) and the secondary task (adaptive motion distribution) were resolved, the remaining
DOFs were able to be used to keep the manipulator away from the singularity (tertiary task).

Several experiments were performed to compare the proposed method with a traditional approach by achieving sev-
eral given end-effector trajectories. When the predefined end-effector trajectory surpassed the manipulator workspace,
the maximum motion errors of the end-effector in 𝑥 axis and 𝑦 axis were enhanced by 47.8% and 55.8%, respectively,
and the motion duration of the mobile base was reduced by 73.1%. Our future work will focus on creating the WMM’s
dynamic model and enhancing both its kinematic and dynamic motion precision.
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