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Abstract 

In this paper, a new impedance-based teleoperation strategy 

is proposed for assist-as-needed tele-rehabilitation via a multi-

DOF telerobotic system having patient-master and therapist-

slave interactions. Unlike a regular teleoperation system and as 

the main contribution of this work to minimize the therapist’s 

movements, the therapist’s hand only follows the patient’s 

deviation from the target trajectory and not the total patient’s 

motion. The admissible deviation of the patient’s limb from a 

reference target trajectory is governed by an impedance model 

responding to both patient’s and therapist’s interaction forces. 

As the other benefit of this framework, two sources of 

assistance to the patient are delivered through the master robot: 

1) the adjustable impedance model, and 2) the force applied by

the therapist to the slave robot. The assistive impedance model

is beneficial to reduce magnitudes of the required force from

the therapist and decrease his/her intervention. This results in

delaying and declining the therapist’s muscle fatigue in time-

consuming movement therapies. Bilateral nonlinear control

laws with two types of adaptation laws are designed for the

nonlinear teleoperation system. The Lyapunov stability proof

of the teleoperation system and the stability of the impedance

model enhance the patient’s and therapist’s safety even in the

presence of modeling uncertainties of the multi-DOF

telerobotic system. The performance of the proposed bilateral

impedance-based strategy is experimentally investigated using

different impedance parameters adjusted based on the patient’s

characteristics (e.g., involuntary tremor) and disabilities (e.g.,

insufficient actuation force). The experiments are performed by

* Corresponding author.

a healthy person (as the therapist), a mechanical test bed and a 

volunteer (simulating the patients’ characteristics). A new 

force-position mapping from Cartesian to Normal-Tangential 

(N-T) coordinates is utilized between the master and slave 

workspaces and compared with typical Cartesian to Cartesian 

projection.  

Keywords: Assist-as-needed tele-rehabilitation, patient-

therapist collaboration, bilateral telerobotic system, impedance 

control, nonlinear adaptive control, Lyapunov stability. 

 Introduction 

Stroke, multiple sclerosis, and Parkinson’s disease are age-

related disorders that cause various forms of disability and 

require rehabilitation programs for the patient. Stroke is the 

second leading cause of death worldwide [1] and one of the 

main causes of serious long-term disabilities among adults. 

There are 6.6 million stroke survivors only in the United States 

and the estimated annual cost for treatment and care of the 

affected patients is over $33 billion [2]. Rehabilitation of the 

stroke patients using movement therapy is achieved due to the 

neuroplasticity of the brain [3]. Neuroplasticity refers to the 

ability of the brain and other parts of the central nervous system 
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to reorganize itself [4]. Neuroplastic development in the 

structure and function of brain-related areas can be induced 

using rehabilitation methods. The therapeutic method (e.g., 

movement therapy) that induces neuroplastic changes can 

provide rapid motor and functional recovery [3]. Since the 

required intensive rehabilitation of the patients is costly, robotic 

systems have been developed to provide consistent and 

reproducible rehabilitation services to patients with less fatigue 

for therapists [5-7]. Robot manipulators can perform intensive, 

reproducible and task-specific movement therapies [3, 8] in 

addition to realizing different physical interactions in active, 

assistive, or resistive exercises [9]. Most robotic rehabilitation 

systems developed in the past two decades involve only one 

robot manipulator interacting with the patient’s limb [8, 10-13]. 

A second robot, however, may provide an online role for the 

therapist to monitor and/or guide the exercise. Therefore, a 

bilateral telerobotic system can provide a cooperative tele-

rehabilitation environment that allows the therapist and the 

patient to interact with each other during the therapy process.  

In recent years, some robotic systems [14-23] have been used 

for remote rehabilitation applications. Unilateral [17, 18] and 

bilateral [19, 20, 24] control strategies have been suggested for 

tele-rehabilitation using a shared virtual environment (SVE). 

Most of these methods have employed the position of both 

robots in the SVE [17-20] and benefited from the force 

measurements [21, 24] to reflect the haptic force feedback in 

the teleoperation system. Various control methods have been 

presented for single-DOF (linear) teleoperation systems [25-

28]. However, in order to perform complex and dexterous 

therapy exercises, multi-DOF (nonlinear) teleoperation systems 

are required. Bilateral adaptive control methods have been 

designed to synchronize the positions of nonlinear master and 

slave robots [29-31] and reflect their interaction forces [32, 33].  

The control objective of robotic systems can be modified 

from pure position or force control to impedance and/or 

admittance control in order to be augmented by mechanical 

flexibilities to conduct more physically challenging tasks. 

Accordingly, impedance/admittance control theory [34-36] has 

been employed to facilitate the performance of interactive 

rehabilitation tasks during the interaction of a patient with a 

robot [11, 37]. The impedance control method has also been 

used for one-DOF linear bilateral telerobotic systems [38-41]. 

Also, an impedance model with a damping element for both 

master and slave robots was suggested in [42].  

In the present work, a new nonlinear bilateral adaptive 

impedance-based control strategy is developed for assistive 

tele-rehabilitation scenarios involving a nonlinear multi-DOF 

telerobotic system. This control strategy has the following 

characteristics and novelties in comparison with the prior art: 

1) A new scheme for cooperation between the patient and 

therapist in tracking a moving target (for movement therapy) is 

defined. In this method, the patient’s flexibility (admissible 

deviation from the target position) is controlled in relation to 

the patient’s and therapist’s forces applied to the master and 

slave robots, respectively. This feature is achieved by enforcing 

a desired impedance model for the teleoperation system as a 

mediator that relates the desired positions to the interaction 

forces, unlike the previous nonlinear bilateral controllers [32, 

33, 43, 44] that involve pure position and/or force tracking 

control strategies. Also, unlike the previous studies [45-48] on 

robotic tele-rehabilitation systems in which two or more 

impedance models were taken into account, a single reference 

model is employed in the present work to improve the 

simplicity and hence applicability of the control method.  

2) In this scheme, the therapist/slave only tracks the deviation 

of the patient/master from the moving target’s trajectory and not 

the total patient’s limb trajectory. In other words, the slave 

robot under the therapist’s hand only follows the motion 

deviation of the master robot generated as impedance-based 

flexibility in response to the patient forces.  This feature can 

reduce the therapist’s movements and consequently, his fatigue 

in comparison with previous bilateral controllers [20, 21, 24, 

32, 33, 46, 48] that generated the same trajectory for the master 

and slave robots (patient and therapist). Implementing the 

proposed control method, the therapist can sense the patient’s 

deviations from the target trajectory directly and intuitively. On 

the other hand, the patient-therapist force reflection 

performance is achieved in the proposed strategy (when the 

therapist reduces the patient deviation to zero) similar to the 

force tracking performance in previous bilateral control 
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strategies [20, 21, 24, 32, 33, 46]. As a result, the therapist 

perceives similar haptic force feedback to the ones sensed in 

previous teleoperation methods, but the therapist has a smaller 

motion trajectory (only patient deviation) compared with the 

ones (total patient trajectory) tracked in previous strategies [20, 

21, 24, 32, 33, 46]. Therefore, the therapist fatigue can be 

reduced by employing the proposed bilateral control strategy 

for a robotic tele-rehabilitation system since the therapist’s 

hand does not have a large motion during applying assistive 

forces (which are transmitted to the patient). 

3) Two sources of haptics-based assistance for following the 

moving target are provided to the patient using the adjustable 

impedance elements (spring, damper and mass) and the force 

applied by the therapist during cooperation with the patient. If 

the patient cannot follow the moving target and has a deviation, 

the impedance model provides a restoring force toward the 

target in proportion to the patient’s deviation from the target’s 

trajectory. Moreover, the therapist can intervene in the patient’s 

trajectory by applying forces to the slave robot in order to 

amend the level of assistance provided to the patient via the 

master robot. These assistive forces are perceived by the patient 

as the haptic feedback, which can also be modified by 

adjustment of a force scaling factor.  

4) The proposed desired impedance model can be adjusted 

based on the patient’s symptoms and disabilities. Accordingly, 

two cases of impedance adjustment for patients suffering from 

insufficient actuation of muscles and from considerable tremors 

are presented.  

5) Two different strategies are defined for mapping the 

therapist’s and patient’s motions and forces. In the first strategy, 

the therapist and patient workspaces are defined in the same 

Cartesian coordinates. The second strategy is designed such that 

the patient/master motion in the Normal-Tangential (N-T) 

coordinates with respect to the moving target trajectory is 

mapped to the Cartesian coordinates and then reflected to the 

therapist via the slave robot.  

6) Implementing a stable impedance model and proving the 

Lyapunov-based stability of the multi-DOF tele-robotic system 

in the presence of various modeling uncertainties enhance the 

patient’s and therapist’s safety. Note that patient safety is highly 

important in robotic tele-rehabilitation systems and other 

physical human-robot interactions [14].  

7) A new nonlinear bilateral adaptive controller is presented 

such that tracking convergence of the master and slave 

trajectories to their corresponding desired trajectories is proven 

using a Lyapunov-based framework. Note that the desired 

patient/master trajectory is obtained from the response of the 

impedance model, while the desired therapist/slave trajectory is 

equal to the patient’s deviation from the target’s trajectory as 

described in Sec. 2.2 and 2.3, respectively. Also, the robustness 

of the proposed bilateral adaptive controller against parametric 

(structured) and non-parametric (unstructured) uncertainties in 

the nonlinear teleoperation system is guaranteed by employing 

two types of adaptation laws, each for one type of uncertainty.  

These features of the proposed bilateral impedance-based 

controller are useful for tele-rehabilitation applications using 

telerobotic systems. The rest of this paper is organized as 

follows. The desired objectives of the proposed assist-as-

needed robotic tele-rehabilitation strategy are presented in Sec. 

2. The scaling feature, and the master and slave robots control 

objectives are described in Sec. 2.1, Sec. 2.2 and Sec. 2.3, 

respectively. The impedance adjustments for patients with the 

low capability of force generation and with considerable 

tremors are introduced in Sec. 2.4 and Sec. 2.5, respectively. 

Two cases of force/motion mapping between the patient and 

therapist are introduced in Sec. 2.6.  The safety of the patient 

and therapist is discussed in Sec. 2.7. In Sec. 3, the nonlinear 

dynamics of the multi-DOF telerobotic system for tele-

rehabilitation is presented. Details of the nonlinear bilateral 

robust adaptive control method are proposed in Sec. 4. The 

stability and tracking convergence proof, together with two 

types of adaptation laws, are provided in Sec. 5 using the 

Lyapunov method. Comprehensive experimental results of the 

proposed strategy are reported and discussed in Sec. 6 

concluding remarks are mentioned in Sec. 7.  
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 The Assist-as-needed Robotic Tele-

rehabilitation Strategy 

In assistive rehabilitation scenarios, the patient is aided to 

perform a desired task like tracking a target. The level of this 

assistance can be chosen based on the stage of the rehabilitation 

process and the patient’s improvement and engagement [5]. 

This assistance has been provided using the impedance control 

method [34] in rehabilitation systems with one robot 

manipulator [11].  

In our assist-as-needed tele-rehabilitation strategy, a physical 

collaboration between the therapist and the patient is performed 

via a multi-DOF master-slave telerobotic system. The 

combination of the patient’s and therapist’s forces specifies the 

desired patient’s trajectory. Therefore, the therapist can 

intervene and adjust the patient’s trajectory by applying forces 

during the tele-rehabilitation process. The sources of assistance 

realized for the patient during the movement therapy and 

impedance parameters’ adjustments based on the patient’s 

disabilities and characteristics are introduced in the next 

sections.  

In the proposed assist-as-needed tele-rehabilitation strategy, 

a desired reference impedance model is defined for the 

telerobotic system, where the patient-master interaction force 

pa
f  and the scaled therapist-slave interaction force 

f th
 f  are 

inputs of this model. The output response trajectory 

(characterized by 
mdesx , 

mdesx and 
mdesx ) of this impedance 

model is transmitted to and tracked by the master robot using 

its position controller. Also, the scaled position p m
 x , velocity 

p m
 x  and acceleration p m

 x  of the master robot (or the 

patient’s arm), and the scaled trajectory of the moving target to 

be followed by the patient ( p tar
 x , p tar

 x  and p tar
 x ) are 

transmitted to the slave robot’s controller. These concepts and 

transmitted signals are schematically shown in Fig. 1. Note that 

the moving target trajectory (
tar

x ) can be designed based on the 

common daily movements and/or other therapeutic exercises 

chosen due to the therapist’s opinion.   

Patient Site 

Patient-Master 

Interaction 

  
 

Therapist Site 

Therapist-Slave 

Interaction 

  

Desired Impedance Model for Deviation 

from Moving Target 

Moving 

Target 

 

  

  

  
  

 

Master 

Controller 

 

  

 
Slave 

Controller 

 

 

  

  

Fig. 1.  Concepts of the proposed assistive tele-rehabilitation strategy with the patient-therapist cooperation defined via the desired impedance model. 
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As shown in Fig. 1, the trajectories of the master robot (or 

the patient’s arm) and the target are scaled by x  for 

transmission to the slave controller. The therapist-slave 

interaction force 
th

f  is also scaled by f  for transmission to 

the desired impedance model. Therefore, we have:  
 

x x f, ,
scaled scaled scaledm m tar tar th th  = = =x x x x f f  (1) 

The above position scaling feature is useful when the patient’s 

arm deviation from the target ( )
m tar

−x x  is desired to be scaled 

up or down before tracking by the slave robot (or the therapist’ 

hand). For instance, it may be suitable to use x 1   such that 

the therapist can sense an amplified version of the small 

patient’s deviation from the target. Also, to increase or decrease 

the therapist’s influence on the response of the impedance 

model and consequently, the patient/master trajectory, the force 

scaling factor f  can be adjusted. For example, it may be 

desirable to have f 1   in order to grant more authority to the 

therapist’s force 
f th

 f  in comparison with the patient’s force 

pa
f  in the desired impedance model.  

 

2.1. Master Robot Control Objective  

The concept of impedance control in human-robot 

interactions and robotic rehabilitation in terms of displaying 

virtual appropriate mechanical elements (mass, damper and 

spring) by the robot to the human has been investigated and 

advanced in previous studies [11, 34-37]. In this research, The 

desired reference impedance model proposed below presents a 

cooperative behavior for the patient and the therapist in tracking 

the moving target’s trajectory. This impedance model is defined 

as a dynamical relationship between a linear combination of the 

interaction force pa
f  applied from the patient’s arm to the 

master and the interaction force 
th

f  applied from the slave to the 

therapist, and the desired master/patient deviation from the 

target trajectory ( )
tarmdes −x x  as 

 

f

( ) ( )

( )

m m

m

des des tar des des tar

des des tar pa th

m c

k 

− −

−

+

+ = −

x x x x

x x f f
 (2) 

Here, tarx  is the position trajectory of the moving target that is 

equal to the desired master robot’s trajectory 
mdes

x in the 

absence of interaction forces (when 0
pa th

= =f f ) based on Eq. 

(2). 
des

k , 
des

c  and 
des

m   are the desired virtual stiffness, 

damping and mass parameters of the reference impedance 

model, respectively. Note that in order to have different 

impedance characteristics in different directions of the motion 

space, these parameters can be replaced by matrices. The 

control objective of the master robot is tracking the response of 

the impedance model (2), i.e., 
mm des

→x x . Once the master 

robot’s controller achieves this objective, the collaboration of 

the patient and the therapist happens by applying forces to the 

master and the slave, respectively, such that the patient’s 

deviation from the target position is adjusted based on Eq. (2).  

Therefore, two adjustable sources of assistance are supplied 

to the patient based on Eq. (2), while following the moving 

target trajectory: a) The impedance elements 
des

k , 
des

c  and 

des
m  modulate the level of assistance delivered to the patient 

when moving the master toward the target trajectory. As the 

patient’s deviation from the target trajectory ( )
tarmdes −x x

increases, the magnitude of assistive force generated by the 

impedance model (2) increases, which is proportional to the 

values of the impedance parameters 
des

k , 
des

c  and 
des

m . Since 

the patient is aided more when he moves this limb farther from 

the target’s position, this rehabilitation strategy is called “assist-

as-needed”. b) The scaled force 
f th

 f  of the therapist applied 

online to the slave robot can also assist the patient in tracking 

the target’s trajectory regarding Eq. (2). As a result, the 

therapist intervenes in the patient’s therapy exercises through 

modifying the haptic force feedback reflected to the master 

robot.  

Moreover, as the impedance parameters (
des

k , 
des

c and 
des

m ) 

decrease, the assistive force sensed by the patient decreases for 

a given deviation from the target ( )
m tardes

−x x  based on Eq. (2), 

i.e., the patient’s limb is less forcefully attracted to the target’s 

position. This decrease in the assistance level can be adjusted 
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by the therapist before each trial in reaction to the patient’s 

improvement in tracking the target. Also, the therapist adjusts 

his interaction force 
th

f  during each trial.  

It is worth noting that one impedance model (2) is utilized in 

this work to facilitate the above-mentioned beneficial 

characteristics in robotic rehabilitation; however, in the 

previous works on tele-rehabilitation [45-48], two or more 

models were needed. For this purpose, the combination of the 

patient and the therapist forces generates the desired patient 

deviation from a moving target using the proposed reference 

impedance model. This implies that multiple impedance models 

in the previous studies [45-48] are summed up in one reference 

model for the simplicity of the control design and its practical 

applicability in rehabilitation using a moving target. 

2.2. Slave Robot Control Objective  

The desired trajectory to be tracked by the slave robot is the 

scaled deviation x
( )

m tar
 −x x  of the master/patient from the 

target’s position. Thus, the therapist, interacting with the slave 

robot, can easily recognize the patient’s deviation and his motor 

deficiencies without moving along the target trajectory. This 

feature can reduce the therapist’s movements and consequently 

his fatigue in comparison with previous bilateral controllers 

[20, 21, 24, 32, 33, 46, 48] that generated the same trajectory 

for the master and slave robots (i.e., patient and therapist).  

Once the slave robot’s position controller reaches its 

objective s →x x
( )

m tar
 −x x , the therapist finds out the 

direction and also the magnitude of the patient’s deviation from 

the target trajectory. Then, the therapist can adjust his force 
th

f  

and affect the patient’s deviation based on the impedance model 

(2). Specifically, assuming the master trajectory has converged 

to its desired one (i.e., 
mm des

→x x ), if the therapist decides to 

decrease the patient’s deviation from the target trajectory to 

zero, i.e., ( )
m tar

−x x 0( )
mdes tar

→−x x , he should apply the 

appropriate force 
th

f  to the slave end-effector such that the 

master robot’s position converges to the target. Since the slave 

robot’s controller pursues tracking the patient’s deviation, the 

slave end-effector under the therapist’s hand will also converge 

to the origin as 
s

→x x
0( )

m tar
 →−x x .  

Therefore, as the therapist-patient collaboration leads to the 

convergence of the patient/master trajectory to the moving 

target’s one, the therapist/slave trajectory will approach the 

origin. In this case, the left side of Eq. (2) in terms of 

( )
mdes tar

−x x  has converged to the zero; therefore, the right 

side should also converge to zero: f
0( )

pa th
− →f f . 

Consequently, the therapist perceives and overcomes the scaled 

patient’s force, i.e., f
(1 )

th pa
→f f , for having the patient 

follows the target’s trajectory without actually moving together 

with the patient, which would have resulted in a reduction of 

the therapist’s fatigue. As a result, the therapist perceives 

similar haptic force feedback to the ones sensed in previous 

teleoperation strategies, while he has a smaller motion 

trajectory (the patient deviation) in comparison with the one 

(the total patient trajectory) tracked in previous strategies [20, 

21, 24, 32, 33, 46].  

According to the mentioned objectives in Sec. 2.1 and Sec. 

2.2, a bilateral coupling is realized between the master and slave 

robots in terms of the position synchronization and force 

reflection in the conceptual design of the proposed controller 

like previous bilateral control strategies. Although, the defined 

impedance model (2) operates as a mediator for force reflection 

from slave to master. Furthermore, the deviation of the master 

trajectory (from a moving target) is treated as the desired 

position for the slave response instead of tracking the total 

master trajectory.  

Although the patient and therapist can be in the same clinical 

setting, employing a master-slave telerobotic system and 

proposed control strategy enables the therapist to intervene 

minimally and apply a portion of the required assistive force to 

the slave robot in order to correct the trajectory deviation of the 

patient on the master site. The other source of assistance is 

provided by the defined impedance model, as explained in Sec. 

2.1. 
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2.3. Impedance Adjustment for Patients with Low 

Capability of Force Generation 

People with disabilities may suffer from insufficient 

actuation forces of muscles in reaching tasks. For example, 

post-stroke patients may not be able to move their limbs to the 

desired target location successfully. The impedance model (2) 

should be adjusted appropriately for these individuals to assist 

them in tracking a moving target. For this purpose, the 

impedance parameters 
des

k , 
des

c  and 
des

m  in (2) are chosen to 

have large values such that the patient’s deviation from the 

target ( )
m tar

−x x  decreases for a given patient’s force pa
f . In 

this case, a powerful enough assistive force applied to the 

master robot is generated by the master robot’s controller to 

absorb the patient’s limb to the moving target trajectory.   

2.4. Impedance Adjustment for Patients with 

Tremors 

Patients having Parkinson's disease (PD), cerebral palsy 

(CP), multiple sclerosis (MS) or stroke may experience 

oscillatory tremors in the actions, intentions and purposeful 

movements of their limbs [49, 50]. The frequency range of 

these rhythmic involuntary movements is 3 6 Hz−  [49, 50].  

 

2.4.1. Adjustment for Tremor Filtration 

Using the proposed impedance-based control strategy, the 

patient tremor (high-frequency movement) can be filtered out 

such that it affects neither the patient’s motions nor the 

therapist’s motions. For this purpose, the reference impedance 

model (2) should be adjusted such that its response 
mdesx  is not 

affected by the high-frequency portion 
trempa

f  of the patient’s 

interaction force 
LF trempa pa pa

+=f f f .  

A suitable adjustment for the impedance model (2) as a 

second-order differential equation is that its cut-off frequency (

des desn
k m = ) is several times smaller than the minimum 

tremor frequency (
mintrem

 ). In Fig. 2, the magnitude Bode 

diagram of the desired impedance model shows that if 

n trem
  , the involuntary tremor-related high-frequency 

portion of the patient’s force is attenuated significantly. 

Therefore, due to (2) and based on the dB decade40−  slope of 

the Bode plot in frequencies higher than the natural (cut-off) 

frequency 
n

 , the magnitude of the desired impedance 

model’s response with respect to the tremor portion of the 

patient’s force is | |
tremdes

X
min

2
( ) | |

trem n pa destrem
k  F .  

 

 
 

Fig. 2.  The magnitude Bode diagram of the under-damped (  =

2 0.7
des des des

c m k = ) linear second order system with natural frequency of 

des desn
k m =  for filtration of the patient’s limb tremor. The oscillatory 

tremors are considered to have a minimum frequency of 
mintrem

 . 

 

Having this adjustment, the master robot’s trajectory 
m

x  that 

tracks 
mdes

x  is smooth and tremor-free, and the patient can 

perform the rehabilitation task with suppression of his 

involuntary tremors. Thus, the therapist’s motion is also not 

affected by the patient’s tremor as the slave robot tracks the 

difference between the smooth master/patient and target 

trajectories, i.e., 
s

→x x
( )

m tar
 −x x . Such elimination of 

patient tremors reduces the therapist’s fatigue.  
 

2.4.2. Adjustment for Tremor Reflection 

In some instances, it may be desired that the patient moves 

with his own tremors during the interaction with the master 

robot for tele-rehabilitation in order to monitor his free natural 

motions. In such cases, the tremor-related high-frequency 

portion of the patient force should not be filtered out via the 

impedance model (2), unlike the adjustment presented in Sec. 
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2.4.1. Therefore, the patient’s limb is not restricted to have a 

smooth trajectory without his tremor movements. For this 

purpose, the natural frequency of the impedance model should 

be chosen larger than the patient’s tremor frequencies: 

n trem   (unlike the case in Sec. 2.4.1). In this case, the 

therapist can also sense the patient’s tremors via the haptic 

perception provided by the telerobotic system. In other words, 

the slave robot tracks the patient’s position deviation from the 

target that includes tremor-related high-frequency movements.   

According to the presented discussion in Sec. 2.4.1 and Sec. 

2.4.2, the assistive tele-rehabilitation process can be performed 

using the proposed strategy with and without tremor filtration 

for the PD, CP, MS and stroke patients.  
 

2.5. Two Cases of Force-motion Mapping Between 

the Patient and Therapist  

In the proposed tele-rehabilitation system, two cases of 

mapping for the position and force data are brought forward 

between the patient/master and the therapist/slave. The first one 

is defined in the Cartesian space, and the second one is 

presented as a mapping between the Cartesian and Normal-

Tangential coordinates. The therapist can select each of these 

mappings based on his preference and/or the direction of 

patient’s deviations.  

Note that the proposed assistive tele-rehabilitation strategy 

and corresponding nonlinear bilateral controller are designed 

generally for n-DOF master and slave robots in this paper. 

Thus, the robots’ end-effectors can move in three-dimensional 

space; however, the mapping between the Cartesian and the 

Normal-Tangential (N-T) coordinates are described and 

illustrated (Fig. 3) in two dimensional (planar) space in this 

section for the simplicity.  
 

 

2.5.1. Cartesian to Cartesian Mapping 

In the first mapping, the position deviation of the 

patient/master with respect to the moving target in the Cartesian 

space is provided for the therapist in the same space using the 

slave robot’s controller. As shown in Fig. 3a, the Cartesian 

direction of the patient’s deviation ( )
m tar

−x x  is the same as 

the scaled and mapped trajectory tracked by the therapist/slave: 

s
→x x

( )
m tar Map

 −x x . Also, the mapped therapist’s force 

Mapth
f  in the Cartesian coordinates is used in the impedance 

model (2), the same as the patient’s force pa
f . 

 

2.5.2. Normal-Tangential to Cartesian Mapping 

The second case of mapping is defined such that the patient’s 

position in the Normal-Tangential (N-T) coordinates is mapped 

to the therapist’s position in the Cartesian coordinates, as 

illustrated in Fig. 3b. In this case, the Normal-Tangential 

coordinates rotate with respect to the moving target’s location 

in its path, such that the normal x  and tangential y  axes are 

always perpendicular and parallel to the concurrent tangent of 

the target’s trajectory, respectively. The therapist’s force should 

also be mapped (
Mapth

f ) from the Cartesian to the Normal-

Tangential coordinates before being used in the impedance 

model (2).  

Having this type of mapping, the therapist can guide the 

patient forward and backward along the target trajectory by 

applying force 
th

f  toward y+  and y−  directions, respectively, 

in the Cartesian coordinates (Fig. 3b). Similarly, the therapist 

can push the patient toward the inside or outside of the arc of 

moving target’s path via applying the force in x+  and x−  

directions (Fig. 3b). Moreover, the scaled patient’s position 

deviation with respect to the moving target is contrariwise 

mapped to the slave/therapist’s desired position: 
s

→x

x
( )

m tar Map
 −x x . In other words, the patient’s deviation to the 

front and back of the target’s position in its desired path will 

move the therapist’s hand in the y+  and y−  directions, 

respectively, in the Cartesian coordinates. Also, the patient’s 

deviation toward the inside or outside of the target’s trajectory 

will push the therapist into x+  or x−  directions, respectively.  
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(a) 

(b) 

Fig. 3.  Different cases of force-motion mapping between the patient and 

therapist: (a) Cartesian to Cartesian Mapping, and (b) Normal-Tangential to 

Cartesian Mapping.  
 

2.6. Patient’s and Therapist’s Safety  

The desired impedance model (2) is a stable second-order 

differential equation if positive values are employed for the 

impedance parameters 
des

k , 
des

c  and 
des

m . In other words, 

bounded input forces of the patient pa
f  and therapist 

th
f  will 

not generate unbounded impedance response ( )
m tardes

−x x  

based on Eq. (2). Therefore, using a bounded trajectory 
tar

x  for 

the moving target, 
mdes

x  will be bounded as the desired 

trajectory tracked by the master robot (
mm des

→x x ). Also, due 

to the boundedness of 
m

x  and 
tar

x ,  the scaled patient’s 

deviation from the target’s position becomes bounded as the 

desired trajectory tracked by the slave robot 
s

→x

x
( )

m tar
 −x x . Moreover, the master and slave tracking 

convergence to their desired trajectories are obtained using a 

nonlinear bilateral controller (Sec. 4), as proven in Sec. 5 

through a rigorous Lyapunov-based stability analysis. 

Accordingly, the master and slave robots have bounded 

trajectories in response to the bounded interaction forces 

applied by the patient pa
f  and therapist 

th
f . This characteristic 

of the proposed robotic tele-rehabilitation systems based on the 

proposed impedance control framework significantly enhances 

the safety of the patient and therapist during their physical 

interactions with the master and slave robots, respectively.  
 

 Nonlinear Multi-DOF Telerobotic System for 

Tele-Rehabilitation  

The nonlinear dynamics of a multi-DOF tele-rehabilitation 

system including the master and slave robot manipulators is 

presented in the Cartesian space as [51]  
 

, , , ,

,

,( ) ( ) ( ) ( )
m m m m mm m m m m m

m pa m+ +

+ + +

=

x x x x

x

q q q q qM x C x G F

f f u
 (3) 

, , , ,

,

,( ) ( ) ( ) ( )
s s s s ss s s s s s

s th s− +

+ + +

=

x x x x

x

q q q q qM x C x G F

f f u
 (4) 

 

where 
m

q  and 
s

q  are the joint positions, 
m

x  and 
s

x  are the 

Cartesian positions of the end-effectors, 
,

( )
mmx

qM  and 
,

( )
ssx

qM  

are the inertia or  mass matrices, 
,

( , )
m mmx

q qC  and 
,

( , )
s ssx

q qC  

consist of the centrifugal and Coriolis terms, 
,

( )
mmx

qG  and 

,
( )

ssx
qG  are the gravity terms, 

,
( )

mmx
qF  and 

,
( )

ssx
qF  are the 

Patient  
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friction forces, and 
m

f  and 
s

f  are the control forces from the 

actuators of the master and the slave robots, respectively. pa
f  

is the interaction force that the patient applies to the master’s 

end-effector, and 
th

f  is the interaction force that the slave end-

effector applies to the therapist. The vectors of bounded (non-

parametric) unstructured modeling uncertainties and/or 

bounded exogenous disturbances of the system are also denoted 

by ,mxu  and ,sxu  for the master and slave robots, respectively.  

It is considered that the unstructured modeling uncertainties 

and/or disturbances are bounded, and there exist positive 

constants 
m

  and 
s

  such that 

,m m


xu  ,     ,s s


xu  (5) 

 

The above inequalities indicate that the j th component of the 

master and slave non-parametric uncertainty vectors satisfies 

the following condition: 
, jm m


x

u  and/or 
, js s


x

u .   

The dynamics of the telerobotic system in the joint space and 

the transformation between the joint and Cartesian spaces are 

mentioned in Appendix.  

Using the subscript i m=  for the master and i s=  for the 

slave, the dynamic matrices and vectors in (3) and (4) have the 

following properties [51-53]: 

Property 1. The left side of (3) and (4) can be linearly 

parameterized as 

, ,

, , , , , ,

, ,

,

, , ,

( ) ( ) ( ) ( )

( )

i i i i i

i i i i

i i i i i i

i i

+ + +

=
1 2

x 1 x 2 x x

x x

q q q q q

ξ ξ q q

M ξ C ξ G F

R δ
 (6) 

where ,ixδ  is the vector of unknown parameters of each robot. 

The regressor matrix ,ixR contains the known functions of the 

vectors ,i1ξ  and ,i2ξ  [51]. 

Property 2. The matrix 
, ,2i i−x xM C  is skew symmetric and 

the inertia matrix 
,ix

M  is symmetric positive definite. 

 

 

 Nonlinear Bilateral Robust Adaptive Control 

Method 

As mentioned earlier, the control objective of the master robot 

is tracking the response of the reference impedance model: 

mm des
→x x , and the control objective of the slave robot is 

tracking the scaled deviation of the patient/master from the 

target trajectory: s →x
sdes

=x
x

( )
m tar Map

 −x x . These control 

objectives are achieved using the designed nonlinear bilateral 

controller in the presence of parametric (structured) and non-

parametric (unstructured) uncertainties in the dynamic models 

of the master and slave robots. The conceptual block diagram 

of the proposed nonlinear bilateral robust adaptive controller is 

shown in Fig. 4 and its design is detailed in this section. Note 

that the forces of the patient and therapist ( pa
f  and 

th
f ) during 

their physical interaction with robots are measured using force 

sensors attached to the master and slave end-effectors, 

respectively. 

 

 

 

Fig. 4.  The conceptual block diagram of the nonlinear bilateral robust adaptive 

controller for assistive tele-rehabilitation. 
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Accordingly, two nonlinear robust adaptive control laws are 

designed and presented for the master and slave robots. For this 

purpose, two sliding surfaces are introduced for the master and 

slave controllers as 
 

1, 2,
0

1, 2,
0

,
t

m m m m m m

t

s s s s s s

dt

dt

 

 

= + +

= + +





x x x

x x x

ε

ε

 (7) 

 

where 
mm m des

= −x x x , 
ss s des

= −x x x  are the position tracking 

errors of the master and slave robots with respect to their 

desired responses of 
mdes

x  and 
sdes

x . As mentioned before, 

mdes
x  is the response of the desired impedance model (2) and 

dess
=x

x
( )

m tar Map
 −x x  is the scaled and mapped patient-

target position deviation. Also, 
1,m

 , 
2,m

 , 
1,s

  and 
2,s

  are 

four positive constant parameters to guarantee the stability of 

the three-term sliding surfaces (7), i.e. 0
i

→x  as 0
i

→ε . The 

reference velocities of the master and slave are defined based 

on Eq. (7) as 

 

0

0

, 1, 2,

, 1, 2,

t

m mm

t

s ss

ref m des m m

ref s des s s

dt

dt

 

 

−

−

= −

= −





x x

x x

x x

x x

 (8) 

 

As a result, the sliding surfaces (7) are represented as 

,m m ref m
= −x xε  and ,s s ref s

= −x xε . Now, the nonlinear bilateral 

robust adaptive control laws for the master and slave end-

effectors in the Cartesian space are designed as 
 

3, , , ,

, , , ,

( ) ( )

( , ) ( ) ( )

sgn( )

ˆ ˆ

ˆ ˆ ˆ

ˆ

m m

m m m m

m

m m m m ref m

m ref m m m

pa m

m 



= − +

+ + +

− −

x x

x x x

q q

q q q q

M M x

C x G F

f ε

f ε

 (9) 

 

3, , , ,

, , , ,

( ) ( )

( , ) ( ) ( )

sgn( )

ˆˆ ˆ

ˆ ˆ ˆ

ˆ

s s

s s s s

s

s s s s ref s

s ref s s s

th s

s 



= − +

+ + +

+ −

x x

x x x

q q

q q q q

M M x

C x G F

f ε

f ε

 (10) 

 

where accent   denotes the estimated and/or updated values of 

the corresponding matrix, vector or scalar. It will be proven that 

sgn( )ˆ
m m

− ε  and sgn( )ˆ
s s

− ε  guarantee the robustness of the 

proposed bilateral controller against the bounded non-

parametric (unstructured) uncertainties and/or disturbances 

,mx
u  and ,sx

u , introduced in the telerobotic system’s dynamics 

(3) and (4). Also, ˆ
m

  and ˆ
s

  are two varying robust gains that 

are intelligently updated via adaptation laws to overcome the 

bounds of non-parametric uncertainties (this will be proven in 

the Sec. 5).  

Note that the acceleration of the master robot ( m
x ) is 

required in the slave control law (10) that is defined in terms of 

,ref s
x , which itself is a function of dess

=x
x

( )
m tar Map

 −x x  

based on Eq. (8). However, since the robot’s acceleration 

measurement is challenging, m
x  is estimated with a good 

accuracy when the master robot mimics the impedance model 

(2) by tracking convergence to its response: 
mm des

→x x , 

mm des
→x x . In other words, the estimation of the master end-

effector acceleration m
x  is determined from (2) as 

( )1

f

1 1
( ) ( )

mm

tar des

des des des tar des des des tar

m pa thm

m m kc


−

− −
− − − −

+ −x x f f

x x x x
 (11) 

 

Thus, when the master’s trajectory m
x  converges to the desired 

impedance model’s response 
mdes

x , the accuracy of (11) in 

estimating the master’s acceleration increases. For employing 

(11), the measured patient’s force pa
f  together with the master 

robot’s trajectory data ( m
x  and m

x ) should be transferred from 

the patient/master site toward the therapist/slave site (instead of 

transmitting m
x  together with m

x  and m
x ), as illustrated in 

Fig. 4. 

The motor torques of robots (control laws in the joint space) 

are also presented in Appendix.  Using Property 1, the control 

laws (9) and (10) are simplified as 
 

, , sgn( )ˆ ˆ
pa m mm m m = − −x xR δ εf f  (12) 

 

, , sgn( )ˆ ˆ
th s ss s s = + −x xR δ εf f  (13) 
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where 
,mx

R  and 
,sx

R  are the regressor matrices introduced in 

(6) in terms of these known vectors: 
 

3, ,

3, ,

, , ,

, , ,

,

,

m m ref m

s s ref s

m m ref m

s s ref s





= +

= +

− =

− =

1 2

1 2

ξ ε x ξ x

ξ ε x ξ x
 (14) 

 

In order to obtain the closed-loop dynamics of the master and 

slave robots, the control laws (9) and (10) are substituted in the 

dynamics (3) and (4) of the tele-robotic system. This turns out 

after some simplifications as 
 

, 3, ,

, , , sgn( )

( )

ˆ
m m

m m m m m m

m m m





+ + =

+ −

x x

x x x

M C

R δ ε

ε ε ε

u
  (15) 

, 3, ,

, , , sgn( )

( )

ˆ
s s

s s s s s s

s s s





+ + =

+ −

x x

x x x

M C

R δ ε

ε ε ε

u
  (16) 

 

where 
, , ,

ˆ
m m m

= −
x x x
δ δ δ  and 

, , ,
ˆ

s s s
= −

x x x
δ δ δ  are the 

parameter estimation errors of the master and slave dynamics, 

respectively.  

 Stability, Tracking Convergence and 

Adaptation Laws  

The Lyapunov stability of the proposed robotic tele-

rehabilitation system and tracking convergence of the master 

and slave trajectories to their desired responses (
mm des

→x x  

and 
ss des

→x x ) are proven in this section. The robustness of the 

controlled teleoperation system against parametric and bounded 

non-parametric uncertainties is also guaranteed via defining and 

employing two types of adaptation laws.  

5.1. Lyapunov Function 

For the above-mentioned purposes, a positive-definite 

candidate Lyapunov function is defined as: 

1

, , ,

1

, ,,

2

2

( ) 1

1

1
( )

2

( )

ˆ( )

ˆ( )

(

)

T T

m m m m m m m m m

T T

s s s s s s s s s

tV 











−

−

−

−

= + +

+ + +

x x

x x

x

x

M δ Ψ δ

M δ Ψ δ

ε ε

ε ε

(17) 
 

where m
  and s  are the unknown upper bounds of the 

unstructured (non-parametric) modeling uncertainties, 

introduced in (5). m
Ψ  and s

Ψ  are symmetric positive-definite 

constant matrices as gains of the first adaptation law for 

updating the estimation of uncertain master and slave 

parameters 
,

ˆ
mx

δ  and 
,

ˆ
sx

δ . m
  and s

  are positive constants 

acting as gains of the second adaptation law for updating the 

robust gains ˆ
m

  and ˆ
s

  of the controller. These two types of 

adaptation laws are defined in Sec. 5.2 and Sec. 5.3.  

   Now, the time derivative of the Lyapunov function (17) is 

determined as 

, ,

1

, ,

, ,

1

, ,

( )
1

2

1

1

2

1

ˆ ( )

ˆ ( )

ˆ ˆ( )

ˆ ˆ( )

T T

m m m m m m

T

m m m m m m m

T T

s s s s s s

T

s s s s s s s

tV









 

 

−

−

= +

+ + −

+ +

+ + −

x x

x x

x x

x x

M M

Ψ

M M

Ψ

ε ε ε ε

δ δ

ε ε ε ε

δ δ

  (18) 

 

where 
, ,

ˆ
i i

=
x x
δ δ  because 

, , ,
ˆ

i i i
= −

x x x
δ δ δ  and the actual 

system’s parameters are constant: 
,

0
i

=
x
δ . Using 

,m mx
M ε  and 

,s sx
M ε  from (15) and (16), and based on Property 2 of the robot 

dynamics ( , ,
2

i i
−

x x
M C  is skew symmetric), Eq. (18) is found 

as 

1

, , , ,

,

3, ,

1

, , , ,

,

3, ,

( )

sgn( ))

sgn( ))

ˆ

1

ˆ

1

( ( )

( ( )

ˆ ˆ ˆ( )

ˆ ˆ ˆ( )

m

s

T T

m m m m m m

T

m m m m m m m

T

m m m m

T T

s s s s s s

T

s s s s s s s

T

s s s s

tV













  

  

−

−

+

+

=

+ − + −

−

+

+ − + −

−

x x x x

x

x

x x x x

x

x

R δ δ Ψ δ

M

R δ δ Ψ δ

M

ε

ε u ε

ε ε

ε

ε u ε

ε ε

  (19) 

 

5.2. First Adaptation Law (for Uncertain Dynamic 

Parameters)  

The first adaptation law for updating the estimated 

parameters of the robotic tele-rehabilitation system is presented 

for the master and slave as 

, ,
ˆ T T

m m m m= −x xδ Ψ R ε  ,   
, ,

ˆ T T

s s s s= −x xδ Ψ R ε  (20) 
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such that the terms including ,mx
δ  and ,sx

δ  in (19) are 

cancelled, i.e., the bilateral adaptive controller becomes robust 

against the parametric uncertainties. Having 
1

sgn( )T

i ii =ε ε ε  

and using the adaptation law (20) for the system parameters in 

(19), the Lyapunov function’s time derivative is obtained as 

,

3, ,

,

3, ,

1

1

( ) 1

1

( )

( )

ˆ ˆ ˆ( )

ˆ ˆ ˆ( )

m

s

T

m m m m m m m

T

m m m m

T

s s s s s s s

T

s s s s

tV













  

  

= − + −

−

+ − + −

−

x

x

x

x

M

M

ε u ε

ε ε

ε u ε

ε ε

  (21) 

5.3. Second Adaptation Law (for Varying Robust 

Gains)  

The second adaptation law for updating the robust gains ˆ
m

  

and ˆ
s

  of the bilateral controller (9) and (10) is introduced as 

 

01

01

0

0

( )

( )

0

0

,

,

ˆ ˆ ˆ

ˆ ˆ ˆ

m

s

m m m m

s s s s





  

  

=

=

= 

= 

ε

ε
  (22) 

 

where 
0

ˆ
m  and 

0
ˆ

s  are the positive initial values of the robust 

gains (at 0t = ). Employing the above-mentioned adaptation 

law (22) in (21),  ( )tV  is simplified as 

 

, 3, ,

, 3, ,

1

1

( )
m

s

T T

m m m m m m m

T T

s s s s s s s

tV 







= − −

+ − −

x x

x x

M

M

ε u ε ε ε

ε u ε ε ε
  (23) 

 

According to the boundedness of the unstructured (non-

parametric) uncertainties ,mxu  and ,sxu  expressed in (5), the 

Lyapunov function’s time derivative is finally obtained as 
 

3, , 3, ,
( )

T T

m m m m s s s s
tV   − −

x x
M Mε ε ε ε   (24) 

 

Thus, the robust gains ˆ
m

  and ˆ
s

  of the controller are 

updated based on (22) such that the controlled system becomes 

robust against bounded unstructured uncertainties ,mxu  and 

,sxu  without any information about their upper bounds m
  and 

s
  introduced in (5). 

5.4. Tracking Convergence Proof  

Theorem. Assuming the Lyapunov function (17) is positive 

definite ( ( ) 0tV  ) and its time derivative (24) is negative semi-

definite ( ( ) 0tV  ) in terms of the uniformly positive definite 

matrices 
,mx

M , 
,sx

M , 
m

Ψ  and 
s

Ψ , the tracking convergence 

of the master and slave trajectories to their desired responses      

(
mm des→x x and 

ss des→x x ) and the boundedness of ,mx
δ , ,sx

δ

, ( )ˆ
m m

 −  and ( )ˆ
s s

 −  are guaranteed. 

 

Proof. If g  is a uniformly continuous function for 0t   and 

0
( )lim

t

t
dg  

→   has a finite value; then, it is concluded based on 

the Barbalat’s lemma [51] that: ( ) 0lim t
t

g =
→

.  

Now, 3, , 3, ,
0( )

T T

m m m m s s s s
tg  = +

x x
M Mε ε ε ε  is considered as a 

uniformly continuous function. To elaborate more on that, the 

time derivative of this function is obtained as ( )tg =

3, ,
2

T

m m m m


x
Mε ε

3, , 3, , 3, ,
2

T T T

s s s s m m m m s s s s
  + + +

x x x
M M Mε ε ε ε ε ε . 

Since the Lyapunov function is bounded as ( ) 0tV   and 

( ) 0tV  , and due to (17), m
ε , s

ε , ,mx
δ , ,sx

δ , ( )ˆ
m m

 −  and 

( )ˆ
s s

 −  are all bounded. Based on the closed-loop dynamics 

(15) and (16) of the master and slave robots, the system 

responses ( m
ε  and s

ε ) to the bounded motor inputs and 

disturbances remain bounded. Moreover, the elements of the 

non-singular inertia matrices ,mx
M  and ,sx

M  are bounded and 

differentiable in terms of robots’ positions, and their time 

derivatives ,mx
M  and ,sx

M  are  bounded in terms of robots’ 

positions and velocities. Consequently, ( )tg  is bounded and 

( )tg  is uniformly continuous. Then, it can be written by 

integrating Eq. (24) over the time that: 
 

0
( )lim(0) ( ) d

t

t
V V g  

→
−      (25) 

 

Also, since ( ) ( ) 0t d tV V dt=   is negative based on Eq. (24),  

(0) ( ) 0V V−    is positive and finite. Therefore, 
0

( )lim
t

t
dg  

→
  
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in (25) exists and has a finite and positive value from the 

positiveness of ( )tg . As a result, it is obtained according to the 

Barbalat’s lemma [51] that: 
 

( )3, , 3, ,
lim ( ) lim 0

T T

m m m m s s s s
t t

tg  
→ →

= + =
x x

ε M ε ε M ε   (26) 

Since 3, 0m   and 3, 0s   are nonzero positive constants, and 

,
0

T

m m m


x
Mε ε  and 

,
0

T

s s s


x
Mε ε , Eq. (26) guarantees the 

convergence to sliding surfaces 0
m

=ε  and 0
s

=ε  as t →  . 

Based on the convergence of 0
m

→ε  and 0
s

→ε  and the 

boundedness of ( )tV , it is concluded from Eq. (17) that the 

errors of parameter estimation ,mx
δ  and ,sx

δ  and also the 

differences between the updated robust gains and the bounds of 

unstructured uncertainties ( )ˆ
m m

 −  and ( )ˆ
s s

 −  all remain 

bounded. 

Finally, based on the stable dynamics of the master’s and 

slave’s sliding surfaces 
m
ε  and 

s
ε  in (7), the convergence of 

tracking errors to zero 0m →x  and 0s →x  are established on 

the surfaces of 0
m

=ε  and 0
s

=ε . Therefore, the proposed 

nonlinear bilateral robust adaptive controller ensures that the 

master and slave robots track their corresponding desired 

trajectories: 
mm des→x x  and 

ss des→x x  during physical 

interaction with the patient and therapist, respectively. ∎ 

5.5. Safety in the Robotic Tele-rehabilitation System 

As mentioned in Sec. 2.6, the stability of the desired 

impedance model (2) with positive parameters implies that the 

bounded forces of the patient 
pa

f  and therapist 
th

f  will produce 

bounded desired trajectories for the master (
mdes

x ) and slave (

sdes
x ) robots. In addition, the presented Lyapunov stability 

proof guarantees the boundedness of the tracking errors ( m
ε  

and s
ε ) and their convergence to zero ( 0

m
→ε  and 0

s
→ε  that 

results 
mm des→x x  and 

ss des→x x ) using the proposed 

nonlinear bilateral robust adaptive controller. Moreover, the 

stability and tracking convergence characteristics are proven in 

the presence of parametric and non-parametric uncertainties 

that commonly exist in the experimental setups. Based on the 

combination of the desired impedance model’s stability and the 

Lyapunov stability of the closed-loop nonlinear dynamics of the 

telerobotic system, the bounded interaction forces of the patient 

(
pa

f ) and the therapist (
th

f ) will make bounded responses in 

master ( m
x ) and slave ( s

x ) trajectories and do not destabilize 

the robots. The stability feature of the proposed strategy 

enhances the safety of the patient and therapist during the task, 

which is an important concern in robotic tele-rehabilitation 

systems [14].  
 

 Experiments 

The functionality of the proposed impedance-controlled tele-

rehabilitation strategy was evaluated experimentally using a 2-

DOF planar Quanser Rehab Robot (Quanser Consulting Inc., 

Markham, Canada) designed for the upper limb as the master, 

and a 3-DOF Phantom Premium 1.5A robot (Geomagic Inc., 

Wilmington, USA) employed as the slave (Fig. 5). The 

Phantom Premium and Quanser Rehab robots were equipped 

with an ATI Nano43 and an ATI Gamma force/torque sensors 

(ATI Industrial Automation, Apex, USA), respectively, to 

measure the therapist’s and the patient’s interaction forces. The 

QUARC (Quanser Real-Time Control) environment was used 

as the control software to implement the proposed bilateral 

robust adaptive controller with sec1 m  sampling time.  

As the first step towards the experimental evaluation of the 

proposed control concept, the following tests involved a healthy 

human operator as the therapist. Several different features and 

adjustments of the proposed strategy for tele-rehabilitation were 

tested.   
 

6.1. A Resistive Stiff Environment as a Disabled 

Patient 

As shown in Fig. 5, the proposed assistive tele-rehabilitation 

strategy was first evaluated using a stiff environment designed 

to generate a pre-specified resistive centripetal interaction force 

on the master robot (as the patient’s force). With this 

configuration, the performance of the impedance-based 
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controller is analyzed more systematically than when a human 

with physical impairments is involved. The interaction with a 

resistive environment is similar to an interaction with a patient 

who has low capability of movement generation from his rest 

configuration. In these cases, the patient has a fixed arm 

position that is naturally hard for him to move from this 

stationary configuration due to his disabilities. For such a 

person, his interaction force with the robot is toward this natural 

equilibrium position similar to the set of springs in Fig. 5. In 

this case, the patient/master trajectory has a deviation with 

respect to the target during the entire path.  

It is notable that the provided stiff environment can not 

exactly simulate the physical interaction of a patient with 

weakened muscle activity and other motor control problems. 

For example, the hand tremor (that generates high-frequency 

interaction forces) cannot be provided using such 

environments. Thus, more realistic patient behavior, including 

hand tremor, is tried to be simulated by an able-bodied human 

operator in the next part of experiments (Sec. 6.2). 

 

 
 

 

Fig. 5.  The telerobotic experimental set-up for the first evaluations of assistive 

tele-rehabilitation strategy: the Quanser Rehab robot (right) is the master, the 

Phantom Premium robot (left) is the slave, and the patient force is modeled with 

the centripetal force of the stiff environment. 

 

The therapist had a computer monitor to observe the patient/ 

master’s deviation from the target in the x y−  plane shown by 

the hollow blue circle; this deviation was tracked by the slave 

robot and thus felt by the therapist’s hand. The center of the 

therapist’s monitor was shown by a solid yellow circle. The 

position difference of these blue and yellow circles visually 

informed the therapist about the magnitude and direction of the 

patient’s deviation and helped the therapist to apply the desired 

force to decrease this deviation. Accordingly, if the therapist 

wanted to bring the patient’s limb back on the moving target, 

he had to bring the blue circle on the yellow one (at the origin). 

The position of the moving target was also shown by a red circle 

such that the therapist knew about the target in addition to the 

patient’s deviation. On the other side, the patient’s monitor 

showed the positions of the master robot (or the patient’s limb) 

and the moving target on the x y−  plane as the hollow blue and 

solid yellow circles, respectively. If the patient decreased his 

deviation with the therapist’s assistance in order to move with 

the target, the blue circle was on the yellow one in a way similar 

to the therapist’s screen.  

Note that the workspace of the master (Quanser Rehab) robot 

is in the horizontal x y−  space as shown in Fig. 5. Also, the 

slave (Phantom Premium) robot was controlled such that its 

end-effector had motions in the same two-dimensional x y−  

coordinates. Therefore, the Cartesian position of master and 

robots’ end-effector is expressed as [ ]
T

i i
x y=x  (where 

andi m s= ). The kinematics and dynamics of the Quanser 

Rehab (master) and Phantom Premium (slave) robots were 

comprehensively presented and described in [54, 55] and [56], 

respectively. 

The parameters of the desired impedance model (2) were 

chosen for three different levels of assistance during the 

tracking of the moving target, as summarized in Table 1. In 

these experiments, the stiffness parameter des
k  of the 

impedance model (2) was designed first based on the desired 

relationship between the forces (
pa

f , th
f ) and the position 

deviation ( )
m tardes

−x x . As the stiffness value decreases, the 

patient’s position deviation increases in response to the 

specified values of the interaction forces, i.e., the patient’s limb 

is less forcefully attracted to the target’s position. Therefore, the 

level of assistance during the process of movement therapy 

decreases by the decrease of the stiffness parameter des
k , which 

can be adjusted by the therapist in response to the patient’s 

improvement during the tele-rehabilitation process. The 

y 

x 

Therapist 

 

Master Robot 
Slave Robot 

Virtual Patient    
(Stiff Environment) 

 

y 

x 
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damping ratio of the impedance model (2) as a second-order 

differential equation was adjusted as  = 2
des des des

c m k

0.7=  such that the impedance model had an underdamped 

response with respect to the dimensionless time nt  (also with 

appropriate overshoot value in response to the step forces). The 

natural frequency of desired impedance model (2) was adjusted 

on n = rad sec15
des des

k m =  in order to have a fast 

response to the therapist’s and patient’s forces. Moreover, the 

force scaling factor was chosen f 4 =  such that the therapist 

had four times more authority in comparison with the patient. 

Accordingly, the therapist could easily manipulate the patient’s 

deviation ( )
m tardes −x x  as the response of Eq. (2) by applying 

a small force th
f  during the tele-rehabilitation. The position 

scaling factor was also considered to be x 3 =  to amplify the 

patient deviation from the target’s trajectory and then provide it 

for the therapist’s hand using the slave robot.  The impedance 

parameters and scaling factors employed in the first part of the 

experiments are summarized in Table 1. Three different values 

of the stiffness parameter des
k  were considered for three levels 

of assistance without regarding to the therapist’s assistive force. 

Then, using n
 = rad sec15

des des
k m =  and  =

2
des des des

c m k 0.7= , the values of damping des
c  and mass 

des
m  parameters were determined for each level.    

The parameters of the proposed nonlinear bilateral control 

laws (9) and (10) and two adaptation laws (20) and (22) used in 

the experiments are listed in Table 2. These parameters are 

obtained using a trial-and-error method and performing some 

initial experiments. This adjustment resulted in acquiring an 

optimum stability performance of the teleoperation system and 

achieving an appropriate tracking convergence to the desired 

responses for the master and slave robots (with suitable 

transient behaviors and enough small steady-state errors). For 

instance, the initial values of the robust gains 
0

ˆ
m

  and 
0

ˆ
s

  in 

(22) are specified to overcome the minimum level of possible 

disturbances ,mxu  and ,sxu . Their update rates 
m

  and 
s

  are 

also regulated to be large enough in order to increase the time-

varying robust gains ˆ
m

  and ˆ
s

  fast enough to overcome 

unknown disturbances and their variations during the task, 

which leads to maintaining small tracking errors m
ε  and s

ε . 

 

Table 1. The impedance parameters and scaling factors for three levels of 
assistance 

 

Level of Assistance 
Desired Impedance Model 

Parameters 

Scaling 

Factors 

Level 1  

(high assistance) 

N/m400
des

k =

N.s/m37.33
des

c =

kg1.78
des

m =  

f
4 =

x
3 =  

Level 2  

(medium assistance) 

N/m200
des

k =

N.s/m18.66
des

c =

kg0.89
des

m =  

f
4 =

x
3 =  

Level 3  

(low assistance) 

N/m100
des

k =

N.s/m9.33
des

c =

kg0.45
des

m =  

f
4 =

x
3 =  

  

Note that functions sgn( )
m
ε  and sgn( )

s
ε  in the master and 

slave control laws (9) and (10) were replaced by continuous 

functions 150( )tanh
m
ε  and 150( )tanh

s
ε , respectively, in order 

to prevent undesired discontinuities and chattering in the input 

torques. 

In these experimental evaluations of the proposed tele-

rehabilitation strategy, the moving target was considered to 

have an absolute velocity of 0.05 m sectarV =  in a circular path 

in the x y−  plane with the radius of 0.1 mtarr = . Note that 

circular trajectories are usually employed in therapeutic 

exercises and especially robotic rehabilitation. 
 

Table 2. Employed parameter values in the bilateral control laws and two 

adaptation laws 
 

Parameters of Control Laws Parameters of Adaptation Laws 

 

1,
1.6

m
 = , 1,

1.6
s

 =

2,
0.64

m
 = , 2,

0.64
s

 =  

3,
240

m
 = , 3,

70
s

 =  

42
m

I=Ψ , 15
s

I=Ψ  

1.6
m

 = , 0
0.25ˆ

m
 =  

1.2
s

 = , 0
0.12ˆ

s
 =  
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6.1.1. Cartesian to Cartesian Mapping 

The performance of the proposed strategy in tracking the 

moving target with a Cartesian to Cartesian mapping was 

illustrated visually on the therapist and patient monitors, as 

shown in Fig. 6. The scaled patient’s deviation from the target 

in the Cartesian space is seen in the therapist’s monitor in the 

same Cartesian space (Fig. 6a), and the patient’s Cartesian 

position with respect to the moving target is observed on the 

patient’s monitor (Fig. 6b).  

 

 

 
(a) 

 
(b) 

Fig. 6.  The position data illustrated for Cartesian to Cartesian mapping on (a) 

the therapist’s and (b) the patient’s monitors for tracking the moving target via 

the proposed assist-as-needed tele-rehabilitation strategy (some notes about the 

patient and moving target positions and the patient’s deviation are added).  

 

The position of the master robot’s end-effector m
x  (patient) 

in tracking its desired trajectory 
mdes

x  together with the target’s 

position tar
x  in x  and y  Cartesian coordinates for Level 1 of 

assistance (see Table 1) are shown in Fig. 7. As seen, before the 

therapist’s intervention, the virtual patient (stiff environment) 

has a small deviation from the target’s position toward the 

origin as the natural equilibrium position of the springs (Fig. 5). 

However, after that the therapist applies an assistive force to 

decrease the patient’s deviation 0( )
m tar

→−x x , the target’s 

trajectory is tracked well by the patient. Figure 8 shows the 

position of the slave robot’s end-effector s
x  (therapist) in 

tracking the scaled master/patient position deviation with 

respect to the target 
x
( )

m tar
 −x x  as the slave desired trajectory 

sdesx . As seen, the therapist tries to decrease the scaled patient-

target deviation (sensed by the slave robot and seen in his 

monitor) to zero by applying the force th
f  after 50.2 sect =  (see 

Fig. 9).  

 

 
   (a) 

 
   (b) 

Fig. 7.  The target’s position 
tar

x  together with the desired and actual positions 

of the master robot’s end-effector/patient (
mdes

x , 
m

x ), in (a) x  and (b) y  

directions of Cartesian coordinates for the Level 1 of assistance (see Table 1). 
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(a) 

 

   (b) 

Fig. 8.  Position of the slave robot’s end-effector 
s

x  (therapist) in tracking its 

desired trajectory 
dess

x  that is the scaled master/patient position deviation with 

respect to the target 
x
( )

m tar
 −x x with 

x
3 = , in (a) x  and (b) y  

directions of Cartesian coordinates for the Level 1 of assistance (see Table 1). 

 

As shown in Fig. 9, the patient’s resistive force pa
f  (before 

the therapist assistance) has an approximate maximum 

magnitude of N4.4  in the x  direction. This force generates an 

approximate maximum deviation of 0.011 m  in the x  direction 

(seen in Fig. 7) between the patient and target positions based 

on Eq. (2) and due to the employed impedance parameters 

(including N/m400
des

k = ) for the high level of assistance (Level 

1 in Table 1). Also, the slave robot, which tracks the scaled-up 

version of the patient-target deviation using x
3 = , has the 

approximate motion magnitude of 3 0.011 0.033 m =  in the x  

direction (observed in Fig. 8a) before applying the therapist’s 

interaction force. However, after 50.2 sect =  when the therapist 

attempts to bring the patient’s position to the target ( m tar
→x x

), the scaled version of his assistive force (see Fig. 9) neutralizes 

the patient’s force f
0( )

pa th
− →f f . This force tracking being 

coincident with the target tracking is in accordance with the 

presented discussion in Sec. 2.2. Note that the patient’s force 

increases after the therapist’s assistance for the target tracking 

in comparison with the one before the therapist’s intervention. 

This is because the stiff environment (behaving as the virtual 

patient) is extended much farther from its equilibrium position 

(at the center) when the master robot exactly tracks the target’s 

trajectory without any deviation (toward the center). 

 

 
        (a) 

 
        (b) 

Fig. 9.  The patient’s force pa
f  and the scaled therapist force 

f th
 f  in (a) x  

and (b) y  directions: the assistive force of the therapist starts at 50.2 sect =  

and the force reflection 
f

0( )
pa th

− →f f  is obtained after this time. 

 

To elaborate on the performance of the proposed nonlinear 

bilateral controller, the position tracking errors of the master             

(
mm m des

= −x x x ) and slave (
ss s des

= −x x x ) are shown in Fig. 
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10. As seen, the tracking errors converge to zero ( 0
m

→x  and 

0s →x ) using the proposed control laws, which is in 

accordance with the convergence and stability proof presented 

in Sec. 5.  

 

 
   (a) 

 
   (b) 

Fig. 10.  The convergence of the master (
mm m des

= −x x x ) and slave                     

(
ss s des

= −x x x ) tracking errors to zero using the proposed control strategy, 

(a) in x  and (b) in y  directions, for the Level 1 of assistance (Table 1). 

 

Now, the results of Level 2 of assistance (parameterized in 

Table 1) using the stiff environment as the virtual patients are 

reported. The positions of the master robot’s end-effector m
x  

(patient), its desired trajectory 
mdesx , and the target tar

x  in x  

direction are shown in Fig. 11a. As observed, before the 

therapist assistance, the virtual patient (stiff environment) has 

approximately two times larger deviation (about 0.022 m  in x

direction) from the target’s position in comparison with Level 

1 (shown in Fig. 7). The positions of the slave robot’s end-

effector s
x  (therapist) and its desired trajectory dess

x  (the 

scaled master/patient position deviation with respect to the 

target) are illustrated in Fig. 11b, which shows approximately 

two times larger patient-target deviation in comparison with 

Level 1 of assistance (Fig. 8). This increased deviation in Level 

2 of assistance is due to the decrease of impedance parameters 

to half of ones used in Level 1 (see Table 1), and the similar 

patient force generated by the stiff environment (see Figs. 9a 

and 11c). As seen, the therapist tries to decrease the scaled 

patient-target deviation to zero after 48.1 sect =  by adjusting 

his force th
f  shown in Fig. 11c. 
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   (c) 

Fig. 11.  (a) The target’s position 
tar

x  and the positions of the master robot’s 

end-effector m
x  (patient) and its desired response 

mdes
x , (b) the positions of 

the slave robot’s end-effector s
x  (therapist) and its desired response 

dess
x (the 

scaled master/patient position deviation with respect to the target 

x
( )

m tar
 −x x  with 

x
3 = ), and (c) the patient’s force 

pa
f  and the scaled 

therapist force 
f th

 f  (where the assistive force of therapist starts from 

48.1 sect = ), all in x  direction for the Level 2 of assistance (in Table 1). 

 

 

 Finally, the desired and actual positions of the master              (

mdesx , m
x ) and the slave (

sdesx , s
x ) are shown in Fig. 12a and 

12b, respectively, for Level 3 of assistance (introduced in Table 

1). Since the impedance parameters in Level 3 were smaller 

than the ones in Levels 2 and 1, the patient’s deviation from the 

target’s position (shown in Fig. 12a) is approximately two and 

four times larger in comparison with the deviations in Level 2 

(Fig. 11a) and Level 1 (Fig. 7a), respectively. The patient’s 

force field was the same as the previous cases employing the 

same stiff environment as the virtual patient. However, the 

magnitude of the patient’s force (Fig. 12c) before the therapist’s 

assistance was less than the previous cases (Figs. 9a and 11c) 

due to the much higher deviation of the springs (stiff 

environment) toward their equilibrium position at the center in 

comparison with the previous cases. This causes that the 

magnitude of the patient-target deviation in Level 3 (Fig. 12b) 

is not exactly two and four times larger than the ones obtained 

in Level 2 (Fig. 11b) and Level 1 (Fig. 8a). The same behavior 

is seen by comparing the force magnitudes between Level 2 

(Fig. 11c) and Level 1 (Fig. 9a). Similar to previous cases, the 

therapist applied his interaction force th
f  after 53.4 sect =  (as 

demonstrated in Fig. 12c) in order to decrease the patient’s 

deviation. 

 
 

 
   (a) 

 
   (b) 

 
   (c) 

Fig. 12.  (a) The desired and actual positions of the master robot (
mdes

x , m
x ) 

, (b) the desired and actual positions of the slave robot (
sdes

x , s
x ),  and (c) 

the patient’s pa
f  and the scaled therapist 

f th
 f  forces (the assistive force of 

therapist has been applied from 53.4 sect = ), in x  direction for the Level 3 of 

assistance (introduced in Table 1). 
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6.1.2. Normal-Tangential to Cartesian Mapping 

Since the stiff environment as the virtual patient can apply a 

resistive force to the master robot toward the inside of the 

target’s path (toward the origin as the equilibrium point of the 

springs set), the Normal-Tangential to Cartesian mapping can 

better interpret the centripetal patient’s deviation for the 

therapist. As discussed in Sec. 2.5.2, the Normal-Tangential 

coordinates that rotate with the target in the desired path can 

express the patient’s position deviation toward inside or outside 

the target’s path, and/or forward or backward from the target in 

its path. Accordingly, the scaled patient-target deviation in the 

Normal-Tangential coordinates was mapped to the Cartesian 

space and then provided physically for the therapist using the 

slave robot and visually via the therapist’s monitor (Fig. 13a). 

Similar to the previous Cartesian-Cartesian mapping shown in 

Fig. 6, the therapist was also informed visually in Fig. 13 about 

the position of the target in its desired path and visualize the 

patient’s deviation corresponds to the Cartesian position.   
 

 

 

 

 

  
(a) 

 
(b) 

 

Fig. 13.  Position data provided visually via (a) the therapist’s and (b) the 

patient’s monitors for the Normal-Tangential to Cartesian mapping during 

tracking the moving target using the proposed assist-as-needed tele-

rehabilitation strategy (some notes are added).  
 

 

 

The results of the proposed strategy with Normal-Tangential 

to Cartesian mapping (described in Sec. 2.6.2) are presented 

here for Level 2 of assistance (in Table 1). For this case, the 

master robot’s position m
x  in tracking its desired trajectory 

mdesx , and the target’s position 
tar

x  in x  direction of the 

Normal-Tangential space are shown in Fig. 14a. As illustrated 

in Figs. 13 and 3b, the x  direction in the Normal-Tangential 

coordinates for the master/patient is toward the inside of the 

target’s path, and it is toward the right in the Cartesian 

coordinates for the slave/therapist. The slave robot’s position 

s
x  in tracking its desired trajectory 

sdesx  in x  direction of the 

Cartesian space is demonstrated in Fig. 14b. As seen in Fig. 14a 

and 14b, the therapist could successfully decrease the deviation 

of the virtual patient (stiff environment) from the target’s 

position to zero 0( )
m tar

→−x x  by adjusting his force th
f  (Fig. 

14c) after 51.6 sect = . Using the suggested mapping between 

the Normal-Tangential and Cartesian coordinates, the therapist 

could guide the patient on the target’s trajectory with higher 

accuracy (less value of ( )
m tar

−x x ) in comparison with the 

Cartesian to Cartesian mapping (Figs. 7, 8, 11 and 12). The 

suitable performance of the therapist in convergence of the 

patient’s position to the target ( m tar
→x x ) comes from 

interpretation of the patient-target deviation toward the inside 

(center) in the Normal-Tangential space to the right side in the 

Cartesian coordinates under the therapist’s hand (see Fig. 13). 

The therapist could better adjust his assistive force th
f  in this 

case (Fig. 14c) such that he neutralized the patient’s force th
f  

more accurately in comparison with the previous case (Figs. 9, 

11c and 12c). Consequently, the better force compensation 

f
( )

pa th
−f f 0→  provided by the therapist (after 51.6 sect = ) 

resulted in the better target tracking by the patient 

0( )
m tar

→−x x  based on Eq. (2). The master and slave 

tracking errors are also demonstrated in Fig. 14d for this case 

of mapping.  
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         (a) 

 
   (b) 

   
   (c) 

 
   (d) 

Fig. 14.  (a) The desired and actual positions of the master robot/patient (
mdes

x

,
m

x )  in x  direction of the Normal-Tangential space, (b) the desired and actual 

positions of the slave robot/therapist (
dess

x , 
s

x ) in x  direction of the 

Cartesian coordinates,  (c) the patient’s force 
pa

f  and the scaled therapist force 

f th
 f  (started from 51.6 sect = ) in the Normal-tangential and Cartesian 

spaces, respectively, and (d) the master (
mm m des

= −x x x ) and slave (

ss s des
= −x x x ) tracking errors in the Normal-tangential and Cartesian spaces, 

respectively.   
 

6.2. User Study (A Human Operator as the Patient) 

In this section, the proposed robotic assist-as-needed tele-

rehabilitation strategy is evaluated using an able-bodied human 

operator behaving as the patient, as shown in Fig. 15. In the 

following experiments, the performance of the proposed 

strategy with and without tremor filtration is investigated. 

These evaluations are presented for two levels of assistance and 

using different force/motion mappings.  

 

 

 

 
 

 

Fig. 15.  The telerobotic experimental set-up for the second evaluations of assistive tele-rehabilitation strategy: the Quanser Rehab robot (right) is the master, the 

Phantom Premium robot (left) is the slave, and the patient is an able-bodied human operator. 
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6.2.1. Patient’s Tremor Filtration 

In this part of the experiments, the natural frequency n  of 

desired impedance model (2), which is equal to the cut-off 

frequency (when 0.7 = ), was adjusted to be several times 

smaller than the minimum tremor frequency (
mintrem

 ) as 

discussed in Sec. 2.4.1 such that the hand tremors of the patient 

were filtered out. The tremor simulated by the human operator 

(behaving as the patient) was tried to be in the range of realistic 

tremors of individuals having Parkinson's disease (PD), 

cerebral palsy (CP), multiple sclerosis (MS) and/or stroke. This 

frequency range of the rhythmic involuntary tremors is reported 

to be 3 6 Hz
trem

 − = 18.85 − 37.70 rad/sec  in [49, 50]. For 

this purpose, the natural frequency of the impedance model (2) 

was adjusted such that 
minn trem  = 18.85 rad/sec . 

Therefore, the natural frequency of the desired impedance 

model (2) was chosen as rad/sec2
des desn

k m = = , which is 

about 10 times less than 
min

18.85 rad/sectrem = . Moreover, 

two different values of the stiffness parameter des
k  were chosen 

in this part of the experiments (see Table 3) to provide two 

levels of assistance for the patient in addition to the therapist’s 

assistive force. Accordingly, using each value of des
k  and the 

adjusted n
 = rad sec2

des des
k m =  (for tremor filtration), 

and also  = 2
des des des

c m k 0.7=  (for minimum overshoot), 

the values of damping des
c  and mass des

m  parameters were 

determined for each case, as presented in Table 3.  The 

parameters of the proposed nonlinear bilateral control laws (9) 

and (10) and two adaptation laws (20) and (22) used in this part 

is the same as Sec. 6.1, presented in Table 2.   

For Level 1 of assistance (Table 3) with tremor filtration, the 

desired and actual positions of the master robot/patient’s hand (

mdesx , m
x ) and the desired and actual position of the slave 

robot/therapist’s hand (
sdesx , s

x ) in the y  direction of the 

Cartesian space are shown in Fig. 16a and 16b, respectively. 

The master and slave tracking errors with respect to their 

corresponding desired trajectories are shown in Fig. 16c. 

Although the patient applied a considerable tremor-related 

high-frequency force to the master end-effector (demonstrated 

in Fig. 17), the high-frequency tremors of the patient are not 

seen in his position deviation with respect to the target (shown 

in Fig. 16b). This is due to the tremor filtration of the proposed 

strategy using the adjustment of the desired impedance model 

(2). As seen in Fig. 17, the scaled therapist’s force 
f th

 f  starting 

from 53 sec=t  overcomes the low-frequency non-tremor 

portion of the patient’s force pa
f . In other words, the low-

frequency portion of the patient’s force is perceived by the 

therapist in this setting when he wants to bring the patient’s 

position on the moving target’s trajectory.  

 

Table 3. The employed impedance parameters and scaling factors with and 
without patient’s tremor filtration for two levels of assistance 

 

Level of Assistance 
Desired Impedance Model 

Parameters 

Scaling 

Factors 

Level 1  

(medium assistance) 

N/m200
des

k =

N.s/m140
des

c =

kg50
des

m =  

f
4 =

x
3 =  

Level 2  

(low assistance) 

N/m100
des

k =

N.s/m70
des

c =

kg25
des

m =  

f
4 =

x
3 =  
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   (b) 

 

   (c) 

Fig. 16.  (a) The desired and actual positions of the master robot/patient’s hand 

(
mdes

x ,
m

x ) , (b) the desired and actual positions of the slave robot/therapist’s 

hand (
dess

x , 
s

x ),  and (c) the master (
mm m des

= −x x x ) and slave (

ss s des
= −x x x ) tracking errors, all in y  direction, for the Level 1 of 

assistance (introduced in Table 3) with filtration of the patient’s tremor. 

 

 

Fig. 17.  The patient’s force pa
f  and the scaled therapist 

f th
 f  force (starting 

from 53 sect = ) in y  direction, where the tremor-related high-frequency 

portion of the patient’s force is not reflected to the therapist (tremor filtration). 

 

Note that the performance of tremor filtration is the main 

difference between the experiments on a stiff environment (Sec. 

6.1) and experiments with a human operator simulating patient 

tremors (Sec. 6.2). This difference is observed by comparing 

the results in Fig. 14 with the ones in Figs. 16 and 17. In other 

words, the high-frequency tremor-related part of the patient 

force (seen in Fig. 17) is appropriately filtered and do not affect 

the position trajectories (Fig. 16) significantly. 

The desired (
mdesx ) and actual ( m

x ) patient/master 

trajectories in the x y−  plane with respect to the circular 

trajectory ( tar
x ) of the moving target are shown in Fig. 18a. In 

this figure, the deviated part of trajectories from the target 

corresponds to 53 sect , where the patient only had the 

assistance provided via the impedance elements ( des
k , des

c  and 

des
m ) based on Eq. (2). However, the part of trajectories in Fig. 

18a, which is close to the target’s trajectory, corresponds to 

53 sect  that the therapist adjusted his force (Fig. 17) to 

reduce the patient-deviation (see Fig. 16a and 16b). Also, the 

increase of the deviation with respect to target’s trajectory by 

the patient and the decrease of this deviation by the therapist (at 

53 sect ) in the x y−  plane can be seen in Fig. 18b.  Figure 

18b shows the desired slave trajectory (
sdesx that is the scaled 

patient-target deviation) and the actual slave trajectory ( s
x ) 

under the therapist’s hand.  
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(b) 

Fig. 18.  (a) Desired (
mdes

x ) and actual ( m
x ) trajectories of the patient’s hand 

(master end-effector) with respect to the circular trajectory ( tar
x ) of the 

moving target, and (b) desired (
sdes

x ) and actual ( s
x ) trajectories of the 

therapist’s hand (slave end-effector), in the x y−  plane. 

 

It should be noted that the amplitude of the therapist/slave 

motion or scaled patient deviation from the target trajectory in 

Fig. 16b or Fig. 18b is about 0.05 m (in each of x and y 

directions) before applying the therapist assistive force             (

53 sect ). However, it is decreased to 0.01 m after starting the 

therapist assistance ( 53 sect ) which is 10% of the amplitude 

of total patient/master motion trajectory in each of x and y 

directions (0.1 m in Fig. 16a or Fig. 18a). This feature can 

reduce the therapist’s movements and consequently his fatigue 

in comparison with previous bilateral controllers [20, 21, 24, 

32, 33] that made the same trajectory for the master and slave 

robots (patient and therapist), as discussed in Sec. 1, Sec. 2.3 

and Sec. 2.5.  

To elaborate more on this feature, the rate of spent mechanical 

energy by the therapist can be estimated in terms of his input 

power to the robot, which is formulated as the multiplication of 

the therapist force and the slave end-effector velocity. As seen 

in Figs. 8, 9, 11, 12, 14, 16-18, the slave/therapist motion range 

and velocity are minimized around origin/zero from the 

moment he started to apply the force. Therefore, the power 

consumption by the therapist is tried to be optimized using and 

the proposed strategy. This is due to tracking the master/patient 

deviation by the slave robot under the therapist’s hand and 

decreasing this deviation to zero by his assistive force.   

It is important the patient-target deviation −
m tar

x x  is 

originally small in comparison with the total patient 
m

x  or 

moving target 
tar

x  trajectories (Figs. 16a and 18a) based on the 

impedance model adjustments (discussed in Sec. 2.2, 2.4 and 

2.5, and parameterized in Table 3 for the experiments). But this 

deviation is scaled up by the factor x  (as discussed in Sec. 

2.3), and the slave robot under the therapist’s hand tracks the 

scaled (amplified) patient-target deviation →
s

x

x ( )−
m tar

 x x  to better reflect the patient’s noncompliant 

motions to the therapist. Accordingly, the amplitude of the 

patient-target deviation in each of x and y directions is 

decreased to less than 0.0033 m in Figs. 16a and 18a after the 

therapist assistance ( 53 sect ), and using x 3=  in Table 3. 

This deviation is scaled up and tracked by the therapist/slave, 

which has the amplitude of 0.01 m in Figs. 16b and 18b (after 

53 sect ). 

The patient/master and the therapist/slave positions for Level 

2 of assistance (parameterized in Table 3) and with filtration of 

the patient’s tremor are shown in Fig. 19a and 19b, respectively. 

The performance of the high-frequency force filtration from the 

haptic force feedback provided for the therapist is observed in 

Fig. 19c. Since the impedance parameters decreased 50% from 

Level 1 to Level 2, as mentioned in Table 3, the patient’s 

flexibility in Level 2 is two times the one in Level 1 (before the 

intervention of the therapist via applying the force th
f ). In other 

words, the magnitude of the patient’s deviation from the target 

in response to a specified value of the applied patient’s  force (

pa
f  in Figs. 17 and 19c) is two times larger in the Level 2 (Fig. 

19b) in comparison with the Level 1 (Fig. 16b). As a result, the 

assistive force provided for the patient by the impedance 

elements decreased by 50% from Level 1 to 2 (before applying 

the therapist’s assistive force). This decrease of the patient’s 

assistance can be performed in future patient rehabilitation 

considering his motor recovery and improvements during the 

process.  
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   (a) 

 
   (b) 

 
   (c) 

Fig. 19.  (a) Desired and actual positions of the master robot (
mdes

x , mx ) , (b) 

desired and actual positions of the slave robot (
dess

x , 
s

x ),  and (c) the patient’s 

pa
f  and the scaled therapist 

f th
 f  forces with tremor filtration, in y  direction 

for the Level 2 of assistance (parameterized in Table 3). 

 

6.2.2. Patient’s Tremor Reflection 

Finally, the performance of the proposed robotic tele-

rehabilitation strategy is evaluated when the patient’s tremor is 

not filtered from the patient’s hand trajectory (by the master 

robot) and it is instead desired to be reflected to the therapist’ 

hand (via the slave robot). In this case, the tremor-related high-

frequency portion of the patient’s force pa
f  should not be 

filtered via the impedance model (2). In other words, the natural 

frequency of the desired impedance model (2) should be 

adjusted such that n trem   (as discussed in Sec. 2.4.2). 

Considering the range of patient’s tremor frequency as 

3 6 Hz
trem

 − 18.85 37.70 rad/sec= −  [49, 50], the natural 

frequency of the impedance model (2) was chosen 

rad/sec40
n

 =  to be larger than trem . Moreover, using the 

stiffness parameter N/m100
des

k =  similar to Level 2 (in Table 

3), and employing n
 = rad sec40

des des
k m =  (for tremor 

reflection) and  = 2
des des des

c m k 0.7=  (for minimum 

overshoot), the damping and mass parameters were obtained as 

N.s/m3.5
des

c =  and kg0.0625
des

m = , respectively. The position 

and force scaling factors were the same as ones in the previous 

section ( x
3 =  and f

4 = ). However, the Normal-Tangential 

to Cartesian mapping (presented in Sec. 2.5.2) was employed in 

this experiment. 

Using the above-mentioned impedance adjustment, the 

patient’s tremor affected his position deviations from the 

target’s trajectory, as shown in Fig. 20a. As a result, these 

tremors (high-frequency movements) were reflected 

(transmitted) to the therapist’s hand via the slave robot as seen 

in Fig. 20b. After 47.2 sect   when the therapist tried to 

decrease the patient’s deviation (Fig. 20a and 20b), the patient’s 

tremor-related high-frequency force was also perceived by the 

therapist (Fig. 20c).  
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   (b) 

 
   (c) 

Fig. 20.  (a) Desired and actual positions of the master/patient (
mdes

x ,
m

x ) , 

(b) desired and actual positions of the slave/therapist ( dess
x , 

s
x ),  and (c) the 

patient’s pa
f  and the scaled therapist 

f th
 f  forces, in x  direction, without 

tremor filtration (with the reflection of high-frequency force). 

 

Note that the high-frequency part of the patient-master force 

signals (in Fig. 17, Fig. 19c and Fig. 20c) is due to the simulated 

patient tremor (in the range of 3 6 Hz−  [49, 50]), and the ATI 

Gamma sensor (as a precise force/torque sensor attached to the 

master robot) do not have such noises with a considerable 

amplitude (about 1 N). 

The proposed bilateral control strategy is experimentally 

evaluated in this work for upper-limb tele-rehabilitation of a 

simulated patient. However, it can be utilized in robotic 

rehabilitation process of lower-limb cases with appropriate 

selection of the moving target trajectory tar
x , without loss of 

generality. 

 

 

 

 

 

 Conclusion  

In this paper, a new assist-as-needed tele-rehabilitation 

strategy was proposed by facilitating an impedance-based 

collaboration between a patient and a therapist using a multi-

DOF master-slave telerobotic system. In this strategy, the 

combination of the patient’s and therapist’s forces specifies the 

patient’s admissible deviation from a moving target trajectory 

based on an impedance model. Two adjustable sources of 

haptics-based assistance are provided to the patient for 

following the moving target’s trajectory via the master robot: a) 

the designed impedance elements (including stiffness, damping 

and mass) that modulate the level of assist-as-needed behavior 

of the robotic system, and b) the online scaled force of the 

therapist applied to the slave robot, by which he/she can 

intervene online in the patient’s movement therapy exercises 

through the haptic force feedback loop. 

In this scheme, the therapist/slave only tracks the deviation of 

the patient/master from the target’s trajectory and not the total 

patient’s hand trajectory. This feature minimizes the therapist’s 

movements and consequently, his/her fatigue while the patient 

follows the specified target trajectory as part of the 

rehabilitation program.  

The proposed desired impedance model can be adjusted based 

on the patient’s symptoms and disabilities. Accordingly, two 

cases of impedance adjustment for the patients suffering from 

insufficient actuation of muscles and involuntary tremors were 

presented. Moreover, two cases of force/motion mapping 

between the patient/master and the therapist/slave were 

introduced and tested. The first one was defined in the Cartesian 

space and the second one was presented between the Cartesian 

and Normal-Tangential coordinates. One of these choices can 

be selected by the therapist due to his convenience and/or the 

patient’s characteristics.  

A nonlinear bilateral robust adaptive controller was designed 

such that the multi-DOF master and slave robots can track their 

corresponding desired trajectories. The master and slave 

tracking convergence together with the stability and robustness 

of the controlled nonlinear teleoperation system in the presence 

of parametric (structured) and non-parametric (unstructured) 
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uncertainties are guaranteed theoretically using the Lyapunov 

stability method and verified experimentally. Based on the 

stability of the desired impedance model and the Lyapunov 

stability of the closed-loop nonlinear dynamics of the 

telerobotic system, the safety of the patient and therapist during 

the tele-rehabilitation is enhanced.  

Comprehensive experimental evaluations were performed 

using the Quanser Rehab robot as the master and the Phantom 

Premium robot as the slave. In these experiments, either a stiff 

environment (made by a set of springs) or an actual human 

operator behaves as the patient in different evaluations. 

Different adjustments of the impedance model and 

force/motion mapping introduced for the proposed assist-as-

needed tele-rehabilitation strategy were tested. These 

adjustments provided different assistance levels for the patient 

and could filter or reflect the patient’s tremor based on the 

therapist’s decision. 

Having these promising results from the proposed controller 

and its experimental evaluations with the involvement of 

healthy subjects, the assessment of the system will be 

performed in our future works in realistic clinical settings with 

the participation of patients having physical impairments. The 

proposed tele-rehabilitation strategy can also be evaluated in 

future studies considering the movements in activities of daily 

living (ADL) as the target point trajectory for the patient. This 

strategy can also be implemented in different rehabilitation 

tasks to collect the therapist’s position, force and impedance 

adjustment behavior in assisting a group of patients. Then, 

autonomous therapeutic assistance can be programmed via 

Machine Learning (ML) methods based on the task-specific 

data of the human therapist obtained via the proposed tele-

rehabilitation scheme. This artificial automatic therapist will 

further decrease the intervention of the human therapist and the 

requirement of the slave robot. In addition, it will be capable of 

predicting the patient’s behavior and assisting him/her 

intelligently using fast computer processing in order to follow 

the task targets accurately.  

There is not any packet loss and/or communication delay 

(higher than the adjusted sampling time) for signal transmission 

in the employed experimental teleoperation set-up. 

Accordingly, these inaccuracies are not considered in the 

controller design and the stability analysis, considering both the 

therapist and patient in the same clinical setting. However, this 

issue (existence of packet loss and/or time delay in 

communication channels) can be studied in future works on 

tele-rehabilitation systems that have a long distance between 

master and slave robots and/or have non-ideal communications 

for the signal transmission. 

 

Appendix. Master and Slave Dynamics and 

Control Laws in the Joint Space  

The dynamics of the multi-DOF master and slave robots in 

the joint space is presented as [51] 
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Using the subscript i m=  for the master and i s=  for the slave, 

the kinematic transformations between the joint space and the 

Cartesian space are expressed for each robot as 
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d d= J q q q  is the Jacobian matrix. The 

relations of the dynamic matrices and vectors between the joint 

space (Eqs. (A1) and (A2)) and the Cartesian space (Eqs. (3) 

and (4)) are presented as 
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Also, the representation of the control laws (9) and (10) in 

the joint space are obtained in terms of the joint space’s 

matrices and vectors by substituting (A4) in (9) and (10) as 
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These input torques (A5) and (A6) are applied by the motors in 

the joint space of master and slave robots.  
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