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Abstract 

A nonlinear model reference adaptive bilateral impedance 

controller is proposed that can accommodate various 

cooperative tele-rehabilitation modes for patient-therapist 

interaction using a multi-DOF tele-robotic system. In this 

controller, two reference impedance models are implemented 

for the master and slave robots using new model reference 

adaptive control laws for the nonlinear bilateral teleoperation 

system. “Hand-over-hand” and “adjustable-flexibility” are two 

modes of patient-therapist cooperation that are realized using 

the proposed strategy. The Lyapunov-based stability proof 

guarantees the patient’s and the therapist’s safety during the 

cooperation and interaction with robots, even in the presence 

of modeling uncertainties of the multi-DOF teleoperation 

system. The performance of the proposed bilateral impedance 

controller is experimentally investigated for upper-limb tele-

rehabilitation in the two mentioned cooperation modes. 

 

Keywords: Robotic tele-rehabilitation, patient-robot 

interaction, cooperative therapy, nonlinear adaptive bilateral 

control, Lyapunov stability. 

 

 

 

 

 
* Corresponding Author.   

 E-mails: sharifi3@ualberta.ca (M. Sharifi), behzadipour@sharif.edu (S. 

Behzadipour), salarieh@sharif.edu (H. Salarieh), mahdi.tavakoli@ualberta.ca 
(M. Tavakoli).  

 
 

1. Introduction 

Stroke, cerebral palsy, multiple sclerosis, and Parkinson’s 

disease are some of age-related disorders that cause various 

forms of disability. The proposed robotics-assisted framework 

for tele-rehabilitation will be useful for any pathology that 

impairs motion of a body extremity and necessitates retraining 

of a function. While the framework proposed in this paper has 

a wide range of applications, without loss of generality, the 

discussion in the following focuses on the rehabilitation after 

stroke as a particular example of such disabilities. 

Since the required intensive rehabilitation of patients with 

disabilities is costly, robotic systems have been developed to 

provide consistent and reproducible rehabilitation services [1-

3]. Different robotic rehabilitation systems have been 

developed and tested in the past two decades involving only 

one robot manipulator interacting with the patient’s limb [4-7]. 

However, to perform rehabilitation tasks with live (online) 

cooperation or assistance of a therapist, a second robot is 

needed to capture the therapist’s input. A bilateral 

teleoperation system can provide a tele-rehabilitation 

environment that allows the therapist and the patient to 

interact with each other for various movements and functional 

therapies.  

The concept of tele-rehabilitation using robotic systems has 

been presented in [8-17]. The unilateral [11, 12] and bilateral 

[13, 14, 18] systems for tele-rehabilitation rely on a shared 
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virtual environment (SVE) visible to both the patient and the 

therapist. Most of these strategies [11-14] have used the two 

robots positions in the SVE. The interaction force has been 

also measured in [15, 18] to achieve the force reflecting 

performance in tele-rehabilitation besides the position tracking 

performance.  

A new trilateral architecture has been suggested in [19, 20] 

for mirror therapy of the patient’s impaired limb using the 

Guidance Virtual Fixtures (GVFs) concept and incorporating 

the patient’s functional (healthy) limb. In this architecture, the 

therapist supervised the cooperation of impaired and 

functional limbs of the patient by generating some corrective 

movements [20]. Moreover, different multi-agent strategies 

have been recently studied in [21] for training some trainees 

by the therapist during the tele-rehabilitation of a patient. 

Different position and force objectives have been presented in 

[21] for multilateral (multi-master-slave) systems; however, 

the impedance adjustment was not studied. In the above-

mentioned recent works [19-21], the system uncertainty has 

not been taken into account, and a nonlinear stability analysis 

(such as Lyapunov method) has not be employed for the 

multi-DOF telerobotic system. 

Various control methods have been suggested for single-

DOF (linear) teleoperation systems [22-25]. However, to 

perform complex and dexterous therapy exercises, multi-DOF 

(nonlinear) teleoperation systems are required. Accordingly, 

some adaptive bilateral control strategies have been proposed 

to synchronize the positions of nonlinear master and slave 

robots [26-28]. Also, to achieve both position tracking and 

force tracking, nonlinear adaptive control methods [29-31] 

have been developed. The controllers presented in [29-31] 

require the acceleration signals of the robots, and force 

tracking is achieved only when the estimates of unknown 

model parameters converge to the real values; this only 

happens in the presence of persistent excitations.  

Using the impedance/admittance control theory [32-34], 

interactive rehabilitation tasks were realized for interaction of 

a patient with a robot [5, 35]; such tasks cannot be performed 

well by pure position or force control. The impedance control 

context has been employed for one-DOF linear bilateral 

teleoperation systems [36-39]. An impedance/admittance 

model with a damping element for both master and slave 

robots was defined in [40]. What is still missing is a bilateral 

impedance control framework for multi-DOF nonlinear 

teleoperation systems with corresponding nonlinear stability 

analysis, which is the focus of this paper, aimed at dexterous 

movements.  

In the present work, a new nonlinear adaptive bilateral 

impedance controller is developed. While the control 

framework is applicable to general teleoperation systems, in 

this paper we focus on facilitating two specific modes of 

patient-therapist cooperation in robotic tele-rehabilitation 

(item 2 in the list below).  

The proposed control framework has the following 

characteristics: 

1) The impedance of the teleoperation system is controlled 

by enforcing two desired impedance models for the master and 

slave robots, interacting with the therapist and the patient. This 

is unlike the previous nonlinear bilateral controllers [29, 31, 

41, 42] that have position and force tracking control 

objectives. In the proposed control strategy, by adjustment of 

the impedance models, the patient and the therapist are not 

forced to have the same position as is the objective of 

traditional PEB (Position Error Based) [25] and DFR (Direct 

Force Reflection) [43] control strategies for teleoperation 

systems.  

2) Two multi-DOF robotic tele-rehabilitation strategies can 

be accommodated using the proposed bilateral impedance 

control framework. The cooperative “hand-over-hand” and 

“adjustable-flexibility” modes of patient-therapist interaction 

are achieved through appropriate selection of the two 

reference impedance models for the master and slave robots.  

3) Due to (a) the freedom provided for the patient and the 

therapist as a result of adjusting the impedance models, (b) the 

stability of these impedance models, and (c) the Lyapunov-

based stability of the entire multi-DOF nonlinear tele-

rehabilitation system in the presence of modeling 

uncertainties, the patient and therapist safety is guaranteed. 

Patient safety is a critically important issue in robotic tele-

rehabilitation [8]. Note that the stability of the multi-DOF 
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nonlinear telerobotic system was not proven in most of 

previous studies focusing on tele-rehabilitation applications 

[9-12].  

4) The force and position scaling factors are defined in the 

proposed impedance models to adjust the haptic force 

feedback level and to account for possible workspace 

asymmetries between the master and slave robots. Employing 

the force scaling, the therapist can sense a scaled-down 

version of the patient force. Also, using the position scaling, 

the therapist motion trajectory can be scaled-up for the patient 

such that the slave robot motion become larger than the master 

one. As a result of this feature, the therapist fatigue reduces 

using the proposed robotic tele-rehabilitation strategy in 

comparison with the direct physical interaction of the patient 

and the therapist (without employing robots).  

5) The proposed bilateral controller is robust against 

modeling uncertainties in the nonlinear teleoperation system 

using two adaptation laws for the master and the slave control 

systems. In addition, unlike the previous nonlinear bilateral 

adaptive controllers (such as [29, 31, 41]) in which force 

tracking was achieved only when the estimation of model 

parameters converged to the real values (persistent excitation 

condition), the position and force tracking can be obtained 

simultaneously in the current framework without any 

requirement on the precise identification of system 

parameters.  

6) The design of proposed control laws for the master and the 

slave is motivated by a new nonlinear Model Reference 

Adaptive Impedance Control (MRAIC) scheme presented 

recently for physical human-robot interaction (involving a 

single robot but not a teleoperation system) [34]. Since in the 

MRAIC method, the closed-loop dynamics of the robot is 

made similar to the reference impedance model which is a 

stable system, the scheme in [34] is more effective than simple 

adaptive impedance controllers in realizing the impedance 

model for a nonlinear manipulator. 

The aforementioned characteristics and applications of the 

proposed bilateral impedance controller are novel in the 

context of robotic tele-rehabilitation systems. 

 

2. Multi-DOF Robotic Tele-Rehabilitation System  

The nonlinear dynamics of an n-DOF tele-rehabilitation 

system (including the master and slave robot manipulators) is 

introduced in the joint space as [44]:   
 

, , , ,,( ) ( ) ( ) ( )
m m m m mm m m m m m

m th

  



q q q qq q q q qM q C q G F

τ τ
 (1) 

, , , ,,( ) ( ) ( ) ( )
s s s s ss s s s s s

s pa

  



q q q qq q q q qM q C q G F

τ τ
 (2) 

 

where 
m

q  and 1n

s


q  are the joint position vectors, 

,
( )

m mq
qM  and ,

( )
s s

n n


q
qM  are the inertia or  mass 

matrices, ,
( , )

m mmq
q qC  and ,

( , )
s s

n

s

n


q
q qC  include the 

centrifugal and Coriolis terms, ,
( )

mmq
qG  and 

1

,
( )

s

n

s




q
qG  

are the gravity terms, ,
( )

mmq
qF  and 

1

,
( )

ss

n


q
qF  are the 

friction torques, and 
mτ  and 1n

s


τ  are the vectors of the 

control torques (from the joint actuators) of the master and the 

slave robots, respectively. Also, 
th
τ  and 

1n

pa


τ  are the 

interaction torques that the therapist applies to the master 

robot and the slave robot applies to the patient, respectively. 

Then, the robots’ end-effector dynamics in the Cartesian space 

is defined as: 
 

, , , ,,( ) ( ) ( ) ( )
m m m m mm m m m m m

m th

  



x x x xq q q q qM x C x G F

f f
 (3) 

, , , ,,( ) ( ) ( ) ( )
s s s s ss s s s s s

s pa

  



x x x xq q q q qM x C x G F

f f
 (4) 

where 
m

x  and 6 1

s


x  are the position vectors of master 

and slave robots’ end-effectors, respectively, in the Cartesian 

coordinates. th
f  and 

6 1

pa


f  are the interaction forces that 

the therapist applies to the master end-effectors and the slave 

end-effector applies to the patient, respectively. Considering 

the subscript i m  for the master and i s  for the slave, 

kinematic transformations between the joint and Cartesian 

spaces are presented for each robot as: 

( ) ( ) ( ) ( ), ,
i i i ii i i i i i i i i i   q q q qx x J q x J q J q  (5) 
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where ( ) ( )
i i i i i

d d J q q q  is the Jacobian matrix. The 

relations of the dynamic matrices and vectors between the 

joint space (Eqs. (1) and (2)) and the Cartesian space (Eqs. (3) 

and (4)) with non-singular Jacobian matrices are expressed as 
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 
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 

x qx q

x q q

x q
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q q q q q

q q

G q J G qM J M J

C J C M J J J

F J F f J τ

f J τ f J τ

 (6) 

 

These matrices and vectors have following properties [43-45]: 

Property 1. The left side of Eqs. (1) and (2) is linearly 

parameterized as: 

 

, ,

, , , , , ,

, ,

,( ) ( ) ( ) ( )

( , , , )

i i i i i

i ii i

i i i i i i

i i

  


1 2

q 1 q 2 q q

q q

q q q q q

φ φ q q

M φ C φ G F

Y α
 (7) 

 

where 
,iqα  is the vector of unknown parameters of the robot. 

The regressor matrix 
,iqY  contains known functions [44] in 

terms of the arbitrary vectors ,i1φ  and ,i2φ . 

Property 2. 
, ,

( ) ( , )2
i i ii i


q q
q q qM C and 

, ,
( ) ( , )2

i i ii i


x x
q q qM C  

are skew symmetric matrices. 

Property 3. 
,

( )
iiq

qM  and 
,

( )
iix

qM  are symmetric positive 

definite matrices. 

 

3. Tele-Rehabilitation Objectives in Bilateral 

Impedance Control 

In the proposed bilateral tele-rehabilitation system, two 

impedance models are defined for the master and slave robots 

interacting with the therapist and patient, respectively. For this 

purpose, the position and velocity signals of the master robot 

and the master/therapist interaction force are transmitted to the 

patient site for use in the slave robot’s impedance model and 

controller. Also, the patient-slave interaction force is 

transmitted to the therapist site to be employed in the master 

impedance model and controller. The impedance concepts and 

transmitted signals are schematically shown in Fig. 1 where 

modm
x  and 

mods
x  are the desired impedance responses of the 

master and slave, respectively.  

 
 

Fig. 1.  The proposed bilateral tele-rehabilitation system with separate 

impedance models for the master and the slave. 

 

3.1. Position and Force Scaling  
 

As illustrated in Fig. 1, the motion of the therapist’s limb (in 

this case, his/her hand), which is equal to the master position, 

is scaled by 
pk  during transmission while the patient/slave 

contact force is scaled by fk  during transmission and before 

being used in the impedance model and the controller at the 

destination, 
 

p f,
scaled scaledm m pa pak k x x f f  (8) 

 

This scaling feature is useful when the workspaces and 

force rendering capabilities of the master and slave robots are 

different. Also, if the patient force is scaled down for the 

therapist ( f 1k  ), the therapist can work with a lightweight 

master robot such as a standard haptic device with relatively 

low force rendering capability. In this case, the therapist’s 

fatigue is reduced as well.  

 

3.2. Master and Slave Impedance Models  
 

The desired impedance model of the master robot defines a 

dynamical relationship between a linear combination of the 

therapist/master contact force 
th

f  and the patient/slave contact 

force pa
f  and the desired master robot trajectory in Cartesian 
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space 
modm

x : 

 

mod mod mod fm m mm m m th pam c k k   x x x f f  (9) 

 

where 
m

m , 
m

c  and 
m

k  are the desired virtual mass, damping 

and stiffness parameters of the master impedance model, 

respectively. In order to have different impedance 

characteristics in different directions, these parameters can be 

replaced by matrices. The factor fk  in (9) scales the patient 

force 
paf  , as it is transmitted for reflection to the therapist. 

According to Eq. (9), when the master robot controller reaches 

its objective, which is tracking the master impedance model’s 

response 
modm

x , the therapist senses a scaled version of the 

patient force 
paf . 

The desired impedance model of the slave robot is expressed 

as a dynamic relationship between the patient force 
paf  and 

the desired difference, mod mod p ms s
k x x x , between the 

slave and the scaled master positions: 
 

mod mod mods s s pas s sm c k   x x x f  (10) 

 

where 
s

m , 
s

c  and 
s

k  are the desired virtual mass, damping, 

and stiffness parameters of the slave impedance model.  

Accordingly, two impedance models are defined in this 

framework. The first one is the master impedance model (9) 

perceived by both the therapist and the patient. The second 

one is the slave impedance model (10) that determines the 

freedom of patient in terms of deviating away from the 

therapist-commanded trajectory (i.e., the master trajectory) by 

applying forces to the slave robot. The applications of the 

proposed desired impedance models are further explained in 

the next sections for cooperative tele-rehabilitation strategies.  

Both impedance models for the master (9) and the slave (10) 

are stable second-order differential equations when using 

positive mass, damping and stiffness parameters. Therefore, 

bounded input forces of the patient 
paf  and therapist 

th
f  will 

not generate unbounded desired trajectories for the robots. 

This characteristic of reference impedance models is a 

prerequisite for the safety of the patient and the therapist.  

3.3. “Hand-Over-Hand” Cooperative Tele-Rehabilitation 

Mode 
 

The “hand-over-hand” cooperative tele-rehabilitation mode 

corresponds to the case where the therapist and the patient, 

who are controlling the master and the slave respectively, feel 

as if they are interacting with each other directly and 

kinesthetically in a fashion similar to the traditional physical 

hand-over-hand therapy [8]. This happens under full 

transparency (i.e., both perfect position tracking and perfect 

force tracking). The therapist and the patient will sense the 

force of each other (except for a possible scaling) and have the 

same position (except for a possible scaling), facilitating their 

cooperation.  

The proposed bilateral impedance control strategy can 

ensure the perfect position tracking performance and/or the 

exact force reflection performance by suitable adjustment of 

the parameters in the two impedance models (10) and (9), 

respectively. In the master impedance model (9), 
modm

x , 

modm
x  and 

modm
x  are bounded at the left side due to the 

bounded interaction forces 
thf  and 

paf  at the right side. Thus, 

by choosing small values for the parameters 
m

m , 
m

c  and 
m

k , 

the left side of (9) can be made arbitrarily small based on the 

boundedness of 
modm

x , 
modm

x  and 
modm

x . This results in 

f
( ) 0

th pa
k f f  at the right side of (9), i.e., scaled force 

reflection is achieved. Moreover, due to the boundedness of 

the right side of (10), which is the negative of the patient 

force, the left side of this equation is also bounded. 

Consequently, employing large enough values for the slave 

impedance parameters (
s

m , 
s

c  and 
s

k ) in (10) can make the 

tracking error 
mods

x  arbitrarily small, and the position 

tracking performance (
mod p ms

kx x ) is obtained.  

In such a setting, it seems as if the therapist is rigidly 

holding the patient’s arm during the motion (i.e., they 

experience the same motion if the position scaling factor is 

unity) and feel each other’s force if the force scaling factor is 

unity. However, as the patient capabilities are improved, 

his/her freedom to follow the therapist’s motion or deviate 

from it should increase as discussed in the next subsection. 
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3.4. “Adjustable-Flexibility” Cooperative Tele-Rehabilitation 

Mode 
 

In this cooperative rehabilitation modality, the patient is 

aided to complete a desired task with an adjustable compliance 

(flexibility to deviate from the therapist position). The level of 

this flexibility can be adjusted by the therapist according to the 

stage of the rehabilitation process, the patient’s improvement 

so far, and the patient’s engagement [1]. Such flexibility has 

been achieved through impedance control [32] in 

rehabilitation systems with one robotic manipulator [5].  

The “adjustable-flexibility” mode of cooperation between 

the therapist and the patient is realized in the proposed tele-

rehabilitation system by selecting the parameters of the slave 

impedance model to have moderate values based on the 

therapist’s opinion and the patient’s motor performance. In 

other words, the slave impedance parameters (
s

m , 
s

c  and 
s

k  

in (10)) are chosen to be smaller than those used in the “hand-

over-hand”  cooperative tele-rehabilitation mode (Sec. 3.3) to 

provide a level of compliance for the patient in deviating         

(
mods

x ) from the therapist’s trajectory. By decreasing the slave 

impedance model parameters, the level of assistance provided 

to the patient is also reduced. Therefore, as the patient 

capabilities are improved and his/her success level in doing 

the rehabilitation exercises increases, the slave impedance 

parameters should be further decreased for realizing assist-as-

needed therapy.  

Another assistance mechanism for the patient is through 

applying forces 
th

f  by the therapist, which through (9) assist 

the patient to move in the required direction.  

While the slave impedance model was used to deliver 

flexibility (compliance) to the patient, the master impedance 

model can be used to ensure a perfect force reflection 

performance ( f
( ) 0

th pa
k f f ). To this end, the master 

impedance parameters 
m

m , 
m

c  and 
m

k  in (9) are considered 

to be small similar to the previous Sec. 3.3.  

The achievable patient-therapist cooperative modes in a tele-

rehabilitation context using the proposed bilateral impedance 

control framework and the guidelines on selection of 

parameters in the master and slave impedance models (9) and 

(10) are summarized in Table 1, which were discussed in Sec. 

3.3 and Sec. 3.4. 

 

 

Table 1. Adjustment of parameters in master and slave impedance models for 

cooperative tele-rehabilitation modes 
 

Cooperative 

Tele-Rehab. 

Mode 

Master Imp. 

Model 

Parameters        

m
m , 

m
c , 

m
k  

Slave Imp. 

Model 

Parameters     

s
m , 

s
c , 

s
k  

Scaling Factor
†
 

f
k  

Hand-Over-
Hand       

(Sec. 3.3) 

Small
*
 Large

*
 

Small, e.g.:

f
1 1 4k   

Adjustable-

Flexibility 

(Sec. 3.4) 

Small
*
 Moderate

*
 

Small, e.g.:

f
1 1 4k   

*
 Some sample ranges for the small, moderate and large values of the stiffness 

parameter are respectively suggested as N/m10
i

k  , N/m N/m50 200
i

k   

and N/m1000
i

k  for each of the master ( i m ) and the slave ( i s ) 

impedance models. It should be noted that the suggested sample ranges also 

depend on the patient’s and therapist’s haptic senses, and they can be adjusted 

by an initial trial and error process. Moreover, the damping 
i

c  and mass 
i

m  

parameters of each impedance model can be adjusted based on the stiffness 

parameter 
i

k  and other characteristics such as the natural frequency 
i

n
 

i i
k m  and the damping ratio 2

i i i i
c m k   of the impedance 

model, as will be described in the experimental implementations (Sec. 6). 
†
 A sample value is suggested for the force scaling factor (

f
k ), which can be 

changed based on the specified force scaling requirements. Also, the position 

scaling factor (
p

k ) should be chosen based on the workspace size of the 

master and slave robots and/or any other specific requirements for scaling the 

therapist and patient motions. 

 

4. Nonlinear Bilateral Model Reference Adaptive 

Control Laws 

The architecture of the proposed nonlinear bilateral 

impedance controller is shown in Fig. 2 and its details are 

given in this section. As mentioned earlier, there are two 

reference impedance models (9) and (10) that are realized for 

the master and slave robots by nonlinear bilateral model 

reference adaptive impedance controller. The dynamic models 

of the master and slave robots are considered to have 

parametric modeling uncertainties. Moreover, the interaction 

forces of the therapist and patient (
th

f  and pa
f ) applied to 

robots are measured using force sensors attached to the master 

and slave end-effectors, respectively. 
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Fig. 2.  Architecture of the nonlinear adaptive bilateral impedance controller 

for tele-rehabilitation systems. 

 

The nonlinear adaptive control laws of the master and slave 

robots are developed according to the new nonlinear Model 

Reference Adaptive Impedance control (MRAIC) scheme [34] 

presented for one robot. Since the closed-loop dynamics of the 

system (robot) is made similar to the stable reference 

impedance model in the MRAIC method, it was shown that 

the MRAIC scheme [34] is more effective than other simple 

adaptive controllers (e.g., [46]) that only track the response of 

the impedance model. Now, for the current bilateral tele-

rehabilitation system, the master ( i m ) and slave ( i s ) 

reference impedance models (9) and (10) are stable, and each 

of them has two poles with negative real parts: 

 

1, 1, 3, 2, 2, 3,,i i i i i ij jr r          (11) 

 

where 1,i  and 2,i  are both positive constants and ensure the 

stability of the reference impedance models. Due to the design 

of the impedance parameters in Eqs. (9) and (10), two cases 

are possible for the stable poles in Eq. (11): 1) two conjugate 

complex poles with the same negative real part ( 1, 2,i i   and 

3, 0i  ), and 2) two non-equal negative real poles ( 1, 2,i i   

and 3, 0i  ). Therefore, employing the master and slave 

impedance dynamics (9) and (10) and their poles, one can 

write: 

 

     

   

     

   

1, 3, 2, 3,

1, 3, 2, 3,

m m m m m

m m m m m m m

s s s s s

s s s s s s s

d dt j d dt j

c m k m

d dt j d dt j

c m k m

   

   

    

 

    

 

x

x x x

x

x x x

 (12) 

 

where 
modmm m

 x x x  and 
modss s

 x x x  are the vectors of 

the master and slave position errors with respect to the 

responses of their impedance models (9) and (10). Now, since 

the controller benefits from the stability characteristics of the 

reference impedance models based on the MRAIC theory [34], 

the sliding surfaces are designed due to the stable poles (11):  

 

  

  

1, 1,

1, 1,

,

,

m m m m m m

s s s s s s

d dt

d dt

 

 

   

   

s x x x

s x x x
 (13) 

 

Regarding Eqs. (13) and (12), one can write:  

 

   

  

   

  

2
3,

2,

2
3,

2,

m m m m m m m m m

m m

s s s s s s s s s

s s

c m k m

d dt

c m k m

d dt









   



   



x x x x

s

x x x x

s

 (14) 

 

Accordingly, the master and slave reference velocities are 

defined as: 

 

1, 1,, mod , mod,
m m s sm sm s    r rx xx x x x  (15) 

 

such that the sliding surfaces can be reformulated as 

,m m m
 

r
s x x  and 

,s s s
 

r
s x x .  

Since the acceleration of the master robot (
mx ) is required 

in the slave controller and its measurement is challenging, it is 

estimated with a good accuracy when the master robot mimics 

its impedance model (9). In other words, the master end-

effector acceleration (
m

x ) is estimated from Eq. (9), as: 

 1

f

1 1

0mod mod

ˆ

( )

m

m m m mm m

m th pam k

m m kc



 

 

 

x f f

x x x
 (16) 

Therefore, when the master robot trajectory 
m

x  converges to 

the master impedance model response modm
x , the accuracy of 

Eq. (16) in estimation of the master acceleration increases. 
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Due to the physical assumption that the therapist and the 

patient cannot generate unbounded forces during their 

interaction with robots, 
thf  and 

paf  are considered bounded 

in Eqs. (9), (10) and (16). Thus, 
modm

x  and 
modm

x  as the 

response of the master impedance model (9) are bounded, and 

consequently the obtained master acceleration estimation ˆ
mx  

from Eq. (16) remains bounded. Using the estimation of 

master robot acceleration (16), the measured therapist force (

thf ) together with the master robot trajectory ( mx  and mx )  

and the master impedance model’s trajectory ( modm
x  and 

modm
x ) should be transferred from the therapist/master site to 

the patient/slave site (instead of transmitting 
mx , 

mx  and 
mx

), as shown in Figs. 1 and 2. 

Now, the nonlinear Bilateral Model Reference Adaptive 

Impedance Control (BMRAIC) laws for the master and slave 

robots are defined in Cartesian coordinates, as: 
 

    

  

1 1

0

,
1 2

f 3,

, , , ,

( )

( , ) ( ) ( )

ˆ

ˆ ˆ ˆ

m

m m m m

m m m m m m

m

m th pa m m

m m m m th

m

m c m k

m k 

 






  

   

  
 
 
 

x

x r x x

q

q q q q

x x x
M

f f x

C x G F f

f
 (17) 

 

  

  

  

1

p p

1

, p

1 2

3,

, , , ,

( )

( , ) ( ) ( )

ˆ

ˆ

ˆ ˆ ˆ sgn( )

s

s s s s

m s s s m

s s s s m

s pa s s

s s s s pa s s

s

k m c k

m k k

m 











 

  

    





 
 
 
  
 

x

x r x x

q

q q q q

x x x

M x x

f x

C x G F f s

f
(18) 

 

The accent   denotes the estimation of matrices, vectors and 

scalars. 
s

  is a positive constant and it will be proved that the 

term sgn( )
s s

 s  guarantees the robustness of the bilateral 

tele-rehabilitation system against the bounded estimation error 

of the master robot acceleration ( ˆ
m m
x x ). Note that the “sgn” 

function in the slave control law (18) may lead to undesired 

discontinuities and chattering in the input torques of the slave 

robot. Thus, the “sgn” function can be modified and replaced 

by continuous function alternatives (e.g., “ tanh ”) in the 

experimental studies. The actual control inputs of the robots 

(applied in the joint space by motors) are obtained in terms of 

joint space matrices and vectors via employing Eq. (6) in Eqs. 

(17) and (18) and using Property 1 as: 
 

, ,
ˆ T

m thm m m q q fτ Y Jα  (19) 

 

, , sgn( )ˆ T T

s s s ss s s pa  q q J sτ Y J fα  (20) 

 

where 
,sq

Y  and 
,sq

Y  are obtained from Eq. (7) in terms of the 

following 
,m1

φ , 
,s1

φ , 
,m2

φ , and 
,s2

φ  vectors: 

 

 

  

  

  

  

  

1

1 1 1 1

0

1 2

f 3,

1

p p

1 1 1 1

p

1 2

3,

1

, ,

, ,

, , ,

,

ˆ

,

,

m m m

m m m m m m m

m th pa m m

m s s s m

s s s s m s s s

s pa s s

m s

m m

s s

m m s

m c

m k

m k

k m c k

m k k

m







   





   







  

 

 

  

 
 
   
 
 
 

 
 
  
 
 
 

 

1 r

1 r

2 r 2

x

x x J J J

f f x

x x x

J x x J J J

f x

J J

φ J x

φ x

φ x φ
1

,s


rx

(21) 

 

The closed-loop dynamics of the master and slave robots 

using the proposed nonlinear Bilateral Model Reference 

Adaptive Impedance Controller is obtained in this section. For 

this purpose, the control laws (17) and (18) are replaced in the 

nonlinear system dynamics (3) and (4) that yields: 
 

    

  

 
    

  

     

1 1

0

,
1 2

f 3,

1 1

0

, ,
1 2

f 3,

, , , , , , , ,

ˆ

ˆ ˆ ˆ

m m m m m m m

m

m th pa m m

m m m m m m

m m

m th pa m m

m m m m m m m m m

m c m k

m k

m c m k

m k





 



 



 


  




  

      

 
 
 
 

  
 
 
 

x

x x

x x r x x x x x

x x x x
M

f f x

x x x
M M

f f x

C C x C s G G F F

 (22) 

 
 

    

     

 

 

  

  

  

 

1

p p

,
1 1 2

p 3,

, p

1

p p

1

, , p

1 2

3,

, , , , , ,

ˆ

ˆ

ˆ

ˆ ˆ

s m s s s m

s

s s s m s pa s s

s m m

m s s s m

s s s s s m

s pa s s

s s s s s s

k m c k

m k k m

k

k m c k

m k k

m







 







 


  

 



  

  

    

 
 
   

 
 
 
 
 
 

x

x

x x

x x r x x x

x x x x
M

x x f x

M x x

x x x

M M x x

f x

C C x C s G G 

 , ,
ˆ sgn( )

s

s s s s
  

x x
F F s

  (23) 
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where the first term in the left side of Eq. (23) is obtained as: 
 

     p p p
ˆ ˆ

s m s m m mk k k    x x x x x x  (24) 

Then, the master reference model (9) is multiplied by 1

,m m
m



x
M  

and subtracted from Eq. (22), and the slave reference model 

(10) is multiplied by 1

,s s
m



x
M  and subtracted from Eq. (23), 

and based on Property 1 and using Eqs. (7) and (21), we have: 
 

    1 1 2
, 3,

, , ,

m m m m m m m m m m

T
m m m m m

m c m k  



  

 

x

x q q

M x x x x

C s J Y α
 (25) 

 

    

 p

1 1 2

, 3,

, , ,

,
ˆ sgn( )

m m s s

s s s s s s s s s s

T

s s s s s

sk

m c m k




 



  

 

 

 x

x q q

xM x x s

M x x x x

C s J Y α  (26) 

where 
, , ,

ˆ
m m m
 

q q q
α α α  and 

, , ,
ˆ

s s s
 

q q q
α α α  are the error 

vectors of the master and slave parameter estimations, 

respectively. Substituting Eq. (14) in the left side of Eqs. (25) 

and (26) resulted in: 
 

   , 2, , , ,
T

m m m m m m m md dt     x x q qM C s J Y αs   (27) 

 

   

 p

, 2, , , ,

,
ˆ sgn( )

m m

T

s s s s s s s s

s s s

d dt

k







 

   



x x q q

x

M C s J Y α

M x x s

s
  (28) 

 

Finally, the closed-loop dynamics of the nonlinear tele-

rehabilitation system is obtained from (27) and (28) as:  
 

, 2, , , , ,
T

m m m m m m m m m m    x x x q qM M C s J Y αs s   (29) 

 

 p

, 2, , , , ,

,
ˆ sgn( )

m m s s

T

s s s s s s s s s s

sk 

 

  

   x x x q q

xM x x s

M M C s J Y αs s
  (30) 

 

As seen, due to the MRAIC structure of the proposed 

controller, the real parts ( 1,i  and 2,i ) of the stable poles of 

the reference impedance models (introduced in Eq. (11)) 

facilitate the design of the proposed controller. Indeed, one set 

of these positive parameters ( 1,m  and 1,s ) guarantees the 

stability of the sliding surfaces ms  and ss  in (13). Also, the 

other set of the stable poles’ parameters ( 2,m  and 2,s ) 

guarantees the stability of the closed-loop dynamics of the 

tele-rehabilitation system in Eqs. (29) and (30), which will be 

proved in the next section. Therefore, the stability features of 

the impedance models (9) and (10) are employed in the design 

of the proposed nonlinear bilateral controller.  

 

5. Lyapunov Stability Proof and Adaptation Laws 

In this section, the stability of the proposed bilateral tele-

rehabilitation system in the presence of parametric modeling 

uncertainties and bounded estimation error of the master robot 

acceleration is studied. Also, the tracking convergence of the 

master and slave trajectories (
m

x  and 
s

x ) to the desired 

impedance model responses (
modm

x  and 
mods

x ) is proved. To 

this end, a positive definite Lyapunov function is defined as: 

 

, ,

1 1
, , , ,

( )
1

2

T T
m m m s s s

T T
m m m s s s

tV
 

 
 
   

x x

q q q q

s M s s M s

α Γ α α Γ α
  (31) 

 

where 
m

Γ  and 
s

Γ  are symmetric positive definite matrices 

named adaptation gains. It should be noted that the first two 

terms of the Lyapunov function (including ms  and ss ) are 

defined in Cartesian coordinates; however, the last two terms 

(in terms of 
,mq

α  and 
,sq

α ) originated from the joint space 

parameterization. The time derivative of Lyapuniv function V  

is obtained as: 
 

, ,

1 1

, , , , , ,

1
( )

2

1

2
ˆ ˆ

T

m m m m m

T T T

s s s s s m m m s s s

tV

 

 

   

 
 
 

 
 
 

x x

x x q q q q

s M s M s

s M s M s α Γ α α Γ α

  (32) 

 

where 
, ,

ˆ
i i


q q
α α  because 

, , ,
ˆ

i i i
 

q q q
α α α  and 

,iq
α  is the 

constant vector of the actual parameters (
,

0
i


q
α ). Substituting 

the final closed-loop dynamics of the nonlinear tele-

rehabilitation system (Eqs. (29) and (30)) in Eq. (32), ( )tV  is 

found as: 
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   

  

2, , 2, ,

, , , ,

, , , ,

, p

1 1

, , , ,

( )

1 1

2 2
2 2

ˆ sgn( )

ˆ ˆ

T T

m m m m s s s s

T T

m m m m s s s s

T T T T

m m m m s m s s

T

s s m m s s

T T

m m m s s s

tV

k

 



 

 

  

   

 

  

 

x x

x x x x

q q q q

x

q q q q

s M s s M s

s M C s s M C s

s J Y α s J Y α

s M x x s

α Γ α α Γ α

  (33) 

 

Now, the adaptation laws for the estimation of the vector of 

unknown parameters in the master and slave dynamic models 

are defined as: 

 

1

, ,
ˆ T T

m m m m m


 

q q
Γ Y J sα  ,   

1

, ,
ˆ T T

s s s s s


 

q q
Γ Y J sα  (34) 

 

For implementing the proposed control laws (19) and (20) as 

the motor torques and the proposed adaptation laws (34) in the 

joint space, the non-singularity of Jacobian matrices 
m

J  and 

s
J  is necessary, as mentioned for Eq. (6). Substituting the 

adaptation laws (34) in the time derivative of the Lyapunov 

function, and using Property 2 of the robot dynamics (

, ,
2

i i


x x
M C  is skew symmetric), Eq. (33) reduces to: 

 

  
2, , 2, ,

, p

( )

ˆ sgn( )

T T

m m m m s s s s

T

s s m m s s

tV

k

 



  

  

x x

x

s M s s M s

s M x x s
  (35) 

 

Note that 
modm

x  and 
modm

x  are bounded as the response of 

the stable master impedance model (9) with bounded inputs 

(bounded interaction forces 
th

f  and pa
f ), which implies the 

boundedness of ˆ
mx  obtained from (16). Moreover, it is 

reasonable that the master acceleration 
m

x  is bounded because 

the master robot (3) is a physical system (with a second-order 

differential equation) having bounded input forces 
thf  and 

mf . 

Therefore, the estimation error of the master robot acceleration 

( ˆ
m m
x x ) in Eq. (35) is bounded. In order to guarantee the 

robustness against this bounded error, the positive constant 

parameter 
s

  in the slave control law (18) should satisfy the 

following component-wise inequality: 

 

 , p
ˆ

s s m m s
k 


 

x
M x x   (36) 

 

where 
s

  is a positive constant. It should be mentioned that 

the actual parameters in 
,sx

M  are uncertain in this adaptive 

control strategy. Moreover, the bounded error of the 

acceleration estimation ( ˆ
m m
x x ) is unknown. However, to 

have the stability property, 
s

  should be larger than the 

maximum value of 
, p

ˆ( )
s m m
k




x
M x x , due to Eq. (36). In 

other words, 
s

  should be chosen as large (using a trial and 

error practical method) that the stability of the system against 

bounded acceleration estimation error is ensured; which means 

the inequality (36) is satisfied. As a result, the time derivative 

of the Lyapunov function (35) becomes: 

 

2, , 2, , 1
( )

T T

m m m m s s s s s s
tV      

x x
s M s s M s s   (37) 

 

Theorem. Based on the positive definiteness of inertia 

matrices 
,mx

M , 
,sx

M  (Property 3) and adaptation gain 

matrices 
m

Γ  and 
s

Γ , the Lyapunov function (31) is positive 

definite ( ( ) 0tV  ) and its time derivative (37) is negative 

definite ( ( ) 0tV  ). Under this condition, the tracking 

convergence to sliding surfaces 0
m
s  and 0

s
s , and the 

boundedness of 
,mq

α  and 
,sq

α  are concluded. 

 

Proof. According to the Barbalat’s lemma [44], if w  is a 

uniformly continuous function for 0t   and if the limit of the 

integral 
0

( )lim
t

t
dw  


  exists and has a finite value; then, it is 

concluded that: ( )lim 0
t

tw


 .  

Now, assuming 2, , 2, , 1
0( )

T T

m m m m s s s s s s
tw     

x x
s M s M s ss  

as a uniformly continuous function, and then by integrating 

Eq. (37) over time, it is obtained that: 
 

0
( )lim(0) ( ) d

t

t
V V w  


      (38) 

 

Moreover, since ( ) ( ) 0t d tV V dt   is negative due to Eq. 

(37), (0) ( ) 0V V    is positive and finite. As a result, 



 11 

0

( )lim
t

t
dw  


  in Eq. (38) has a finite and positive value 

(based on the positiveness of ( )tw ). Therefore, according to 

the Barbalat’s lemma [44], one can write: 

 

 2, , 2, , 1

lim ( )

lim 0
T T

m m m m s s s s s s

t

t

tw

  







  
x x

s M s s M s s
  (39) 

 

Since 
2,m , 

2,s  and 
s

  are positive (nonzero) constants, and 

regarding 
,

0
T

m m m


x
s M s , 

,
0

T

s s s


x
s M s  and 

1
0

s
s , Eq. (39) 

implies the convergence to sliding surfaces 0
m
s  and 0

s
s  

as t  . The positiveness of ( ) 0tV   and negativeness of 

( ) 0tV   also imply that the Lyapunov function (31) is 

bounded. Therefore, due to the convergence of 0
m
s  and 

0
s
s  and the boundedness of ( )tV , Eq. (31) ensures that 

the parameter estimation errors 
,mq

α  and 
,sq

α  will remain 

bounded. 

Since the dynamics of the master and slave sliding surfaces 

0
m
s  and 0

s
s  are stable ( 1,m  and 1,s  in Eq. (13) are 

positive), it is proved that the tracking errors converge to zero 

( 0m x  and 0s x ) on the surfaces of 0
m
s  and 0

s
s . 

Consequently, the master and slave robots track and realize 

their corresponding reference impedance models               (

modmm
x x  and modss

x x ), which is the objective of the 

proposed bilateral controller. 

 

5.1. Safety of the robotic tele-rehabilitation system 
 
 

As mentioned before, the stability of the master and slave 

impedance models (9) and (10) with positive impedance 

parameters implies that the bounded forces of the patient ( paf ) 

and therapist ( thf ) will generate bounded desired trajectories 

for the master ( modm
x ) and slave ( mods

x ) robots. In addition, 

the above Lyapunov stability proof guarantees the 

boundedness of tracking errors (
m

s  and s
s ) and their 

convergence to zero ( 0
m
s  and 0

s
s  that results 

modmm
x x  and 

modss
x x ) using the proposed nonlinear 

bilateral adaptive controller. Based on the combination of 

impedance models’ stability and the Lyapunov-based stability 

of the closed-loop nonlinear dynamics of tele-rehabilitation 

system, the bounded input forces of the patient (
paf ) and the 

therapist ( thf ) will result in bounded trajectories for master        

(
m

x ) and slave (
s

x ) robots. This implies the absolute stability 

of the proposed nonlinear multi-DOF tele-rehabilitation 

system. The  stability characteristic of the proposed method 

guarantees the safety of the patient and therapist during their 

interactions with robot manipulators, which is an important 

issue in robotic tele-rehabilitation systems [8].  

 

6. Experimental Evaluations of Tele-Rehabilitation 

Modes 
 
 

In this section, the proposed bilateral impedance control 

framework is evaluated through experiments on a multi-DOF 

tele-robotic system. In this system, a 3-DOF Phantom 

Premium 1.5A robot (Geomagic Inc., Wilmington, MA), 

which is a light-weight haptic device, is used as the master 

robot (Fig. 3). Also, a 2-DOF planar Quanser Rehab Robot 

(Quanser Consulting Inc., Markham, ON) designed for the 

upper limb is employed as the slave robot (Fig. 3). The 

Quanser Rehab and Phantom Premium robots are equipped 

with an ATI Gamma force/torque sensor (ATI Industrial 

Automation, Apex, NC) and a JR3 50M31 force/torque sensor 

(JR3 Inc., Woodland, CA), respectively, to measure the 

applied interaction forces of the patient and the therapist along 

Cartesian axes. Using a UDP-based communication channel, 

the force and position data is transmitted between the master 

and the slave robots. Employing the QUARC (Quanser Real-

Time Control) software, the proposed bilateral impedance 

controller is implemented with a sampling rate of 1 Hzk . 

An interactive reaching task is developed where a dynamic 

moving target is shown (Fig. 3) for two able-bodied users 

acting as the therapist and the patient. Each of the therapist 

and the patient has a monitor to observe both robots positions 

in the x y  plane with respect to the target point. The 
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positions of the patient, the therapist and the target point are 

shown with the blue circle, red square and yellow circle, 

respectively, in both screens. These positions are plotted with 

the same sampling rate (1 Hzk ) as the controller using the 

real-time software (QUARC). The plots have been generated 

using the two-dimensional “XY Figure block” of QUARC.  
 

 

 

 
 

 

Fig. 3.  The experimental tele-rehabilitation set-up: the master is Phantom 

Premium robot (left) and the slave is Quanser Rehab robot (right). 

 

In this paper, the goal is mainly to evaluate the performance 

of the proposed bilateral impedance controller in terms of 

facilitating different tele-rehabilitation modes and therefore a 

healthy person behaves as the patient in these experiments. 

However, more user studies involving patients (outside the 

scope of this paper) will need to be performed in the future.  

The workspace of the slave robot is a subset of the 

horizontal x y  plane shown in Fig. 3. Also, the master robot 

is controlled to have motions in the same two dimensional 

x y  plane. Thus, the Cartesian position of robots’ end-

effector is defined as [ ]
T

i i
x yx  ( ,i m s ). The kinematics 

and dynamics of the Phantom Premium (master) and Quanser 

Rehab (slave) robots were presented in [47] and [48, 49], 

respectively. Moreover, the operating workspace in these 

experiments is designed to be far from the singular positions 

of the master and slave robots in order to have nonsingular 

Jacobian matrices (
m

J  and 
s

J ). 

The parameters of the impedance models for the master (9) 

and the slave (10) are designed for two tele-rehabilitation 

modes as discussed in Sec. 3 and summarized in Table 1. 

Accordingly, in these experiments, the stiffness value in each 

impedance model (
m

k  and/or 
s

k ) is selected based on the 

desired relationship between the forces and positions in each 

mode (see Table 1). The damping ratio of the impedance 

models (9) and (10) is also selected as 2 0.7
i i i i

c m k    

such that they have a fast response with respect to the 

dimensionless time 
in
t  (with appropriate overshoot value in 

response to the step forces). After that, the natural frequency 

(which is the cut-off frequency when 0.7
i

  ) of each 

impedance model is adjusted on a small value 
in

 

i i
k m  rad/sec2  such that possible hand tremors of the 

patient are filtered out. The position scaling factor is 

considered to be 
p 1k   based on the approximate workspace 

ratio of the Phantom robot (master) and the rehab robot (slave)  

in the x y  plane. The force scaling factor fk  is selected to 

be 
f 1 3k   in order to enlarge the authority of therapist force 

in comparison with the patient one according to (9) as 

discussed in Sec. 3.1. Consequently, the employed impedance 

parameters and scaling factors for “hand-over-hand” and 

“adjustable-flexibility” cooperative tasks are listed in Table 2.  

 

Table 2. Employed values of impedance parameters and scaling factors for 

cooperative tele-rehabilitation modes 
 

Cooperative 

Tele-Rehab. 
Mode 

Master Imp. 

Model 
Parameters 

Slave Imp.   

Model 
Parameters 

Scaling 

Factors 

Hand-Over-

Hand        

N/m3
m

k 

N.s/m2.1
m

c 

kg0.75
m

m   

N/m5000
s

k 

N.s/m3500
s

c 

kg1250
s

m   

f
1 3k 

p
1k   

Adjustable-

Flexibility  

N/m3
m

k 

N.s/m2.1
m

c 

kg0.75
m

m   

N/m100
s

k 

N.s/m70
s

c 

kg25
s

m   

f
1 3k 

p
1k   

 

 

The other parameters used in the control laws (17) and (18) 

and adaptation laws (34) for these experiments are 2.1
s

  , 

20
m

IΓ and 33
s

IΓ . The gain s
  of the slave controller is 

adjusted as large as needed using a trial and error method and 

some initial experiments such that the teleoperation system’s 

stability and the master and slave tracking convergence to 

Visual Environment 

 

x 

y 

x 

y 

Therapist 

 
Patient 
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their desired impedance responses are achieved appropriately 

by satisfying inequality (36). It should be noted that the “sgn” 

function in the slave control law (18) may lead to undesired 

discontinuities and chattering in the input torques of the slave 

robot. Therefore, the continuous function (120 )tanh
s

s  is used 

as an alternative to “sgn” in our experimental studies. 

In these experiments, the initial position, velocity and 

accelerations of the master and slave robots are zero, i.e., the 

robots motions start form their resting configurations. 

Moreover, the desired trajectories for the master (
modm

x ) and 

the slave (
mods

x ) obtained from the impedance models (9) and 

(10) have zero initial position, velocity and acceleration. 

Accordingly, the master and slave robots errors with respect to 

their desired impedance responses are initially zero                     

(
0 0

( ) ( )
m m

t tx x
0 2 1

( ) 0
m

t


 x ,
0 0

( ) ( )
s s

t tx x
0 2 1

( ) 0
s

t


 x ). 

Consequently, the distances of the master and slave robots 

trajectory to their corresponding sliding surfaces (13) are zero 

at the initial time 
0

t  (
0 2 1

( ) 0
m

t


s  and 
0 2 1

( ) 0
s

t


s ). Therefore, 

at the initial moment, the robots trajectories are on the 

impedance models’ responses; however after a while, the 

tracking errors will increase due to the robots uncertainties and 

applied forces of the therapist and the patient. Finally, the 

master and slave errors will converge to zero ( 0
m
s  and 

0
s
s ) based on the Lyapunov stability analysis (Sec. 5) of 

the proposed controller. 

For the cooperative tele-rehabilitation strategies, a reaching 

task with a moving target point is demonstrated visually on the 

therapist and patient monitors. The target has a circular path in 

the x y  plane and its velocity is dynamically varying during 

the task. The velocity of this moving target is designed as 

 

target min var( ) ( )t tV V V   (40) 

 

where target
( )tV , min

V  and var
( )tV  are the total velocity, the 

minimum constant velocity and the time-varying component 

of the velocity of the moving target. The dynamics of the time 

varying portion of the target velocity is defined in terms of the 

patient position distance with respect to the target point as:  
 

0

var var

2
p t

V V







  
 x

 (41) 

where  ,   and 
0

  are positive constants, and p tx  is the 

distance between the patient and target. Since the target 

position ( targetx ) is obtained from the integration of the target 

velocity ( targetV  in (40)), Eq. (41) can be solved using the 

numerical integration with respect to time in order to obtain 

varV . In other words, there is a delay of 1 sampling time 

between - target targetp t p s   x x x x x  in the right side of 

Eq. (41) and the obtained varV  from the left side of Eq. (41). 

Then, the obtained varV  is added to minV  based on (40) to 

find the total target velocity for the next sampling time.  

Due to (41), the time varying portion of the target velocity 

var
V  increases as the distance of the patient position with 

respect to the target decreases (i.e., when the success of the 

patient in tracking the target increases). The increase in the 

target velocity is not sudden and has a dynamics based on (41) 

in which the parameter   denotes the rate of this velocity 

increase with respect to the time.  The parameters   and 
0

  

specify the magnitude of the varying velocity 
var

V  with 

respect to the patient distance 
2

p tx . Accordingly, the 

maximum varying velocity is 
0var

V    when the patient 

can remain on the moving target 
2

0p t x . The parameters 

used for the moving target velocity dynamics (defined by (40) 

and (41)) are listed in Table 3.  
 

Table 3. Parameters of the moving target velocity 
 

Minimum Constant Velocity  Time-Varying Velocity  

min
0.035 / secmV   

1.5   

0.0004   

0
0.0002   

 

An image of the planar visual environment provided for the 

therapist and patient via their monitors during the cooperation 

tasks is shown in Fig. 4.  
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Fig. 4.  The 2D visual environment provided to both the therapist and the 

patient during the cooperation tasks (some notes about the patient, therapist 

and moving target positions are added).  

 

6.1. “Hand-Over-Hand” Cooperative Tele-rehabilitation 

Task 
  

For the “hand-over-hand” cooperative tele-rehabilitation, the 

master impedance parameters (Table 2) are considered to be 

small such that the therapist and patient can move the master 

and slave robots easily (with small forces 
thf  and paf ) as 

shown in Fig. 5. It is also observed that the perfect force 

reflection is approximately achieved ( f 0
th pa

k f f ) as a 

consequence of choosing small parameters for the master 

impedance model (9). The slave impedance parameters for this 

tele-rehabilitation mode are chosen so large (see Table 2) that 

the patient and the therapist have the same position during the 

task as seen in Fig. 6.  

Note that the experimental data saved in the QUARC 

software is employed in MATLAB for plotting different 

figures.  

The position of robots’ end-effectors together with the 

position response of the master and slave impedance models 

and the moving target in x  and y  directions are shown in Fig. 

6. Moreover, the trajectories of the therapist, the patient, and 

the master and slave impedance model responses with respect 

to the circular trajectory of the moving target are shown in the 

x y  plane in Fig. 7.  

 
        (a) 

 
        (b) 

 

Fig. 5.  The therapist force 
th

f  and the scaled patient force 
f pa

k f  in (a) x  

and (b) y  directions during the “hand-over-hand” cooperative tele-

rehabilitation mode. 
 

 
   (a) 

  
   (b) 

Fig. 6.  The positions of the therapist’s and the patient’s hands together with 

the corresponding master and slave impedance models responses in (a) x  and 

(b) y  directions, for the “hand-over-hand” cooperative tele-rehabilitation 

mode. 
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Fig. 7.  Trajectories of the therapist, the patient and the master and slave 

impedance models responses in the x y  plane during the tracking of the 

dynamic moving target in the cooperative tele-rehabilitation mode. 

 

To show the varying velocity performance of the moving 

target, the magnitude of the target velocity and the patient 

distance with respect to the target (in the x y  plane) are 

illustrated in Fig. 8. As it is seen, the velocity of the moving 

target increases as the patient’s tracking error with respect to 

the target decreases.  

 

 

Fig. 8.  The varying velocity of the moving target and the patient’s distance 

with respect to the target (in the x y  plane). 

 

To elaborate more on the tracking performance, different 

position tracking errors are illustrated in Fig. 9. As it is 

observed, the master and slave control laws provide the 

tracking of the desired impedance responses ( modmm
x x  and 

modss
x x ). Also, the difference between the desired slave 

impedance model’s response and the master trajectory                 

( mod mod p ms s
k x x x ) is small due to the employment of 

large impedance parameters (
s

k , 
s

c  and 
s

m ) in the slave 

impedance model (10).  

 

 
 (a) 

  
   (b) 

Fig. 9.  Position tracking errors between the master and the slave and their 

reference impedance responses (
m

x ,
s

x ) and between the slave impedance 

response and the master (
mods

x ) in (a) x  and (b) y  directions.  

 

Under this condition, the patient is restricted to have the 

same position as the therapist (as shown in Figs. 6 and 7), i.e., 

the patient is forced to comply with the therapist in tracking 

the moving target. However, in the next implemented strategy 

(“adjustable-flexibility” cooperative tele-rehabilitation), the 

patient can deviate from the therapist trajectory due to his/her 

forces.  

Note that the results of “Hand-Over-Hand” cooperation 

mode (Figs. 5-7) became approximately compatible with the 

objectives of the Direct Force Reflection (DFR) control 

strategy [50] (which are the perfect position and force tracking 

instead of impedance adjustment). However, the DFR strategy 
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has the stability proof for a linear bilateral system [50], not for 

nonlinear systems used in the multi-DOF tele-rehabilitation. 

 

6.2. “Adjustable-Flexibility” Cooperative Tele-rehabilitation 

Mode  
 

In this section, the proposed bilateral impedance controller is 

evaluated when the patient has an adjustable flexibility with 

respect to the therapist/master trajectory. In other words, the 

slave impedance parameters in this tele-rehabilitation mode 

are smaller than the cooperative mode (previous section) as 

mentioned in Table 2.   

As seen in Fig. 10, the force reflection performance               

( f 0
th pa

k f f ) is achieved like the previous section of 

experiments (for cooperative mode), which is the result of 

choosing small master impedance parameters (
m

k , 
m

c  and 

m
m  in Table 2). However, the patient position deviates from 

the therapist/master trajectory regarding to his/her applied 

force 
pa

f  due to Eq. (10), as shown in Fig. 11. In this setting, 

the patient is assisted by the force exertions of the therapist on 

the master (
th

f  that is shown in Fig. 10 and affects modm
x  in 

Eq. (9) and consequently 
m

x ). The trajectories of the therapist, 

the patient and the impedance model responses together with 

the moving target one in the x y  plane are illustrated in Fig. 

12. As seen in Figs. 11 and 12, although the therapist 

physically tries with his/her force (
th

f  in Fig. 10) to encourage 

and assist the patient to accompany the moving target with 

circular path, the patient has a freedom and deviation ( mods
x ) 

from the therapist motion. 

 

 
(a) 

 
(b) 

Fig. 10.  The therapist and the scaled patient forces (
th

f  and 
f pa

k f ) in (a) x  

and (b) y  directions during the “adjustable-flexibility” cooperative tele-

rehabilitation mode. 
 

 
(a) 

 
(b) 

Fig. 11.  The positions of the therapist’s and the patient’s hands with the 

master and slave impedance models responses in (a) x  and (b) y  directions, 

for the “adjustable-flexibility” cooperative tele-rehabilitation mode. 
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Fig. 12.  Trajectories of the therapist, the patient and the master and slave 

impedance models responses in the x y  plane during the tracking of 

dynamic moving target in the “adjustable-flexibility” cooperative tele-

rehabilitation mode. 

 
 

 

 

7. Discussion  

As a useful feature of the proposed control strategy in tele-

rehabilitation, the master and slave robots (interacting with the 

therapist and the patient, respectively) can have different 

force/torque rendering capabilities and also different 

workspace sizes due to the force and position scaling factors 

that are allowed. This feature can also reduce the therapist 

fatigue by reflecting scaled-down version of the patient force. 

Moreover, unlike the previous nonlinear bilateral adaptive 

controllers [29, 31, 41] in which force tracking was achieved 

only when the estimation of model parameters converged to 

the real values (persistent excitation condition), the position 

and force tracking have been obtained simultaneously in the 

current framework without any requirement on the precise 

identification of system parameters.  

The design of proposed control laws for the master and the 

slave was motivated by a new nonlinear Model Reference 

Adaptive Impedance Control (MRAIC) [34] in order to make 

the closed-loop dynamics of robots similar to their 

corresponding stable reference impedance models. The 

stability of master and slave impedance models (9) and (10) 

was useful in the nonlinear bilateral MRAIC scheme; 

however, it can be a limitation of this bilateral controller. In 

other words, if unstable or marginally stable dynamics is 

considered as the reference impedance model for the master or 

slave robots in special cases, the proposed nonlinear control 

laws (17) and (18) should be modified appropriately such that 

the Lyapunov stability is still guaranteed.  

The other limitation of the proposed tele-rehabilitation 

strategies may be the requirement of the therapist’s force for 

physical assistance of the patient during movement therapies. 

However, an autonomous assistance can be defined in future 

works as the virtual therapist’s force (
thf  in Eq.(9)) in the 

absence of the human therapist’s cooperation.  

 
 

8. Conclusion  

In this paper, a nonlinear bilateral impedance controller was 

designed with applications in cooperative tele-rehabilitation 

using two multi-DOF robot manipulators in a bilateral 

teleoperation configuration. The parameters of the two 

realized impedance models for the master and slave robots are 

adjusted to provide appropriate responses in each “hand-over-

hand” and “adjustable-flexibility” tele-rehabilitation modes.  

The stability of the master and slave impedance models 

together with the Lyapunov stability proof for the nonlinear 

multi-DOF robotic tele-rehabilitation system in the presence 

of modeling uncertainties guarantee the safety of the patient 

and the therapist during interaction with the robots.  

The experimental evaluations using the multi-DOF Phantom 

Premium and Quanser Rehab Robots in different tele-

rehabilitation modes showed the stability of the proposed 

controller and its impedance adjustment performance (i.e., 

success in realizing the desired impedance models for the 

master and slave robots). Following a moving target with a 

dynamically-varying velocity was designed as the patient’s 

task in the cooperative tele-rehabilitation modes.  

The objective of this work was evaluation of the proposed 

bilateral impedance controller in terms of facilitating 

cooperative tele-rehabilitation modes. However, more user 

studies involving patients with disabilities will be performed 

in the future. Moreover, the obtained force and position data 
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from the patient and therapist can be used in post-treatment 

analyses in order to quantify the patient performance or 

learning the therapist’s behavior for reproduction in 

autonomous rehabilitation tasks (without the human 

therapist’s real-time intervention). In future works, the patients 

improvements obtained using this strategy can be evaluated 

after a rehabilitation process in comparison with other ones 

obtained using traditional impedance controlled systems 

without the therapist assistance (by employing a single robot 

for the patient).  
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