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Abstract—A new segmented compressed sampling (CS) method
for analog-to-information conversion (AIC) is proposed. An analog
signal measured by a number of parallel branches of mixers and
integrators (BMIs), each characterized by a specific random sam-
pling waveform, is first segmented in time into M segments. Then
the subsamples collected on M different segments and K different
BMIs are reused so that a larger number of samples (at most K?)
than the number of BMIs is collected. This technique is shown to
be equivalent to extending the measurement matrix, which consists
of the BMI sampling waveforms, by adding new rows without ac-
tually increasing the number of BMIs. We prove that the extended
measurement matrix satisfies the restricted isometry property with
overwhelming probability if the original measurement matrix of
BMI sampling waveforms satisfies it. We also prove that the signal
recovery performance can be improved if our segmented CS-based
AIC is used for sampling instead of the conventional AIC with the
same number of BMIs. Therefore, the reconstruction quality can
be improved by slightly increasing (by M < K times) the sam-
pling rate per each BMI. Simulation results verify the effective-
ness of the proposed segmented CS method and the validity of our
theoretical results. Particularly, our simulation results show sig-
nificant signal recovery performance improvement when the seg-
mented CS-based AIC is used instead of the conventional AIC with
the same number of BMIs.

Index Terms—Analog-to-information conversion (AIC), com-
pressed sampling (CS), correlated random variables, Craig-Bern-
stein inequality, empirical risk minimization, segmented AIC,
segmented CS.

1. INTRODUCTION

CCORDING to Shannon’s sampling theorem, an analog
band-limited signal can be recovered from its discrete-
time samples if the sampling rate is at least twice the bandwidth
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of the signal. Recent theory of compressed sampling (CS), how-
ever, suggests that an analog signal can be recovered from fewer
samples if it is sparse or compressible in some basis and not
necessarily band-limited [1]-[4]. CS theory also suggests that
a universal sampling matrix (for example, a random projection
matrix) can be designed, and it can be used for all signals that are
sparse or compressible in some basis regardless of their nature
[2]. CS has already found a wide range of applications such as
image acquisition [5], sensor networks [6], cognitive radios [7],
communication channel estimation [8], etc.

The sampling process often used in the CS literature consists
of two steps. First, an analog signal is sampled at the Nyquist
rate and then a measurement matrix is applied to the time do-
main samples in order to collect the compressed samples. This
sampling approach, however, defeats one of the primary pur-
poses of CS, which is avoiding high rate sampling. A more
practical approach for “direct” sampling and compression of
analog signals belonging to the class of signals in a union of
subspaces is taken in [9] and the follow up work [10]. Another
practical approach to CS, which avoids high rate sampling,
has been presented in [1], [11], and the name analog-to-in-
formation conversion (AIC) has been coined. The AIC device
consists of several parallel branches of mixers and integrators
(BMIs) in which the analog signal is measured against different
random sampling waveforms. Therefore, for every collected
compressed sample, there is a BMI that multiplies the signal
to a sampling waveform and then integrates the result over the
sampling period T'.

In this paper, we propose a new segmented CS method and a
new segmented CS-based AIC structure which is capable of col-
lecting more samples than the number of BMIs. With more sam-
ples, the recovery performance can be improved as compared to
the case when the AIC of [1] with the same number of BMIs
is used for sampling. The specific contributions of this work
are the following. i) A new segmented CS-based AIC structure
is developed. Some preliminary results have been reported in
[12]. In this structure, the integration period 7' is divided into
M equal segments such that the sampling rate of the so-obtained
segmented AIC is M times higher than the sampling rate of the
AIC of [1]. Then the subsamples collected over M different seg-
ments and K different BMIs are reused so that a larger number
of samples (at most K2 correlated samples) than the number of
BMIs is collected. We show that our segmented CS-based AIC
technique is equivalent to extending the measurement matrix,
which consists of the BMI sampling waveforms, by adding new
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rows without actually increasing the number of BMIs.! ii) We
prove that the restricted isometry property (RIP), i.e., the suffi-
cient condition for signal recovery based on compressed sam-
ples, is satisfied for the extended measurement matrix resulting
from the segmented CS-based AIC structure with overwhelming
probability if the original matrix of BMI sampling waveforms
satisfies the RIP. Thus, our segmented AIC is a valid candidate
for CS. iii) We also prove that the signal recovery performance
based on the empirical risk minimization approach can be im-
proved if our segmented AIC is used for sampling instead of the
AIC of [1] with the same number of BMIs. Some preliminary
results on this topic have been reported in [15]. The mathemat-
ical challenge in such a proof is that the samples collected by
our segmented AIC are correlated, while all results on perfor-
mance analysis of the signal recovery available in the literature
are obtained for the case of uncorrelated samples.

The rest of this paper is organized as follows. The setup for
CS of analog signals and background on CS signal recovery
and AIC are given in Section II. The main idea of the paper,
that is, the segmented CS, is explained in Section III. We prove
in Section IV that the extended measurement matrix resulting
from the proposed segmented CS satisfies the RIP and, there-
fore, the segmented CS is a legitimate CS method for AIC. The
signal recovery performance analysis for our segmented CS is
given in Section V. Section VI shows our simulation results
and Section VII concludes the paper. This paper is reproducible
research [16] and the software needed to generate the simula-
tion results can be obtained from http://ieeexplore.ieee.org or
http://www.ece. ualberta.ca/vorobyov/SegmentedCS.zip.

II. SETUP AND BACKGROUND

Setup for CS of Analog Signals: CS deals with a low rate rep-
resentation of sparse or compressible signals, i.e., such signals
which have few nonzero or significantly different from zero pro-
jections on the vectors of an orthogonal basis (sparsity basis). It
is assumed that the analog signal f(¢) can be represented or ap-
proximated as a linear combination of a finite number of N basis
functions {1, (t)}N_, defined over the time period ¢ € [0, T].
Hence, the signal f(t) is also defined over the same time period
and it can be mathematically expressed as

N
F&) = watpn(t) =27 W (1) 1)
n=1
where {x, }_, are some coefficients, = (z1,...,zx5)T

is a vector of such (possibly complex) coefficients, W(t) =
(1(t),...,n(t))T, and (- )T stands for the transpose. If f(t)
is sparse or compressible, i.e., the vector £ has a small number
of nonzero or significantly different from zero elements, the
basis {1, (t)}N_; is called a sparsity basis and ¥(¢) maps the
discrete vector of coefficients  onto a continuous signal f(¢).
It is known that a universal CS method can be designed to
effectively sample and recover S-sparse signals regardless of
the specific sparsity domain [1], [2].

ITn this respect, the works [13] and [14] also need to be mentioned. In [13],
Toeplitz-structured measurement matrices are considered, while measurement
matrix that is built based on only one random vector with shifts of D > 1 in
between the rows appear in radar imaging application considered in [14].

The measurement operator ®(¢) is the collection of
K < N sampling waveforms {¢x(t)}i,, ie., ®(t) =
(p1(t),...,px(t))T. One of the practical choices for the
sampling waveforms is a pseudo random =1 chip sequence
which alternates its value at a rate higher than, for example,
the Nyquist rate for bandlimited signals [1], [11] or just the
rate N/T in the traditional CS setup with the finite number
of N possible projections. Let the chip duration 7, be set to
T/N. where N, is the number of chips per signal period 7.
The discrete measurement y;, can be expressed as

T
o = /0 () du(t)dr. @

Then the relationship between the K x 1 vector of measurements
Y 2 (y1,---,yx)? and the sparse coefficient vector & can be
explained in terms of the K X N matrix ' = ®(¢)P¥(¢) with
its (k,n)th entry given as

(&), = / ()i (). 3)

Using the matrix ®’, we can compactly represent the vector of
discrete measurements as y = ®’x. Then, the K x N, measure-
ment matrix ® and the N x N, sparsity basis ¥ can be derived
as the discrete equivalents of ®(¢) and W(t). Specifically, let
the entries of ® be given as

nT,
@ = / bi(t)dt @)
(n—1)T.
and the entries of ¥ as
nT,
(¥ :/ Y (t)dt. 5)
(n—1)T,

Then it can be seen that ® = ®¥7T. Moreover, the discrete
counterpart of the analog signal f(¢), denoted as vector f, is
given as f = W1z, Using the measurement matrix ®, the K x 1
vector of compressed samples y can be equivalently written as
y = ®f = ®'z. In the noisy case, the sampling process can be
expressed as

y=Pf+w=>z+w 6)

where w is a zero mean noise vector with identically and inde-
pendently distributed (i.i.d.) entries of variance o2.

In the traditional CS setup for discrete signals, the sparsity
basis matrix ¥ with entries given by (5) is considered to be an
N x N orthonormal matrix. This corresponds to the case when
N. = N for the sampling waveforms. However, there exist
applications where this condition is not satisfied and V.. is larger
than V. The mathematical analysis and the proves given in this
paper consider the traditional CS setup where the matrix ¥ is
square and orthonormal. However, we include some simulation
results attesting to the fact that our segmented CS method also
works when N. > N.

Another important issue is the number of required com-
pressed samples for successful signal recovery. Among various
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Fig. 1. The structure of the AIC based on RMPI.

bounds on the sufficient number of collected compressed sam-
ples2 K (S < K < N) required for recovering an S-sparse
signal, the first and most popular one is given by the following
inequality S < CK/log(N/K) where C is some constant [1].
This bound is derived based on the uniform uncertainty prin-
ciple which states that ® must satisfy the following restricted
isometry property (RIP) [1], [18]. Let &+ be a submatrix of
® retaining only the columns with their indexes in the set
T c {1,..., N}. Then the S-restricted isometry constant g is
the smallest number satisfying the inequality

K K
(1= ds)llel, < (85l
for all sets 7 of cardinality less than or equal to S and all vec-
tors ¢. Here || - |1, denotes the Euclidean norm of a vector. As
shown in [2], [19], if the entries of ® are, for example, indepen-
dent zero mean Gaussian random variables with variance 1/N,
then & satisfies the RIP for S < CK/log(N/K) with high
probability.3 It is known that the same holds when the entries of
® are independent zero mean Bernoulli variables with variance
1/N [19].

AIC: The random modulation preintegration (RMPI) struc-
ture is proposed for AIC in [1]. The RMPI multiplies the signal
with the sampling waveforms in the analog domain and then
integrates the product over the time period T' to produce sam-
ples. It implies that the sampling device has a number of par-
allel BMIs in order to process the analog signal in real-time.
The RMPI structure is shown in Fig. 1, where the previously in-
troduced notations are used.

Recovery Methods: A sparse signal can be recovered from
its noiseless sample vector y by solving the following convex
optimization (linear programming) problem [2], [20]

[®rel7, < (7)

subject to ®F =1y 8)

where || - ||;, denotes the /1 -norm of a vector. In the noisy case,
the recovery problem is modified as [21]

min ||Z|;,

€))

where +y is the bound on the square root of the noise energy. In
order to reconstruct an analog signal, i.e., obtain the estimate
f (t) from the measurement vector y, one should first solve for
% using (8) or (9) and then calculate f(f) based on (1).
Another technique for sparse signal recovery from noisy
samples (see [4]) uses the empirical risk minimization method

min ||&]|;, subject to ||®'F — yll,, <7

2See [17] for broader review.

3Note that in order to ensure consistency throughout the paper, the variance
of the elements in @ is assumed to be 1/ instead of 1/K as, for example, in
[2]. Thus, the multiplier K /N is added in the left- and right-hand sides of (7).
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that was first developed in statistical learning theory for
approximating an unknown function based on noisy measure-
ments [22]. Note that the empirical risk minimization-based
recovery method is of a particular interest since under some
approximations (see [4, p. 4041]) it reduces to another
well-known least absolute shrinkage and selection operator
(LASSO) method [23]. Therefore, the risk minimization-based
method provides the generality which we need in this paper.

In application to CS, the unknown function is the sparse
signal and the collected data are the noisy compressed samples.
Let the entries of the measurement matrix ® be selected with
equal probability as +1/ VN, and the energy of the signal f be
bounded so that || f||> < NB?. The risk r( f) of a candidate
reconstruction f and the empirical risk r( f ) are defined as [22]

s =P o e

())& : . (10)

Then the candidate reconstruction f x obtained based on K

samples can be found as [4]
{ﬁ(]’) + } (11
ferm)

where F(B) £ {f : |IfI? < NB2}, ¢(f) is a nonnegative
number assigned to a candidate signal f, and ¢ = 1/(50(B +
o)2). Moreover, fz given by (11) satisfies the following in-
equality [4]

[P il
()

o(f)log2

fr = arg min
K &, eK

AT Y >1og2+4}
< (7 min (12)
lfef(B>{ N ek
where Cy = [(27 —4e)(B/0)?+ (50 — 4v/2) B/ o +26] /[(23 —

4e)(B/o)?+(50—4v/2)B/o+24],e = 2.7183 . . .,
stands for the expectation operation.

Let a compressible signal f be defined as a signal for which
7™ — fI|2 < NCam=2>, where f(™) is the best m-term
approximation of f which is obtained by retaining the m
most significant coefficients of vector £ and C4 > 0 and
o > 0 are some constants. Let also F.(B,a,C4) = {f :
IFI2 < NB2||If™ — fl> < NCam 2} be the set of
compressible signals. Then based on the weight assignment
c(f) = 2log(N)Ng, where Ny is the actual number of
nonzero projections of }' onto the sparsity basis, the following
inequality holds [4]

T f2 K —2a/(2a41)
wr  pfU I (K
FEF(B,o,Ca) N log N

(13)

and E{-}

where Cy = C2(B,0,C4) > 0 1is a constant.

If signal f is indeed sparse and belongs to F,(B, S) = {f :
IFII? < NB2||flli, < S}, then there exists a constant C% =
C%(B,o) > 0 such that [4]

K

T 2
feF.(B,S) N Slog

sup

-1
N) . (14
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III. SEGMENTED COMPRESSED SAMPLING METHOD

A significant advantage of the AIC is that it removes the need
for high speed sampling. The smaller the number of samples
K being collected, the less number of BMIs is required, thus,
the less complex the AIC hardware is. The minimum number
of samples required for successful signal recovery is given by
the bound based on the RIP (7). The practical rule of thumb for
the noiseless case is that four incoherent measurements are re-
quired for successful recovery of each nonzero coefficient [1].
However, in the event that the measurements are noisy a larger
number of samples allows for a better signal recovery. Indeed,
the mean-square error (MSE) between the actual and recovered
signals is bounded in the noisy case as given in [1, p. 27, The-
orem 3] for compressible signals. Such a bound contains a co-
efficient which depends inversely on the number of available
samples. Thus, the larger the number of samples, the better re-
covery performance can be achieved in the noisy case. More-
over, in practice when the signal sparsity level may not be ex-
actly known, the number of BMIs may be insufficient to guar-
antee successful signal recovery. Therefore, we may need to col-
lect a larger number of samples to enable recovery. In order to
collect a larger number of compressed samples using the AIC
structure in Fig. 1, we need to increase the hardware complexity
by adding more BMIs. The latter makes the AIC device more
complex although its sampling rate is much lower than that of
the analog-to-digital converter (ADC). Therefore, it is desir-
able to reduce the number of parallel BMIs in the AIC without
sacrificing significantly the signal recovery accuracy. It can be
achieved by adding to the AIC the capability of sampling at a
higher rate, which is, however, still significantly lower than the
sampling rate required by the ADC. The latter can be achieved
by splitting the integration period 1" in every BMI of the AIC
in Fig. 1 into M < K shorter subperiods (segments). Note that
since the original integration period is divided into a number of
smaller subperiods, the samples collected over all parallel BMIs
during one subperiod do not have complete information about
the signal. Therefore, they are called incomplete samples. Here-
after, the complete samples obtained over the whole period 1" are
referred to as just samples, while the incomplete samples are re-
ferred to as subsamples.

A. The Basic Idea and the Model

The basic idea is to collect a number of subsamples by split-
ting the integration period into a number of subperiods and then
reuse such subsamples in order to build additional samples. In
this manner, a larger number of samples than the number of
BMIs can be collected. It allows for a tradeoff between the
AIC and ADC structures by allocating M < K subsamples
per time-unit 7" to K BMIs. Indeed, the signal is measured at
a low rate by correlating it to a number of sampling waveforms
just as in the AIC, while at the same time the integration pe-
riod T is split into shorter subintervals, i.e., the sampling rate is
slightly increased. However, such sampling rate is still signifi-
cantly lower than that required by the ADC.

Let the integration period be split into M subintervals and
Ye =Wkt uem) T,k = 1,..., K be the vectors of sub-

samples collected against the sampling waveforms {¢k}§:1.
The subsample yy, ; is given by

JT/M
Yk,j = /
(G-1)T/M

Then the total number of subsamples collected by all BMIs over
all subperiods is M K. These subsamples can be gathered in the
following K x M matrix

f(t)w(t)dt. (15)

Y1 Y12 Yi,M
Y21 Y2,2 Y2, M

Y = ) . (16)
Yk,1 YK,2 YK, M

where the kth row contains the subsamples obtained by corre-
lating the measured signal with the waveform ¢, over M sub-
periods each of length T'/M.

The original K samples, i.e., the samples collected at BMIs
over the whole time period 7', can be obtained as

M M

Yk = Z[Y]k’m: Zyk’m’ k=1,....K.

m=1 m=1

7)

In order to construct additional samples, we consider column-
wise permuted versions of Y. The following definitions are then
in order.

The permutation m is a one-to-one mapping of the elements
of some set D to itself by simply changing the order of the ele-
ments. Then 7 (k) stands for the index of the kth element in the
permuted set. For example, let D consist of the elements of a
K x 1 vector z, and the order of the elements in D is the same
as in z. After applying the permutation function 7 to z, the per-
muted vector is 2™ = (Zx(1), - - -+ Zn(k)s - - - » Zr(K)) " - If vector
z is itself the vector of indexes, i.e., z = (1,..., K)T, then ob-
viously zr ) = (k).

Different permuted versions of the subsample ma-
trix Y can be obtained by applying different permuta-
tions to different columns of Y. Specifically, let PO =
{WY)? e cee 71'1(\7[)} be the ith set of column permutations
with 7r§»1) being the permutation function applied to the jth
column of Y, and let / stand for the number of such permutation
sets. Then according to the above notations, the matrix resulting

from applying the set of permutations P(*) to the columns of
(4) (1) (1) (9
Y can be expressed as Y = (y[* ,...,y;J ey
where y; is the jth column of Y.
Permutation sets PV, 5 =1,..., T are chosen in such a way

7 Tr;'”/) ?

that all subsamples in a specific row of Y”" come from dif-
ferent rows of the original subsample matrix Y as well as from
different rows of other permuted matrices y?" e ,YP(PI).
For example, all subsamples in a specific row of Y”" must
come from different rows of the original matrix Y only, while
the subsamples in a specific row of y??” come from different
rows of ¥ and Y”'" and so on. This requirement is forced to
make sure that any additional sample is correlated to any orig-
inal or any other additional sample only over one segment. Then
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the additional K I samples can be obtained based on the per-

muted matrices Yp(i)7'l; =1,...,1as
o = ()
ve =Y Y e, k=1,...K, i=1,...1 (I8
m=1

It is worth noting that in terms of the hardware structure,
the subsamples used to generate additional samples must be
chosen from different BMIs as well as different segments. This
is equivalent to collecting additional samples by correlating
the signal with additional sampling waveforms which are not
present among the actual BMI sampling waveforms. Each of
these additional sampling waveforms comprises the non-over-
lapping subperiods of M different original waveforms.

Now the question is how many permuted matrices, which sat-
isfy the above conditions, can be generated based on Y. Con-
sider the following K x M matrix

Z 2 (2,2,...,2)
—_——
M times

19)

where z is the vector of indexes. Applying the column
permutation set P() to the columns of Z, we obtain a per-
muted matrix 27" (z”il), ”('z),...,z”f})). Then
the set of all permuted versions of Z can be denoted as
Sz = {ZP(I) b ,ZP(”}. With these notations, the following
theorem is in order.

Theorem 1: The size of Sz, i.e., the number I of permutation

sets P9 i = 1,..., I which satisfy the conditions

2], 4

P vz’P(i)e SZ;j#,r; ]{}6{17...7K}7

k,j k-

jre{l,...,M} (20)
1 : p(i) _ p )

315 or 3 such that [Z ]k’j [Z LL,]_,

vzP" 7P e Sy, 2P £ 27" vie (1,.... M)}

Vkhe{l,...,K} @1

is at most K — 1.

Using the property that z () = (k) for the vector of indexes
z, the conditions (20) and (21) can also be expressed in terms of
permutations as

7\ (k) # 7 (k)

Vie{l,....I}, j#r, ke{l,....,K}, j,re{l,..., M}
(22)

315 or A5 such that W;Z)(k) = Wj(»l)(h)

Vi, le{l,..., T}, i#l, Vje{l,...,M}, Vk,he{l,...,K}.
(23)

Proof: See the Appendix. [ |
Example 1: Let the specific choice of index permutations be
7s(k) = ((s+k—2) mod K)+1,s,k = 1,..., K withm; being
the identity permutation and ‘mod’ standing for the modulo op-
eration. For this specific choice, 7r](-1) = T[i(j—1) mod K]+15 & =
1,....K —1, 5 = 1,..., M. Consider the following matrix
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notation for the set P where the elements along the ¢th row are

the permutations P, i = 1,...,T
p)
Pp(2)
PB3)
P2 :
pE-2)
PpE-1)
N B
2 2 2 2
A VO A
_ T T2 3 M
K-2) (K-2) (K- K2
A NI WO A
T T T3 Ty
™1 v T3 ™M
1 3 5 T[2(M—1) mod K]+1
1 T4 7 T[3(M—1) mod K]+1
T TK-1 TK-3 T(K—2)(M—1) mod K]+1
1 TK TK-1 T(K—1)(M—1) mod K]+1

(24)
Note that not all permutations P, ¢ = 1,..., I used in (24)
may be permissible. In fact, the set of permutations P() with
K/ged(i, K) < M has at least one repeated permutation that
contradicts the condition (22). Here ged(-,-) stands for the

greatest common devisor of two numbers. For example, for
K =8and M = 4, K/ged(4,K) = 2 < M and P® is

impermissible. Therefore, instead of K — 1 = 7, only the

following 6 sets of permutations are allowed
§1) 71_gl) 7r:()’1) Wil)

@ @ @ (2 T2 s T
T Ty ! Ty T w3 Ty Ty
SCO RN C) R ) () -

P = 1 2 3 4 — 1 Ty T7 T2
7r§4) 71'%4) 7r§4) 7r£4> T Te T3 T
7r§5) 7r§5) 7r§5) 7r1(15) m W7 Wy T3
7r§6) 7r£6) ﬂgfi) 7r4(16) m g N7 T

(25)

Theorem 1 shows how many different permuted versions of
the original subsample matrix Y can be obtained such that the
correlation between the original and additional samples would
be minimal. Indeed, since the set of subsamples that are used
to build additional samples is chosen in such a way that addi-
tional samples have at most one subsample in common with the
previous samples, i.e., conditions (22) and (23) are satisfied, the
set of permutations (24) is a valid candidate. The ith element
of P, i.e., the element P& = (7r§z), . ,wgf[)), is the set of per-
mutations applied to ¥ to obtain Y7 . Adding up the entries
along the rows of y?" , a set of K additional samples can be
obtained.

Example 2: Let the number of additional samples K, be at
most K . This means that all permutations are given by only P(1)
in (24). In this special case, the subsample selection method can
be given as follows. For constructing the (K + 1)st sample, M
subsamples on the main diagonal of Y are summed up together.
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~
YK+1 2N Y Y1, M
\/\ b4
~, N
YK +24.. Q23 Q Y2, M
; ~
RN Y30
v /\ ’ N s
R ’ N
L
Yar—1 YK—1,M
v/
YK < — YK,M

~ 7/ v

Fig. 2. Subsample selection principle for building additional samples in Ex-
ample 2.

Then the M subsamples on the second diagonal are used to con-
struct the (K + 2)nd sample, and so on up to the (K + K, )th
sample. Mathematically, the so constructed additional samples
can be expressed in terms of the elements of Y as

M
YK+ = ) s k=1.. K, (26)
m=1

where ! = [(k+m —2) mod K]+1and K, < K. Fig. 2 shows
schematically how the subsamples are selected in this example.

The proposed segmented sampling process can be equiva-
lently expressed in terms of the measurement matrix. Let ® be
the original K x N measurement matrix. Let the kth row of the
matrix ® be ¢, = (Py, 1, . .-
are some vectors. Let also for simplicity, the length of ¢, ; be
N/M where N/M be a positive integer number. The set of per-
mutations applied to Y in order to obtain Y™ is P Then the
operation &P can be expressed as follows. The first group of
N/M columns of ®, which are the vectors S, k=1,... K,
are permuted with 7r§1) . The second group of IV /M columns of
® are permuted with 7r§l) and so on until the last group of N/M
columns of ® which are permuted with 7r](\7[) Then the K. x N
extended measurement matrix which combines all possible per-
mutations P(), i = 1,..., I can be expressed as

1 T 1 T T
B, = <<1>T,(<1>7’( )) ,...,(<1>7’( )) )

where K, = K + K, = K + K1I.
Example 3: Continuing with the set up used in Example 2,
let K, < K. Then the extended measurement matrix is

27)

¢1,1 ¢1,2 ¢1,Z\/I
¢K 1 ¢K 2 . ¢K M

= : , : 28)
R S SRV B
¢Ka,1 ¢7r2(Ka),M ¢7T]\4(Ka),]\'[

where ®; contains only K, rows of 7" and ®, = &P if
K, = K.

B. Implementation Issues and Discussion

Due to the special structure of the extended measurement ma-
trix @, the sampling hardware needs only K parallel BMIs for
collecting K I samples. These BMIs are essentially the same
as those in Fig. 1. The only difference is that the integration
period T is divided into M equal subperiods. At the end of
every subperiod, each integrator’s output is sampled and the in-
tegrator is reset. Therefore, some factors, which may influence
the complexity of a hardware implementation of the proposed
segmented AIC, are the following. Since the sampling rate of the
segmented AIC is M times higher than that of the conventional
AIC with the same number of BMIs, the segmented AIC com-
plexity can slightly increase as compared to the conventional
AIC with K BMIs. However, the rate increased in M < K
times is still by far less than, for example, the required Nyquist
rate which depends on the signal bandwidth. As compared to
the AIC with K I BMIs, the segmented AIC has only K BMIs,
that makes the complexity of the segmented AIC for collecting
KT samples significantly smaller than that of the conventional
AIC with KT BMIs. In addition, a multiplexer which selects the
subsamples for constructing additional samples is needed in the
proposed segmented AIC. It is worth noting, however, that par-
tial sums can be kept for constructing the samples (original and
additional), that is, the results of the integration are updated and
accumulated for each sample iteratively after each subperiod. In
this way, there is no need of designing the circuitry for memo-
rizing the matrix of subsamples Y, but only the partial sums for
each sample are memorized at any current subperiod. One more
factor which may have an effect on the performance of the seg-
mented AIC is the hardware sampling noise introduced at time
instances mT'/M, m =1, ..., M when the output of each BMI
is sampled to collect a subsample. This sampling noise appears
M times over a time period 1" for the segmented AIC while it
appears once over 1" for the conventional AIC. However, the
amount of the hardware sampling noise depends on the specific
hardware implementation of the sampler and is out of the scope
of this paper.

Finally, it is worth noting that the possibility of improving
the signal recovery performance due to increasing the sampling
rate in each BMI of the proposed segmented AIC agrees with the
convention that the recovery performance cannot be improved
only due to the post processing. Moreover, note that since the
original random sampling waveforms are linearly independent
with high probability, the additional sampling waveforms of our
segmented CS method are also linearly independent with over-
whelming probability. However, a sufficient condition that guar-
antees that the extended measurement matrix of the proposed
segmented CS-based AIC scheme is a valid choice is the RIP.
Therefore, the RIP for the proposed segmented CS method is
analyzed in the next section.

IV. RIP FOR THE SEGMENTED COMPRESSED
SAMPLING METHOD

The purpose of this section is to show that the extended mea-
surement matrix ®., in (27) satisfies the RIP if the original mea-
surement matrix P satisfies it. The latter will also imply that &,
can be used as a valid CS measurement matrix. In our setup it
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is only assumed that the elements of the original measurement
matrix are i.i.d. zero mean Gaussian variables and the measure-
ment matrix is extended by constructing its permuted versions
as described in the previous section.

Let us first consider the special case of Example 3. In this
case, ®, ¢, and P, are the original measurement matrix, the
matrix of additional sampling waveforms, and the extended
measurement matrix given by (28), respectively. Let the ma-
trix ® satisfy the RIP with sufficiently high probability. For
example, let the elements of ® be i.i.d. zero mean Gaussian
random variables with variance 1/N. Let 7 be any subset of
size S of the set {1,..., N}. Then for any 0 < 65 < 1, the
matrix ®7, which is a submatrix of ® which consists of only
the columns with their indexes in the set 7 satisfies (7) with the
following probability [19]

Pr{®7 satisfies (7)} > 1 — 2(12/65) e~ C0Cs/DK  (29)
where Cy(65/2) = 6%/16 — 6% /48. Hereafter, the notation Cy
is used instead of Cy(6s/2) for brevity.

First, the following auxiliary result on the extended measure-
ment matrix ®. is of interest.

Lemma 1: Let the elements of the measurement matrix ® be
i.i.d. zero mean Gaussian variables with variance 1/N, ®. be
formed as shown in (28),and 7 C {1,..., N} of size S.If K,
is chosen so that min{ K, K, + M — 1} < [(K + K,)/2], then
for any 0 < 05 < 1, the following inequality holds

K+

Pr{(®,)7 satisfies (7)} > 1 — 4(12/65)%e=oLF=1 (30)

where [z] and |z | are the smallest integer larger than or equal to
« and the largest integer smaller than or equal to x, respectively,
and Cj is a constant given after (29).
Proof: See the Appendix. [ |

Using the above lemma, the following main result, which
states that the extended measurement matrix ®. in (28) satis-
fies the RIP with overwhelming probability, is in order.

Theorem 2: Let ®. be formed as in (28) and let the elements
of ® be i.i.d. zero mean Gaussian variables with variance 1/N.
If min{K,K, + M — 1} < [(K 4+ K,)/2], then for any 0 <
0s < 1, there exist constants C'3 and C,, which depend only
on dg, such that for S < Cs|(K + K,)/2|/log(N/S) the
inequality (7) holds for all S-sparse vectors with probability that
satisfies the following inequality:

Pr{®, satisfies RIP} > 1 — 4~ C1l(K+Ka)/2] (31)
where Cy = Cy — C3[1 + (1 4 log(12/6s))/log(N/S)] and
Cj is small enough that guarantees that C} is positive.

Proof: See the Appendix. [ |

Let us consider now the general case when the number of ad-
ditional samples K, is larger than the number of BMIs K, i.e.,
K, > K and K, > 2K, and the extended measurement matrix
is given by (27). Note that while proving Lemma 1 for the spe-
cial case of Example 3, we were able to split the rows of ®, into
two sets each consisting of independent entries. In the general
case, some of the entries of the original measurement matrix ap-
pear more than twice in the extended measurement matrix ®.,
and it is no longer possible to split the rows of ®. into only two

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 59, NO. 2, FEBRUARY 2011

sets with independent entries. Because of the way the additional
samples are built, the samples yir 41, Yir+2,- - > Y4+1)K Ob-

tained based on the permuted matrix Y7 are uncorrelated with
each other, but they are correlated with every other set of sam-
ples obtained based on the original matrix Y and the permuted
matrices YPM7 Vi,1 # [. Thus, the following principle can be
used for partitioning the rows of ®, into the sets with indepen-
dent entries. First, the rows corresponding to the original sam-
ples form a single set with independent entries, then the rows
corresponding to the first set of additional samples based on the
matrix Y7 form another set and so on. Then the number of
such sets is n, = [K. /K, while the size of each set is

K, 1<i<[Be]-1
K; = { ’ . K (32)
K- (R -1 K i=[%].
The extended measurement matrix (27) can be rewritten as
T
. = (@7 (®5,....(2.)],) (33)

where (®.); is the ith partition of ®. of size given by (32). Then
the general form of Lemma 1 is as follows.

Lemma 2: Let the elements of the measurement matrix ® be
i.i.d. zero mean Gaussian variables with variance 1/N, ®. be
the extended measurement matrix (27), and 7 C {1,...,N}
be of size S. Let also K, > K and n, = [K./K]. Then, for
any 0 < ds < 1, the following inequality holds

Pr{(®.)7 satisfies (7)} > 1 — 2(n, — 1)(12/6s)°
X(emCH) = 2(12/85)%(e= @ re) - (34)
where K,,, = K. — ([(K./K)] — 1)K and Cy is a constant
given after (29).
Proof: See the Appendix. |
Lemma 2 is needed to prove that the extended measurement
matrix (33) satisfies the RIP with overwhelming probability.
Therefore, the general version of Theorem 2 is as follows.
Theorem 3: Let the elements of @ be i.i.d. zero mean
Gaussian variables with variance 1/N and ®. be formed as in
(27). If K, > K, then there exist constants C3, Cy, and C
forany 0 < 65 < 1, such that for S < C3K,,/log(N/S) the
inequality (7) holds for all S-sparse vectors with probability
that satisfies the following inequality:

Pr{®, satisfies RIP} > 1 — 2(n,, — 1)e~ 1K — 2¢=C1Kn,

(35)
where C = Co — (C3K,,/K)1 + (1 +
log(12/6s))/log(N/S)], Cs4 1is given after (31), and

(3 is small enough to guarantee that Cy and C) are both
positive.
Proof: See Appendix. |
When splitting the rows of @, in a number of sets as described
before Lemma 2, it may happen that the last subset (®.),,
has the smallest size K, n, AS a result, the dominant term in
(35) will likely be the term 2e~“4%ws It may lead to a more
stringent sparsity condition, that is, S < C3K,,, /log(N/S).
To improve the lower bound in (35), we can move some of
the rows from (®.),,—1 to (®.),, in order to make the last
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two partitions of almost the same size. Then the requirement
on the sparsity level will become S < C3K'/log(N/S) where
K’ = |(K+ Ky, )/2]. Therefore, the lower bound on the prob-
ability calculated in (35) improves.

V. PERFORMANCE ANALYSIS OF THE RECOVERY

In this section, we aim at answering the question whether
signal recovery also improves if the proposed segmented CS
method, i.e., the extended measurement matrix ®. (27), is used
instead of the original matrix ®. The study is performed based
on the empirical risk minimization method for signal recovery
from noisy random projections [4]. As mentioned in Section II,
the LASSO method can be viewed as one of the possible imple-
mentations of the empirical risk minimization method.

We first consider the special case of Example 3 when the ex-
tended measurement matrix is given by (28). Let the entries of
the measurement matrix ® be selected with equal probability as
+1/ V/N,i.e., beii.d. Bernoulli distributed with variance 1 /N.
The Bernoulli case is used here in order to keep our derivations
short by only emphasizing the differences caused by our con-
struction of matrix ®. with correlated rows as compared to the
case analyzed in [4], where the measurement matrix consists of
all i.i.d. entries. Moreover, the Bernoulli case is the one which
is practically appealing. Note that our results can be easily ap-
plied to the case of Gaussian distributed entries of @ by only
changing the moments of Bernoulli distribution to the moments
of Gaussian distribution.

Let 7(f,f) & r(f) — r(f) be the “excess risk” between
the candidate reconstruction } of the signal sampled using the
extAended measurement matrix ®. and the actual signal f, and
#(f,f) = #(f) — #(f) be the “empirical excess risk” between
the candidate signal reconstruction and the actual signal. Then
the difference between the “excess risk” and the “empirical ex-
cess risk” can be found as

) 1 &
r(f. f) - e ; (U; — E[U;])  (36)
where U; £ (y; — é;f)* — (y; — ¢j})2'

The MSE between the candidate reconstruction and the actual
signal can be expressed as [22]

MSE £ E{||g|]*} = N+(f, f) (37)

where g = ]’ — f. Therefore, if we know an upper bound on
the right-hand side of (36), denoted hereafter as U, we can im-
mediately find an upper bound on the MSE in the form MSE <
N#(f, f) + NU. In other words, to find the candidate recon-
struction f, one can minimize #(f, f) + U. This minimization
will result in a bound on the MSE as in (12).

The Craig—Bernstein inequality [4], [24] can be used in order
to find an upper bound U on the right-hand side of (36). In our
notations the Craig—Bernstein inequality states that the proba-
bility of the following event:

1 & log (%) Evar{Zszel Uj}
K, Z (U] -

+
> j=1

B = =5 2K, (1)

is greater than or equal to 1 — 6 for 0 < eh < ( < 1, if the
random variables U; satisfy the following moment condition for
some h > 0 and for all & > 2

k!var{gj}hk_Z. (39)

E{|U; - B{U}|*} <

The second term in the right-hand side of (38) contains the vari-
ance var{Zf:‘“‘l U, }, which we need to calculate or at least find
an upper bound on it.

In the case of the extended measurement matrix, the random
variables U;, j = 1,..., K. all satisfy the moment condition
for the Craig-Bernstein inequality [24] with the same coefficient
h = 16 B%¢ 4+ 8v/2Bo where o2 is the variance of the Gaussian
noise.* Moreover, it is easy to show that the following bound on
the variance of Uj is valid for the extended measurement matrix

vty < (218 4 40?) LB < (52 1 021 ).
(40)

However, unlike [4], in the case of the extended measurement
matrix, the variables U; are not independent from each other.
Thus, we can not simply replace the term var{z 1 U;} with

the sum of the variances for U;, 7 = 1,. K Usmg the
definition of the variance, we can write that
K.
var Z U;
j=1
X 2 x 2
A
A DL 2. Ui
Jj=1 j=1
< 2 & 2 ||.9||2 ?
E{U;} +2 E{U;U; K; | —=—
7j=1 { } 2 _]21;-1 { } ( N >

K. SE{UZ (||g||2> )

L (mw}_(w))

i=1 j=i+1

e 3 e (%))

(41)

where the upper bound on var{U,} is given by (40). Using the
fact following form the noisy model (6) that the random noise
components w; and w; are independent from ¢, g and ¢;g, re-
spectively, E{U,U;} can be expressed as

E{UU;}
= E{[2wi¢;g — (¢,9)"12w; ;9 — (6,9)°]}
= 4E{wiwa’}E{¢i9¢j9} - 2E{wi}E{¢i9(¢j9)2}

— 2B{w;}E{$,;9($:9)*} + E{(¢,9)*($,9)*}.

4The derivation of the coefficient h coincides with a similar derivation in [4],
and therefore, is omitted.

(42)
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The latter expression can be further simplified using the fact that
E{w;} = E{w;} = 0. Thus, we obtain that

E{U;U;} = 4E{wiw;} E{(¢:9)(¢;9)}

+E{(¢:9)%(¢;9)°}. (43)

It is easy to verify that if ¢, and ¢; are independent, then
E(U;U;) = E{(6,9)*1E{(6,9)%} = (lgll>/ N)? as in [4].
However, in our case, ¢,; and ¢j may depend on each other.
If they indeed depend on each other, they have L = N/M
common entries, while the rest of the entries are independent.
In addition, the additive noise terms w; and w; are no longer
independent random variables as well and, thus, F{ wiwj} =
o2 /M. Without loss of generality, let the first L entries of ¢,
and qu be the same, that is,

A P;
é.9=gi1a1 + ...+ gLaE+EIL+1¢1:,L+1 + -t gN¢1‘,,J\; (44)
A P;

A A

$#;9=g101+ -+ 9LaL + L4105, 041 + -+ gndjN (45)

with a1, ..., ar, being the common part between ¢, and ¢, .

Let g, be a subvector of g containing the L elements of g
corresponding to the common part between ¢; and ¢;, and g 4/
be the subvector comprising the rest of the elements. Then using
the fact that A, P;, and P; are all zero mean independent random
variables, we can express E{(#;g)(¢,g)} from the first term on
the right-hand side of (43) as

E{(¢:9)(¢;9)}
= E{(A+ P)(A+ P))}
= E{A’} + E{AP;} + E{AP;} + E{P,P;}
(Ziast) o
N N

= E{A%} = (46)

Similar, the second term on the right-hand side of (43) can be
expressed as

E{(¢:9)%(¢;9)°}
= E{(A” + P} + 2AP,)) (A% + P} + 2AP;)}. (47)

Using the facts that 4E{w,w;} = 40%/M, E{A?} =
llg4ll?/N, and E{P?} = ||g4||>/N, the expression (47) can
be rewritten as

E{(:9)"(4;9)°}
= E{A"+ A’P} + A’P} + PP} }

2 2 2\ 2
:E{A4}+2H9AH . lgall + (HQA/H >

N N N

= B{A%) + (%)2 - (%)é “48)
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Substituting (46) and (48) into (43), we obtain that

ary (8PN (llgal*\?
+E{A}+<N)—< N >
(49)

d0” lgall®

M N

E{U;U;} =

Moreover, substituting (49) into (41), we find that
var ZUj :Zvar{Uj}+2
j=1 j=1

X > <E{A4} - (%)2 -

¢, ,¢j dependent
Since the extended measurement matrix is constructed so that
the waveforms {¢; } X< 41 are builtupon M rows of the original
matrix and using then the inequality’ E{A*} — (||g4||?/N)? <
2(|lg 4]|>/IN)? for all these M rows, we obtain for every addi-
tional ¢, that

102 gl
M N ’

(50)

M 2\ 2 2 2
40” |lgall

Z EiA%) _ llgall C 1194

= ( 4% < N + M N

M N

M 2
lgall®
< 21 ———
< ( ( 0y
k=1

where g 4 corresponds to the first L entries of g for £k = 1, to
the entries from L + 1 to 2L for £ = 2 and so on. Applying also
the triangle inequality, we find that

2
lgall® lgall®
2| == caZAl
( ( N )T N
2\ 2
oY

Combining (51) and (52) and using the fact that there are K,
additional rows in the extended measurement matrix, we obtain

that
2\ 2 2 2
(E{ A4}_(||g§|| ) Lo '||gA||>

2
> N
9\ 2
<ar, (1)

2 2
40% g4l ) 51

M

>

k=1

402
M

i 1

‘M N

(52)

80°K. |lgl®
M N

b, ,¢7. dependent
N

(53)

Noticing that ||g||2/N = r(f, f) and ||g||> < 4N B2, the right-
hand side of the inequality (53) can be further upper bounded as

2
llgll 80°K, |g?
4Kﬂ,(N +
R 802K, -
< 6K, B r(F.f) + =2 r(F.f). (54

SWe skip the derivation of this inequality since it is relatively well known and
can be found, for example, in [4, p. 4039].
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Using the upper bound (54) for the second term in (50) and
the upper bound (40) for the first term in (50), we finally find
the upper bound for var{ Zf(=1 Uj} as

K,

< 2K,

E U, »<K.[8B%*(1 =

j:l ! N ( < + K )

e

+402< M[; ))r(},f). (55)

Therefore, based on the Craig-Bernstein inequality, the proba-
bility that for a given candidate signal f the following inequality
holds

5 ) -0 < b%?
. (82 (14+2) + 4;_(Cl)+ 2 )) e e 56

is greater than or equal to 1 — 6.
Let c(f) be chosen such that the Kraft inequality

< 1 is satisfied (see also [4]), and let

Lferm "
5(F) = 9-e(h) 5. Applying the union bound to (56), it can be
shown that for all f € F(B) and for all § > 0, the following
inequality holds with probability of at least 1 — ¢

. . c(}') log 2 + log(%)
T(f7f)_r(f7f)g KEE ¢

(832 (1 + %) + 402 (1 + 2 )) r(F, f)e

+ 20=0) (57)
Finally, setting ( = ¢ h and
2K, 2K,
. (352 (1+ K62)(1+_4f2 (14 ) e .
1
(i ) 100) By svBo+ 20 (14 )
(59)

where 0 < eh < ( < 1 as required by the Craig-Bernstein
inequality, the following inequality holds with probability of at
least 1 — 6 for all f € F(B):

() log2 +log(})

(1= a)y(f. f) < .

P(f, )+ (60)
The following result on the recovery performance of the em-
pirical risk minimization method is in order.

Theorem 4: Let € be chosen as

1

= 6B 10)?) (D

which satisfies the inequality (59), then the signal reconstruction
f . given by

fx, =arg min {T(f) + K.

ferm)

c(f)log?} 62)

satisfies the following inequality

1w, — £IP
)

2
Sq%mn{wNN

ferm)

flog2+4
<>§-+}(@

where (' is the constant given as

o _1+a
e—l_a,
2 (135 ()" + (1+ )
" (30 80) (B)7 + (60— 4v2) (E) + 30

with the coefficient a obtained from (58) for the specific choice
of € in (61).

Proof: The proof follows the same steps as the proof of
the related result for the uncorrelated case [4, p. 4039-4040]
with the exception of using, in our correlated case, the above
calculated values for € (61) and a (64) instead of ¢ and a for the
uncorrelated case. ]

Example 4: Let one set of samples be obtained based on the
measurement matrix ®, with K, = K, K., = 2K,and M = 8§,
and let another set of samples be obtained using a 2K x N
measurement matrix with all i.i.d. (Bernoulli) elements. Let also
€ be selected as given by (61). Then the MSE error bounds for
these two cases differ from each other only by a constant factor
given for the former case by C. in (64) and in the latter case
by C (see (12) and the row after). Considering the two limiting
cases when B/o — 0 and B/o — oo, the intervals of change
for the corresponding coefficients can be obtained as 1.08 <
Cie < 2.88and 1.06 < C; < 1.63, respectively.

The following result on the achievable recovery performance
for a sparse or compressible signal sampled based on the ex-
tended measurement matrix ®. is of importance.

Theorem 5: For a sparse signal f € F,(B,S) = {f
IFII*> < NB2||fll,, < S} and corresponding reconstructed
signal } k., obtained according to (62), there exists a constant
¢, = C%.(B,o) > 0, such that

-1
> . (65)

||fK f||2 / Ke
<
{ N < CreChe Slog N

Similar, for a compressible signal f € F.(B,a, C4) 2 {f :
IfII? < NB? ||f(m — flI? < NC4m~2*} and corresponding
reconstructed signal f ., obtained according to (62), there exists
a constant Cy, = Co.(B,a,C4) > 0, such that

If . — FII”
i

S 018028 (

sup
feFs(B,S)

sup
FEF(B,a,Ca)

—2a/(2a+1)
K. ) . (66)

log N

Proof: The proof follows the same steps as the proofs of
the related results for the uncorrelated case [4, p. 4040-4041]
with the exception of using, in our correlated case, the above
calculated values for € (61) and a (64) instead of ¢ and a for the
uncorrelated case. [ |
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Fig. 3. This figure corresponds to Example 5 and shows the coefficients C' ¢
and 2C'; versus SNR. Since C';. < 2 for all values of SNR, one can conclude
that the MSE corresponding to the empirical risk minimization-based recovery
for the proposed segmented CS-based AIC must be lower than that for the con-
ventional AIC.

Example 5: Let one set of samples be obtained based on the
extended measurement matrix ®, with K, = K, K. = 2K,
and M = 8 and let another set of samples be obtained using the
K x N measurement matrix with all i.i.d. (Bernoulli) elements.
The error bounds corresponding to the case of K uncorrelated
samples and our case of K, correlated samples are (14) and (65),
respectively. The comparison between these two error bounds
boils down in this example to comparing 2C;C% and C;.C%,..
Assuming the same € as (61) for both methods, the following
holds true C%, = C}. Fig. 3 compares C. and 2C; versus the
signal-to-noise ratio (SNR) B2 /a2, Since C;, < 2C; for all
values of SNR, the quality of the signal recovery, i.e., the corre-
sponding MSE, for the case of 2K x N extended measurement
matrix is expected to be better than the quality of the signal re-
covery for the case of K x N measurement matrix of all i.i.d.
entries.

The above results can be easily generalized for the case when
K, > K. Indeed, we only need to recalculate var{Zf:el U;}
for K. > 2K. The only difference with the previous case
of K, < K is the increased number of pairs of dependent
rows in the extended measurement matrix ®., which has a
larger size now. The latter affects only the second term in
(50). In particular, every row in o7 depends on M rows
of the original measurement matrix ®. Moreover, the term
Z?ffl Z?fz 41 E{U:U;} over all these M rows is bounded
as in (52). Then considering all K M pairs of dependent rows
from ® and ®”'", we have

2 2.

b, ,¢j dependent

i N 67)
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Similar, every row of P depends on M rows of 7" and
M rows of ®. Considering all these 2K M pairs of dependent
rows, we have

2 2 2 2
> Y (E{Aﬂ_(%) +%'ng§n>
¢i,¢jdependent
lgl*\* . 8o%(2K) |lgll”
< . )
_4(2K)< N + i ¥ (68)

Finally, the number of rows in the last matrix (®.),, is K,
(see (32) and (33)). Every row of (®.),, depends on M rows of
each of the previous n,, — 1 matrices @Pm? 1=1,...,m, — L
Considering all (n, — 1)K,, M pairs of dependent rows, we

have
2\ 2 2
(E{ 44y ( lo.| ) sal )

2
2
||g||2) | 80%(my — Ky, gl

n 402
M

b, ,¢j dependent
N M N

< 4(ny — K, ( (69)

Using (41) and the inequalities (67)—(69), we can find the
following bound
D
K.

D -
i K)) r(f.) 0)

where D = 2K S0 % i+ 2K, (n, —1). Note that in the case
when K. = n, K, we have D/K. = n, — L.

Therefore, it can be shown for the general extended matrix
(27) that the inequality (60) holds for the following values of a
and €:

K.
var{ > U ¢ < K, <8B2 <1+
7j=1

+402 (1 +

(382 (14 2) +402 (14 35 ) ) ¢

a= 2(1-¢) "
1

TR e e ()

(72)

Moreover, the theorems similar to Theorems 4 and 5 follow
straightforwardly with the corrections to a and € which are given
now by (71) and (72), respectively.

We finally make some remarks on non-RIP conditions for
[1-norm-minimization-based recovery. Since the extended mea-
surement matrix of the proposed segmented CS method satis-
fies the RIP, the results of [21] on recoverability and stability of
the /;-norm minimization straightforwardly apply. A different
non-RIP-based approach for studying the recoverability and sta-
bility of the /;-norm minimization, which uses some properties
of the null space of the measurement matrix, is used in [25].
Then the non-RIP sufficient condition for recoverability of a
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sparse signal from its noiseless compressed samples with the
algorithm (8) is [25]

VS < min{O.S”lel cve {N(®)\ {0}}} (73)

where /(@) denotes the null space of the measurement matrix
®.

Let us show that the condition (73) is also satisfied for
the extended measurement matrix ®.. Let d be any vector
in the null space of ®., ie., d € WN(®.). Therefore,
[®.]id = 0, i = 1,..., K, where [®.]; is the ith 1 x N
row-vector of ®.. Since the first K rows of ®. are exactly the
same as the K rows of ®, we have [®];d =0,i=1,..., K.
Hence, d € N (®) and we can conclude that N'(®.) C V(D).
Due to this property, we have min{0.5||v||;, /||v||i v €
N(®)} < min{0.5||v||i, /v, : v € N(®.)}. Therefore, if
the original measurement matrix ® satisfies (73), so does the
extended measurement matrix ®., and the signal is recoverable
from the samples taken by ®..

Moreover, the necessary and sufficient condition for all sig-
nals with ||z|;, < S to be recoverable from noiseless com-
pressed samples using the /;-norm minimization (8) is that [25]

[lli, > 2llvrll,, Vv e {N(®)\{0}} (74)
where 7 is the set of indexes corresponding to the nonzero co-
efficients of z. It is easy to see that since N'(®.) C N(®), the
condition (74) also holds for the extended measurement matrix
if the original measurement matrix satisfies it.

VI. SIMULATION RESULTS

Throughout our simulations, three different measurement
matrices (sampling schemes) are used: i) the K X N, mea-
surement matrix ® with i.i.d. entries referred to as the original
measurement matrix; ii) the extended K., x N, measurement
matrix ®. obtained using the proposed segmented CS method
and referred to as the extended measurement matrix; and iii)
the K. x N. measurement matrix with all i.i.d entries referred
to as the enlarged measurement matrix. This last measurement
matrix corresponds to the sampling scheme with K, indepen-
dent BMIs in the AIC in Fig. 1. The number of segments in the
proposed segmented CS method M is set to 8.

The noisy case corresponding to the model (6) is always con-
sidered. Then in order to make sure that the measurement noise
for additional samples obtained based on the proposed extended
measurement matrix is correlated with the measurement noise
of the original samples, the K x M matrix of noisy subsamples
with the noise variance o2 /M is first generated. Then the per-
mutations are applied to this matrix and the subsamples along
each row of the original and permuted matrices are added up to-
gether to build noisy samples.

The recovery performance for three aforementioned sampling
schemes is measured using the MSE between the recovered
and original signals. In all examples, MSE values are computed
based on 1000 independent simulation runs for all sampling
schemes tested.

A. Simulation Example 1: Time-Sparse Signal With Iy Norm
Minimization-Based Recovery

In our first example, the signal is assumed to be sparse in the
time domain. Particularly, let f(¢) be the continuous signal as
in (1) with N = 128 basis functions {1, (¢)}2_, of the type

_ &, te[(n—-1)T/N, nT/N]
¥nt) = {OT, otherwise ’

These basis functions form the sparsity basis ¥(¢). Choosing
N, to be equal to IV, we obtain based on (5) that ¥ = I. Over
one time period 7 only 3 projections of the signal onto the spar-
sity basis are nonzero and are set to +1 or —1 with equal prob-
abilities.

The /1-norm minimization algorithm (9) is used to recover
the signal sampled using the three aforementioned sampling
schemes. Since ¥ = I for the considered time-sparse signal,
then ' = ® in (9). The number of BMIs in the sampling de-
vice is K = 16, while «y in (9), which is the bound on the root
square of the noise energy, is set to v/ K’c. Here K’ = K for
the sampling scheme based on the original measurement ma-
trix, while K’ = K, in the other two schemes. The entries
of the original and enlarged measurement matrices are gener-
ated as i.i.d. Gaussian or i.i.d. Bernoulli distributed random vari-
ables with zero mean and variance 1/N. This corresponds to the
case of sampling waveforms with chip duration 7//N and i.i.d.
Gaussian or i.i.d. Bernoulli distributed chip amplitudes, respec-
tively. The SNR is defined as || ®f||7 /||wl|7,. Approximating
@ £|7, by (K'/N)|fll7,, which is valid because of (7), the
corresponding noise variance o“ can be calculated when SNR
is given and vice versa. For example, the approximate SNR in
decibels can be calculated as 10 log; (3/No?).

Fig. 4(a) and (b) shows the MSEs corresponding to all three
aforementioned measurement matrices versus the ratio of the
number of additional samples to the number of original samples
K, /K for the Gaussian and Bernoulli cases, respectively. The
results are shown for three different SNR values of 5, 15, and
25 dB. It can be seen from the figures that better recovery quality
is achieved by using the extended measurement matrix as com-
pared to the original measurement matrix. The corresponding
MSE curves in Fig. 4(a) and (b) are similar to each other which
confirms the fact that both Gaussian and Bernoulli measurement
matrices are good candidates, although Bernoulli is practically
preferable. As expected, the recovery performance in the case
of the extended measurement matrix is slightly worse than that
in the case of the enlarged measurement matrix. This difference,
however, is small as compared to the performance improvement
provided by the extended measurement matrix over the original
measurement matrix. Note also that in the case of the enlarged
measurement matrix, the AIC in Fig. 1 consists of K. BMIs,
while only K BMIs are required in the case of the extended
measurement matrix. For example, the number of such BMIs
halves for the proposed segmented AIC if K,/K = 1. Addi-
tionally, it can be seen that the rate of MSE improvement de-
creases as the number of collected samples increases. The latter
can be observed for both the extended and enlarged measure-
ment matrices and for all three values of SNR.
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Fig. 4. Recovery of the time-sparse signal based on the /; -norm minimization algorithm: MSEs versus K, / K . (a) Measurement matrix with Gaussian distributed

entries, (b) Measurement matrix with Bernoulli distributed entries.

B. Simulation Example 2: Time-Sparse Signal With Empirical
Risk Minimization-Based Recovery

In our second simulation example, the empirical risk mini-
mization method is used to recover the same time-sparse signal
as in our first simulation example. The signal is sampled using
the three sampling schemes tested with K = 24. The minimiza-
tion problem (11) is solved to obtain a candidate reconstruction

T = arg min

j‘ g of the original sparse signal f. Considering }' K
the problem (11) can be rewritten in terms of Z - as

rex

— arg i { - 29737 +
rex -

{f(lIlTﬁ) +

— ‘I’TiK/,

¢(%) log 2
eK’

2log2log N
€

Hﬂm}w&
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Fig. 5. Recovery of the time-sparse signal based on the empirical risk minimization method: MSEs versus K, /K. (a) Measurement matrix with Gaussian dis-

tributed entries; (b) Measurement matrix with Bernoulli distributed entries.

and solved using the iterative bound optimization procedure [4].
Here x 2 {z: ||¥Tx||> < NB2%}. This procedure uses the
threshold /2 log 2log N/Ae where ) is the largest eigenvalue
of the matrix ®7 ®. In our simulations, this threshold is set to
0.035 for the case of the extended measurement matrix and 0.05
for the cases of the original and enlarged measurement matrices.
These threshold values are optimized as recommended in [4].

The stopping criterion for the iterative bound optimization pro-
cedure is |2 — ||, < 6 where || - ||;__ is the [ norm
and % denotes the value of & obtained in the ith iteration. The
value # = 0.001 is selected.

Fig. 5(a) and (b) shows the MSE:s for all three measurement
matrices tested versus the ratio K,/K for the Gaussian and
Bernoulli cases, respectively. The results are shown for three
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Fig. 6. Recovery of the sparse OFDM signal based on the /; -norm minimization algorithm: MSEs versus I{, /K. (a) Measurement matrix with Gaussian dis-

tributed entries; (b) Measurement matrix with Bernoulli distributed entries.

different SNR values of 5, 15, and 25 dB. The same conclusions
as in the first example can be drawn in this example. There-
fore, the proposed segmented AIC indeed leads to significantly
improved signal recovery performance without increasing the
number of BMIs.

C. Simulation Example 3: OFDM Signal With |1 Norm
Minimization-Based Recovery

In our third example, we consider an orthogonal frequency-
division-multiplexed (OFDM) signal with three nonzero subcar-

riers out of 128 available frequency bins. Nonzero subcarriers
are modulated with quadrature phase-shift keying (QPSK) sym-
bols. The N = 128 basis functions {1, () }_, are

n(t) = cos ((n - 1)2?7%)

te[0,T], n=1,...,N. (77)

The number of chips per symbol duration in the sampling wave-
form is set to N, = 256. It is because we need to ensure that
the rows of the 128 x 256 sparsity matrix ¥, which is calcu-
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TABLE I
PERCENTAGE THAT THE POSITIONS OF THE NONZERO SIGNAL VALUES ARE CORRECTLY IDENTIFIED
Ka ‘ 0 ‘ 9 18 27 36 45
g Percentage || 0 92.45 90.5 100 100 100
2|l AIC with K. branches
g MSE N/A 0 0 0 0 0
3 Percentage 0 10.2 58.35 83.10 89.7 90.5
= Segmented AIC
MSE N/A 0 0 0 0 0
S Percentage 0 11 71.45 98 100 100
Q| AIC with K. branches 4 4 4 4 4
A MSE N/A | 548 x 107% | 491 x 107% | 2,78 x 107* | 1.53 x 107* | 1.04 x 10~
5 Percentage | 0 4.85 34.30 57.20 70.5 73.65
Segmented AIC 4 4
MSE N/A | 6.06 x 107* | 588 x 107* | 5.78 x 107* | 4.82x 107* | 3.98 x 10~

lated according to (5), are approximately orthogonal. Then the
SNR can be defined as ||®’z||? /||w||? . Moreover, one can ap-
proximate ||®'z||?, = [|®¥x|[, by thave(K'/N)||z||7 , where
Yave 18 the average norm of the N rows of the sparsity ma-
trix ¥ and K’ = K for the sampling scheme based on the
original measurement matrix, while K’ = K, for the other
two schemes. The number of original samples K is set to 16.
Considering that the nonzero subcarriers are modulated with
unit norm QPSK symbols, the approximate SNR in dBs can
be calculated as 10 log; (3t)aye/ No?). The [; norm minimiza-
tion-based recovery method is used for signal recovery based
on the compressed samples obtained using the three sampling
schemes tested.

Fig. 6(a) and (b) shows the MSEs for all three measurement
matrices tested versus the ratio K,/K for the Gaussian and
Bernoulli cases, respectively. Comparing the results in Fig. 6
and Fig. 4, one can deduce the universality of the Gaussian and
Bernoulli measurement matrices, which means that we are able
to recover the signal using the measurements collected with
these measurement matrices regardless of the sparsity basis.
As in the previous two simulation examples, the proposed seg-
mented CS scheme significantly outperforms the original sam-
pling scheme with the same number of BMIs, while slightly
deteriorates in performance compared to the sampling scheme
with enlarged number of BMIs.

It is also worth mentioning that the MSE of the recovered
signal depends on the ratio between the sparsity and the ex-
tended number of samples (see for example (63)). Moreover,
the RIP sets a bound for the number of samples required for suc-
cessful recovery given the sparsity level of the signal. Thus, if
the signal is not sparse enough and the number of collected sam-
ples is low, a recovery algorithm can fail to recover the signal
from such small number of samples. If the number of samples
is sufficient to ensure successful recovery, but the ratio between
the sparsity and the number of samples is high, the MSE can be
still high. By using the technique proposed in this paper for ex-
tending the number of samples, this situation can be improved
as we show in our next example.

D. Simulation Example 4: the Number of BMIs in the
Conventional AIC Is Insufficient for Successful Recovery

Our last simulation example considers the case when the
number of original compressed samples, that is, the number

of BMIs in the conventional AIC, is insufficient for successful
recovery. The time-sparse signal described in our first simu-
lation example is assumed. The number of basis functions is
N = 128, however, the number of nonzero projections, i.e.,
the signal sparsity level is S = 5. The number of BMIs in the
conventional AIC is K = 9 and the number of segments in the
proposed segmented AIC is M = 8. Since generally speaking
four times as many samples are needed as the sparsity level of
the signal to guarantee exact recovery in noiseless case [1], the
number of samples that can be collected by the conventional
AIC with K = 9 BMIs is insufficient for exact recovery even
in the noise free case. Thus, the conventional AIC is not appli-
cable and only the sampling schemes based on the extended
and enlarged measurement matrices are compared to each other
in terms of the percentage that the positions of the nonzero
values of the time-sparse signal are correctly identified. The
number of samples can be increased to at most K2 = 81 if the
proposed segmented AIC is used. The MSEs averaged over all
cases of successful recovery are also reported. Two different
cases of (a) no measurement noise and (b) SNR = 25 dB are
considered. The simulation results are gathered in Table 1.

The results in Table I show that although the AIC with K = 9
(the column K, = 0 in the table) BMIs cannot successfully
recover the positions of nonzero entries of the signal, the seg-
mented AIC is able to find those positions and the success rate
increases as K, increases. The success rate of the AIC with
larger number of BMIs is higher as expected. For both schemes
the lower success rates can be observed in the noisy case as com-
pared to the noiseless case.

VII. CONCLUSION

A new segmented CS method for AIC has been proposed.
According to this method, an analog signal measured by K
parallel BMIs, each characterized by a specific random sam-
pling waveform, is first segmented in time into M segments
so that a K X M matrix of subsamples is obtained. Then the
subsamples collected on different segments and different BMIs
are reused so that a larger number of samples (at most K 2) than
the number of BMIs is collected. Such samples are correlated
to each other over at most one segment and the technique is
shown to be equivalent to extending the measurement matrix
consisting of the BMI sampling waveforms by adding new
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rows without actually increasing the number of BMIs. Such
extended measurement matrix satisfies the RIP with over-
whelming probability if the original measurement matrix of
BMI sampling waveforms satisfies it. Due to the inherent struc-
ture of the proposed segmented CS method, the complexity
of the sampling device is slightly increased, while the signal
recovery performance is shown to be significantly improved.
Specifically, we have proved that the performance of the signal
recovery based on the empirical risk minimization improves
when the segmented AIC is used for sampling instead of the
conventional AIC with the same number of BMIs. Remarkably,
if the number of BMIs is insufficient in the conventional AIC
to guarantee successful recovery, the proposed segmented AIC
supplies the recovery algorithm with additional samples so
that successful recovery becomes possible. At the same time,
the complexity increase is only due to the M < K times
higher sampling rate and the necessity to solve a larger size
optimization problem at the recovery stage, while the number
of BMIs remains the same at the sampling stage. The validity,
effectiveness, and superiority of the proposed segmented AIC
over the conventional AIC is also justified based on our simu-
lation results.

APPENDIX

Proof of Theorem 1: The total number of possible permu-
tations of z is K!. Let A be the set of permutations m,,s =

1,...,|A| that satisfy the following condition
mo(k) £ mlk), s #t,
Vs, t € {1,...,|A|}, Vke{l,...,K}. (78)

It is easy to see that the number of distinct permutations satis-
fying the condition (78) is K, so | A| = K. Itis also straightfor-
ward to see that the choice of such K distinct permutations is
not unique. As a specific choice, let the elements of A4, i.e., the
permutations 7,, s = 1,..., K, be

ms(k)=((s+k—2)mod K)+1, s,k=1,...,K (79)
with 71 being the identity permutation, i.e., the permutations
that does not change z.

Consider now the matrix Z which consists of M identical
columns z. The ¢th set of column permutations of matrix Z is
PO = { @) (7)} and the corresponding permuted ma-
ix is 27 L t { 11 - WEVZ[) } be any combination of the K
permutations in (79). Then there are KM possible choices for
P& However, not all of these possible choices are permissible
by the conditions of the theorem.

Indeed, let the set P()) be a combination of permutations
from A that satisfies (22). There are T — 1 other sets P(), § =
2,...,1 which satisfy both (22) and (23). Gathering all such
sets in one set, we obtain the set P = {PM) ... P} Now let
PUHD) = [ 5”1) (I+1)] be one more set of permutations

where 37r(1+1) m = M suclhlthat AR ¢ ./14 - An ar-
bitrary kth row of i + v ([ZP ’ ]k 1 .,[ZP( " )]k,J\I)

where [ZP(HI)];CJ, ce [ZP(HI)]M\,{ € {l,...,K}. This
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exact same row can be found as the first row of one of the
permuted matrices z7" , PE ¢ P. Specifically, this is
the permuted matrix z7" that is obtained by applying the
permutations P(*) = {W[Z,,wr])]“ 7['[Z7;(I+1)]R.M}. The
permutations P(?) either has to belong to P or being crossed out
from P because of conflicting with another element P() € P,
I # 4. In both cases, P{/+1) can not be added to P because it
will contradict the conditions (22) and (23).

Therefore, the set P can be built using only the permuta-
tions from the set A, 1e the K permutations in (79). Rear-
ranging the rows of z" J in a certain way, one can force the
elements in the first column of Z%" to appear in the original
increasing order, i.e., enforce the first column to be equivalent
to the vector of indexes z. It can be done by applying to each
permutation in the set P(*) the inverse permutation (7r§7’))_1,

which itself is one of the permutatlons in (79). Therefore, the

set P() = {7r1 R 1\{} can be replaced by the equlvalent
set{(m) "t (m)) T} = s () )
where (7r§ )) : ( )€ A. Hence we can consider only the per-
mutations of the form PO = {my,..., ,(.7’), . ,wg\?}. Since

the condition (22) requires that 7r( 2 should be different from 71,
the only available options for the permutations on the second
column of Z are the K — 1 permutations ms,...,7x in (79).
Therefore, I at most equals K — 1. Note that I can be smaller
than K —1ifforsomei € {1,..., K —1}, K/ged(i, K) < M
(also see Example 1 after Theorem 1). Thus, in general I <
K- 1.

Proof of Lemma 1: Let all the rows of (®.)7 be parti-
tioned into two sets of sizes (cardinality) as close as possible
to each other, where all elements in each set are guaranteed
to be statistically independent. In particular, note that the ele-
ments of the new K, rows of ®. are chosen either from the
first K, + M — 1 rowsof ® if K, + M — 1 < K or from
the whole matrix ®. Therefore, if K, + M — 1 < K, the
last K — K, — M + 1 rows of ® play no role whatsoever
in the process of extending the measurement matrix and they
are independent on the rows of ®; in (28). These rows are
called unused rows. Thus, one can freely add any number of
such unused rows to the set of rows in ®; without disrupting
its status of being formed by independent Gaussian variables.
Since min{K, K, + M — 1} < [(K + K,)/2], there exist at
least | (K + K,)/2| — K, unused rows which can be added to
the set of rows in ®;. Such process describes how the rows of
(®. )7 are split into the desired sets (®. )% and (®, )% of statis-
tically independent elements. As a result, the first matrix (®, )3
includes the first [(K + K,)/2] rows of (®.)7, while the rest
of the rows are included in (®,)%.

Since the elements of the matrices (®.)% and (®.)% are
ii.d. Gaussian, these matrices will satisfy (7) with probabili-
ties equal or larger than 1 — 2(12/685)Se~ColK</2 and 1 —
2(12/65)5e~ColKe/2] | respectively. Therefore, both matrices
(®.)% and (®,)2 satisfy (7) simultaneously with the common
probability

o) satisfies (7)} > 1 —2(12/65)5 e~ ColK:/2]
i=1,2. (80)

Pr{(®
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Let K| 2 [K./2] and K} £ |K./2|. Consider the event
when both (®.)} and (®.)% satisfy (7). Then the following
inequality holds for any vector ¢ € R®:

2 K!
> 5 (1-0s) ||C||la§2|| 'TCHIZSZ

=1

1+5s )lell7,
(81)

or, equivalently,

K. K.
(1= 8s)lell?, < @)zl < S+l

(82)

Therefore, if both matrices (®.)} and (®.)2 satisfy (7), then
the matrix (®.)7 also satisfies (7). Moreover, the probability
that (®.)7 does not satisfy (7) can be found as

Pr {(®.)7 does not satisfy (7)}
<Pr {('1> )% or (®.)% does not satisfy (7)}

< ZPr{

(®) .
< 4(12/55)56_00 LK./2]

7 does not satisfy (7)}

(83)

where the inequality (a) follows from the union bounding and
the inequality (b) follows from (80). Thus, the inequality (30)
holds.
Proof of Theorem 2: According to (30), the matrix (®.)r
does not satisfy (7) with probability less than or equal to
4(12/6s)5e=ColKe/2] for any subset T C {1,..., N} of car-

dinality S. Since there are ( S ) < (Ne/S)? different subsets
T of cardinality S, ®. does not satisfy the RIP with probability

Pr{®. does not satisfy RIP}

<4 <Z> (12/65)5e=ColEe/2

< 4(Ne/S)%(12/8g) e Colie/2]

— 4o~ (ColK./2]-Sllog(Ne/S)+log(12/85)])

< 4~ {CoLK /2] ~Cs[log(Ne/S)+og(12/65)] LK. /2] / 10g(N/S))
— g~ {Co—Cal1+(1+10g(12/85))/ log(N/S)} | K. /2] (84)

Setting Cy = Cy — C3[1 + (1 + log(12/6s))/ log(N/S)] and
choosing C5 small enough that guarantees that Cj is positive,
we obtain (31).

Proof of Lemma 2: The method of the proof is the same
as the one used to prove Lemma 1 and is based on splitting the
rows of ®. into a number of sets with independent entries. Here,
the splitting is carried out as shown in (33).

Let (®.)%, i = 1,...,n, — 1 be the matrix containing
the (i — 1)K + 1st to the iKth rows of (®.)r. The last
K. — (n, — 1)K tows of (®.)7 form the matrix (®.)5".
Since the matrices (®.)%, @ = 1,...,m, — 1 consist of
independent entries, they satisfy (7) each with probability of at
least 1 — 2(12/6s)%e~ oK For the same reason, the matrix
(®.);" satisfies (7) with probability greater than or equal to

—CoKn,

1 — 2(12/65)%e . In the event that all the matrices

(®), i =1,...,n, satlsfy (7) simultaneously for ¢ € R®
we have
’np KZ
~ (L= 0s)llellf, < Z 1(@e)7ell7,
=1
<Z (1+ 8s)llell2

K.
= SE0 = s9)lleli, < lI(®e)rel?
K.
<A +8s)lelE.  ®9

Therefore, using the union bound and (85), we can conclude
that

Pe{(®
< ZPr{

< 2(np —1)(12/65)% (e~ %) +2(12/65)" (e~ 0K
(86)

)T does not satisfy (7)}

% does not satisfy (7)}

which proves the lemma.

Proof of Theorem 3: According to Lemma 2, for any
subset 7 C {1,...,N} of cardinality S, the probability
that (®.)7 does not satisfy (7) is less than or equal to
2(n, — 1)(12/65)% (e~ K) + 2(12/85)% (e~ ¥»). Using
the fact that there are ( g ) < (Ne/S)? different subsets 7,
the probability that the extended measurement matrix ®. does
not satisfy the RIP can be computed as

Pr{®. does not satisfy the RIP}
ny—1) (g’) (12/65)5 e~ CoK

< 2(

< 2(n, — 1)(Ne/S)%(12/8s) e~ 0K
+2(Ne/S)?(12/85) e~ Cofnp
=2(n, — 1)

o~ (CoK —S[log(Ne/S)+log(12/65)])
1 26~ (CoKn, —S[log(Ne/S)+log(12/55)])
< 2(n, — 1)
o 1CoK — s

2 [log(Ne/S)+log(12/65)] K/ log(N/S)}

4 90— {CoKn, ~CaK,, llog(Ne/S)+1og(12/85)] K, /10g(N/5)}
— 2(n, — 1)e~ (Com =T IH(1H108(12/85))/ 108(N/ S|} K

4 2~ 1Co—Cal1+(1+10g(12/85))/ log(N/S)]} K, 87)

Denoting the constant terms as Cy = Cp — C3[1 + (1 +
log(12/65))/ log(N/S)] and C} = Cy — (CsKa,, /K)[1 +
(14+1og(12/6s))/ log(N/S)] and choosing Cs small enough in
order to guarantee that Cy and C/ are positive, we obtain (35).
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