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Abstract—In this paper, a novel passivity-based technique
is proposed to (a) analyze and (b) guarantee the stability
of haptics-enabled robotic/telerobotic systems when there is
a possibility of having a source of nonpassivity (namely,
a nonpassive environment) in addition to the conventional
nonpassive component in teleoperation systems (namely, a
delayed communication channel). The need for the proposed
technique is motivated by safe and optimal implementation
of haptics-enabled robotic, cloud-based and remote rehabili-
tation systems. The objective of the controller proposed in this
paper is to perform minimum alteration to the system trans-
parency, in a dynamic and patient-specific manner, by utilizing
quantifiable biomechanical capability of the user’s limb (i.e.
Excess of Passivity) in dissipating interactive energies to
guaranteeing human-robot interaction safety, in the context of
the Strong Passivity Theorem (SPT). The proposed controller
is named Modulated Time-Domain Passivity Control (M-
TDPC) approach and is a new member of the family of state-
of-the-art TDPC techniques. Simulations and experimental
results are presented in support of the proposed technique
and the developed theory.
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Fig. 1. The HRR system and the VR environment used in this paper.

I. INTRODUCTION AND PRELIMINARIES

B ased on the World Health Organization statistics and
according to epidemiology studies, there are more than

15 million people who experience stroke each year [2], [3].
In addition, official numbers show that the population of
senior adults are rapidly increasing and is expected to be
more than double by 2050 compared to the numbers in
2013 [4]. This fact is called society ageing, which directly
increases the incidence of age-related conditions including
post-stroke motor disabilities. The affected population re-
quire labour-intensive motor therapy services for extended
periods which places a significant burden on therapists
and healthcare systems. In many cases, the only offered
service is limited and often delayed outpatient therapy.
The situation is worse for patients in remote areas with
limited access to sophisticated rehabilitation clinics [5].
One solution is to develop cloud-based technologies that
provide efficient, optimal and affordable means of in-
hospital and in-home rehabilitation to help patients regain
their lost motor functions through utilizing Neural Plasticity
(NP). NP is brain remodeling that happens in chemical
(synaptic) and structural (non-synaptic) levels and can
result in regaining lost motor functions and enhancement of
standard sensorimotor performance metrics in post-stroke
patients [6], [7]. In this context, Haptics-enabled Robotic
Rehabilitation (HRR) has been demonstrated to accelerate
NP and neural recovery [8], [9], [10].

There are two types of therapeutic procedures that can be
delivered using HRR systems: (a) Assistive Therapy (AT),
mostly administered in early stages of rehabilitation, and (b)
Resistive Therapy (RT), mostly considered for later stages
of therapy. During the AT, the haptic robot helps patients to
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perform task-based movements that need high power/force,
large motion range and good targeting accuracy. AT is
mostly applied in order to trigger and accelerate NP. During
RT, the haptic robot resists the movements initiated by the
patient [8], [10] with the goal of helping patients to develop
and equalize musculoskeletal strength.

Conventional HRR systems are composed of three major
components: (a) a powerful haptic robot that registers the
patient’s impaired limb force/motion profiles and applies
the assistive/resistive forces; (b) a game-like virtual reality
(VR) software environment that provides visual cues and
demonstrates the desired path of motion; and (c) a Pro-
grammable Virtual Therapist (PVT) algorithm that uses the
measured patient’s force/motion data and determines the
needed AT/RT to be delivered to the patient’s impaired limb
[8], [10], [11]. A representative HRR system used in this
paper is shown in Fig. 1.

Research has shown that key to an effective therapy is
to modify the type, duration and intensity of exercises,
considering the state and progress of the patient’s motor
recovery [12]. There are some adaptive techniques proposed
in the literature to tune the parameters of the PVT [13],
[14] based on some sensorimotor measurements. However,
direct, intuitive and interactive contribution of a human
therapist is bypassed using PVT-based HRR systems. This
limits the ability of the human therapist in choosing the best
position/force therapeutic trajectories and tasks for patient
rehabilitation and motor assessment.

In order to deal with this issue, the authors have recently
proposed and simulated a bilateral Haptics-enabled Teler-
obotic Rehabilitation (HTR) architecture [15], [16] that can
fuse the advantages of conventional HRR systems and the
skills of a human therapist in the loop and provide patients
with an “augmented” therapeutic environment instead of
virtual therapy. The concept is close to comparing the
augmented reality over virtual reality, thus we proposed to
call HTR an augmented therapy framework. A schematic
of the implemented HTR system, including the proposed
stabilizer (which will be explain later), is given in Fig. 2.
By virtue of telerobotics-aided telepresence, HTR also
enables remote/in-home assessment and therapy delivery
for post-stroke patients. This directly responds to a need
of patients in areas far from sophisticated rehabilitation
centres and is helpful given the current trend in modern
healthcare systems to embrace the possibilities offered by
“telemedicine” (providing medical services and stroke cares
over distance to enhance accessibility) [5],[17], [18].

Besides clear advantages to the use of HRR and HTR
technologies for in-clinic and in-home assessment and
rehabilitation, the safety of human-robot interactions (and
specifically patient-robot interaction) could be a major
concern [19], which should be considered, studied and
guaranteed in an appropriate manner, while maximizing
the system transparency and effectiveness. Realizing the
aforementioned need is more challenging when high control
efforts are needed for a patient during rehabilitation to
deliver a prescribed therapy (especially when the system is
used for in-home usages). To make it more clear, consider

Fig. 2. A schematic of the implemented HTR system used in this
paper. The virtual environment is shared between the therapist and the
patient where the orange and yellow circles correspond to the patient’s
and therapist movements, respectively.

a patient who has unbalanced high tone of muscular system
(this condition is a common side effect of stroke). In order
to assist this patient in executing rehabilitation exercises
(such as workspace stretching during object tracking), it
is needed to apply high forces compare to a patient who
does not have this symptom. In this case, the behavior of
the rehabilitative system should be different for these two
patients while the stability must be guaranteed for both.
Also, as shown in the rest of this paper, assistive forces
generated by a remote human or a cloud-based software
result in a nonpassive interconnection which can potentially
challenge the stability. Consequently, proper stability analy-
sis and development of new stabilization techniques which
perform minimal transparency modification is a practical
need. In this paper, the mentioned concern is studied for
haptics-enabled systems (specifically for HRR and HTR
architectures). We study and guarantee patient-robot in-
teraction safety using a novel passivity-based technique
entitled Modulated Time Domain Passivity Control (M-
TDPC), which can optimize the delivered transparency by
utilizing the passivity characteristics of the user’s hand
biomechanics, while guaranteeing stability. For this purpose
first a new stability condition is developed, in the context
of SPT. Then, the proposed M-TDPC approach is defined.
The stability condition shows that under specific quantifi-
able conditions, it is possible to avoid applying damping
into the interconnection, during the operation, while still
guarantee the system stability regardless of nonpassivity of
the communication and/or the environment.

The rest of this paper is organized as follows. In Section
II, the motivation and an overview of the proposed M-
TDPC technique are given. In Section III, the mathemat-
ical modeling and transparency analysis are presented. In
Section IV, the therapy passivity is analyzed. In Section
V the proposed stability analysis for assistive and resistive
therapies is introduced. In Section VI, the M-TDPC stabi-
lizing scheme is explained. Simulations results are given in
Section VII and the experimental evaluations are presented
in Section VIII. Finally, the paper is concluded in Section
IX.
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II. MOTIVATION AND OVERVIEW OF M-TDPC SCHEME

The propose M-TDPC technique answers how one can
minimally adjust the intensity of the potentially nonpassive
therapeutic interventions prescribed by the virtual/human
therapist in an HRR/HTR system (in the context of SPT) to
ensure patient safety and human-robot interaction stability.
The proposed controller is a new member of the family
of state-of-the-art TDPC controllers [20],[21],[22]. In this
paper, we will show how to utilize biomechanical charac-
teristics of the user’s hand, in the context of SPT [23], to
deliver patient-specific customized therapeutic forces that
can guarantee the system stability and causes minimal
disruptions to transparency.

Note that some of the stabilizers developed in the liter-
ature such as the wave variable approach are composed of
two transformations: one before the communication channel
and one after. If the delay in the system converges to
zero, the two transformations cancel each other out to
keep the transparency ideal. However, in this paper, we
need the controller to be functional even if the delay is
zero since there is a second source of nonpassivity in
the system under study (which can be due to assistive
could-based virtual software or a human therapist in the
loop or a combination of the two). This has been realized
by the proposed M-TDPC approach, which can deal with
both delay-induced and environment-induced nonpassivities
separately and simultaneously.

The proposed M-TDPC approach is also motivated by
ensuring human-robot interaction stability without impos-
ing the pre-fixed conservative saturating force caps (such as
those in [9], [24]). Using M-TDPC the haptic rehabilitation
robot will be able to apply maximum forces considering the
specific biomechanical capabilities of the patient’s limb in
absorbing therapeutic energies. This promises to result in
therapeutic interventions much closer to those prescribed.

The design framework is based on the core hypothesis
that “when there is nonpassivity in haptics-enabled re-
habilitation systems (HRR and HTR) caused by (a) the
nonpassive behavior of a virtual/human therapist and/or
(b) the delayed communication network, the closed-loop
haptics-enabled system remains passive and stable if the
quantifiable Excess of Passivity (EOP) of the nonlinear
biomechanical impedance of the patient’s limb can com-
pensate for the total Shortage of Passivity (SOP) caused
by the aforementioned nonpassivities”. The hypothesis is
validated in this paper in the context of SPT.

This principle is then used to design the M-TDPC
strategy that (a) identifies the EOP of the patient’s limb
prior to the therapeutic task execution, (b) monitors the
extent of nonpassivity of the administered therapy delivered
through the communication network during the operation,
(c) calculates in real-time the “minimum necessary” energy,
to be damped by the proposed controller, and (d) injects a
time-varying damping factor to compensate for the energy.
The controller keeps the injected damping as small as
possible, using the identified patient’s limb EOP, causes
minimal alterations to the prescribed therapy and allows the

nonpassive energy (i.e., therapeutic assistance) to optimally
flow from the (virtual or actual) therapist to the patient.

The M-TDPC technique can not only be used for (a)
HRR and HTR systems (to relax the limitation on the
therapy intensity and passivity and deal with potential
delays), but can also be used for (b) conventional haptic
interactions (to deal with the delay-induced instabilities and
enhance the system transparency).

III. SYSTEM MODELING AND TRANSPARENCY
ANALYSIS

In order to model human-robot interaction to analyze
the stability and implement appropriate stabilizing con-
troller for high-intensity therapy, transparent two-channel
bilateral model [25] is considered which is an extension
of Lawrence’s four-channel architecture [26]. For both the
HTR and HRR architectures, the patient is at the master
robot to allow him/her to apply different motion trajectories.
Also, for the HTR architecture, the human therapist is at
the slave robot so that he/she can feel the patient’s motions
and provide resistive/assistive forces in response in order
to administer the desired therapy. For the case of HRR
architecture, software-based therapy is provided by a virtual
environment that generates therapeutic forces in response
to the measured patient’s movements. The virtual-reality
environment provides visual cues for the patient using a
head-mounted display or a table-top screen.

A. Local Interaction Modeling

In this subsection, the models considered regarding (a)
patient-robot interaction for both HTR and HRR architec-
tures, (b) therapist-robot interaction for HTR architecture,
and (c) virtual therapist for HRR architecture are presented.
• Patient-robot Interaction

A local feedback linearization algorithm [27] is considered
for the master robot to compensate for nonlinear dynamics
of the robot. As a result, the linearized model for the
Patient-Robot (P-R) interaction are

zm(t)∗ vp(t) = ucm(t)+ fp(t) (1)

In (1), t is time, ∗ is the convolution operator, zm(t) is the
impulse response of the linearized master robot dynamics,
ucm(t) is the control input for the master robot delivering
needed therapy, vp(t) is the patient’s hand velocity, and
fp(t) is the force applied by the patient to the master robot.
The patient’s force can be decomposed into “voluntary”, i.e.
f ∗p(t), and “reactive”, i.e. freact(t), components as

fp(t) = f ∗p(t)− freact(t), where freact = zp(vp, t) (2)

In (2), zp(vp, t) is the non-autonomous nonlinear impedance
model considered for the mechanical reaction of the pa-
tient’s limb in response to the master robot movements.
This relaxes the conventional assumption on linearity of the
operator’s hand, which is not the case in practical situations.
Also, f ∗p(t) is the voluntary component of force applied by
the musculoskeletal system of the patient’s hand to generate

https://www.researchgate.net/publication/35480929_Teleoperation_over_communication_networks?el=1_x_8&enrichId=rgreq-9b215ee028db42341cd439f9573302fa-XXX&enrichSource=Y292ZXJQYWdlOzMwNzA0MjAyNztBUzo0NTY3MTY5Nzk1NzY4MzJAMTQ4NTkwMTIyMTMxMg==
https://www.researchgate.net/publication/220122646_Analysis_of_Control_Architectures_for_Teleoperation_Systems_with_ImpedanceAdmittance_Master_and_Slave_Manipulators?el=1_x_8&enrichId=rgreq-9b215ee028db42341cd439f9573302fa-XXX&enrichSource=Y292ZXJQYWdlOzMwNzA0MjAyNztBUzo0NTY3MTY5Nzk1NzY4MzJAMTQ4NTkwMTIyMTMxMg==
https://www.researchgate.net/publication/237131095_Nonlinear_Systems_Analysis_Prentice-Hall?el=1_x_8&enrichId=rgreq-9b215ee028db42341cd439f9573302fa-XXX&enrichSource=Y292ZXJQYWdlOzMwNzA0MjAyNztBUzo0NTY3MTY5Nzk1NzY4MzJAMTQ4NTkwMTIyMTMxMg==
https://www.researchgate.net/publication/237131983_Stability_Guatanteed_Control_for_Teleoperators_Time_Domain_Passivity_Approach?el=1_x_8&enrichId=rgreq-9b215ee028db42341cd439f9573302fa-XXX&enrichSource=Y292ZXJQYWdlOzMwNzA0MjAyNztBUzo0NTY3MTY5Nzk1NzY4MzJAMTQ4NTkwMTIyMTMxMg==


motion and perform tasks. The other possible representation
of the aforementioned patient’s force decomposition is
admittance notation, given in

vp = Ωp( f ∗p(t)− fp(t), t) (3)

• Therapist-Robot Interaction
This part focuses on the dynamical behavior of the in-
the-loop human therapist for the HTR architecture. A
general model is considered for the therapist’s behavior
to cover a wide range of nonlinear, non-autonomous and
nonpassive dynamical effects of the therapists, in realistic
cases. Placing the human therapist at the slave side of
the telerehabilitation system allows him/her to intuitively
assist/resist patient’s trajectories based on his/her thera-
peutic skills. Same as the master side, a local feedback
linearization algorithm is considered for the slave robot
to compensate for the robot nonlinearities. The Therapist-
Robot (T-R) interaction model is

zs(t)∗ vth(t) = ucs(t)+ fth(t), (4)

where zs(t) is the impulse response of the linearized slave
robot’s dynamics, ucs(t) is the control input for the slave
robot, vth(t) is the therapist’s hand velocity, and fth(t) is
the force, applied by the therapist to the slave robot in order
to administer therapy. The therapist’s force model is

fth(t) = zth(vth(t), f ∗th(t), t) (5)

In (5), zth is the nonlinear non-autonomous reaction pro-
vided by the therapist to deliver a therapeutic response. In
this paper, zth is called “therapeutic reaction dynamics” and
is function of the delivered movement to the therapist by
the slave robot vth, the exogenous force of the therapist
f ∗th, and time. f ∗th can be considered as an additive term.
During a therapy session, the therapist tunes her/his reac-
tion zth to generate a desirable therapeutic response based
on the patient’s need. This behavior can result in either
dissipating the energy provided for the therapist (when the
therapist is performing a resistive therapy), or elevating the
provided energy to perform faster/larger movements (when
the therapist is performing an assistive therapy). That is why
resistive therapy is passive in contrast to assistive therapy
(more discussions are given later in this paper).
• Considered Modeling Assumptions
As a result of the defined interaction models, the follow-

ing assumptions are considered to analyze the stability of
the system and design stabilizer for realistic conditions:

1) The therapist is allowed to behave as a nonpassive
dynamical terminal for the interconnection. This en-
ables him/her to inject energy into the interaction as
is needed in assistive therapy.

2) The therapist can behave as a nonlinear non-
autonomous system. This enables him/her to adminis-
ter various types of therapy, tune the therapy intensity,
and switch between different therapeutic regimes.

3) The reaction component of the patient’s hand
zp(vth, t) is considered to be a passive nonlinear
non-autonomous mechanical system. Special case for

zp(vth, t) is the common passive mass-spring-damper
model widely used in the literature to model the
dynamical reaction of human upper-limb [28], [29],
[30]. In this work no restriction is considered for
linearity of zp(vth, t) to analyze/guarantee the stability
in a more realistic condition.

4) The communication network can be subject to time-
varying delays (which is the conventional source of
nonpassivity in haptics-enabled systems).

• The Case of Virtual Therapist
The virtual therapist model is in fact a subcategory of

the above-given therapist-robot interaction dynamics where
there is no slave robot. Instead of having a general nonlinear
model for a human therapist zth we have a multiplicative lin-
ear model (defined below) that generates therapeutic forces.
Similar to the behavior of a human therapist, there are two
major types of virtual therapy that can be programmed,
namely, resistive and assistive therapies. For resistive virtual
therapy in HRR systems, the therapist’s side model is

fth(t) =Dth(t) ·vth(t) where vth(t) = v̂p(t), Dth(t)< 0 (6)

In (6), fth(t) is the therapeutic force generated by the
programmed virtual therapist in response to the measured
patient’s hand movement v̂p(t); Dth(t) is the therapeutic
intensity gain which is negative for the case of Resistive
Therapy (RT), when the patient feels a viscous interaction
resisting against her/his movement.

For the case of assistance, two different behaviors can be
programmed, namely, Power Assistive Therapy (PAT) and
Coordination Assistive Therapy (CAT). For PAT, we have

fth(t) =Dth(t) ·vth(t) where vth(t) = v̂p(t), Dth(t)> 0 (7)

Positive values for Dth(t) lets the patient feel amplified
power while providing movements and performing tasks.
Using PAT, the system provides assistive forces in the same
direction as that of the patient’s movements. As a result,
the patient with reduced muscular power can perform tasks
require higher power, larger workspace, and faster motions.

For the second type of assistance (CAT), the goal is to co-
ordinate the patient’s movements towards the desirable path
of therapy. This is useful when patients have coordination
deficits due to stroke. CAT provides patients with a correct
model of sensorimotor fusion during task performance. The
therapist-side interaction model for CAT is

fth(t) = Dth(t) · eth(t), Dth ≥ 0
where: eth(t) = x∗goal(t)− xth(t),

xth(t) =
∫ t

0
vth (τ) dτ,

and vth(t) = v̂p(t).

(8)

In (8), x∗goal is the varying target position displayed to the
patient, and the therapeutic intensity gain Dth is a corrective
factor that makes the patient movement follow the target.

B. Transparency Analysis

In order to provide the patient with high-fidelity admin-
istered therapy and the therapist (for the case of HTR)
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Fig. 3. The utilized transparent Two-channel HTR architectures.

with an accurate feel of the patient’s limb movement
trajectories, a two-channel transparent teleoperation archi-
tecture, proposed by the authors in [25], is considered. The
utilized architecture is a modification of the Lawrence’s
four-channel scheme [26], which uses the minimum number
of communication channels (two) while guaranteeing the
system’s transparency. To implement the aforementioned
architecture, the control signals ucm(t) is designed at the
master side (for both HTR and HRR systems) as

ucm(t) = c1(t)∗ vp(t)+ f̂th(t) where c1(t) = zm(t). (9)

Also, the control signal ucs(t) is implemented at the slave
side for the case of HTR system as

ucs(t) =− fth(t)+ c2(t)∗ v̂p(t) where c2(t) = zs(t). (10)

In (9) and (10), f̂th(s) is the delayed received therapeutic
force at the patient-side, sent through the first (slave to
master) communication channel, and v̂p(t) is the received
patient’s hand velocity at the therapist-side, sent through the
second (master to slave) communication channel. In order
to enable the case of remote rehabilitation, the communica-
tion is considered subjected to time-varying delays defined
by τ1(t) for the first channel and by τ2(t) for the second
channel. Consequently, we have f̂th(t) = fth(t − τ1(t)),
and v̂p(t) = vp(t − τ2(t)). The schematic of the designed
transparent two-channel haptics-enabled architecture for the
case of HTR is given in Fig. 3.

It should be noted that for conventional HRR systems,
τ1(t) and τ2(t) might be zero. However, considering the
recent tendency in the literature for implementing internet-
based cloud rehabilitation systems [31] and to keep the
generality of the technique, in this paper, we have consid-
ered τ1(t) and τ2(t) to have non-zero values for both HRR
and HTR systems. Combining the control signals defined
in (9) and (10) with the dynamics of the master and slave
robots given in (1) and (4), for the HTR architecture, the
force-feedback transparency and velocity tracking of the
teleoperation system can be shown as

fp(t) =− f̂th(t), (11)

vth(t) = v̂p(t). (12)

For HRR systems, force-feedback transparency (11) can be
achieved through similar calculations based on the defined
ucm(t) given in (9). In addition, velocity tracking (12) is

Fig. 4. The overall schematic of the resulting interconnection. The
subsystem Σ1 is called the “therapy terminal” which consists of the
communication and any behavior of the therapist. Also, Σ2 is the entire
interaction which gets f ∗p as the input and provides vp as the output. Σ3
is the admittance model of the patient’s limb mechanical reaction

set through software for HRR systems as there is no slave
robot at the therapist’s side.

Consequently, the resulting dynamics for both HTR and
HRR systems is a two-channel interconnection (shown in
Fig. 4) between the admittance model of the patient’s dy-
namics Σ3 and impedance model of the therapist’s reaction
dynamics Σ0, communication through the network. Note
that the admittance Σ3 has force as input and motion as
output and is defined by (3) as Ωp. Also, the impedance
model Σ0 has motion as input and force as output, and
is defined by (5) for HTR, by (6) for HRR-RT, by (7)
for HRR-PAT, and by (8) for HRR-CAT. As shown in
Fig. 4, the sources of potential nonpassivity (therapist’s
behavior and communication delays) can be bundled as the
therapy terminal Σ1. This enables us to analyze the HTR
and HRR interconnections from the perspective of input-
output energy exchange between Σ1 and Σ3. As a result, in
the rest of this paper, we will focus on the inclusive inter-
connection shown in Fig. 4 and will developed the stability
condition and stabilizing scheme for this interconnection.
Consequently, studying the interconnection shown in Fig. 4
accounts for any behavior of the therapist, including assis-
tance, resistance, coordination and mixed therapy together
with different possibilities of therapists including virtual
therapist and human therapist, plus communication delays.

IV. PASSIVITY EVALUATION FOR ASSISTIVE AND
RESISTIVE THERAPIES

In order to resist a patient’s movements, the therapist
needs to dissipate the energy provided by the patient. This
results in giving the patient feel of moving in a viscous
environment. Also, in order to assist movements of a
disabled patient, the therapist needs to elevate the energy
by injecting it into the interconnection to allow for having
faster movements, higher workspaces and more accurate
task executions.

Intuitively speaking, it can be said that energy dissipation
during resistive therapy is passive, while energy elevation
resulting from assistive therapy is nonpassive. To show this
concept, in this section, we mathematically evaluate PAT,
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CAT and RT cases using the developed models for HRR
presented in the previous section. The goal is to show
differences between the nature of resistance and that of
assistance by analyzing their energy characteristics. The
main statement of this section is: resistive therapy is passive
by it’s nature and assistive therapy is either nonpassive or
potentially-nonpassive.

To show this, first, the mathematical definition of a pas-
sive system with input vector uin(t), output vector yout(t),
and initial energy β at t = 0 is [23]:

Definition I. If there is a constant β such that for all
t ≥ 0 we have ∫ t

0
uin(τ)

T · yout(τ)dτ ≥ β , (13)

the system is passive. •
First, consider the therapy terminal Σ1 in Fig. 4. To focus

on studying the passivity of therapies, the communication
time delays (τ1(t) and τ2(t)) are considered zero. Also, we
assume that the system starts from a rest condition, so the
initial energy β is considered to be zero. Note that for Σ1,
we have uin = vp and yout = fp. Consequently, considering
(11), (12), and (13), the passivity of Σ1 can be evaluated
by determining the sign of∫ t

0
− fth(τ)T · vth(τ)dτ. (14)

Combining (14) and model (6), defined for PAT and RT,
we have: ∫ t

0
− fth(τ)T · vth(τ)dτ =∫ t

0
−vth(τ)

T ·Dth(τ)
T · vth(τ)dτ.

(15)

Considering (15) and assigning negative definite diagonal
Dth for resistive behaviors results in positive sign for the
integral in (14). This means that, the resistive behavior
of a therapist dissipates energy of the system and it is
passive (considering the definition of passive systems (13)).
Similar calculations can be performed for PAT where we
have positive definite Dth. This results in having negative
value for the integral in (14), which means that PAT injects
energy into the system and is nonpassive.

For the case of CAT, we have∫ t

0
− fth(τ)T · vth(τ)dτ =∫ t

0
−eth(τ)

T ·Dth(τ)
T · vth(τ)dτ.

(16)

In this case, the sign of the passivity integral can not be
defined and is directly related to the sign of tracking error
eth (which can be positive or negative in each time stamp)
and the history of it. As a result, it is not possible to assign
a definite sign for the passivity integral which means that
the system can inject energy into the interconnection and
challenge the stability of the system. Consequently, CAT is
potentially nonpassive.

In summary, the natures of increasing the power during
task performance or coordinating the patient during reha-
bilitation can render therapy terminal Σ1 nonpassive and

challenge the stability of the system, even if the communi-
cation delay is zero. In contrast, resistive therapy dissipates
the interconnection energy as a passive component.

It should be noted that in the presence of the communi-
cation delays, there will be two sources of nonpassivity
in the system. As mentioned earlier, in this paper both
possible sources of nonpassivity are bundled into the one-
port therapy terminal Σ1. In Section V, a new framework
will be proposed that allows for evaluating the stability
condition of the system even if Σ1 is nonpassive. Then
in Section VI, the framework will be used to develop the
proposed stabilizing scheme (M-TDPC).

It should be highlighted that since the analysis and
stabilizing schemes proposed in this paper account for any
nonpassive behavior of Σ1, not only they can be used for
nonpassive rehabilitation systems, but also they can be used
for conventional time-delayed telerobotic architectures and
haptics systems to handle delay-induced instability.

V. PROPOSED STABILITY ANALYSIS FRAMEWORK
USING EOP/SOP DEFINITIONS

Considering Fig. 4, in order to analyze the stability
of the system and calculate the stability condition of
the interconnection in the presence of nonpassive Σ1,
the following hypothesis is proposed and mathematically
proven in this section:

Hypothesis I. When there is a nonpassive therapy
terminal (Σ1) in a haptics-enabled rehabilitation system
due to (a) nonpassive behavior of a therapist and/or
(b) nonpassive communication network, the closed-loop
system can still remain stable if the excess of passivity of
the patient’s limb mechanical dynamics can compensate
for the shortage of passivity of the therapy terminal Σ1. •

The remainder of this section focuses on how this
hypothesis can be mathematically proven. It should be
noted that, there is an important difference between the
conventional use of passivity theory and the way used in
this paper based on SPT, as discussed below.

Remark 1. In the conventional use of passivity theory
[23], [32], assuming passive operator and environment
terminations for a haptics-enabled system, ensuring the
communication passivity provides an interconnection of
cascaded passive subsystems, which remains stable. This
is called the Weak Passivity Theorem (WPT), which is
widely used in the literature of conventional telerobotic
systems [22] to analyze and guarantee system stability
[33]. The communication delay is considered to be the
sole source of nonpassivity in this regard. However, for
the case of assistive HTR and HRR systems, even if the
communication channel is ideally passive, the passivity of
the resulting cascaded interconnection Σ2 is not guaranteed
because Σ1 is still nonpassive. •

Remark 2. Contrary to conventional haptics-enabled
teleoperation systems, the nonpassive behavior caused by
assistive therapy is exactly what is needed for therapeutic
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application, should not be interpreted as an unwanted, and
should not be cancelled out by the control system. It
is counterproductive to separately passify the nonpassive
therapist since it defeats the very purpose of power assis-
tance and coordination by damping all the needed thera-
peutic energy. Consequently, to preserve the patient-robot
interconnection safety while still allowing the nonpassive
therapy terminal Σ1 to inject energy, the passivity of the
entire interconnection Σ2 should be analyzed (instead of
passivity of isolated components considered in WPT-based
approaches). This has correlations with the definition of the
SPT given in [23], [34] and utilized in this paper to analyze
and guarantee the entire system’s passivity. •

For this goal and to validate Hypothesis I, first the
mathematical definitions of input-passive modeling, output-
passive modeling, EOP and SOP for a system with input
vector uin(t), output vector yout(t), and initial energy β at
t = 0 are taken from [23], [35], [36], as given below. Note
that the system is considered to be square which means that
the number of inputs and outputs are equal.

Definition II. If there is a constant β such that for all
t ≥ 0 we have∫ t

0
uin(τ)

T ·yout(τ)dτ ≥ β +δ ·
∫ t

0
uin(τ)

T ·uin(τ)dτ, (17)

for δ ≥ 0, the system is Input Strictly Passive (ISP) with an
excess of passivity (EOP) equal to δ . Also, if we have δ < 0,
the system is Input Nonpassive (INP) with the Shortage of
Passivity (SOP) of δ . •

Definition III. If there is a constant β such that for all
t ≥ 0 we have∫ t

0
uin(τ)

T · yout(τ)dτ ≥ β +ξ ·
∫ t

0
yout(τ)

T · yout(τ)dτ,

(18)
for ξ ≥ 0, the system is Output Strictly Passive (OSP) and
the EOP is ξ . Also if we have ξ < 0, the system is Output
Nonpassive (ONP) and the SOP is ξ . •

Remark 3. It has been shown that passive systems
(including ISP and OSP) are asymptotically stable. In
addition, an OSP systems is also L2 stable with finite L2
gain less than or equal to 1/ξ , where ξ is the EOP of
the OSP model [27]. The mathematical description of L2
stability for an OSP system is given below (where α0 ≥ 0
is related to the initial energy and is zero in this paper since
the system is assumed to start from rest):

‖yo(t)‖L2 ≤ 1/ξ · ‖ui(t)‖L2 +α0. (19)

Considering (19), ξ defines an upper-bound on the energy
of the system’s output, based on the input energy. •

In order to validate Hypothesis I, consider the entire
system as the one-port network Σ2 shown in Fig. 4. Σ2
consists of a nonpassive therapy-terminal impedance Σ1 and
a passive patient’s reaction admittance Σ3. The exogenous
force f ∗p(t) is the input for Σ2 and the velocity of the
patient’s hand vp(t) is the response to this input. Conse-
quently, considering (13), to first guarantee the passivity of
the entire interconnection, the following passivity condition

should be held (assuming the initial energy at t = 0 is zero):∫ t

0
f ∗p(τ)

T · vp(τ)dτ ≥ 0, (20)

Considering (20) and the force decomposition (2), we have∫ t

0
f ∗p(τ)

T · vp(τ)dτ =∫ t

0
fp(τ)

T · vp(τ)dτ +
∫ t

0
freact(τ)

T · vp(τ)dτ.
(21)

As a result, the passivity condition for the entire system Σ2
can be evaluated by the following passivity integral:∫ t

0
fp(τ)

T · vp(τ)dτ +
∫ t

0
freact(τ)

T · vp(τ)dτ ≥ 0. (22)

It can be seen from Fig. 4 that
∫ t

0 freact(τ)
T ·vp(τ)dτ is the

passivity integral of the patient’s hand reaction dynamics
Σ3 and

∫ t
0 fp(τ)

T · vp(τ)dτ is the passivity integral of the
therapy terminal Σ1. Consequently, considering the passiv-
ity condition (22), if the therapy terminal Σ1 behaves
as a nonpassive system, the entire system Σ2 can still
remain passive if the energy of patient hand’s reaction
dynamics, i.e.

∫ t
0 freact(τ)

T ·vp(τ)dτ , can compensate for
the energy injected by the therapy terminal.

Considering the passivity condition (22) and the defini-
tion of L2 stability given in Remark 3, when initial energy
at t = 0 is zero, we have

the entire system Σ2 is L2 stable if ∃ ξr > 0 s.t.∫ t

0
fp(τ)

T · vp(τ)dτ +
∫ t

0
freact(τ)

T · vp(τ)dτ

≥ ξr ·
∫ t

0
vP(τ)

T · vp(τ)dτ.

(23)
Consequently, if (23) is satisfied and the input energy
provided to the entire system through f ∗p is bounded, the
output energy of the entire system will remain bounded and
the system Σ2 will remain L2 stable.

Let us consider an INP model for the therapy terminal
impedance Σ1 with shortage of passivity of δ̂th ≤ 0 as∫ t

0
fp(τ)

T · vp(τ)dτ ≥ δ̂th ·
∫ t

0
vP(τ)

T · vp(τ)dτ,

s.t. δ̂th ≤ 0,
(24)

and an OSP model for the patient reaction admittance Σ3
with excess of passivity ξp ≥ 0 as∫ t

0
freact(τ)

T · vp(τ)dτ ≥ ξp ·
∫ t

0
vP(τ)

T · vp(τ)dτ,

s.t. ξp ≥ 0.
(25)

Combining (23), (24), and (25) the following will result:

the entire interconnection Σ2 is L2 stable if

(ξp + δ̂th−ξr) ·
∫ t

0
vP(τ)

T · vp(τ)dτ ≥ 0
(26)

Considering (26) and a small positive arbitrary value ξr,
the novel L2 stability condition of the entire system Σ2 is

ξp + δ̂th−ξr ≥ 0 (27)

This validates Hypothesis I that is a new analysis of stability
for haptics-enabled systems. It should be noted that in

https://www.researchgate.net/publication/237131095_Nonlinear_Systems_Analysis_Prentice-Hall?el=1_x_8&enrichId=rgreq-9b215ee028db42341cd439f9573302fa-XXX&enrichSource=Y292ZXJQYWdlOzMwNzA0MjAyNztBUzo0NTY3MTY5Nzk1NzY4MzJAMTQ4NTkwMTIyMTMxMg==
https://www.researchgate.net/publication/237131095_Nonlinear_Systems_Analysis_Prentice-Hall?el=1_x_8&enrichId=rgreq-9b215ee028db42341cd439f9573302fa-XXX&enrichSource=Y292ZXJQYWdlOzMwNzA0MjAyNztBUzo0NTY3MTY5Nzk1NzY4MzJAMTQ4NTkwMTIyMTMxMg==
https://www.researchgate.net/publication/224162120_Passive_linear_time-varying_systems_State-space_realizations_stability_in_feedback_and_controller_synthesis?el=1_x_8&enrichId=rgreq-9b215ee028db42341cd439f9573302fa-XXX&enrichSource=Y292ZXJQYWdlOzMwNzA0MjAyNztBUzo0NTY3MTY5Nzk1NzY4MzJAMTQ4NTkwMTIyMTMxMg==
https://www.researchgate.net/publication/223143209_Stability_results_for_nonlinear_feedback_systems?el=1_x_8&enrichId=rgreq-9b215ee028db42341cd439f9573302fa-XXX&enrichSource=Y292ZXJQYWdlOzMwNzA0MjAyNztBUzo0NTY3MTY5Nzk1NzY4MzJAMTQ4NTkwMTIyMTMxMg==


(27), ξr is a tunable factor that defines a flexible stability
margin for the system. Higher values for ξr provide a more
conservative stability condition for the system which can be
used if uncertainty in the system dynamics is considerable.

As a result, the entire system Σ2 will remain L2 stable
with the stability margin ξr, if the EOP of the reaction
dynamics of the patient’s hand Σ3 can compensate for the
SOP of the therapy terminal Σ1. The minimum required
value for the EOP of the patient’s limb is ξp > |ξr|+ |δ̂th|.
If the above-mentioned condition is not satisfied, damping
should be added to compensate only for the extra energy
not dissipated by the EOP of the patient’s limb. In the next
section, the M-TDPC approach is proposed to stabilize the
system, when the stability condition (27) is not met due to
insufficient EOP. The approach, customizes the delivered
therapeutic energy to achieve the performance goals.

Remark 4. Note that the EOP of a person’s hand is
the capabilities of his/her limb in absorbing the interactive
energies, and is linked to the biomechanical characteristics
of the corresponding limb. As a result, if a patient has
a rigid or spastic hand with high muscular activity tone
(a common symptom of stroke), he/she has a higher EOP
compared to a patient with softer limbs. •

VI. PROPOSED STABILIZING CONTROL DESIGN:
M-TDPC SCHEME

In this section, the proposed control scheme is pre-
sented, which is capable of guaranteeing stability of the
system when the stability condition (27) is not satisfied.
The controller is a new member of the TDPC approach
family and is named M-TDPC. The goal is to utilize the
biomechanics of the patient’s hand to enhance transparency
while allowing the nonpassive assistive energy to flow
and ensuring passivity and stability of the entire system.
The philosophy of the proposed M-TDPC controller is to
provide the minimum necessary damping injection, taking
advantage of our knowledge about the EOP of the patient’s
hand, and is capable of eliminating just the extra energy
while letting the therapist provide assistance to the patient.
The proposed controller has two major components: (a) a
Passivity Differential (PD) calculator, (b) a stabilizing core.
The roles of the mentioned components are as follows.
A. Passivity Differential (PD) Calculator

This component of the controller is responsible to find
the minimum amount of energy that results in deviation
from stability condition (27) and needs to be dampened
out. As a result, the PD calculator takes into account the
EOP of the patient’s limb and the SOP of the delivered
therapy to calculate the minimum amount of energy to be
dampened out that guarantees stability in the context of
SPT. Considering (26) and (27), let us define

Ep(t) := (ξp−ξr) ·
∫ t

0
vP(τ)

T · vp(τ)dτ,

Eth(t) :=
∫ t

0
fP(τ)

T · vp(τ)dτ,
(28)

Based on (28), the PD can be calculated as

PD(t) := Ep(t)+Eth(t). (29)

PD represents the difference between the energy that can
be damp out by the user’s limb, i.e. Ep(t), and the energy
delivered by the therapist through the communication net-
work, i.e. Eth(t). Based on the definition of PD given in
(29), the Lack of Passivity (LOP) is defined as

LOP(t) =

{
0 i f PD≥ 0
PD i f PD < 0

(30)

Considering (30), if the passivity of the patient’s limb (Ep)
can compensate for the nonpassivity of the therapy terminal
(|Ep| > |Eth|), the LOP(t) is zero. This is because in this
situation, there is no need to compensate for any energy,
even if the therapy terminal (combination of environment
and communication) is nonpassive (Eth ≤ 0). In addition
to the above, LOP(t) remains zero if the therapy terminal
is passive (Eth ≥ 0). However, if Ep + Eth ≤ 0, which
means that the EOP of the patient’s limb is not capable
of providing enough dissipation to compensate for the
nonpassivity of the therapy terminal, the LOP(t) will be
equal to the differences between |Ep| and |Eth| and will have
a negative sign. This defines the minimum energy required
to be dampened out by the controller to keep the entire
interconnection stable.

Remark 5. Considering (30), to calculate PD(t) and
LOP(t), we need to have access to Ep and Eth. Based on
the definitions given in (28), Eth is accessible in real-time
since both vp and fp are measurable. However, this is
not the case for Ep. In fact, Ep is a property of the
dynamics of the patient’s limb and is a function of ξp,
which is directly related to freact as can be seen in (25).
freact is not directly accessible in real-time since (2) is an
undetermined equation. As a result, the question is: “how
to identify the excess of passivity of the patient’s hand
in order to calculate PD(t)?”. In order to deal with this
issue, we have proposed an identification technique for ξp,
as given in the next subsection.

EOP Identifier for the Patient’s Hand :
As mentioned, there is no direct way to quantify the

EOP of the reaction dynamics of the patient’s limb, i.e.,
ξp, and passivity integral

∫ t
0 freact(τ)

T · vp(τ) dτ , during
task performance, when the operator is applying f ∗p . The
aforementioned issue arises since the only measurable com-
ponent of the force decomposition (2) is fp. Consequently,
freact(t) is not accessible when the exogenous force f ∗p(t)
in (2) is not zero. As a result, during rehabilitation tasks,
since patient is applying f ∗p , it is not possible to calculate
ξp. In this part, an identification scheme is proposed to
estimate the EOP for the reaction dynamics of the patient’s
limb that can be used in the proposed PD calculator (29).

For this purpose, an off-line identification scheme is used
before the start of the therapy. This allows us to estimate
ξp for each patient in order to customize the allowed ther-
apeutic energy for him/her during the therapy. As a result,
the proposed technique will be able to distinguish between
a patient with rigid limbs versus a one who has compliment
limbs. To achieve the above-mentioned goal, during the



Fig. 5. The planar 2D trajectories used for hand perturbation during the
EOP identification procedure.

identification phase (before the start of therapy), the patient
is asked to hold the robotic handle in a “relaxed” condition
and let the robot perturb her/his hand. The definition of the
relaxed condition and why this condition is considered
will be detailed later in Remarks 7 and 8. The robot
provides movements of different frequencies/trajectories
while recording motion and force information.

Since during identification procedure the patient is not
asked to track any trajectory, he/she does not apply exoge-
nous forces: f ∗p = 0. Consequently, during the identification
procedure,

∫ t
0 freact(τ)

T · vP(τ) dτ =
∫ t

0 fp(τ)
T · vP(τ) dτ ,

while both fp(t) and vp(t) are measured. As a result, based
on (25) and using the collected data from the identification
phase, the estimated EOP for the patient’s limb in the
relaxed condition can be calculated as

ξp−relax =

∫ Te

0
freact(τ)

T · vP(τ)dτ∫ Te

0
vp(τ)

T · vP(τ)dτ

(31)

In (31), ξp−relax is the estimated EOP for the patient’s limb
in the relaxed condition and Te is the duration of iden-
tification procedure. Then during the rehabilitation phase,
ξp−relax is used in (28),(29) and (30) to calculate PD(t) and
LOP(t). For this purpose, after estimating ξp−relax for each
patient, PD(t) and LOP(t) are calculated as

LOP(t) =

{
0 i f PD≥ 0
PD i f P̂D < 0

(32)

where PD(t) := Ep−relax(t)+Eth(t),

Ep−relax(t) := (ξp−relax−ξr) ·
∫ t

0
vP(τ)

T · vp(τ)dτ
(33)

In (33), vp(t) is the real-time measurment of the patient’s
hand velocity during the rehabilitation phase and ξp−relax
is the EOP of the patient’s limb in the relaxed condition
and as identified during the identification phase.

Remark 6. In this work, two degrees of freedom (DOF)
horizontal Cartesian perturbation is considered for the iden-
tification phase. The user’s limb is perturbed for 60 second,
using a stimulation trajectory that is a summation of ten
sinusoidal, in the range 0− 3Hz (to cover rehabilitation
requirements) with a maximum amplitude of 1.5 cm. The
perturbation signal is shown in Fig 5. •

Remark 7. The reason that the relaxed condition of
the limb is considered in the identification procedure for
the EOP is that the patient may vary the properties of

Fig. 6. The sensorized handle connected to the rehabilitation device

his/her grasp during the rehabilitation phase. As a result,
he/she may provide a rigid grasp at some time episodes
while providing a loose grasp at some others. We need to
make sure that the system performs appropriately in any
condition. Consequently, we have considered the minimum
EOP that can be delivered by the operator to find the
minimum energy that can be observed by the patient’s limb.
The minimum ξp happens in the relaxed condition, when
the patient grasp the robotic handle in a relaxed manner.
For consistency and to make sure that the patient remains
in the relaxed condition, during the identification phase, a
sensorized handle is constructed and connected to the end-
effector of the rehabilitation robot as shown in Fig. 6. The
relaxed condition is defined as when the grasp pressure
is at a very low value (between 2%− 5% of the user’s
maximum achievable grasp pressure). The mentioned range
is monitored to the patient (using a head-mounted display)
and the patient is asked to keep the grasp pressure within
the monitored range regardless of the motion of the robot,
during the identification phase. •

Remark 8. To illustrate the effect of grasp pressure
on ξp, we have calculated the EOP for a healthy par-
ticipant under an ethics approval from the University of
Alberta Research Ethics Board (Study ID: Pro00033955).
We have tested ξp in two conditions: (a) relaxed con-
dition defined above to calculate ξp−relax, and (b) rigid
grasp condition (when the participant is asked to keep the
pressure between 75%− 85% of the maximum pressure
during identification) to calculate ξp−rigid . It is observed
that increasing the grasp pressure increases the EOP of the
hand to more than 400% of that in the relaxed condition
(from 5.56 N.s/m for ξp−relax to 25.06 N.s/m for ξp−rigid).
In summary, ξp−relax is the lower-bound for the possible
EOP delivered by the patient during rehabilitation and can
define the minimum energy that can be observed by the
user during task execution. That is why it is considered in
(33) to ensure stability for all possible grasp conditions. •

B. Stabilizing core

The second component of the controller is responsible to
compensate for the calculated the nonpassive energy which
cannot be absorbed by the EOP of the patient’s limb.

In the literature, compensating for energy is done in
TDPC approach [20],[21],[22],[37]. We will use the similar
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concept to meet the stability condition (22). This enables
customizing the therapeutic energy based on the biome-
chanical capabilities of the patient’s limb (specifically EOP
of the limb). Consequently, for a patient with high EOP
value of his/her limb that can absorb more therapeutic
energy, the proposed controller allows more assistive energy
to be delivered compared to a patient with low EOP value.

Such as all TDPC approaches (e.g., [37]) compensating
for energy is done through injecting time-varying damping
α(t) into the system, considering the derivative of the
energy. The aforementioned derivative is d

dt PD(t) in this
work and is defined by PL(t) as

PL(t) =
d
dt

PD(t). (34)

Considering the time stamp n for the current sample of
signals, the proposed M-TDPC is formulated as

fth−mod(n) = ˆfth(n)+α(n) · vp(n) (35)

where α(n) =

{ −LOPobs(n)

∆T
(

vp(n)T ·vp(n)
) if LOPobs(n)≤ 0

0 if LOPobs(n)≥ 0,
(36)

and LOPobs(n) = LOPobs(n−1)+ [PL(n)+
α(n−1)vp(n−1)T · vp(n−1)]∆T.

(37)

In (35), (36) and (37), ∆T is the sampling period, α is
the designed time-varying damping implemented on the
patient’s side, fth−mod is the modified force to be reflect
to the patient’s hand, LOPobs is the output of the energy
observer (37). The details regarding the stabilizing behavior
of the controller is given in the appendix.

Up to this point, we have the stabilizer which is de-
veloped based on the new definition of system passivity
which considers the effect of the biomechanical features
of the operator’s hand and allow for delivering customized
nonpassive energy. In the next step a new way of further
enhancing the performance of the stabilizer is proposed.

C. Performance Enhancement

One of the challenges of TDPC-based techniques is
potential lagged diagnosis of nonpassivity, which may
ultimately result in sudden change and large control forces.
In fact, when an interconnection remains passive for a
relatively long period of time, the passive energy will
be accumulated in the energy reservoir of the observer.
Consequently, if at some point the behavior of the inter-
connection changes to a nonpassive one, it may take some
time for the energy observer to recognize the nonpassivity.
When the nonpassivity is observed, the controller will try
to compensate as quickly as possible, which can result
in the mentioned behavior of the control signal. This
behavior could be oscillations or sudden increase of the
force input. This has been studied in the literature. For the
case of rehabilitation, this situation should be analyzed and
addressed exclusively as the therapist may frequently switch
from resistive to assistive therapy, and vice versa.

In the literature, to deal with the aforementioned issue,
the Power-domain TDPC (PTDPC) has been developed

[38], [39]. The PTDPC observes the power instead of en-
ergy. Once the technique observes a negative power packet,
which may challenge the passivity, it provides damping to
cancel out the packet. Although this technique distributes
the damping on a larger period of time, makes the control
signal smoother compared to energy-domain TDPC, and
resolves the issue of energy accumulation in the observer’s
reservoir, it may degrade the performance [39] since it does
not allow any negative power packet to flow and does not
consider any part of the history of the system’s energy.

Remark 9. It should be noted that the proposed M-TDPC
approach given in (35), (36), (37) works in the energy
domain. It is possible to develop the power-domain version
of the M-TDPC approach (as explained in the remaining
of this section). However, if we develop the power-domain
version of the proposed M-TDPC approach, when the
therapist switches from passive behavior to nonpassive be-
havior, the power-domain version is more conservative than
the energy-domain one (since it quickly starts dampening
the energy of the system). However, when the behavior
switches from nonpassive to passive, the energy-domain
version is more conservative than the power-domain one
(since it continues to dampening the energy for a period of
time while the interconnection has already became passive).
Consequently, both designs may have some advantages
and disadvantages in the context of rehabilitation since the
therapist may provide a mixed variation of resistive and
assistive energies during therapy. •

To address the raised concern, the corresponding design
of the M-TDPC technique given in (35)-(37) is enhanced
using a new definition of energy function, entitled Win-
dowed Energy (WE). The goal of the proposed enhance-
ment is to consider a sliding weighted time window to
calculate the energy, and provide damping if the energy
of the considered window is nonpassive. The enhanced M-
TDPC approach is given in (38)-(40), wherein the main
difference from the original design is applying the concept
of WE by adding Γw in the observer’s formulation (40).

fth−mod(n) = ˆfth(n)+α(n) · vp(n) (38)

where α(n) =

{ −LOPobs(n)

∆T
(

vp(n)T ·vp(n)
) if LOPobs(n)≤ 0

0 if LOPobs(n)≥ 0,
(39)

LOPobs(n) = Γw ·LOPobs(n−1)+ [PL(n)+Γw
·α(n−1)vp(n−1)T · vp(n−1)]∆T , 0≤ Γw ≤ 1. (40)

Considering (40), if Γw is equal to unity, the technique will
convert to the energy-domain M-TDPC technique given
in (35), (36), (37). If Γw is equal to zero, the technique
will convert to the power-domain version of the M-TDPC
approach (which just accounts for power packets and not
the history of the system energy). Considering an Γw value
between zero and unity acts as a forgetting factor for
the dynamics of the observer and provides very small
weights for the early power packets and higher weights
for the recent packets. Tuning the Γw value can change the
effective width of the window (memory of the observer).
In other words, for 0 < Γw < 1, the M-TDPC approach
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Fig. 7. The resulting interconnection.

acts quicker than the energy-domain version of it (to avoid
energy accumulation issue) and slower than power-domain
version. Consequently, by using 0<Γw < 1 (a) the behavior
of the therapist in the very early periods of therapy will
not change the decision on modifying therapeutic forces
for later stages of procedure, (b) the controller does not
eliminate all negative power packets and still considers a
windowed history of the delivered therapeutic energy.

A schematic of the interaction including the stabilizer,
PD calculator, and EOP estimator is shown in Fig. 7.

VII. SIMULATION RESULTS

In this section results of some numeric simulations are
given to evaluate the performance of the stability analysis
technique and the proposed controller. For this purpose two
sets of simulations are presented, as follows.

A. Simulation I: Stability Analysis

In the first simulation, the derived stability condition
(27) is evaluated. For this purpose PAT is simulated under
communication delays. The SOP of the therapy is con-
sidered to be lower than the EOP of the operator for the
first phase of the simulation (entitled mild assistance) and
then it is considered to be higher than the EOP for the
second phase (entitled strong assistance). No controller is
applied to evaluate the proposed stability condition. It is
expected that when the stability condition (27) is satisfied
(the first phase) the entire system remains stable (though the
therapy terminal is nonpassive due to the communication
delay and the assistive behavior of the simulated therapist).
Also, we expect that when the stability condition is not
satisfied (the second phase) the entire system becomes
unstable. The simulation parameters are given in Table
I, where the EOP of the patient’s hand and the SOP of
the therapies, in both phases, have been calculated using
the identification technique defined in the previous section.
During both phases, the therapies start from t = 30. If the
assistance is delivered the amplitude of velocity trajectories
should become larger. For the first phase, the results of
the velocity tracking and force tracking can be seen in
Figs. 8(a) and 8(b), respectively. As can be seen in
Figs. 8(a) and 8(b), during mild assistance phase, since

TABLE I
THE SIMULATION PARAMETERS

(a)

(b)

(c)

Fig. 8. (a) Velocity tracking for the case of assistive therapy, when the
stability condition is satisfied, (b) Force tracking for the case of assistive
therapy, when the stability condition is satisfied, (c) Velocity tracking for
the case of assistive therapy, when the stability condition is not satisfied.

the stability condition (27) is satisfied, the entire system
behaves in a stable manner. The velocity tracking and the
force tracking results follow (11) and (12). In addition, the
amplitude of the velocity trajectories are amplified due to
the delivered assistive energy. The next step is to simulate
the strong assistance phase when there is no controller. The
corresponding velocity tracking result for the second phase
is given in Fig. 8(c) As can be seen in Fig. 8(c), during
strong assistance, since the stability condition (27) is not
satisfied and no controller is applied, the interconnection
becomes unstable and the trajectories grow in an unbounded
manner. This shows the necessity of having a stabilizer.



(a)

(b)

(c)

Fig. 9. The simulation results for applying TDPC approach for resistive
therapy (60 < t < 120) and assistive therapy (120 < t < 180), (a) Velocity
tracking, (b) Force Modulation, and (c) Energy Modulation.

B. Simulation II: M-TDPC stabilizer

In this part, the performance of the propose M-TDPC
is analyzed. For this purpose, in addition to the proposed
controller, the original One-port TDPC is simulated (and
named TDPC throughout the simulation). The One-port
TDPC approach composed of an observer and a controller
on the master side to compensate for nonpassivity of Σ1.
Both of the simulated controllers can be applied even when
the communication delay is zero. In fact, this simulation
focuses on the effects of considering the EOP of the
patient’s hand in the design of the TDPC-based stabilizers.
The simulation conditions are the same for both controllers.
For this goal, the total simulation time is considered to
be 180s. In addition, for M-TDPC approach, Γw and ξr
are considered to be 0.7 and 1.05, respectively. During the
first 60 seconds no therapy is applied, then the resistive
therapy is started considering Dth = −16, till t = 120s.
Afterwards, the therapy is switched to strong assistance
(Dth = 16). Other simulation parameters are similar to
that of Simulation I. The corresponding results (velocity
tracking, force tracking and energy modulation) for the
cases of One-port TDPC and M-TDPC are given in Figs. 9
and 10, respectively. As can be seen in Fig. 9(a), using the
TDPC approach, during the resistive phase (60 < t < 120),
the amplitude of the velocity trajectories have been reduced

(a)

(b)

(c)

Fig. 10. The simulation results for applying M-TDPC approach for
resistive therapy (60 < t < 120) and assistive therapy (120 < t < 180),
(a) Velocity tracking, (b) Force Modulation, and (c) Energy Modulation.

in comparison to that of the no-therapy phase (0 < t < 60).
This means that the resistive behavior is delivered, which
is the goal of the therapy. Also, the TDPC technique is not
considerably changing the reflected forces during resistive
therapy (as in Fig. 9(b)). In Fig. 9(c), left part, the generated
resistive energy at the therapist’s side is compared to the
applied energy to the patient’s hand, during 60 < t < 120.
The corresponding slight difference between the energies is
due to the communication delay. In other words, the TDPC
approach has delivered most of the resistive energy.

However, in contrast to the resistive phase of the simula-
tion, during the assistive phase (120 < t < 180), the therapy
is not delivered using the One-port TDPC. This can be seen
in Fig. 9(a), where the velocity trajectories have not become
larger, in Fig. 9(b), where the applied force is almost zero,
and in Fig. 9(c) (the right figure), where the applied energy
is flattened. This problem is due to the fact that the One-
port TDPC approach assumed that the assistive energy is
not desirable and should be dampened out.

Note that the overshoot at t = 120s is due to the
energy accumulation in the observer reservoir that has
been discussed in the previous section. This overshoot is
excluded from the result analysis, in this simulation, but is
exclusively studied in Simulation III.

Considering Fig. 10, during the resistive phase of the



TABLE II
FORCE REFLECTION RATIO

simulation 60 < t < 120 the behavior of the propose M-
TDPC approach is similar to that of the TDPC technique
in Fig. 9. This means that the M-TDPC approach is also
able to deliver resistance over communication delays, in
a similar manner to one-port TDPC approach. However,
using the proposed M-TDPC approach it is possible to
deliver assistive energy, and simultaneously guaranteeing
the interconnection stability. This fact can be seen during
120 < t < 180 in Fig. 10(a), where the amplitude of the
velocity trajectory is considerably amplified, in Fig. 10(b)
where the amplitude of the assistive force is not zero, and in
Fig. 10(c) where the applied assistive energy to the patient’s
hand is not flattened while the system is behaving in a stable
manner. Considering Figs. 10(b) and 10(c) the force/energy
modulation performed by the M-TDPC technique can be
observed. In fact, the proposed controller has modified the
applied energy to the patient’s hand (in comparison with the
generated energy), based the capabilities of the patient’s
limb in absorbing/dissipating the nonpassive therapeutic
energy. As given in Table I, the identified EOP of the
simulated user is 8.05; considering ξr = 1.05 the proposed
controller is able to guarantee the stability of the system
while allowing the nonpassive energy to flow.

In Fig. 11, the distribution of the absolute value of the
velocities during the no-therapy phase, the assistive therapy
phase and the resistive therapy phase have been shown for
the cases of M-TDPC approach (Case #1) and the simulated
One-port TDPC approach (Case #2). Based on Fig. 11,
using the M-TDPC approach, the resulting velocities during
assistance is considerably higher than that of the no-therapy
phase. However, this is not the case for the other approach.

In addition, the Force Reflection Ratio (FRR) is defined
in Table II. FRR is the ratio between the mean value
of the modified forces over the mean value of the gen-
erated therapeutic forces. For resistive therapy, both M-
TDPC and TDPC approaches were able to deliver most
of the generated forces. The slight deviation from ideal
100% reflection is due to the behaviors of the controllers
in dealing with the existing delays. Using the M-TDPC
approach, for the case of assistive therapy, the FRR is
43.88% which interestingly is close to (ξp − ξr)/δ̂th. It
tells that the higher the EOP of the patient’s limb, the
more assistive forces can be reflected to the patient’s hand
through the M-TDPC approach. However, for the case of
TDPC technique (during assistive phase) the FRR is small,
which tells that the technique is not capable of delivering
assistance and it cancels out the assistive forces.

Fig. 11. Velocity tracking for the case of assistive therapy, when the
stability condition is not satisfied

(a)

(b)

Fig. 12. The velocity tracking using the proposed M-TDPC approach,
(a) Γw = 1, (b) Γw = 0.7.

C. Simulation III: The Effect of Γw

In this simulation, the effect of Γw is analyzed. For this
purpose the simulation condition is considered similar to
Simulation II. The performance of the proposed M-TDPC
approach is evaluated considering Γw = 1 and Γw = 0.7.
The corresponding results are given in Fig. 12. As can be
seen in Fig. 12(a), when Γw = 1 the velocity trajectory has a
overshoot of 296%. This is due to the fact that with Γw = 1
the width of the considered window of the energy reservoir
in the observer is infinity. Consequently, the accumulated
energy during the entire resistive phase (60 < t < 120)
results in late detection of nonpassive therapy. As a result,
the velocity trajectories suddenly increase when the task
switches from a resistive one to an assistive one. This
issue is resolved using the concept of WE by considering
Γw = 0.7, as can be seen in Fig. 12(b).

VIII. EXPERIMENTAL EVALUATION

In this section, experimental results are provided to sup-
port the proposed M-TDPC approach for an implementation
of the HTR system. The setup consists of the following:
(A) Master robot at the patient’s side: This is a 2-DOF
planar upper-limb rehabilitation device from Quanser Inc.
(Markham, ON, Canada) that moves in the horizontal (X-
Y) plane allowing for arm flexion-extension. The robot is



Fig. 13. Motion trajectories of the patient during resistive and assistive
therapy when the controller is ON compared to the behavior of the system
when the controller is OFF

shown in Fig. 1 and Fig. 6. The handle of the robot was
sensorized (Fig. 6) using two pressure sensors.
(B) Slave robot: This is a 6-DOF Quanser HD2 haptic
device locked in 4 degrees of freedom using software to
provide a similar workspace to that of the master robot.
(C) Virtual Environment (VE): This is shown in Figs. 2
and 1. The VE was developed in C++ and communicates
with the robots through the UDP protocol. A head-mounted
display (shown in Fig. 1) is used at the patient’s side to
represent the VE and provide visual cues.

A. Experimental Scenario and Results

In this experiment, the first operator, who played the
role of the patient, tried to track the green target in the
VE. The second operator, who played the role of the
therapist, applied assistive forces during the first phase,
and then resistive forces during the second phase, while
the M-TDPC controller was ON. The controller was turned
off in the third phase. The communication delay was
τ1 = τ2 = 80+ 10 sin(π

4 t) ms. The EOP of the operator’s
hand was identified as ξp−relax = 5.56. In addition, we have
ξr = 0.56 and Γw = 0.7. The goal was to evaluate the
behavior of the M-TDPC approach in addressing resistive
and assistive environments.

In the VE, the target switched every 1 second between
two locations along the vertical axis (X direction). The
first operator was asked to keep the effort as consistent
as possible during both phases. The result of the tracking
should be vertical trajectories. The switching time was
considered small to challenge the operator, playing the role
of the patient. The position tracking result is shown in
Fig. 13. As can be seen, the amplitudes of the generated
motion for the case of assistive therapy were increased in
comparison to that of the resistive phase. For the resistive
phase, the first operator was not able to reach the targets
within the 1-second time window since the second operator
was resisting him. The system became unstable once the

(a)

(b)

Fig. 14. (a) Velocity trajectory, (b) Velocity distribution for 20 seconds
of assistive and resistive therapies.

Fig. 15. The modified therapeutic forces (solid blue line), versus the
delivered forces (solid red line)

controller was turned off. This resulted in uncoordinated
motions in both the X and Y directions. The velocity track-
ing result is shown in Figs. 14(a) and 14(b). As can be seen
in Fig. 14(a), the amplitude of the velocity trajectory during
assistive phase was considerably higher than that of the
resistive phase and the system was able to properly deliver
both types of actions. It quickly became unstable once the
controller was turned off. Fig. 14(b) shows the distribution
of the absolute values of the velocity trajectories for 20
seconds of assistive therapy versus resistive therapy. The
mean value for the assistive phase was 0.2095 m/s and for
the resistive phase was 0.043 m/s. Using statistical analysis
(two-sample t-test) a p-value of 0.00014 was obtained
which means that the difference between the two mean
values was statistically significant.

To analyze the behavior of the controller, the modified
and received therapeutic forces were monitored, as well.
Note that force saturation of 30N was also used. The
result can be seen in Fig. 15. As can be seen, during the
assistive therapy, the controller was capable of detecting the
nonpassive nature of the therapy; as a result, it modified the
therapeutic forces (based on the identified ξp−relax) before
reflecting them to the hand of the operator. Although the
nature of the therapy was assistive (in the first phase), the
controller allowed for assistive forces to be delivered in a
modified manner (which was compatible with the biome-



chanical capabilities of the user’s limb), while preserving
stability. Note that if the operator had a higher ξp−relax
or if the therapist had applied milder assistive forces, the
required force modification would be less. Here, the second
operator tried to apply high assistive forces to highlight
the behavior of the controller. During the resistive therapy,
since the nature of the therapy was passive, the controller
did not considerably modify the forces (as expected). The
slight modification during resistance was due to the exis-
tence of the communication delay. During the third phase,
when the controller was turned off, the system became
unstable. This can be seen as high-frequency uncoordinated
high-amplitude oscillations. In summary, the experimental
results support the effectiveness of the developed theory
and functionality of the proposed stabilizer (i.e. M-TDPC).

IX. CONCLUSION
In this paper, the stability of haptics-enabled robotic/

telerobotic rehabilitation systems was mathematically ana-
lyzed in the context of strong passivity theory to ensure safe
patient-robot interaction. The proposed controller named
M-TDPC which is a new member of the family of state-of-
the-art TDPC controllers. The focus was to take advantage
of the quantifiable EOP of the user’s hand to guarantee
interconnection stability. The proposed M-TDPC stabilizer
allows the therapist to deliver nonpassive assistance over
a delayed communication channel, based on the biome-
chanical capabilities of the patient’s hand. The results in
this paper can be extended for any general haptics-enabled
robotic/telerobotic systems to also deal with delay-induced
instability. The proposed M-TDPC controller increases the
transparency of haptics-enabled systems since it does not
require the modification of reflected forces if the EOP
of the user’s limb can compensate for the non-passivity
in the system. In addition, based on the strong passivity
theorem, the proposed stability analysis technique shows
that under some specific conditions, the system can still
remain stable without modifying the transparency, even if
the communication system is exposed to variable time-
delays. It should be noted that there is no assumption about
the linearity and time-invariance of the therapist and the
patient models. A simulation study and an experimental
evaluation were conducted to validate the proposed theory.

APPENDIX

To show how the proposed controller guarantees stability
of the system, considering (33) and (34), we have:

PL(t) = (ξp−relax−ξr)vP(t)T vp(t)+ fP(t)T vp(t) (41)

and
n
∑

k=0
PL(k) =

n
∑

k=0
(ξp−relax−ξr)vP(k)T vp(k)+

n
∑

k=0
fP(k)T vp(k).

(42)

Let us define W (n) = 1
∆T LOPobs(n). Considering (37), we

have:

W (n) =
n

∑
k=0

PL(k)+
n−1

∑
k=0

α(k)vP(k)T vp(k). (43)

Now consider the passivity condition (22); in the presence
of the controller (variable damping), the condition can be
rewritten as

Ψ≥ 0 where Ψ =
n
∑

k=0
fP(k)T vp(k)+

n
∑

k=0
freact(k)T vp(k)+

n
∑

k=0
α(k)vP(k)T vp(k).

(44)

For Ψ we have:

Ψ =
n
∑

k=0
fP(k)T vp(k)+

n
∑

k=0
freact(k)T vp(k)

+
(n−1

∑
k=0

α(k)vP(k)T vp(k)
)
+α(n)vP(n)T vp(n).

(45)

Considering the definition of EOP, we have Ψ > Ψ̂ where

Ψ̂ =
n
∑

k=0
fP(k)T vp(k)+

n
∑

k=0
(ξp−relax−ξr)vp(k)T vp(k)

+
(n−1

∑
k=0

α(k)vP(k)T vp(k)
)
+α(n)vP(n)T vp(n).

(46)
Combining (42),(43) and (46), we get:

Ψ > Ψ̂ where Ψ̂ =W (n)+α(n)vP(n)T vp(n). (47)

Considering (47) and the definition of W (n), we have:

Ψ > Ψ̂ where Ψ̂ =
1

∆T
LOPobs(n)+α(n)vP(n)T vp(n).

(48)
Combining the design of the stabilizer given in (36), and
the relation (48), the stability condition (44) is validated.
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