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A Descriptor Approach to Robust Leader-
Following Output Consensus of Uncertain
Multi-Agent Systems with Delay
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Abstract— In this technical note, a descriptor approach to
leader-following output consensus of multi-agent systems with
both stationary and dynamic leaders is given in the presence of
transmission delay and model uncertainty. The proposed method
can deal with stable and unstable agents described by general
linear models. To this end, a new proportional-derivative-integral
(PID) consensus protocol for the closed-loop multi-agent system is
proposed under a directed graph. Applying this consensus
protocol to the multi-agent system leads to a time-delay closed-
loop equation of neutral type. To deal with the resulting neutral
system, a descriptor model transformation is used to derive delay-
dependent sufficient conditions for the existence of the consensus
protocol in terms of certain linear matrix inequalities (LMI). The
application of the proposed method is illustrated in a teleoperation
system. Simulation results are given to show the effectiveness of
the proposed approach.

Index Terms—Multi-agent systems, descriptor systems, robust
control, time-delay.

1. INTRODUCTION

Cooperative control of multi-agent systems has attracted
extensive attention during the last two decades [1]-[6].
Consensus problem as an essential task in cooperative control
attempts that all the agents’ states reach an agreement under the
agents’ interactions. In this area, leader-following problem of
time-delay multi-agent systems have also been an active
research field in recent years. Meng ef al. [7] provided results
for the analysis of both leaderless and leader-following
consensus algorithms for first-order and second-order agents in
the presence of communication and input delays. A leader-
following consensus analysis was studied in [8] for time-
varying delayed first-order systems with a static leader. Event-
based leader-following consensus of general linear multi-agent
systems with time-delay was presented in [9] and [10].

It is worth noting that an extensive number of the studies
presented for leader-following multi-agent systems are limited
to the integrator behavior agents [8], [11], [12], double
integrator dynamics for the agents [13], [14], [15] or both
integral and double integral behavior agents [7], [16] in the
presence of stationary or dynamic ramp type leaders.
Furthermore, many researchers have focused on the study of the
leader-following multi-agent systems with general linear agents
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such as [9], [10], [17]. In these and similar papers, the leader
dynamics are usually assumed to have the same dynamics as the
agents whereas in many practical problems, the control
objective of a leader-following consensus problem with general
linear agents is to follow a stationary or dynamic leader. This
subject is one of the most challenging topics in the area of
leader-following multi-agent systems especially in the presence
of time-delay. Furthermore, most of the existing works
presented for leader-following consensus of time-delay multi-
agent systems have focused on the analysis problem rather than
designing a consensus controller. Few studies such as [10]
address how to design a leader-following consensus protocol
for time-delay multi-agent systems with general linear agents.
To the best of the authors’ knowledge, no analysis or design
study on robust leader-following output consensus for uncertain
time-delay multi-agent systems with a general state-space
equation has been presented in the literature. Considering the
aforementioned facts, in this paper, we present a novel
descriptor approach to robust leader-following output
consensus for uncertain general linear multi-agent systems in
the presence of transmission delay for both stationary and
dynamic leaders. The main contributions of this paper are
summarized as follows:

e An uncertain multi-agent system with general linear model
in this paper. The considered model, which includes both
uncertainty and time-delay at the same time and is allowed to
be stable and unstable, is one of the most general linear models
assumed for the linear multi-agent systems in the literature.

e A new proportional-integral-derivative (PID) consensus
protocol is proposed in this paper. Applying the proposed
consensus protocol in the closed-loop multi-agent system leads
to a time-delay multi-agent system of neutral type [18] that is
one of the challenging topics in the area of time-delay systems.

e To deal with the neutral type multi-agent system, a
descriptor transformation is used on the closed-loop equation of
the multi-agent system. Then, new sufficient conditions for the
design of the proposed consensus protocol are provided.

e The proposed PID consensus protocol provides leader-
following output consensus for both stable and unstable
uncertain general linear multi-agent systems in the presence of
transmission delay for both stationary and dynamic leaders.
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This paper is organized as follows. Problem statement and
preliminary results as well as the network topology of the multi-
agent system are given in Section II. Moreover, the new
consensus protocol is stated in the same section. In Section III,
the robust design conditions are provided in terms of certain
linear matrix inequalities. Illustrative examples are provided in
Section IV to show the effectiveness of the proposed methods.
Finally, the concluding remarks are given in Section V.

II. PROBLEM STATEMENT AND PRELIMINARY RESULTS

A. Graph Theory

Let G=(V, &, A) be a directed graph (digraph) where, } =
{1,2,..., N} and £ V x Vare the set of vertices and the set of
edges, respectively. In the digraph G, the i-th vertex represents
the i-th agent. A directed edge from i to j is denoted as an
ordered pair (i, j) € &, which means that the information flow
from agent i to agent j. The adjacency matrix A=[ a;]€ R V¥V
models the communication topology among the agents. a;; > 0
if the j-th agent is a neighbor of the i-th agent; otherwise, a; =
0. The degree matrix of digraph G is denoted by D = diag {di,
do,..., dy}, where the diagonal element is represented as d; =
z;\ilal—/ and the Laplacian matrix of the digraph G is defined
as Ly = D - A. A directed path is a sequence of edges that
connects a sequence of vertices in a digraph, in which the edges
all are directed in the same direction.

Assume G is a graph with N follower nodes and a leader
node 0. A diagonal matrix MeR ™Y where M = diag
{ml,mz,...,mN} is the leader adjacency matrix with m;, >0. If
the leader information is accessible for the i-th agent, then
m; > 0; otherwise, m; = 0. If there is a path in G from every
node i in G to node 0, then the node 0 is globally reachable in
G . The following assumption is needed throughout the paper.

Assumption 1: The graph G is fixed and directed.

B. Problem Formulation

Consider a group of N uncertain n-th order agents represented
by the following linear differential equation for each agent:

i (1) = (A4+A4(1))x, (¢)+ (B + AB(1))u, (1)

yl-(t) = Cxl-(t), i=1,2,..,. N

where x; (1) eR" , u; (f) eR™,y: (t) eR" are respectively the
agent i’s state, the agent i’s input and the agent i’s output which
can only use the local information from its neighbor agents.
Moreover, the constant matrices 4eR ™", BeR"™" and
CeR"™" are the nominal parts and A4(f) and AB(f) are real
matrix functions representing time-varying parameter
uncertainties. Throughout the paper, the notations A4 and AB
are used instead of A4(¢) and AB(¢) in some of the equations for
the sake of brevity. These uncertainties are the result of model
linearization and unmodeled dynamics and are assumed to be
of the form

AA(t)=D,F,(1)E,,

(1)

AB(t)=DyFy (t)E, ()

where F, (f) and F} (f) are unknown real time-varying matrices
with Lebesgue measurable elements satisfying

F()F, (1)<,

a a

F(t)F,(t)<1 vt ()

and D,, E, Dy, E, are recal known constant matrices that
represent how the uncertain parameters in £, (f) and F (f) enter
the nominal matrices 4 and B. Moreover, the stationary and
dynamic leaders are given in (4) and (5), respectively.

a,, t=0
= 4
WO 1 @
rpt, t20
yo(t):={g 20 (5)

where o (f) eR" is the output of the leader and ao, 7o €R. The
leaders introduced in (4) and (5) refer to stationary and dynamic
leaders with constant velocity, respectively.

The control objective is to design a network based control
input u; (¢), i =1,..., N, such that ,li,m "yi(t) - yo(t)" =0 for

i =1,...,N. The topology of the network considered in this paper
is given by Fig. 1.

_____
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Fig. 1. Network topology of the directed multi-agent system.

It is assumed that N”number of the agents (0 < N'< N ) in
the network topology shown in Fig. 1 have access to the leader,
and vice versa; these are called ‘“reference followers”.
Therefore, by reachability characteristics of the followers for
the leader and applying appropriate feedback control to each
agent, the rest of the followers will reach consensus with the
leader output.

Let £, be the delay of transmitting data from the leader to the
reference followers and 4, be the delay of data transmission

from the reference followers back to the leader. It is supposed
that the transmission delays between the follower agents are
negligible. Moreover, it is supposed that all the controller
computations are carried out in the leader and sent to the
followers through the network. Consequently, both
transmission delays /4, and /4, affect the control input u; (7). By
the above structure, in addition to the reachability of the
followers for the leader, the leader node should be globally

reachable in the graph G . This means that the digraph G is
strongly connected. Throughout the paper, the following
assumptions hold for the network topology shown in Fig. 1.

Assumption 2: The pair (4, B) is stabilizable and the pair (4,
C) is detectable.

Assumption 3: The digraph G is strongly connected.

C. Consensus Protocol
To deal with the problem of leader-following output
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consensus of general linear multi-agent systems in the presence
of uncertainty and network transmission delay, we propose a
new proportional-integral-derivative (PID) consensus protocol
as follows:

u,.(t)zKiaﬁ(yi(t—h)—yj(t—h))+KliaUI;‘h(yi(a)
_yj_(a))da+KDﬁaU(y[(t—h)—yj(t—h)) (6)

+me;(yf(t —h)—yo(t—h,))+ml—K;i( 0

I sl |+ mK ()= o)

0

yi(a)da

in which h=h, +h,, 0<h <h., 0<h <h and 0<h<h
where i = h, + h, . Obviously, for the reference followers that

are a neighbor of the leader, the condition m; # 0 holds and for
the rest of the followers, m; = 0. Thus, the closed-loop system
equation of the multi-agent system is given as

£ ()= Ay, (1) BLKCY. ay (x (1= h)—x, (1~ 1)

=l

+BAK1CZ]i:1 a,.jjolih(x,. (a)-x; (a))a’a

+BAKDCZN: ay (% (t=h)—%; (t-h))

J=1

()

+m,.BAK,.’(Cx,. (t—=h)=y, (t—hr))
+m,B, K}, (CJ‘OH’ x (a)da —Jlolihr Yo (a)daj
+m;By K, (Cx, (t=h)=J, (t—h.))

with 4, = A+AA4 and B, = B+AB.

Remark 1. As we know, it is well known that a PID controller
designed for a stabilization problem can be further used for
tracking problem of the same closed-loop system. Considering
these facts, it suffices to find a stability condition for the closed-
loop system (7) independent of the leader yo () to achieve
leader-following output consensus of the uncertain multi-agent
system for the leaders (4) and (5) in the presence of network
transmission delay.

Remark 2. Tt is worthwhile mentioning that the design
method for consensus protocol (4) that will be discussed in the
next section can be further applied for designing a proportional-
integral-double integral (PII?) consensus protocol. Therefore,
the leader-following output consensus for multi-agent system
(1) in the presence of the dynamic leader in (5) is guaranteed.
To achieve this goal, it suffices to augment the agents’ model
with an integrator. Consequently, the design of the PID
consensus protocol for the augmented agents’ model is
equivalent to designing a PII? controller for the original multi-
agent system. The details have been given in [19].

As seen in (6), the closed-loop system has a neutral type
time-delay  equation  [I8] due to the terms

N

ByKpC Y ay(%,(t=h)=;(t=h)) and m;ByK},Cx (¢~h). To
J=1

deal with this closed-loop system of neutral type, we define

&(0)= | x(@)da (1) =0(1) ®)

0

Considering Remark 1 and using a descriptor transformation,
the descriptor form of the closed-loop system equation of the
multi-agent system is represented as

£(1)=x(1)
x(t)=6(r)
0==0(t)+(I® 4, )x(t)+(L, ®(B,KC))x(t~h) )
+(L, ®(ByK,C))E(t—h)+ (L, ®(B,K,C))0(th)
+(M ®B,)K'(1®C)x(t—h)+(M ®B,)K;(1®C).
E(t—h)+(M ®B,)K,(1®C)0(t—h)=0O(t)

(10)

where ® is the Kronecker product [20] and L, is the Laplacian
matrix. Moreover,

Ex(t)= Ax(t)+ A, x(t—h)

I 00 0 I 0 0 0 0
E=|0 I 0|,A=| 0 0 I |,4=10 0 0

0 0 0 231 232 ‘233 2/131 ‘21132 ‘21133
A, =0, 4,=1®A,, A,=-1, 4, =L ®B,K,C+
(M®B,)K;(I®C), 4y, =L, ®BKC+(M®B,)K'(1®C)
Ay =L, ®(B+AB)K,C+(M ®(B+AB))Kp,(1®C)
B é(t) 5 f(t) ¢ x.1 9.1
x(2)=|x(z) |, %(¢) = (1) , E(t)= cx()=| 1 0(e)=| :

G(t) é’v Xy 0N

Ky, K} =diag(K},,....Ky)
K; =diag(Kpy,....Kpy ), M =diag(m ®1,,...,my ®1,).

Now, we present the following lemmas, which will be used
for obtaining the main results of the paper.

Lemma 1 [21]: Let H, L and F(r) be real matrices of

appropriate dimensions with F (t) being a matrix function.

Then, for any ¢ > 0 and FT (t)F(t) <1, we have

LF(t)H+H"F" (1)L" < LZLLT +o’H"H (1)
O
Lemma 2 [22]: If W >0, there exist W' . Thus,
—SW’ISS—(ST+S—W) (12)

III. ROBUST CONTROLLER DESIGN

In this section, we give the design conditions for robust
leader-following output consensus of the multi-agent system
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(10). A Lyapunov-Krasovskii functional for system (10) has the
form

V=V+V,+V, (13)

where
V=% (VEPR()., =[] ¥ (a)Z5(a)da dp

V=] 7 (@)0%(a)da + [ 07 (a)RO(a)da
(14)
in which 13:{1_31 (_)} and ﬁleg{2nN><2nN’ 133 e R NN 0
BB

3nNx3nN nNxnN 3nNx3nN . ..
eR ,ReR ,ZeR are symmetric positive

definite matrices. Therefore, by the definition of £ and X (t) in

(10) and knowing that P =P’ >0, we have X' EPx = ' P &
=R x=x" (EF )T X. functionals
W, V,, V3 are admissible.

Remark 3: To enable the application of Lyapunov method for

the stability of the system (8), the difference operator D: C [- h

Consequently, the

,0]>R ", given by D(x,) =x(t)—((LS ®BAKDC)+<A7[ ®BA)Kb
(1 ®C))x(t—h) should be stable independent of delay with

respect to all delays [18]. Therefore a sufficient condition for
the stability of D is given as

‘(LS ®((B+AB)K,C))+(M ®(B+AB))Kp(1® C)‘ <1 (15)

where | . | is any matrix norm. Now, considering Remark 2, we
state the following theorem which gives a sufficient condition
for robust stability design of leader-following output consensus
for the uncertain multi-agent system (10).

Theorem 1: Consider the multi-agent system (10) with

communication delay 0<#h </ . Suppose Assumptions 1-3

hold. Then, leader-following output consensus is
asymptotically = achieved if  there  exist scalars
o;,a,0>0,4,¢,i=1,2,3, positive definite symmetric

. - 3nNx3nN .
matrices L ,M eR ,ReR™ ™ and matrices K, Kp,

KLK/, K, ,K; eR™", i=1,.,N satisfying the following

LMIs:
En Ep
{:T - } <0 (16)
S YY)
> >
{ S } <0 (17)
I, Ipn
M A1
{ } >0 (18)
Al Z
in which

lez{i Ahss} zzzz—diag((l/uz)l, UZI),

0 0 I®EK,C M®D,
" l(L®D,) ((I®E,)K,(I1®C)) 0 0
By =
I 0 0 ]
¢, AM+4, 0 Lo Lo LIl L|0 L
0 I
* -0 o o ol 0 0 0
* * -R QI ol 0 0 0
* * * 2[+R 0 0 0 0
% k * * * @1 0 0
% k * * * % @2 0
% k * * * % % _21 + QJ

EI2Z[F1 Al r, Az I, As]

En=—diag((1/0? )1, o1, (Val)1, ol (Val)1, ol

T

0o I 0 0 I 0

¢, =L|0 0 I |+0 0 I
0 I®4 I 0 I®4 I
0,=-21+hZ,, ©,=-21+hZ,, ©,=-21+hZ,,

I =p(I1®D,)=[g, ] fori=1,..8 and j=1,..,3.

L' +hM - 201

. =[o 0 (I®D, )T:|,q024 =y =(1®D,)" , otherwise g, = 0.

I =p(L,®D,), I' =p(M®D,)

[0 I®E, 0]L 0 0

Al =0(I®E,L)=|[0 0 I®E,|L 0 0
[0 0 I®E]L 0 0

7

0/ k1 o o0 0
Ay =6(jkl)=[0 [0 j k] 1 0 .. 0
00 j k] 1 0 0

—

0 [O m n] 0 0 0
A3T=,u(m,n,p): 0 [0 m n] p 0 .. 0
0 [0 man p o 0

—

m=(I®E,)K;(I®C),n=(I®E,)K'(I®C), j=I®E,K,C,
k=I®E,KC, I=I®E,K,C, p=(I®E,)K},(I®C)
0 0 0
4, =| 0 0 0 |, 4y =L ®BK,C+(M®B)K;(I®C)
Ah31 Ah32 A/z33
Ay =L, ®BKC+(M®B)K'(I®C), Ay, =L, ®BK,C+
(M®B)K,(1®C),Q,=[0 0 (I®4)], Q) =[0 4, 4]
Qy, =4y, L=Hdiag(L, L, L), L=diag(L, L, ... L),
N

H=[hy|.i.j =123, by =a,l . hy ==& 1, hy =—&,1, by =—z,1,

otherwise, h; =0, K' = diag(Kl',...,Kz’v), K, = diag(K},l,...,KDN),
K; =diag(K},,....Kyy ).
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Proof: Note that
v, =x"(t)EP% (1) =[ & (1) xT(t)}EEE;H (19)

Differentiating 7 with respect to ¢ results into

Vi=2[& (1) " ()]R[E() ¥ ()]

=2[&(1) ¥ (1)

where ©(¢) is substituted from (9). Obtaining the time-

derivative of V> and V3, using definite integral formula known
as Leibniz-Newton formula as well as the integral inequality

in [23], an upper bound for V is found. Then, using Schur
complement, partitioning the nominal and uncertain parts and
considering the definition in (2) as well as applying suitable
congruence transformations, the matrix inequalities (16)-(18)
are obtained. For the sake of brevity, the detailed proof is
omitted. |

Remark 4: Theorem 1 obtains robust stabilization conditions
for the uncertain multi-agent system (10). The set of controller
gains K, Kp, K;, K/, K, ,K, that make the LMI conditions
(16)-(18) feasible guarantee the robust leader-following output
consensus of the uncertain time-delay multi-agent system (10).
The significant advantage of this theorem is in giving a novel
set of stabilization LMI conditions for the system (10) that gives
the controller gains of the proposed consensus protocol (6).

A. Special Case 1: First-Order Systems

For a first-order system (n = 1), it is possible to derive a less
conservative set of conditions compared to the conditions (16)-
(18). Consequently, the system matrices 4, A4, B, AB and C are
represented by the scalars a, Aa, b, Ab and c, respectively.
Moreover, a, £a+Aa, and b, 2b+Ab. These conditions
are given in the following corollary.

Corollary 1: For the multi-agent system (10) with first-order
agents and delay 0 </ < h ,under Assumptions 1-3, the leader-
following output consensus is asymptotically achieved if there
exist scalars v, 0;, ;>0,¢;,i=1,2,3, positive definite

NxN
R , and

V, eR satisfying the following

symmetric matrices L, M eR NN , R €
variables V, Vp, Vi, V! ,V},,

LMIs:
B Ep
LT - } <0 (21)
iy Ep
> >
{ . 12} <0 (22)
2 2y
Mo S 1, (23)
_ >
st 2L-U
in which

0 0
¢, —-S+4,, 0 o o h{] H{o
0 I
* -T 0 Qb ohQl 0 0
En=| ok * 2L+w O hQI 0 0
* * * -w 0 0 0
* * * * —hUy; 0 0
* * * * * _flUl 0
* * * * * * _EUZ
Enp=[[, A T, A, Ty AL =¢(I®D,),
I, =¢(L,®D,).I=p(M®D,),A] =0(I®E,,L)
(E,cV)). I ®(E,cV). 1 ®(E,cV,))diag(0, H, 0,0 )

Ag_(
(

=u((I®E,c)V' (I®E, c)V',(I® E,c)Vy)diag (0, H, 0,..,0 )

Ezzz—diag((l/a L ot (a3l ol (1/a3)1, 0'321)

T

)
1 0 0 1 0
1

0
#,=L|0 0 +0 0 [ +hM+S+S" +T
0 I®A4 -I 0 I®4 -1
0 0 0
A= 00 0 |H, Ay =L ®(beV,)+(M®bc)V;

Ah31 Ah32 Ah33
Ay =L, ®(beV ) +(M ®be)V', Ay =L, ®(beVy ) +(M ®be) V),

an:[o 0 (1®A):|]ja Q,, =4, Q :[O Ay Ah32]H

n

R

h33

0 0 I®(E,cV,) M®D,
s, = ,
*l(L,®D,) (I®Ec)) 0 0

L = Hdiag (L, L, i), L=diag(L, L, ..., L), U = diag(U,, U,, U,)
N
V' =diag(V,...,V ), V| =diag(V},,....Viy )V = diag(Viy,....Viy ) -
Moreover, H is as defined in Theorem 1. The controller gains
K, =V,[', K,=V,L"", K'=VL',

=V,L".

are given ask =VL',
K!=V/[" and K/,

Proof: The proof is omitted since it can be established using
the proof of Theorem 1. |

Remark 5: As mentioned earlier, the LMI conditions (21)-
(23) are less conservative than the set of LMIs (16)-(18). In the
proof of Theorem 1, there was a necessity to define the matrix
variable Yas ¥ =—AL™". This definition enabled us to present
a set of LMI conditions rather than bilinear matrix inequalities
(BMIs) that are classified in the category of Non-deterministic
Polynomial-time hard (NP-hard) problems. In Corollary 1,
since the agents are first-order, the aforementioned assumption
for the matrix variable Y is not necessary. Consequently, a set
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of less conservative LMI conditions in (21)-(23) is obtained
compared to the LMIs presented in (16)-(18).

B. Special case 2: PD Controller

In case the design of a PD controller is considered, one can
set K; =K, =0 and derive a set of simpler stability analysis
and design conditions than the general form. This special case
will lead to a consensus protocol which is a sub-case of the
consensus protocol (6). Then, the following corollary is
obtained.

Corollary 2: Under Assumptions 1-3, for a given delay
0<h<h ,the leader-following output consensus for the multi-
agent system (1) with PD type of the consensus protocol (6) (
K; =K =0) is asymptotically achieved if there exist scalars

o, a;,,0>0,4,¢&,i=1,2,3, positive definite symmetric

matrices L , M eR¥VIN | ReR NN

K/ K, eR™",i=1..,N satisfying the following LMIs:

and matrices K, Kp

En Ep
LT - } <0 (24)
B Exn
> >
{ S } <0 (25)
X Zp
M -2l
>0 (26)
Al Z

in which

T _ . T T _ . 7
I =p(1®D,) diag(L 0,.;.,0 ). T3 =¢(L,® D, )diag(L 0,.7.,0 )

] =¢p(M®D,)diag(L 0....,0 )

7
[I®E, 0] 0 0 0 [k 1] o
Al =|[I®E, 0] 0 0 ,A7=|0 [0 k] I 0 .. 0
[/®E, 0] 0 0 00 k] 1 0 0
— —
00 n 0 0 0
, . 0 0
Ay=l0 [0 ] p O .. 0 ,A,mz{A y }
0 [O }’l] p 0 0 h31 h32
—
En=
¢, Al+4, 0 LOT ol o 1] L
* -0 0 Q) Q;, 0 0
* * -R Q] Qi 0 0
* * * -2I+R 0 0 0
* * * * 21 +hZ, 0 0
* * * * * 21 +hZ, 0
* * * * * * _2]+Q

EIZZ[FI AT, A, Ty As]
Ezzz—diag((l/af)l, oil, (1162)1. o1, (1/a})l, afl)

JTo 17 [0 11, -
@, =L + L +hM =221
1®4 -1 I1®4 -1

A =L, ®BKC+(M®B)K'(I1®C), Q, =[0 (I®4)],
Ay =L, ®BK,C+(M®B)K},(1®C),Q,, =[0 4],

Q, = Ay, Sy =—diag((1/0*)1, V1),
0 0
T

1 Ah32
= T s L= T
Ah32 I (LS®D[)) p
n=(I®E,)K'(I®C), p=(I®E,)K},(I®C), k=1®E,KC,
I=I®EK,C, L= Hdiag(i, L i), L=diag(L,L,..., L)
obn b

N
K'=diag(K/,....K}), K} =diag(Kp.....Kpy)- Moreover, H is

as defined in Theorem 1

M®D,
0 2

Proof: The proof is omitted here as it can be easily derived
by following the proof of Theorem 1. ]
Remark 6: Multi-agent systems with integrator agents, i.e.,
X[(t)z(b+Ab(t))u,.(t), are categorized in the special case 2.

Using the idea of the special case 1, a set of less conservative
LMI conditions compared to the LMI conditions (24)-(26) can
be provided that are omitted here for the sake of space
limitation.

Remark 7: To the best knowledge of the authors, all the
stability conditions presented in the literature for the leader-
following multi-agent systems, which are more complicated
than the conventional consensus problems, are sufficient
conditions similar to the ones presented in this paper. Therefore,
Theorem 1 and Corollaries 1 & 2 are not necessarily more
conservative than the other results presented in the literature for
leader-following multi-agent systems.

IV. SIMULATION RESULTS

A. Example 1

Consider four uncertain time-delayed unstable agents that
communicate through a directed topology with the following
transfer function as

0.4+Ab

_ —0.1s
Gls)= s—(0.02+4a)°

27)

in which Aa and Ab are the system parametric uncertainties. In
a canonical representation form of the system (27), Aa and Ab
are the same uncertainties considered in Corollary 1 where a =
0.02, b=0.4,c=1and & =0.1s. Considering the definitions (2)
and (3), we assume that D, = 0.05, E, = 0.1, D, = 0.1, E, = 1.
Moreover, the communication topology and the leader
adjacency matrix are represented by the Laplacian matrix as Ls
= [ly] for ijj = 1,...,4 where [;=1 for i =1,...,4, lip=lh3=ha4=
ls) = -1, otherwise /;;= 0 and the matrix M = diag{0, 1, 1, 0}
respectively. We set €1,3=0.2, 0u=1.5, 02 =0.75, a3 =1.5, 01 =02
= g3 =1. Using Corollary 1 and the LMI Toolbox in Matlab, the
designed PID controller gains are obtained as K = -5.15, K;= -

0.3, Kp=-0.23, K'= diag (0, -10.2, -10.13, 0), K = diag (0,

0018-9286 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAC.2016.2643444, IEEE

Transactions on Automatic Control

-2.3,-2.44,0), K, = diag (0, -0.18, -0.17, 0). Fig. 2 displays
the simulation results of the closed-loop multi-agent system. As
shown in Fig. 1, all the uncertain unstable agents has been
stabilized and followed the leader set-point using the consensus
protocol (6).
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Fig. 2. Controlled outputs of the follower agents (solid) and output of the leader
(dashed)
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Now, we perform some simulations to investigate the robust
stability of the closed-loop system in the presence of the system
parameter uncertainties. Since the uncertainty in gain and the
poles of a system affects the stability of the closed-loop system,
we investigate the performance of the closed-loop system in
presence of these uncertainties. To this aim, we firstly set Aa=0.
Then, simulating the closed-loop system in the presence of the
variations of Ab and 7, the stability region for the closed-loop
multi-agent system is obtained. This is shown as the colored
area in Fig. 3. It is seen that for #=0, the closed-loop multi-agent
system is stable for -0.4 < Ab < 1.01. To obtain the stability

region of the closed-loop multi-agent system in the presence of
the uncertainty in Aa and 4, we firstly set Ab = 0. Then, we
obtain the stability region for -2a < Aa < Aals=.1 in whicha =1
= 0.02. The colored area in Fig. 4 shows the stability region of
the closed-loop multi-agent system in the presence of the
uncertainty in the pole of the system (27) and the delay /4. As

seen in Fig. 4, increasing the maximum time-delay /4, the upper
limit of the uncertainty of the system pole decreases. Moreover,
for Aa = Ab = 0, the maximum time-delay tolerated by the
closed-loop system is obtained as 2 = 0.234s.

B. Example 2: Teleoperation system

In this example, a teleoperation system is considered that is
composed of a local central control system and three remote
manipulators. It is assumed that the remote manipulators are in
free space. Suppose that the central control information is
accessible for the manipulator 1. The communication topology
and the leader adjacency matrix are represented by the
Laplacian matrix Ls and M, respectively. Ls= [/;;] for i,j=1,...,3
in which /;=2 for i =j and [;; =-1 for i #;. Moreover, the matrix
M =diag{l, 0, 0}. The control objective is to design a feedback
control system to provide a leader following formation control
for the introduced multi-agent system with 3 agents. As we
know, a 3-DOF manipulator has nonlinear dynamics that is
shown by the Euler-Lagrange equations of motion in joint
space [24]. Using feedback linearization, we may write the
manipulator equation in a decoupled canonical form that is

always controllable from u, [24] as

. (Vs 0
ke o

P

where &, =col [ &, & ] and & (t) =qy (t)— q; (t) is the joint
tracking error. Therefore, tending ¢ (¢) to zero leads the joint
variables ¢, (t) to track their desired value q,; (t) Fig. 5
shows the block diagram of the closed-loop system for each
feedback linearized agent i. Now, we are in a position to apply
Corollary 2 and present a leader following output consensus for
the teleoperation system with three robot manipulators. To this
end, we consider the joint tracking errors as the output of each
manipulator as y; = [[, 0]& . Setting h =200ms and using
Corollary 2 as well as solving the LMI conditions in (24)-(26)
by the LMI toolbox in Matlab, we obtain the following PD
controller gainsas K=1.32, K,=1.29, K'= diag (1.02, 0, 0),
K;, = diag (0.98, 0, 0). Since the output of each feedback
linearized agent is the vector of joint tracking errors, we need
to solve a leader-following output consensus problem with the
set-point of zero. This set-point is applied to the first feedback
linearized manipulator while the other feedback linearized
manipulators track this set-point via the communication
topology shown by the adjacency matrix 4. Consequently, the
joint variables g; (t) tend to the desired values g (t) . Setting
the joint desired values as ¢, = [n/2, n/3, -n/3] for i=1, 2, 3
and simulating the closed-loop multi-agent system by Simulink,
the simulation results of the teleoperation system with the initial
conditions ¢, = [2n/3, -n/6, -1/5], g, = [n/4, /6, -n/3], q, =
[n/3, /5, -n/4] for joint variables are displayed in Figs. 6 and
7. As seen in Fig. 6, all the joint variables reach a consensus and
track the desired values q; (t ) for i=1, 2, 3. Moreover, Fig. 7
shows the joint torques 7 of the joint variables that stay
bounded. Additionally, the maximum tolerable round-trip
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transmission delay between the leader and the first reference
follower (first follower) in the closed-loop multi-agent system
is obtained as /s =288ms.
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Fig. 5. Closed-loop system of the feedback linearized agent i
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Fig. 6. Tracking of the joint desired values (dashed) by the joint variables (solid)

Joint Torques

Time (sec)

Fig. 7. Joint torques of the manipulators (7;)

V. CONCLUSION

The problem of leader-following output consensus of
uncertain multi-agent systems with general linear agents and
transmission delay has been studied in this paper in the presence
of stationary and dynamic leaders. The proposed method can be
used for both stable and unstable follower agents under a
directed graph. To this end, we proposed a new Proportional-
Derivative-Integral (PID) consensus protocol for the closed-
loop system. A Lyapunov-Krasovskii functional is used to
derive the design conditions in terms of certain linear matrix
inequalities (LMIs). Augmenting each agent model with an
integrator and designing the PID consensus protocol for the
augmented model is equivalent to designing a proportional-
integral-double integral (PII?) controller for the original multi-
agent system. Thus, the presented stability LMI conditions can
be used for a dynamic leader as well. Finally, we showed the

application of our method in a multi-lateral teleoperation
system. The simulation results confirm the effectiveness of our
method.
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