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Abstract—Telerobotic manipulation allows patients living with
upper limb impairments to interact with a variety of envi-
ronments and accomplish through teleoperation daily activities
such as playing, feeding, self-care, and leisure, that would
otherwise be difficult to perform. In this paper, we propose a
nonlinear mapping between the patient’s range of motion and the
workspace of an environment being manipulated. The objective
is to identify the patient’s workspace and span it to that of the
environment or an object, thus optimizing the scaling factor while
soliciting the entire patient’s range of motion. The boundaries
of each workspace are obtained from scattered measurements of
the master and slave robots end-effector position. The nonlinear
mapping is then achieved through thin plate spline interpolation
that describes deformation between two surfaces by scattered
point-to-point preponderances. Experimental results reported in
three different scenarios confirm the suitability of the nonlinear
transformation to map diverse workspace volumes.

I. INTRODUCTION

It is estimated that about 460,000 Canadians are living with
the effects of stroke [1], and more than 500,000 Americans
under the age of 18 have at least one cerebral palsy symptom
that negatively affects daily life tasks [2]. Symptoms associ-
ated with these disabilities often include loss of motor control,
reduced mobility, restricted range of motion, joint stiffness,
and difficulties in performing movements [3]. Due to the aging
population in Canada and growing population in the USA,
the need for therapeutic services is expected to significantly
increase in the near future [1], [4]. Recent development in
the field of robotics has opened new avenues for patients
affected by such severe movement disorders. Assistive robotic
technologies are used to compensate for disabilities due to
a given pathological condition while minimizing the social
disadvantages related to it.

One of the most prominent paradigms in robotic assistance
is single or multiuser teleoperation of robotic manipulators.
The former allows a patient living with impairments of upper
limb movements to accomplish through teleoperation activities
of daily living, such as feeding, and leisure, that would
otherwise be difficult or impossible to perform [5]. Typically,
the individual controls a dexterous manipulator (slave robot)
using a chair-mounted joystick or a haptic device (master
robot) [6]. Such teleoperation schemes are often implemented

through position control in which the displacement of the
slave robot end-effector is directly correlated to displacement
of the master robot. Since the workspace of each robot is
different from the other, the motion may be scaled according
to a mapping from the device position [7], [8].

Multi-user bilateral teleoperation, on the other hand, allows
patients to perform tasks cooperatively with other individuals.
These systems give access to activities that are known to
play an important role in the development of young patient’s
cognitive and perceptual skills [9], [10]. Patients with more
motivation in such tasks are believed to have higher motor re-
covery and improvement of symptoms than those described as
less enthusiastic [11], [12]. In this regard, intuitive coordinated
interaction between patient and the environment of the slave
robot is a key factor that can influence patient engagement and
the associated benefits of these activities [13].

The question then arises on how to scale the workspaces of
a patient with limited range of motion to that of an individual
without disability or a given environment. To illustrate this
issue consider the teleoperated robotic scheme depicted in
Fig. 1. The motion executed with the master robot is scaled
up or down to match the workspace of the slave robot, such
that the whole range of the patient’s workspace is explored. For
instance, assume that a patient with a spastic arm is controlling
the master robot. One defining feature of spasticity is known
as hypertonia; a condition in which muscle tone drastically
increases making joints stiff and difficult to move, typically
assuming a flexed position [14]. If the patient is unable to
move the flexed elbow, the reachable workspace is likely to
form a C-like shape (Wp in Fig. 1). Thus, a simple linear scale
between the two workspaces is not appropriate.

Scaling down the patient workspace to match a constrained
workspace such as that of a small object refines the patient
motion and allows for precise motion of the slave end-effector.
This can be considered for patients with movement spasms
attempting to perform a precise motion in a small workspace
such as stirring a mug. Scaling up the patient workspace
amplifies the patient’s motion and allows him to perform tasks
in a workspace that he would otherwise not be able to reach.
However, upscaling works well for coarse motion but for tasks
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Patient/Master robot Task space/Slave robotnonlinear mapping

Fig. 1. Unilateral teleoperation. The patient workspace Wp (master robot on
the left) is to be mapped to that of the slave robot (Wt ) through a nonlinear
position interpolation function g. The transformed three-dimensional position
of the master end-effector ξ is the desired position of the slave robot ξt . The
interpolation only depends on the outline of the workspaces.

in which accurate positioning of the slave is needed, large scal-
ing of the patient movement subject to involuntary movement
makes a target acquisition task physically impossible [7].

In this paper, we develop a nonlinear workspace mapping
to assist with telemanipulation of objects by a patient’s. The
objective is to identify the entire patient’s workspace and span
it to that of the object, thus limiting the scaling factor and so-
liciting the patient’s motion. The nonlinear scaling is achieved
through thin plate spline interpolation where reference points
in both workspaces are defined and the workspace is deformed
until the reference points are matched. The remainder of the
workspace is interpolated around those points. A method is
also devised to outline the limits of the workspaces by manu-
ally moving the end-effector of both robots in their desired
ranges of motion. We present three different experimental
scenarios. The first considers object-to-object mapping; the
second and third map the workspace obtained when the patient
is only able to move the wrist or the shoulder, respectively, to
that of an object. Experimental results confirm the suitability
of the proposed method to map highly curved workspaces and
the ability of the user to outline contours and follow lines of
objects despite the highly nonlinear mapping.

II. NONLINEAR WORKSPACE MAPPING

Assume that the patient controls the master robot in the
unilateral tele-operated scheme depicted in Fig 1. The pa-
tient’s reachable workspace is denoted Wp and Wt refers to
the workspace in the slave robot. We seek a transformation
g(x,y,z) in the three-dimensional (3D) space to match the con-
tours of both workspaces and interpolate the robot’s position
within the transformed workspace.

Depending on the shape of the two workspaces, this map-
ping is not necessary a simple linear shape or volume scaling.
Nevertheless, the goal is to map the volume/shape of Wp
into that of Wt , or vice-versa, with a non-rigid transformation
that minimizes the overall distortion of the workspace to be
mapped. For 3D volumes, thin plate spline (TPS) interpola-
tion has this property. TPS is an algebraic approach to the
description of deformation between two surfaces specified by
scattered point preponderances (landmark points) [15].

Consider the state variable ξ = [x,y,z]T defined in the
Cartesian space that solely represents the 3D position of a
generic point. To find the transformation g(ξ ) between Wp and

Wt , we assume to have a set of n landmarks ξr = [xt yt zt ]
T in

the reference workspace (the coordinates of 3D points to be
deformed to match the target workspace), and the correspond-
ing homologous set of n landmarks ξt in the target workspace.
This process involves deforming the reference workspace such
that the reference landmarks (patient’s side) match the location
of target landmarks (on the slave robot side), i.e., g(ξr) = ξt ,
while minimizing a bending energy function associated with
the transformation. The function g(x,y,z) ∈R3 must be twice
differentiable and minimize the distortion of the reference
shape that is quantifiable by

ˆ ˆ ˆ
R3

(
∂ 2g
∂x2 +

∂ 2g
∂y2 +

∂ 2g
∂ z2

)2

dxdydz. (1)

The transformation can be written as a sum of functionals
which only depend on one component of g, that is:

g(x,y,z) = b0 +b1x+b2y+b3z+
n

∑
i=1

wiU(ξ ,ξri). (2)

The first part of the above equation, b0 + b1x + b2y + b3z,
forms a linear surface corresponding to an uniform or affine
transformation, and the second part is nonlinear (non-uniform
transformation). The input to the function is the coordinate
location of a generic point ξ = [x y z]T in the reference
workspace and g(x,y,z) outputs the corresponding location
ξt = [x y z]T in the deformed workspace. The coefficient
vectors b0 to b3 ∈R3×1 are constants to be determined later, wi
is a weighing coefficient for each of the n reference landmarks,
and U(ξ ,ξri) is a radial basis function defined as

U(ri j) = r2
i j ln(r2

i j). (3)

Here, the value ri j = ‖ξi − ξ j‖ is the Euclidean distance
between points ξi and ξ j, and ln( ) denotes the natural
logarithm function.

In order to quantify the relative amount of distortion re-
quired to match pairs of landmarks in the same workspace, let
K ∈Rn×n be a symmetric matrix that summarizes the distances
between the n reference landmarks ξr, defined as

K =


0 U(r12) . . . U(r1n)

U(r21) 0 . . . U(r2n)
...

. . .
...

U(rn1) U(rn2) . . . 0

 , (4)

where, for example, U(r12) is the distance between ξr1 and
ξr2 as given by (3). The spacing of landmarks is an important
constraint because it requires more shape deformation between
closely spaced landmarks than between landmarks located at
a distance from one another.

Let R ∈Rn×4 be a matrix gathering the n landmark points
of the reference workspace, i.e.,

R =

[
1 1 . . . 1

ξr1 ξr2 . . . ξrn

]T

. (5)

To compute the weighing coefficient of each landmark point
and the coefficient vectors b, let us define a new matrix L ∈
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Fig. 2. Example of thin plate spline interpolation applied to a generic sphere.
In (a) a sphere with unitary radius is created. In (b), a cross section of the
sphere shows the internal points that compose the sphere at y = 0. The top
landmark is moved from [0,0,1] to [0,0,0]. In (c), the top landmark is moved
from [0,0,1] to [0,0,3]. Note that the scale in (e-f) is different, which adds
to the distortion seen in the bottom of both images.

R(n+4)×(n+4) as
L =

[
K R
RT O1

]
, (6)

where O1 ∈ R4×4 is a matrix of zeros. The inverse of L
represents the energy required to displace the landmarks of
the reference configuration in any combination and by any
amount.

Since the reference landmarks must be displaced to match
the target landmarks, let Q be a matrix containing the desired
respective coordinates ξti , in the target configuration, of each
reference landmark ξri , that is

Q =
[

ξt1 ξt2 . . . ξtn O2
]T

,

where O2 ∈ R4×3 is a matrix of zeros concatenated here to
give Q the same number of rows as L−1.

Now, the n weights wi assigned to the non-uniform modes of
shape variation, and the vectors b0 to b2 that give the uniform
part of the transformation are simply determined as follows:

[w1 . . . wn, b0 b1 b2 b3]
T = L−1Q. (7)

The new location of a generic point ξ = [x y z]T originally

Fig. 3. Overview of the two-dimentional convex hull algorithm.

expressed in the reference workspace can now be calculated
in the target workspace by inputting the result of (7) in (2).
Notice that if the target landmarks location is a linear scaling
of the reference landmarks location, i.e., ξti = λξri ∀i with
λ ∈R, then wi = 0 ∀i and the transformation is affine.

An example of the transformation applied to a sphere
of unitary radius is presented in Fig. 2(a). Six land-
marks are assigned on the surface of the sphere at
[0,0,1], [0;0, -1], [0,1,0], [0, -1,0], [1,0,0], [-1,0,0]. The land-
mark on the lop of the sphere is then moved to the center
([0,0,1]→ [0,0,0]) while other landmarks are kept at their
original locations. The resulting shape and the interpolated
inner points are shown in 2(c) and 2(d). In 2(e) the top
landmark is moved to [0,0,3] and the inner points deform
accordingly.

III. WORKSPACE IDENTIFICATION

The next step toward mapping two workspaces is to define
their limits, i.e., the set of reachable points in both ends of the
teleoperation scheme. This set of points can be demonstrated
by simply moving the end-effector of one robotic device
arbitrarily while the three-dimensional position of the end-
effector (coordinates on xyz, or rather ξ = [x y z]T ) is recorded.
From this set of points, the limits of the workspace will be
extracted. Next, points on the contours of each workspace will
define the registration landmarks.

A. Convex Hull of Workspace Contours

Provided the cloud of reachable 3D points, a computational
geometry algorithm known as Convex Hull is used to obtain
the outlines of the workspace [16]. Given a of set points in
the Euclidean space, the objective is to compute the smallest
convex set containing all points in the set. The 3D position of
the robot end-effector ξ ∈R3 in the Cartesian coordinates is
sampled with a fixed sampling time. Since the position samples
are not evenly distributed along the workspace, as the velocity
ξ̇ is not constant, the dataset is down-sampled to m samples
and forms the following dataset:

Se = {ξ j ∈Rn}m
j=1 ∈Rm×3. (8)
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Master robot Slave robot

Workspaces

(a) Sceraio 1 - Object-to-object mapping

Master robot Slave robot

Arm support

(b) Scenario 2 - Wrist motion to object mapping

Master robot Slave robot

Elastic band

(c) Scenario 3 - Shoulder motion to object mapping

Fig. 4. Experimental scenarios using an unilateral teleoperation scheme. Scenario 1 (a) maps the workspace of two objects. Scenarios 2 (b) and 3 (c) map
the workspace achieved when the user can only move his wrist or shoulder joints, respectively, to that of the cylinder delineated by the pot.

Here the syntax j is the jth sample of the demonstrated
workspace containing m samples in total.

The convex hull of the set of points comprised in S in the
three-dimensional space is the intersection of all convex sets
containing all the points in Se. In details for m points the
convex hull of S, denoted C is given by

C ≡

{
m

∑
j=1

λ jξ j : λ j ≥ 0 ∀ j and
m

∑
j=1

λ j = 1

}
. (9)

When S = Se, the convex hull C defines the boundaries of the
demonstrated workspaces.

A simplified two-dimensional version of the algorithm is
systematised in Fig. 3. We begin by providing the set S of
arbitrary scattered data points ξ (see (a)). The first operation
consists in calculating the leftmost and rightmost points in the
data set (ξa and ξb). These are guaranteed to be part of the
solution (see (b)). Next, the line ξaξb is formed to connect
these points and divide the data set into two different parts.
Points lying in the left of this line are considered one subset
(S2) and the remaining points are considered as another subset
(S1 in (c)). Both S1 and S2 are processed recursively. In this
example, only S1 will be further treated but the S2 would be
handled in the same way.

The algorithm continues by identifying the point with the
greatest distance from the line ξaξb, called ξc in (d). This point
connects to the limits of the line to form a triangle. Points
lying within the triangle are discarded as they evidently are
not part of the convex hull (see (e)). The recursive process
in then repeated. Points in the right and left of the triangle
form new subsets S3 and S4. The process continues until the
segment ξaξb is no longer part of the hull polygon as shown
in ( f ).

For simplicity, the 3D problem will be approximated by a
series of 2D convex hulls, each of which deals with points
having the same coordinates along z in Se or width (position
along x) in Se. Each convex hull then represents the contour
of a horizontal or vertical cross section of the volume formed
by the points in Se. Combined, the set of 2D convex hulls
outlines the 3D contours of the workspaces described in Se.

B. Defining Registration Landmarks

The next step required in the mapping process is to de-
fine pairs of landmarks pertaining to the contours of each

workspaces that are to be matched through the transformation
described in Section II. To this end, we start by normalizing
the 3D convex hulls obtained on the master and slave robot,
i.e., dividing the coordinates x,y, and z of each vertex in the
convex hull by the maximum width, depth, and height of the
hull, respectively. Next, we center the median of each convex
hull such that they center at the origin O of a hypothetical xyz
frame.

The principle here is that a vector that connects a landmark
point in one workspace to the center of its hull, must have
a similar orientation as in the other workspace. With this in
mind, an intuitive and simple approach to define the landmarks
is to construct a series of straight lines L j with j = {1,2, ...,d},
each of which starts at the median of each centred convex hull
(O) and ends at a point ξ` defined in spherical coordinates as

ξ` =

 x`
y`
z`

=

 sin(ϑ)cos(ϕ)
sin(ϑ)sin(ϕ)
cos(ϑ)

ρ, (10)

where ρ =
√

3 is the line length ∀ j, ϑ is the polar angle
formed with the z axis, ϕ is the azimuthal angle with respect
to x. If the lines are equally distributed in space, the spherical
coordinates are within the following range

ϑ ,ϕ =
2π

d
k+ c,with k ∈ {1,2, ...,d}, d ∈N∗. (11)

Thus, considering all possible combinations of ϑ and ϕ , the
total number of lines is d2 provided that the constant c is
different in ϑ and ϕ .

These lines are drawn within each convex hull and each of
them will intersect the convex hull surface at a certain point.
See Fig. 5(c) for an example. As a consequence, the pair j
of landmarks, pertaining each to one workspace contour, is
simply given by the points where the line L j intersects C in
each workspace. At the end of the process, the total number
of reference landmarks pairs is d2.

IV. EXPERIMENTAL VALIDATION

An unilateral teleoperated scheme using two haptic devices
(Phantom Premium 1.5A from Geomagic, Durham, USA) is
used to validate the proposed approach (see Fig. 4). Demon-
stration of each workspace is performed by moving the end-
effector of each robot within the desired range of motion.
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Fig. 5. Demonstration, outline of the workspaces, and assignment of landmark points in each scenario. The first column shows the raw demonstrated data Se.
The second column shows the calculated convex hulls. In the third column the normalized workspaces and the landmark lines are drawn. The yellow lines in
the last column indicate the obtained pair of landmarks once the convex hulls are scaled back to their original size.

Once the workspace mapping is obtained, the transformed
position of the master robot end-effector serves as the desired
position of the slave robot, which is controlled through a
proportional-integral-derivative controller. Note that in unilat-
eral tele-operation, force-feedback is not implemented.

Three experimental scenarios are considered.
Scenario 1: See Fig. 4(a). In this scenario, we are interested

in downscaling the workspace delineated by a rectangular
plastic container to that of a mug. The idea is to refine the
user’s motion allowing for precise execution of movements
within the smaller workspace. This scenario can be considered
for patients with movement spasms. To obtain the workspaces,
the end-effector of the master and slave robot are manually
moved around within the limits of the container and the mug,
respectively, for approximately 45 seconds.

Scenario 2: See Fig. 4(b). In this scenario we map the
workspace obtained when the user is only able to move his
wrist (in all directions, creating a volume) to that of a round
object, such as a pot. The arm of an individual without
disability is fixed to the support shown in the figure and the
individual moves his wrist such that the workspace of the
master robot can be acquired in the same way as in Scenario 1
except that the workspace boundaries are determined by the
wrist physical limits.

Scenario 3: See Fig. 4(c). Here, the forearm and the wrist of
a individual without disability are tied to his humerus using an
elastic band such that the individual is only able to move the

end-effector of the robot through movements of his shoulder
joints. The obtained workspace is then up-scaled to that of the
same object as in Scenario 2.

The demonstrated workspaces and the sequence used to
obtain the pairs of landmarks is shown in Fig. 5. The first
column is the set of demonstrated points Se of each workspace
overlaid in the same graph, for each scenario. The second
column shows the convex hulls calculated for each set of
points. The normalized workspace and the landmark searching
lines can be seen in the third column. The last column shows
the obtained pairs of landmarks that are be used to deform
the workspace of the master robot to that of the slave robot
following the direction of the yellow lines using d = 10 in
Equation (11).

Experimental results are summarized in Fig. 6. In (a) (left)
the user delineates the contours of the plastic container by
moving the master robot end-effector. The slave robot trajec-
tory is shown in the right-hand-side panel. Four trials presented
for each scenario (shown by different colors) demonstrate
that the proposed mapping spans workspaces with different
geometries with reasonable accuracy. In (b) the user can only
move his wrist, as in Scenario 2, and attempts to outline the
contours of the pot at different heights using the master robot.
As the height changes, it can be seen that the required wrist
movement reduces according to the workspace limits. The
experimental results shown (c) are similar to those in (b),
except that the user is only able to move the shoulder, as in
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Fig. 6. Experimental results using unilateral teleoperation in each scenario.

Scenario 3. In (d), Scenario 3 is again considered. Rather than
outlining contours, the user draws straight lines in the slave
robot ’sworkspace. It can be seen that the mapping is nonlinear
close to the boundaries of the workspace but maintains good
linearity in the center of the workspace.

V. CONCLUSION AND PERSPECTIVES

This paper proposes a nonlinear workspace mapping be-
tween the patient’s range of motion and that of the object to
be explored through teleoperation. It may be used to refine the
patient’s motion and reduce effects of tremor and spasms, but
also to upscale the range of motion to match the size of the
object. One may envision a scenario where the patient interacts
with different objects, each of which has its own workspace
spanning the patient’s range of motion. In that way, the patient

is always using his entire workspaces, which is expected to
promote patient engagement.

There are several ways to improve upon the presented
methodology. In order to match the patient’s preferred direc-
tion of motion, an additional step may be used in the scaling
process to rotate the workspaces and adjust the direction
of motion from one workspace to another. In this regards,
the assignment of landmarks also plays an important role.
An alternative to the searching-lines approach presented here
may be to consider the Euler angles of all vertex points in
each convex hull, and then iteratively form pairs of points
considering those with similar angles such that the distortion
of the workspace given by Equation (1) is minimized, or until a
defining workspace feature such as a straight line can be scaled
without distortion. In addition, one may consider filtering the
demonstrated points in an attempt to minimize the effects
of potential outliers that can negatively affect the mapping
accuracy. Future work will also study the effects of nonlinear
mapping on the stability of bilateral teleoperation.
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