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Application of a Redundant Haptic Interface in
Enhancing Soft-Tissue Stiffness Discrimination

Ali Torabi1, Mohsen Khadem2, Kourosh Zareinia3, Garnette Roy Sutherland4, Mahdi Tavakoli1

Abstract—Haptic-enabled teleoperated surgical systems have
the potential to enhance the accuracy and performance of surgical
interventions. The user interface of such a system can provide
haptic feedback to the surgeon to more intuitively perform
surgical tasks. In this paper, we study the added benefits of redun-
dant manipulators as haptic interfaces for teleoperated surgical
systems. First, we introduce the intrinsic benefits of employing
a redundant haptic interface, namely, reduced apparent inertia
and increased manipulability (one result of which is reduced
friction forces). Next, we demonstrate that the haptic interface
redundancy can further reduce its apparent inertia and friction
via appropriately manipulating the extra degrees of freedom of
the interface. This will consequently enhance the haptic feedback
resolution (sensitivity) for the user. Finally, a psychophysical ex-
periment is performed to validate the improved force perception
for the user in a virtual soft-tissue palpation task. We conduct a
set of perceptual experiments to evaluate how a redundant and
non-redundant user interface affects the perception of the virtual
stiffness. Experimental results demonstrate that the redundancy
in the haptic user interface helps to enhance tissue stiffness
discrimination ability of the user by reducing the distortions
caused by the kinematics and dynamics of the user interface.

Index Terms—Haptics and Haptic Interfaces, Telerobotics and
Teleoperation, Medical Robots and Systems.

I. INTRODUCTION

ROBOTIC teleoperation systems have transformed several
surgical interventions, where many steps involved in

localization, access, and surgical execution would benefit from
distinct robotic capabilities. Teleoperated robotic systems com-
bine the decision-making of human users with the precision of
a robot, allowing minimalist intervention in confined spaces
with accuracies beyond human capabilities [1]. One of the
main capabilities of teleoperated robotic systems is providing
haptic feedback to the surgeon. The haptic sense in telerobotics
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provides realistic interactions between a human user and a
remote or virtual environment. To provide haptic feedback to
the human user, there is a need for haptic interfaces that relay
forces from the teleoperated robots interactions with the real
or the virtual environment back to the human operator [2].

In a teleoperated robotic surgical system, the patient side
surgical manipulators are controlled via a human interface
(HI), operated by the surgeon. The HI connecting the surgeon
to the surgical manipulator and environment is an integral part
of any robot-assisted surgical system and should be able to
intuitively transfer surgical maneuvers to the surgical robot
[3], [4]. The HI should also provide sufficient sensory feedback
such as haptic sense to the surgeon to more intuitively control
the robotic manipulators. The haptic force feedback can reduce
unintentional injuries [5], surgeon’s fatigue [6], and assist
tissue characterization [7].

For most surgical procedures, stiffness transparency is re-
quired to offer a realistic feel of the tissue [8]. Stiffness
transparency allows surgeons to discriminate between tissues.
Distorted haptic feedback can reduce the user’s ability to
perform tissue discrimination. Especially in neurosurgery, the
user’s tissue stiffness discrimination ability may be reduced
due to small forces that are involved in the interaction with the
brain tissue [9], which may be masked by the HI’s mechanical
properties.

In the design of HIs, there are trade-offs between desir-
able characteristics such as force feedback reflection capac-
ity, closed-loop stiffness, workspace size, manipulability, and
apparent inertia [10]. For example, to provide large force
feedback, the HI should have larger actuators. This, however,
increases the inertia of the robot and somewhat masks the force
feedback. Also increasing the HI’s workspace commonly leads
to longer links, which decreases the mechanical stiffness and
increases the inertia of the HI.

To address the design trade-offs and achieve desirable
characteristics for HIs, one can use a kinematically redundant
haptic interface (RHI). RHI has more degrees of freedom
than what is minimally required to perform a task in the
Cartesian space. Kinematic redundancy in the task space of
a robot makes it possible to have joint motions that do not
affect the position and orientation of the end-effector (EE).
These inner joints’ motions can be used in control to achieve
a secondary objective while performing a primary objective.
The secondary objective can involve reducing apparent iner-
tia, singularity avoidance, manipulability enhancement, and/or
joint limit avoidance [11].

Despite the promising features of RHIs, not much at-
tention has been paid to its design and control. One of
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the first redundant haptic interfaces was introduced in [12].
They proposed an admittance controller to control the robot
due to its relatively large dynamics that make the HI non-
backdriveable. Nath et al. [13] studied the teleoperation of
redundant manipulators when both the master and slave robots
are redundant and have the same degrees of freedom. Barrow
et al. [14] and Gosselin et al. [15] added one degree of freedom
(DoF) to the base of the HIs to make the robots kinematically
redundant and enlarge their workspaces. The well-known da
Vinci Surgical System (Intuitive Surgical, Inc. CA, USA) also
benefits from a redundant 7-DoF Master robot [16]. The rest of
the work found in literature considers the case of a redundant
teleoperated robot (slave robot). Hwang et al. [17] studied the
performance of a teleoperation robotic system that benefits
from a redundant slave robot manipulator. Das et al. [18]
developed a kinematic controller for a teleoperation system
with a redundant slave robot system. They performed obstacle
avoidance while controlling the robot in its task-space.

In this paper, we investigate the benefits of an RHI as the
master robot in a tissue discrimination scenario. We employ
an RHI to reduce the apparent inertia of the interface and
enhance its manipulability and consequently enhance the force
resolution (sensitivity) for the user. We demonstrate that an
RHI can provide better and more realistic force feedback to
the user than a non-redundant haptic interface (NHI). The rest
of the paper is organized as follows: In Section II, the intrinsic
advantages of an RHI over NHI is described. In Section III,
a secondary task is introduced that employs the kinematic
redundancies of the RHI to further maximize its manipulability
in the desired direction. Section IV describes the experimen-
tal setup and protocol. Psychophysical experiment results to
validate the effectiveness of the proposed secondary task and
redundancy of the haptic interface are presented in Section V.
Concluding remarks appear in Section VI.

II. INTRINSIC ADVANTAGES OF REDUNDANT HAPTIC
INTERFACES

A haptic interface should satisfy requirements of low ap-
parent inertia and friction for the best perception of reflected
forces by the user, a big workspace for ease of movement,
and a large enough stiffness and maximum force feedback
capability to recreate reflected forces from both soft and stiff
contacts. In this section, we show the intrinsic advantages
(i.e., enhanced manipulability and lower apparent inertia)
of a redundant haptic interface (RHI) over a non-redundant
interface (NHI). An RHI has intrinsic advantages over an NHI
as long as the RHI has at least one DoF more than the NHI.
Intrinsic advantages are related to the kinematics and dynamics
of the RHI and do not need any algorithm or computer-based
control. In Section III, we demonstrate that by employing an
RHI, the intrinsic advantages of an RHI can be more enhanced
via a secondary task controller.

A. Effective Manipulability

For a robot, the Jacobian matrix provides a transformation
from the joint velocities to the velocity of the EE in Cartesian
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Figure 1. Schematics of a 4-DoF planar RHI.

space as

ẋ =

[
ṫ
ṙ

]
=

[
Jt
Jr

]
q̇ = Jq̇ (1)

where q̇ is an n-dimensional vector that represents a set
of joint velocities, ẋ is an m-dimensional velocity vector
of the EE, and J is the m × n Jacobian matrix. ṫ is a
t-dimensional translational velocity vector, and ṙ is an r-
dimensional orientational velocity vector of the EE. Jt and
Jr are the t×n translational and r×n orientational Jacobian
matrices, respectively. For the RHI, n > m, and for the NHI,
n = m.

For a given robot, a unit hypersphere in the joint space,
‖q̇‖2 = 1, can be mapped into an ellipsoid in Cartesian space,
using [19]

‖q̇‖2 = q̇T q̇ = ẋT (J†)T (J)†ẋ = ẋT (JJT )†ẋ = ẋTMẋ (2)

where † indicates the pseudo-inverse of a matrix and M
is an m × m matrix and called the velocity manipulability
ellipsoid (VME). The VME is a useful tool for visualizing
the velocity transmission characteristics of a manipulator at
a given configuration. The optimal direction for affecting
velocity as well as the optimal direction to control the force is
along the major axis of the VME [20]. This means that for an
HI, along the major axis of the VME, the user can move the EE
with minimum movements of the robot’s joints (i.e., feeling
the least joint frictions). Also, along with the major axis of the
VME, the force feedback to the user can be most accurately
controlled (i.e., the highest resolution of force feedback).

The effective manipulability for VME along the direction
of a unit vector u is calculated as [20]

ρ = (uTMu)−1/2, (3)

ρ takes its maximum along the major axis of the VME.
Consider an RHI which is made by adding one or more

DoFs to the base of an NHI. An example of an RHI is
illustrated in Fig. 1. Let P represent the vector connecting
the origin of the NHI, ONHI , to the origin of the EE, OE,
expressed in the reference frame attached to the origin of
the RHI, ORHI . Consider ṫNHI and ṙNHI , which represents the
translational and angular velocities of the origin of the NHI,
ONHI , as the result of the motion of the added DoFs, and ṫE and
ṙE, which represents the translational and angular velocities
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of the EE, OE, as the result of the motion of the NHI. The
Jacobian matrix of the RHI can be calculated as[

ṫ
ṙ

]
=

[
ṫNHI + ṫE + ṙNHI × P

ṙNHI + ṙE

]
=

[
JtAD

− [P ]×JrAD
JtNHI

JrAD
JrNHI

] [
q̇AD

q̇NHI

]
=

[[
I −[P ]×
0 I

] [
JtAD

JrAD

] [
JtNHI

JrNHI

]] [
q̇AD

q̇NHI

]
=

[[
I −[P ]×
0 I

]
JAD JNHI

] [
q̇AD

q̇NHI

]
=
[
ĴAD JNHI

] [ q̇AD

q̇NHI

]
= JRHI q̇RHI

(4)

where [P ]× is the cross-product operator of the vector P .
q̇AD and q̇NHI are the joint velocity vectors corresponding to
the added DoFs and NHI, respectively. JAD and JNHI are the
Jacobian matrices of the added DoFs and NHI which are
expressed in the frame attached to the origin of the RHI, and
Jt and Jr are the translational and orientational parts of the
Jacobian matrices. I and 0 are the identity and null matrices,
respectively, with appropriate dimensions.

Remark I: By adding one or more DoFs to the base of an
NHI to make it redundant, the effective manipulability of the
new redundant robot will be greater than that of the NHI.

For the RHI, the effective manipulability (3) along a direc-
tion u can be written as

ρRHI = (uT (JRHIJ
T
RHI

)†u)−1/2

= (uT (
[
ĴAD JNHI

] [ ĴT
AD

JT
NHI

]
)†u)−1/2

= (uT (ĴADĴ
T
AD

+ JNHIJ
T
NHI

)†u)−1/2.

(5)

As the VME belongs to the set of symmetric positive definite
(SPD) matrices, it can be shown that

uT (ĴADĴ
T
AD

+ JNHIJ
T
NHI

)†u ≤ uT (JNHIJ
T
NHI

)†u, (6)

and thus,
ρRHI ≥ ρNHI . (7)

The inequality (7) shows that the effective manipulability for
the RHI is greater than that for the NHI in any direction.
Therefore, the user would feel less joint friction when he/she
moves the EE of the RHI.

B. Effective Apparent Inertia

Remark II: The effective apparent inertia of the RHI, which
is made by adding one or more DoFs to the base of an NHI,
is smaller than that of the NHI.

The effective apparent inertia describes the relationship
between a force (torque) applied on the EE of the robot along
(about) an arbitrary direction and its resulting translational
(rotational) acceleration in that direction, taking into account
the effects of the other links and joints of the robot. In other
words, effective apparent inertia represents the mass perceived
at the EE of the robot in response to the applied force (torque)
along (about) an arbitrary direction.

The apparent inertia of an HI (redundant or non-redundant)
can be written as Mx = (JM−1

q JT )−1 [21], where Mx is the

m×m EE inertia matrix in Cartesian space (apparent inertia),
and Mq is the n × n inertia matrix in the joint space. The
inertia matrix of the RHI is shown to be [22]

Mq,RHI =

[
Mq,AD M̂q

M̂T
q Mq,NHI

]
(8)

where Mq,AD is the inertia matrix of the added DoFs, M̂q is
the co-term of the inertia matrix of the added DoFs and NHI,
and Mq,NHI is the inertia matrix of the NHI. The terms in (8)
are expressed in the RHI reference frame. The apparent inertia
of the RHI is calculated as

Mx,RHI = (JRHIM
−1
q,RHI

JT
RHI

)−1 = (M−1
x,NHI

+ M̂−1
x )−1 (9)

where JRHI is calculated from (4),

M̂−1
x = (ĴAD − JNHIM

−1
q,NHI

M̂q)(Mq,AD − M̂T
q M

−1
q,NHI

M̂q)−1

(ĴAD − JNHIM
−1
q,NHI

M̂q)T , and M−1
x,NHI

= (JNHIM
−1
q,NHI

JT
NHI

).

The effective apparent inertia in the direction u is calculated
as

Λ = (uTM−1
x u)−1. (10)

Therefore, the effective apparent inertia of the RHI can be
calculated as

ΛRHI = (uTM−1
x,RHI

u)−1 = (uTM−1
x,NHI

u+uT M̂−1
x u)−1. (11)

As (uT M̂−1
x u) is always positive [22], thus

(uTM−1
x,RHI

u)−1 ≤ (uTM−1
x,NHI

u)−1. (12)

The inequality (12) indicates that the effective apparent inertia
of the RHI is smaller than that of the NHI along any direction.

III. NON-INTRINSIC ADVANTAGES OF REDUNDANT
HAPTIC INTERFACES

In Section II, the intrinsic advantages of the RHI over NHI
were investigated. In this section, the redundancy of the RHI
will be exploited to achieve a secondary objective. In Section
IV, we experimentally validate the application of the proposed
approach in enhancing the soft-tissue discrimination by using
an RHI.

For an RHI, the joint torque vector for a desired EE force
can be calculated as [21]

τ = JTF + (I − JTJ#T
)(τN − kD q̇)︸ ︷︷ ︸

Null space controller

, (13)

where τ is the joint torque vector required to create a desired
EE force F . τN is the null-space torque vector corresponding
to the secondary objective and is projected in the null space of
the Jacobian matrix through the (I−JTJ#T

) matrix. kD > 0
is a suitable damping coefficient. J# is generalized inverse of
the Jacobian matrix defined as J# = M−1

q JT [JM−1
q JT ]−1.

The joint torques given by (13) can ensure stability for both
the primary and null space controllers [23]. A block diagram
of the control system is shown Fig. 2.

The torque vector, τN , which is desired to fulfill secondary
goals needs to optimize a secondary objective using the
gradient projection method, i.e.,

τN = −α∂ν(q)

∂q
(14)
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Figure 2. Block diagram of the control system.

where α is a scalar step size and ν(q) is the objective function
corresponding to the secondary task. Using τN in (14), the
robot tries to decrease the value of ν(q) while executing the
primary task.

As discussed in Section I, different secondary objectives can
be selected. An ideal HI is such that the user does not sense
the dynamics of the HI. This can be achieved by maximizing
the manipulability of the HI and minimizing its apparent
inertia along the desired direction of motion. We note that by
designing a suitable closed-loop controller (e.g., impedance
control [24]) for the HI, the apparent inertia can be decreased
and the joints’ friction can be compensated for. However, such
controller needs an exact model of the HI joints friction, inertia
matrix and centrifugal torques in addition to a force sensor
that are hard to achieve in practical applications. Therefore,
having intrinsic low apparent inertia and friction, and high
manipulability is desirable for HIs.

We define an objective function for the secondary task to
match the VME of the RHI, M = (JRHIJ

T
RHI

)†, to a desired
VME, Mdes, by utilizing the inner joints motion of the
redundant robot. The objective function is defined as

ν(q) = logdet(
Mdes +M

2
)− 1

2
logdet(MdesM). (15)

As stated before, M belongs to the set of SPD matrices. (15)
is selected as the cost function because it is a Riemannian
distance metric on SPD matrices [25] and forms a convex opti-
mization problem that ensures convergence.Mdes is designed
such that its major axis is aligned to the desired direction of
motion and it has small minor axes. By using this Mdes, the
effective manipulability will be maximized along the desired
direction. If u ∈ Rm is the unit vector that indicates the
direction of motion, by using singular value decomposition
(SVD), it can be decomposed as u = UΣV T , where U is
m × m unitary matrix, Σ is an m × 1 vector in which non
zero value is known as the singular value of u, and V is a
scalar.

The desired VME can be defined as

Mdes = U

[
Σ,

[
01×(m−1)

βI(m−1)

]]
U−1 (16)

where I(m−1) is an (m−1)×(m−1) identity matrix, 01×(m−1)

is a vector of zeroes. β is a scalar scaling factor that defines the
length of the minor axes of theMdes. In theory, an idealMdes

is a line (i.e. β = 0); however, such a desired VME causes an
internal motion that puts the HI into a singular configuration.
Therefore, the parameter β needs to be small but non-zero to
avoid singularity in any direction.

q1

q2
q3

q4

PHANToM Robot Actuated Joints

Rehab Robot Actuated Joints

Upper-limb Rehab
Robot PHANToM

Robot

Figure 3. Top view of experimental Setup (4-DoF planar RHI). The first NHI
(PHANToM) is made by fixing q1 = 0 and q2 = 0. The second NHI (Rehab)
is made by fixing q3 = 0 and q4 = 0.

In the cost function (15), the effective manipulability (3) is
maximized along the desired direction of motion. Also, there
is control over the desired VME shape in the cost function
(15), and thus singularities can be prevented by selecting an
appropriate value for β. Furthermore, this cost function forms
a convex optimization problem. Therefore, the optimization
converges to the global solution of the problem and does not
depend on the initial configuration of the robot.

IV. EXPERIMENTAL SETUP AND PROTOCOL

Here, the effect of the proposed control strategy on the
performance of the user in soft-tissue stiffness discrimination
is investigated. Using three robots – two planar 2-DoF NHIs
and a planar 4-DoF RHI – a user study is performed. The ex-
periments aim to study user perception of changes in stiffness.
Based on the discussions in Section III, it is hypothesized that
because the RHI has lower effective apparent inertia and larger
effective manipulability, which as a result, has higher force
feedback accuracy compared to the NHIs, the RHI can enhance
the soft-tissue stiffness discrimination ability of a user.

The 4-DoF planar RHI is developed by serially connecting
two robots, a 2-DoF PHANToM 1.5A (Geomagic Inc., Mor-
risville, NC, USA) and a 2-DOF planar upper-limb rehabili-
tation robot (Quanser Inc., Markham, ON, Canada). The base
joint of the 3-DoF PHANToM robot has been removed to turn
it into a 2-DoF planar robot. Also, a passive revolute joint is
added to the EE of the 4-DoF RHI to allow for any arbitrary
orientation of the user’s hand. For interfacing the robots with
the computer, MATLAB/Simulink (MathWorks Inc., Natick,
MA, USA) with Quarc real-time control software (Quanser
Inc., Markham, ON, Canada) is used.

The experimental setup is shown in Fig. 3. One of the NHIs
is made by fixing the first two joint angles of the RHI at zero,
i.e., upper-limb rehabilitation robot’s joints (q1 and q2) are
set to zero. The second NHI is made by fixing the last two
joint angles of the RHI at zero, i.e., PHANToM robot’s joints
(q3 and q4) are set to zero. The first NHI’s kinematics and
dynamics are equivalent to the PHANToM robot’s kinematics
and dynamics and will be called PHANToM hereafter, and
the second NHI’s kinematics and dynamics are comparable to
the rehabilitation robot’s kinematics and dynamics and will be
called Rehab hereafter.
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The Jacobian matrix of the RHI, PHANToM, and Rehab
are

JRHI =

[
−d1sq1, d2cq2 − d3sq23 + d4cq24, −d3sq23, d4cq24
d1cq1, d2sq2 + d3cq23 + d4sq24, d3cq23, d4sq24

]
,

JPHANToM =

[
−d3sq3, d4cq4
d3cq3, d4sq4

]
,

JRehab =

[
−d1sq1, (d2 + d4)cq2 − d3sq2
d1cq1, (d2 + d4)sq2 + d3cq2

]
,

where qi, i = 1, 2, 3, 4, is the HIs joint angles, s and c denote
sin(.) and cos(.), and qij = qi + qj . The links’ length of the
HIs are given in meters as di = [0.254, 0.141, 0.21, 0.181].
The inertia matrix in the joint space for the RHI, PHANToM,
and Rehab are obtained based on the work of [26] and [27].

Ten subjects aged 22-33 participated in the experiments. The
subjects had average experience with HIs, and all of them
were right-handed. Each subject was asked to sit in front
of an HI and move the EE of the HI with their dominant
hand in a given direction and receive haptic feedback form
a virtual environment without having any visual feedback.
Subjects were instructed to keep the EE of the HI moving
during the experiments. Before starting the experiments, the
subjects performed a round of training to become familiar with
the experimental setup. The experiment was approved by the
University of Alberta Research Ethics and Management Online
under study ID MS3 Pro00057919.

A psychophysical experiment is performed to study the
users’ perception of changes in stiffness. The two-alternative
forced-choice (2AFC) procedure, which forces the subjects to
choose which stimuli in a pair of reference and comparison
sample is stiffer, was employed in each trial. Also, the method
of constant stimuli [28], in which a reference stimulus and a
set of comparison stimulus are presented to the subject in the
random order, is used. The virtual environment is modelled
by a spring whose stiffness changes by the stimulus value.

The subjects’ primary goal was distinguishing between
different virtual stiffnesses. In each trial, one of the haptic
interfaces (RHI, PHANToM, or Rehab) and pairs of virtual
tissue samples (virtual stiffnesses) were presented to the sub-
ject. Each pair consists of a reference stimulus value and a
comparison stimulus value. The reference value was selected
to be in the lower band of the brain tissue stiffness. The
Young’s modulus of brain tissue is 0.6 to 180kPa [29]. By
using Hooke’s law, Young’s modulus is converted to the spring
stiffness. Therefore, the stiffness values for a cube of the tissue
sample with a length of 8 cm is in the range of 50 to 14,500
N/m. Here, the reference stimulus value was selected to be
50 N/m, which is the lowest in the range for the brain tissue.
The minimum stiffness for the brain tissue has been selected
as the reference stimuli because it corresponds to very small
forces that can be obscured by the mechanical impedance
(including apparent inertia) and joint frictions of the HI [30].
Larger stiffnesses that correspond to forces overshadowing
such dynamical effects are indeed easier for the human user
to feel. Thus, the most challenging case for the human user
(feeling and discriminating small stiffnesses) has been chosen
to investigate the effectiveness of RHIs in terms of enhancing
stiffness discrimination capabilities for human users compared
to NHIs.

RHI
PHANToM (NHI)
Rehab (NHI)
Starting point

Figure 4. The workspace of the redundant robot, the workspace of the
PHANToM, the workspace of the Rehab, and the starting point for the
experiments.

A total of nine comparison values were selected so that four
comparison values were smaller than the reference, four were
larger than the reference, and one was equal to the reference.
The comparison values selected are ±5%, ±15%, ±25%, and
±35% of the reference stimulus value. In each trial, a pair of
reference virtual stiffness and a virtual tissue sample from the
comparison set was presented to the user. The user was asked
to probe the first virtual tissue sample from the pair in the
given direction. After the virtual tissue sample was probed, it
was replaced by the other virtual tissue sample from the pair
upon the subject’s verbal signal concerning his/her readiness.

For each HI, the nine pairs of reference and comparison
virtual stiffnesses were presented ten times in random orders to
the subjects. Therefore, a total of 90 stiffness comparisons with
each HI (270 comparisons in total) were made by the subjects.
There was no time limit for probing the virtual stiffnesses in
each trial. However, a physical obstacle is placed at 8 cm
away from the starting point of the experiments to limit the
range of the EE movement. If the range of motion was not
limited, as the virtual tissues follow the Hooke’s law, the users
could move the EE of the HI farther and discriminate the
tissues by feeling the extra forces. Also, to ensure that the
participants move their hand in a specific direction, a virtual
fixture (software-generated force fields) is imposed on the
EE of the HIs to limit the movement of the EE along the
specific direction. The subjects were asked to always choose
the stiffer tissue sample in a pair even if such a choice
appeared challenging. To reduce the effects of fatigues in the
experiments, the subjects had ten minutes optional rest time
after every 45 comparisons. Also, after every 135 comparisons,
the subjects had to have at least one hour rest.

The study was performed with the EE always starting
from a point in the middle of the PHANToM workspace,
(0.49, −0.22), which is then moved in the right-hand direction
(i.e., u = [0, 1]T ) towards the tissue . Fig. 4 depicts the
workspace of the RHI, PHANToM and Rehab, and the location
of the starting point in the workspaces. The base frame of the
RHI and Rehab is located at (0, 0) m and the base frame of
PHANToM is located at (0.254, −0.141) m.

As proven in Remark I in Section II, the effective manip-
ulability of the RHI is greater than or equal to that of the
PHANToM at every point of its workspace. Also, as proven
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Table I. Theoretical values for effective apparent inertia Λ and effective
manipulability ρ at two points

Point RHI PHANToM Rehab

Λ (Kg) (0.49, -0.22) 0.0576 0.0628 0.4379
(0.49, -0.14) 0.0590 0.0606 0.4414

ρ (m/s) (0.49, -0.22) 0.371 0.188 0.296
(0.49, -0.14) 0.387 0.167 0.315

in Remark II in Section II, the effective apparent inertia of
the RHI is upper bounded by that of the PHANToM at every
point of its workspace. This means that the apparent inertia
of the RHI is smaller than the PHANToM’s apparent inertia,
despite the fact that the RHI has two more links and actuators
(resulting to the bigger workspace shown in Fig. 4). Therefore,
it can be expected that the RHI provides higher fidelity force
feedback for the user compared to the PHANToM because the
RHI’s mechanical properties mask the force feedback less than
those of the PHANToM. To further investigate this, the effec-
tive manipulability and apparent inertia along u = [0, 1]T for
the RHI, PHANToM, and Rehab are calculated at two points
using (3) and (10), respectively. The perceptual experiments
are performed for a line segment with these two points as its
extremes. Results are listed in Table I. Data reported for the
RHI in Table I corresponds to the optimized configuration of
the RHI with the objective function given in (15). Parameter
β in (16) is selected equal to 0.01 in the simulation studies
and the experiments. The optimized configuration for the RHI
at point (0.49, −.22) m is [0.125, 0.022, 0.298, 0.175] rad,
and the optimized configuration at point (0.49, −0.14) m is
[0.298, 0.077, 0.413, 0.208] rad.

Table I indicates that at sample points in the shared
workspace of the RHI, PHANToM, and Rehab, the effective
apparent inertia Λ in a specific direction for the RHI is
smaller than that of the PHANToM and Rehab, although the
effective manipulability ρ for the RHI is larger than that of
the PHANToM and Rehab. Having a smaller apparent inertia
for the RHI leads to the smaller sensation of its linkages, and
having a larger effective manipulability for the RHI leads to
the smaller sensation of its joints’ frictions, both of which are
desirable features.

Experiments are performed to validate the effective apparent
inertia of HIs reported in Table I along u = [0, 1]T . For
this purpose, a 6-DoF force sensor (50M31A3-I25, JR3 Inc.,
Woodland, CA, USA) is attached to the EE of the HI. Next,
the EE of each HI is modelled to have the dynamics

ΛẌ + Fr = Fext, (17)

where Λ is the scalar mass or effective apparent inertia in
the direction of motion, X is the scalar position of the EE,
Fext is the scalar external force, and Fr is the scalar friction
force. The friction term is modelled as the viscous friction
Fr = BẊ . Experiments are performed to identify Λ and
Fr in (17). For each HI, ten trials are conducted. In each
trial, a constant external force is applied to the EE of the HI
along the direction of u starting at 1 cm before the points
given in Table I in the workspace. The starting point is not
chosen at the given points to eliminate the effects of Coulomb

Table II. Experimental values for effective apparent inertia Λ in the right
direction at two points

Point RHI PHANToM Rehab

Λ (Kg) (0.49, -0.22) 0.0691 0.0734 0.5399
(0.49, -0.14) 0.0718 0.0728 0.5683

0.35 0.45 0.55

-0.4

-0.2

0

0.33

0.4

0.5

0.6

0.7

0.8

0.9

0.99

Figure 5. Effective apparent inertia ratio of the RHI and PHANToM.

friction in the experiments. The acceleration and velocity of
the EE of each HI as well as the external forces are measured.
In the experiments, the HIs’ joint angles are measured and
by using forward kinematics of the HIs, the position of the
EE is calculated. The velocity and acceleration of the EE
are obtained by taking the first and the second derivative of
the position of the end-effector using a second order filter,
respectively. The external forces are exerted in the range of
0.5− 1.5 N . The measured signals are passed through a 5th-
order lowpass filter, and then the parameters are identified
by fitting experimental data to (17) using linear least-squares
method. The experimental results for the effective apparent
inertia are listed in Table II. These experimental results are
in agreement with the theoretical results in Table I. There is
a small difference between the theoretical and experimental
values which could be the result of measurement noises and
model uncertainties, but the trend of apparent inertia value
changes between the three HIs is consistent.

In addition to the theoretical values reported in Table I, a
simulation study is performed to verify Remark II in Section
II in all points of the common workspace of the RHI and
the PHANToM (NHI). (12) is re-written as Λr = ΛRHI

ΛNHI
≤ 1,

where Λr is the effective apparent inertia ratio. Theoretical
values for the Λr along u = [0, 1]T are calculated at
every point of the common workspace of the RHI and the
PHANToM. Results are depicted in Fig. 5 which corroborate
Remark II statement.

V. RESULTS AND DISCUSSION

In order to quantify the users’ perception of changes in
stiffness in the experiments, we employed the just noticeable
difference (JND), the point of subjective equality (PSE), and
corresponding Weber Fractions (WF) measures. The JND is
the minimum amount by which stiffness value must be altered
to make a noticeable change in the user’s perception. The PSE
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Figure 6. Representative results of the positive fraction for subject #3.

is the stiffness stimuli that appears to subjects the same as
reference stiffness stimuli. The Weber fraction is calculated as

WF =
JND

PSE
. (18)

Weber’s Law states that the JND is a constant proportion of
the original stimulus value.

A Sample of representative results of the positive fraction
for each HI for subject #3 are shown in Fig. 6. The positive
fraction is defined as the percentage of times each subject
stated that the comparison stimuli value was stiffer than the
reference stimuli value. A Psychometric function was fitted to
each subjects’ positive fraction data using the Psignifit Toolbox
version 2.5.6 for MATLAB [31]. PSE, the upper threshold
(UT) (where 75% of the responses report stiffer stimuli), and
the lower threshold (LT) (where 25% of the responses report
stiffer stimuli) are extracted from the fitted curve for each
subject. The JND is defined as the half of the interval between
UT and LT, which can be written as

JND =
UT − LT

2
. (19)

The box graphs in Fig. 7(a) and Fig. 7(b) depict the mean
and median values of the WF and JND for the three HIs,
respectively. The experiments results are summarized in Table
III. When compared to the previous stiffness discrimination
studies using NHIs, the WFs for all three HIs are in a
typical range (the stiffness WFs reported ranging from 0.08
to 0.30 [32]–[34]). The mean value for the WF and JND
for the tissue stiffness discrimination with RHI are smaller
than that with PHANToM and Rehab. This shows the ef-
fectiveness of the proposed redundant interface. To further
inspect this, a one-way ANOVA test was applied to the
WF data (F (2, 27) = 7.36, P = 0.0032), which indicates
the statistically significant difference between three HIs. For
more accurate analysis, the paired-sample t-test on the WF
data is used between different pairs of HIs. The P-values
are adjusted with the Holm–Bonferroni method. The t-test
between RHI and PHANToM shows no statistically significant
difference (P = 0.2958). However, the t-tests between RHI
and Rehab (P = 0.00002) and between PHANToM and Rehab
(P = 0.0075) indicate that the mean of WFs is significantly
lower for RHI and PHANToM in comparison to that for Rehab.

One reason for the same performance achieved with the
RHI and the PHANToM is that the PHANToM has itself

Table III. Mean and Std values for the experiment measures for each HI

RHI PHANToM Rehab

WF (%) 0.111 0.118 0.145
(std=0.019) (std=0.021) (std=0.021)

JND (N/m) 5.571 5.953 7.205
(std=0.916) (std=1.068) (std=1.024)

PSE (N/m) 50.035 50.238 49.654
(std=0.578) (std=1.695) (std=1.267)
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Figure 7. (a) WF, and (b) JND . The median and mean values are shown
with red line and green circle, respectively.

small friction and apparent inertia [35], and the difference
between the performance of the RHI and the PHANToM
lies below the sensitivity threshold of the human hand for
stiffness sensing. However, as can be seen in Fig 4, the
added kinematics redundancy to the base of the PHANToM
solves the comparatively small workspace problem of the
PHANToM. Having a small workspace requires the user to use
the clutching mechanism to move the EE of the HI to another
position or orientation in the workspace (e.g., in the middle of
the workspace) [36]; clutching is required in a master-slave
system where the slave’s workspace is significantly bigger
than the master’s. This will slow down the user to perform
a task. As for the Rehab, it was observed that its relatively
large apparent inertia and friction make it hard for the human
subjects to perceive the difference between two soft tissues
that have close stiffness value.

VI. CONCLUSION AND FUTURE WORK

In this paper, we compared users’ performance for a soft-
tissue stiffness discrimination task using redundant and non-
redundant haptic interfaces. Our goal was to study how a
redundant haptic interface (RHI) can be used to decrease
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the apparent inertia and increase the manipulability of the
human interface, and consequently improve the resolution of
force feedback for the user. We conducted a set of perceptual
experiments to evaluate how different HIs affect the per-
ception of virtual stiffnesses for human users. Experimental
results demonstrate that the RHI leads to better sensitivity
in discriminating between stiffness of two tissue samples.
In this paper, a virtual environment is used to set up a
haptic interaction system with nearly-ideal transparency and
without any communication delay to show the advantages of
an RHI over the NHIs in terms of stiffness discrimination.
In the future, the teleoperated master-slave system will be
used to investigate the effectiveness of the proposed system
in teleoperated systems. In the future, we will perform more
experiments to statistically evaluate the performance of the
RHI for different reference stimuli values and investigate the
performance of the RHI for both soft- and hard-tissues. Here
it is assumed that the direction of the movement, u, is known
to the secondary objective controller. However, in the future
works, the direction of the movement or the intention of the
user will be found by using machine learning methods (e.g.
Hidden Markov Model) and/or by measuring the torque/force
applied by the user’s hand on the haptic interface. In the future,
we will investigate how the minimum number of added DoFs
for a desired improvement in manipulability, apparent inertia,
and JND can be attained.
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