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ABSTRACT

An increasing demand for wheeled mobile manipulators (WMMs) in fields that require high preci-
sion tasks has introduced new requirements as far as their kinematic accuracy. A WMM consists of
a manipulator mounted on a mobile base. This configuration usually makes the WMM a redundant
robotic system. One limiting factor is that the kinematic accuracy of the mobile base is often lower
than that of the manipulator because of modelling errors and disturbances such as slippage. Thus, it
makes sense to distribute more of a given set of motion requirements for the entire mobile manipu-
lator to the manipulator when possible – this is usually done using a weighting matrix that sums the
mobile base motion and the manipulator motion. In this paper, considering a redundant WMM, a
novel adaptive motion planning method is proposed as a secondary objective in the null space of the
primary objective (improvement of the WMM’s kinematic accuracy) for the WMM. Also, a tertiary
objective to move the manipulator away from its singularity is proposed. This objective is activated
if the secondary objective is feasible and the WMM still has remaining redundant degrees of free-
dom. The proposed method is implemented at the acceleration level to circumvent the discontinuity
of the commanded joint velocity due to the adaptive motion planning algorithm. The advantages and
effectiveness of the proposed approach are demonstrated with a traditional motion planning approach
through experiments.

1. Introduction
Wheeled mobile manipulators (WMMs) fuse the advan-

tages of high mobility of a mobile base and dexterous op-
eration ability of a manipulator. WMMs have been used
in executing many tasks that need high precision, including
door opening [1, 2], valve turning [3], object grasping [4, 5],
and large-scale 3D printing [6]. The addition of a mobile
base to a manipulator is an efficient method of extending the
reach of the manipulator, which is otherwise restricted to a
fixed workspace. This combination has presented new chal-
lenges to researchers. Due to the different characteristics of
the base and the manipulator such as their kinematics and
dynamics, the motion planning and control of the entire sys-
tem (called the mobile manipulator) should take these dif-
ferences into account [7]. Also, the combination of the mo-
bile base and the manipulator often makes theWMM a kine-
matically redundant robotic system. A redundant robot has
more degrees of freedom (DOFs) than minimally required
for executing tasks. The inverse kinematics of any kinemat-
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ically redundant robotic system admits an infinite number
of solutions. Thus, redundancy makes it possible to have
joint motions that do not affect the pose (position and ori-
entation) of the end-effector[8, 9]. This inner joints motion
can be used in closed-loop control to achieve a secondary
objective while performing any primary objective, e.g., sin-
gularity avoidance, obstacle avoidance, manipulability en-
hancement, and/or force feedback capability maximization
[10, 11, 12, 13].

The mobile base is often regarded as an extension to the
manipulator, and the model of the entire system is estab-
lished without considering the inherent differences between
these two parts. For example, the base usually moves in an
unstructured environment (e.g., slippage/skidding or loco-
motion on uneven ground) while the manipulator is in free or
contact motion [14]. The kinematic accuracy of the mobile
base is generally lower than that of themanipulator due to the
unknown wheel-ground contact and the possibility of slip-
page. Thus, kinematic accuracy improvement of the WMM
can be achieved by distributing more of the required motions
to the manipulator than to the mobile base when the task per-
mits.

Kinematic accuracy is of great importance for mobile
robots, especially when they are working in constrained en-
vironments [15]. However, few studies were conducted to
improve the kinematic accuracy of a WMM’s end-effector
with consideration of the motion errors of the mobile base.
Shin et al. [16] improved the kinematic precision of aWMM
by discretizing the task so that the mobile base and the ma-
nipulator did not move simultaneously. Papadopoulos et al.
[17] presented a motion planning methodology for nonholo-
nomicWMMs simultaneously following desired end-effector
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and mobile base trajectories without violating the nonholo-
nomic constraints, assuming that the base had no kinematic
error. Nagatani et al. [18] presented a cooperative motion
planning method for WMMs without considering the kine-
matic motion error of the mobile base. Jia et al. [7] paid
attention to the differences between the mobile base and the
manipulator. They proposed a coordinated motion planning
method based on a weighted inverse Jacobian for nonholo-
nomicmobilemanipulators without considering the joint con-
straints (position, velocity, and acceleration). The employ-
ment of a weighted inverse Jacobian could realize motion
distribution between the two sub-systems (the mobile base
and the manipulator). Xing et al. [19] employed a weight-
ing matrix to distribute the desired end-effector motion of an
omnidirectional mobile manipulator to the movement of the
mobile base and the action of the manipulator with consid-
eration of the manipulator joint limits at the velocity level to
improve the kinematic accuracy of the total system. Yet, this
motion planning approach did not fully utilize the manipu-
lator’s redundancy [20] because when one of the manipula-
tor’s joint exceeded its limit, the motion requirement would
simply be transferred to the mobile base.

The motion planning of redundant WMMs can also be
formulated as an optimization problem with equality or in-
equality constraints[21, 22], such as quadratic programming
(QP) problem [23]. The problem of the QP-based methods
lies in two aspects. First is the high computational load when
the number of DOFs rises, and second is the occurrence
of the cases of multiple hierarchical tasks or impracticable
tasks [24]. In order to solve the problem of multiple priori-
tized tasks, Kanoun et al. [25] presented a prioritized task-
regulation framework, which covered both linear equalities
and inequalities. For real-time implementation, Escande et
al. [26] proposed a generic solution to solve multiple prior-
itized problems of both equality and inequality constraints,
which was ten times faster than the iterative-projection hier-
archical solvers when only equalities considered. Neverthe-
less, when hard joint constraints of the manipulator are taken
into account, the QP-based approach cannot take the advan-
tage of formulating all the inequalities in a unified frame-
work [27]; thus, the computation complexity of these algo-
rithms will be very high.

In this paper, a novel method to enhance the kinematic
accuracy of redundant WMMs by adaptive motion planning
with null-space implementation is proposed. As stated be-
fore, the kinematic accuracy of the mobile base is inferior
to that of the manipulator. Therefore, the redundancy of the
WMMcan be employed to, first, assign all of the desiredmo-
tion to the manipulator to execute. Next, when the manip-
ulator reaches its limit (being joints’ range, velocity, and/or
acceleration limit) and the desired motion is not feasible for
it anymore, the adaptive motion planning approach will be
executed in the null space of the system. Consequently, some
parts of the desired motion will be transferred to the mobile
base to make the desired trajectory feasible for the WMM.

The proposed method builds upon the work by Flacco et
al. [27] for redundant manipulators and extends it to redun-

dantWMMs. The “saturation in the null-space” (SNS) algo-
rithm proposed by Flacco et al. [27] handles the joint bounds
of a redundant manipulator by successively discarding the
joints that would exceed their motion bounds when using
the minimum norm solution. The SNS method is excellent
in addressing the redundant system’s limitations due to its
adequate and accurate distribution of end-effector’s Carte-
sian motion to joint motion. However, this method has never
been employed to enhance the kinematic accuracy ofWMMs.
With this in mind, we present an adaptive motion planning
(AMP)method to enhance the kinematic accuracy of aWMM
using its null space. This method passes the desired motion
as much as possible to the manipulator via the null space of
the WMM until the motion is not feasible for the manipula-
tor. Then, the motion will be decomposed to a motion for
the mobile base and a feasible motion for the manipulator.
Furthermore, suppose after resolving all of the joint limits,
the WMM has some redundancy left. In that case, a tertiary
objective will be pursued in the null space of the secondary
objective for the robotic system to avoid singularities. It is
worth mentioning that the proposed method is implemented
at the joint acceleration level to avoid velocity discontinuity
when the mobile base is enabled/disabled.

In the proposed method, the singularity of the manipu-
lator will first be examined. If the manipulator is close to
a singular configuration, the mobile base will be activated
at once. Thus, only when the manipulator is away from the
singularity, will the motion planning approach be executed.
Meanwhile, the tertiary objective will be performed to keep
the manipulator from singularity without intervening with
the primary and secondary tasks.

The remainder of this paper is organized as follows. The
kinematic model and motion planning of the WMM is pro-
vided in Section 2. In Section 3, the proposed adaptive mo-
tion planning method is presented. In Section 4, experimen-
tal results are reported to examine the performance of the
proposed motion planning strategy. Concluding remarks ap-
pear in Section 5.

2. Kinematic Modeling and Motion Planning
of a Mobile Manipulator
The kinematics of a mobile manipulator can be obtained

from the kinematic models of the two subsystems, i.e., the
mobile base and the manipulator. As shown in Fig. 1, Σw,
Σb, Σm, and Σee are considered as the world reference frame,
mobile base frame, manipulator reference frame, and end-
effector frame, respectively. First, let us derive the kinematic
model of the mobile base. Assume the contact between the
wheels of the mobile base and the ground is pure rolling (i.e.,
no slippage). Then, its kinematic model can be obtained as

q̇b = P (qb)vb, (1)

where qb ∈ ℝnb denotes the generalized coordinate vector
of the mobile base expressed in Σw, vb ∈ ℝb denotes the
velocity vector of the wheels, P (qb) ∈ ℝnb×b denotes the
constraint matrix of the base (holonomic or nonholonomic),
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Figure 1: Omnidirectional wheeled mobile manipulator.

and nb and b denote the dimensions of the generalized co-
ordinate vector and the wheel velocity vector, respectively.
P (qb) transfers the wheel velocities to the generalized base
velocities. Also, it is worth mentioning that (1) is a gen-
eralized model, which is applicable to both holonomic and
nonholonomic mobile bases.

Next, assume that the pose of the end-effector in Σw is
defined as x ∈ ℝr, r is its dimension. The WMM’s general-
ized coordinate vector denotes as q = [qTb , q

T
m]
T ∈ ℝn, where

qm ∈ ℝm is the generalized manipulator coordinate, m is its
dimension (number of joints), and the subscript n = nb +m.
It is worth mentioning that the generalized manipulator ve-
locity is defined as the velocity of the manipulator joints.
Now, the WMM’s forward kinematics at the velocity level
can be calculated as [28]

ẋ = J (q)q̇ = [Jb(q) Jm(q)]
[

q̇b
q̇m

]

= [Jb(q)P (qb) Jm(q)]
[

vb
q̇m

]

= Jv(q)
[

vb
q̇m

]

,
(2)

where Jb ∈ ℝr×nb is the Jacobian of the mobile base, Jm ∈
ℝr×m is the Jacobian of the manipulator, J (q) ∈ ℝr×n is
the Jacobian of the generalized WMM (i.e., no constraints
of the mobile base are considered), and Jv(q) ∈ ℝr×(b+m)

is the Jacobian of the WMM. There are two Jacobians for a
WMM, because the generalized coordinate of a mobile base
is not its wheel velocity. It is worth noting that when the
mobile base is subjected to nonholonomic constraints, only
Jv(q) can be employed. For a holonomic mobile base, both
J (q) and Jv(q) can be utilized because they are equal to one
another [29, 30].

The WMM is usually a kinematically redundant system
(i.e., r < n). Thus, for a given task ẋ, all solutions q̇ can be
expressed as [31]1

q̇ = J †ẋ + (I − J †J )q̇N , (3)
1For brevity, the dependence of the Jacobian matrices upon the joint

variables is omitted in the notation.

where J † = JT(JJT)−1 is the pseudoinverse of J , I is an
n×n identity matrix, I−J †J is the null space of J , and q̇N ∈
ℝn is the null-space velocity for sub-tasks. The derivative of
(2) with respect to time derives

ẍ = J q̈ + J̇ q̇. (4)

Then, the WMM’s kinematic model considering the null-
space planning at the acceleration level can be expressed as

q̈ = J †(ẍ − J̇ q̇) + (I − J †J )q̈N . (5)

3. Adaptive Motion Planning Method
TheAMPmethod is proposed to improve aWMM’s kine-

matic accuracy. With thismethod, themanipulator will com-
pletely undertake the task, and only when the range or ac-
celeration requirements of the task exceed the limits of the
manipulator, will the mobile base be involved.

3.1. Joint Acceleration Limits Definition
The motion of the WMM is planned at the acceleration

level; therefore, the limits on joint acceleration need to be
locally calculated. Taking into account the joint position,
velocity and acceleration bounds of the WMM, its accelera-
tion limits on q̈ at time t = tℎ can be expressed as [32]

Q̈min(tℎ) ⩽ q̈(tℎ) ⩽ Q̈max(tℎ), (6)

with the acceleration limits for each joint defined as

Q̈min,i =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

max
{2(Qmin,i − qℎ,i − q̇ℎ,iT )

T 2
,

Vmin,i − q̇ℎ,i
T

,Amin,i

}

,
if qℎ,i > Qlow,i

Amax,i, else
(7)

Q̈max,i =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

max
{2(Qmax,i − qℎ,i − q̇ℎ,iT )

T 2
,

Vmax,i − q̇ℎ,i
T

,Amax,i

}

,
if qℎ,i < Qup,i

Amin,i, else
(8)

where Vmax/Vmin and Amax/Amin are the maximum and min-
imum hard joint bounds of the velocity and acceleration, re-
spectively. i = 1,… , n denotes the ith element of the corre-
sponding vector, the sampling time is denoted as T , and qℎ,i
denotes the current WMM joint position at time tℎ of the ith
joint. Qlow,i and Qup,i are defined as

Qlow,i = Qmin,i −
|

|

q̇ℎ,i|| q̇ℎ,i
2Amax,i

,
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Figure 2: Joint acceleration limit and its corresponding ve-
locity. Qmax = 2.5 rad, Qmin = −2.5 rad, Vmax = 1.75 rad/s,
Vmin = −1.75 rad/s, Amax = 3 rad/s2, and Amin = −3 rad/s2.

Qup,i = Qmax,i +
|

|

q̇ℎ,i|| q̇ℎ,i
2Amin,i

.

Fig. 2 presents a sample of joint acceleration limits and
their corresponding joint velocities with given joint physical
limits. In this example, the joint velocities are set as Vmax∕2
and Vmax. As shown in Fig. 2, with the increase of the
velocity, the acceleration change happens farther from the
joint position bound. The joint needs more displacements
to cease its motion at the physical limit due to the limited
joint acceleration. Fig. 2b shows the corresponding velocity
profile calculated according to the acceleration limit. With
different velocities, the proposed acceleration limit calcula-
tion method can always make the joint velocity decrease to
zero when the joint is close to the position bound. It should
be noted that Fig. 2a shows the acceleration bounds of the
joint, not its current acceleration.

3.2. Adaptive Motion Planning Framework
It is desirable to distribute the motion requirement of the

end-effector as much as possible to the manipulator to have
high motion accuracy. The AMP method makes use of the
kinematic redundancy of the WMM to break down the de-
sired motion between the mobile base and the manipulator.
This method will distribute some of the motion to the mobile
base only when the manipulator cannot handle the task by it-
self, i.e., one or more joints of the manipulator are at their
limits or the manipulator is near a singular configuration.

In our previous work in [19], a weighting matrix was
used to distribute the desired end-effector trajectory, which
did not make the best use of the manipulator redundancy.
Instead, in this paper, we propose the AMP method to fully
utilize the manipulator’s redundancy until it cannot execute
the task. In the AMP method, first, a diagonal selection ma-
trix  needs to be defined to specify the active joints.  is
defined as an n × n diagonal selection matrix whose diag-
onal elements specify whether the joints are active or not,
i.e., if the i element on the  diagonal is one, the ith joint
of the WMM is active. Then, by combining the selection
matrix and (5), in the AMP method, the joint acceleration
command is designed as

q̈amp = (J)†(�ẍ − J̇ q̇) + [I − (J)†J ]q̈N , (9)

where � is a scaling factor to downscale the Cartesian task
ẍ when it is not feasible for the WMM. It is noteworthy that
q̈N in (9) represents the null-space acceleration vector of the
joints. If the ith joint is not saturated, q̈N,i = 0; else, q̈N,i
is defined as the corresponding joint acceleration limit ex-
pressed in (6)-(8). More details are provided below.

Initially, the selectionmatrix is set to be =
[

0nb×nb , 0
0, Im×m

]

,

i.e., the mobile base is deactivated and nomotion will be dis-
tributed to the base (the null-space acceleration q̈N vector is
set to be zero). Next, the joint acceleration command is cal-
culated using (9). Here, if the ith joint of the manipulator is
over-driven (i.e., q̈amp,i > Q̈max,i or q̈amp,i < Q̈min,i), the cor-
responding element on the  diagonal is chosen to be zero to
disable the joint, and the ith element of the null-space accel-
eration q̈N is set equal to Q̈max,i or Q̈min,i. With this choice
of q̈N and  , the acceleration of the ith joint will be adjusted
back to its saturation level and the associated acceleration
shortage will be assigned to the other joints of the manipu-
lator. However, this may over-drive the other joints of the
manipulator. Therefore, this method needs to be repeated it-
eratively until there is no over-driven joint left; otherwise,
the Cartesian space acceleration ẍ is found to be infeasible
for the WMM with the disabled mobile base.

The feasibility of the desired Cartesian acceleration can
be inspected by checking the rank of J . If the rank of this
matrix is smaller than the dimension of the Cartesian space
r, the Cartesian space acceleration ẍ is not feasible for the
manipulator. Thus, the mobile base needs to be activated by
changing the corresponding elements of the selection matrix
from zeros to ones. After activation of the mobile base, the
joints’ accelerations need to be adjusted again. If the desired
Cartesian space acceleration is still infeasible for the WMM
with the active mobile base, it has to be modified to become
realizable for the WMM. In this case, we introduce a scaling
factor 0 ⩽ � ⩽ 1 to make the desired Cartesian acceleration
ẍ realizable. � is equal to one unless ẍ is not feasible for the
WMM.

In experiments, we notice that using the above approach,
the AMP method sometimes moves the manipulator to the
edge of its workspace and then activates the mobile base.
This causes workspace-boundary singularities as the manip-
ulator is fully stretched out. Therefore, we add singularity
avoidance to the proposed approach, which is performed in
two stages. First, during each loop, the manipulator singu-
larity is examined. If the current segment of the desired
trajectory makes the manipulator approach its singularity,
the mobile base is then activated. Second, a tertiary objec-
tive is utilized in the null-space planner that moves away the
manipulator from singularity when it is possible. Here, we
design the cost function inspired by the concept of veloc-
ity manipulability ellipsoid, which is an effective measure
to evaluate the distance of a robotic system from its singu-
larity [12]. For a manipulator, the ellipsoid is defined as
w(qm) =

√

det (JmJTm). Instead of employing w(qm), we
select the cost function asH(qm) = w2(qm) = det (JmJTm) to
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make the optimization more computationally efficient. The
computation of the partial derivative of H over qm avoids
the square root of det (JmJTm).

Prioritized task motion planning is an effective method
that ensures the primary task gets completed. Then, if there
is still redundancy remained, the sub-task (secondary task)
will be executed [32]. Let us define the auxiliary null-space
projection matrix in the joint space as

PA =
[

I −
(

(I − )PN
)†
]

PN , (10)

with PN = I − J †J being the orthogonal projector in the
Jacobian null space. Now, the joints acceleration command
corresponding to the tertiary objective can be designed as

q̈t = �PAq̈A, (11)

where 0 ⩽ � ⩽ 1 is the scaling factor to preserve the joint
bounds when the remained redundancy is not enough to han-
dle it and q̈A is the joint acceleration vector associated with
the null-space projection matrix PA. The joint velocity for
the tertiary objective (singularity avoidance) is defined as

q̇SA = 1

[

0nb×1
(▿qmH)

T

]

, (12)

and then, the joint acceleration for this objective is designed
as

q̈A =
[ 0nb×1
1(▿2qmH)q̇m + 2[1(▿qmH)

T − q̇m]

]

, (13)

in which 1 and 2 are two positive constants. The deriva-
tions of ▿qmH and ▿2qmH are shown in Appendices A and
B, respectively.

The joint acceleration command that realizes the above-
mentioned desiredCartesian space acceleration, AMPmethod,
and tertiary objective is

q̈ = q̈amp + q̈t. (14)

The flowchart of themotion planning system is shown in Fig.
3 and the method to determine the scaling factors � and � is
illustrated in Fig. 4.

Fig. 3 presents the flowchart of the proposed motion
planningmethod for aWMMwith consideration of singular-
ity avoidance. The primary task is to enhance the kinematic
accuracy of the WMM via AMP (secondary task). There-
fore, the mobile base is kept disabled until the manipulator
joint is saturated or the manipulator is close to a singular-
ity. A measure to detect the singular configuration is de-
fined based on the minimum singular value of the manipula-
tor Jacobian matrix Jm [33]. The minimum singular value is
denoted as �m and the singularity measure is designated as
�m,min. If �m < �m,min, which means that the singularity of
the manipulator occurs, then, the mobile base will be acti-
vated to move the manipulator away from singularity. Also,
when the system has remaining redundancy after the primary
and secondary tasks are completed, the manipulator’s ability
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Figure 4: Flowchart of the scaling factor determination.

to stay away from singularity will be enhanced via the exe-
cution of the tertiary objective provided by (11). When the
primary task or the tertiary task cannot be fully executed, a
scaling factor � or � is added to downscale the task to make
it partially completed.

With the motion planning approach executed at the ac-
celeration level, once themobile base is deactivated andwith-
out distributed acceleration, it will still move with a con-
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stant velocity. However, our goal is to stop the mobile base
smoothly to obtain a betterWMM’s kinematic accuracywhen
no acceleration is distributed to it. Here, a transition func-
tion is utilized to steadily cease the movement of the mobile
base

q̈b,trans =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

q̈b, if t ⩽ t0
Amin,b, if sign(Vb) > 0 & t0 < t < t+f
Amax,b, if sign(Vb) < 0 & t0 < t < t−f
0, if sign(Vb) > 0 & t ⩾ t+f
0, if sign(Vb) < 0 & t ⩾ t−f

(15)

where q̈b,trans is the base acceleration during the transition
process, t0 and t+f (t

−
f ) represent the start and end time of

the transition, respectively. Also, t+f = |

Vb
Amin,b

| + t0 and

t−f = |

Vb
Amax,b

| + t0. For the transition process, the mobile
base will be deactivated with the maximum acceleration to
keep high kinematic accuracy. Vb is the base velocity when
it is deactivated and �m ⩾ �m,min is achieved, andAmax,b and
Amin,b are the maximum and minimum accelerations of the
base, respectively.

Fig. 4 shows the process of determining the scaling fac-
tors according to the joint bounds (6)-(8). As shown in Fig.
4, � denotes the required joint acceleration for the previous
task, and � represents the consuming joint motion capabil-
ity of the manipulator for the corresponding task. Then, we
will calculate the ratio of the residual joint acceleration to
the required joint acceleration (denoting as �min and �max),
and get the minimum ratio of all the joints, expressed as �.
The parameter � is a criterion indicating the residual capa-
bility of the manipulator to complete the task. If � ⩾ 1, the
manipulator has enough capability to accomplish the task; if
� < 1, the manipulator cannot fulfill the mission. Since we
should not upscale the given task, the scaling factor (� or �)
is chosen as the smaller one between � and 1.

4. Experimental Results
In order to verify the effectiveness and advantages of the

proposed AMP method, it was applied to a WMM and com-
pared with a traditional motion planning approach that used
the pseudoinverse of the Jacobian (we even extended the tra-
ditional approach to do manipulability enhancement). The
experiments consist of three parts: (A) the verification of the
importance of singularity avoidance, (B) and (C) the eval-
uation of the proposed motion planning method with end-
effector’s position and full pose considered, respectively.

4.1. Experimental Setup
The experiments were performed using an omnidirec-

tional WMM. The WMM is the sum of a four-wheel mo-
bile base and a 7-DOF ultra-lightweight robotic Gen3 arm
(Kinova Robotics, Canada) as shown in Fig. 1. Kinova
Gen3 is a robotic arm for compliant industrial application
and safe human-robot collaboration. The maximum reach-

Motion Capture 

System

Tracking Marker

Mobile Manipulator

System

Figure 5: Experimental setup.

able distance of the manipulator is 902 mm with the maxi-
mum Cartesian translation speed being 40 cm/s. The mobile
base is equipped with two pairs of Mecanum wheels, so it
can undertake omnidirectional motion. It is noteworthy that
the WMM system is controlled at the velocity level. Thus
in this paper, the integral of the calculated joint acceleration
was commanded to the robotic system. The control code
was developed in C++, using the Eigen library [34] for al-
gebraic computations. The experiments were performed uti-
lizing the ROS environment [35] on a Intel(R) Xeon(R) CPU
X5550 @ 2.67 GHz, with 16 GB of RAM.

Fig. 5 presents the experimental setup, which consists
of a WMM system (self-assembled) and a motion capture
system (Claron Technology Inc., Canada) . The RMS value
of the calibration accuracy of the motion capture system is
0.35 mm. It should be noted that the motion capture system
is only used for obtaining the actual pose of the end-effector
as ground truth to evaluate the kinematic accuracy of the
proposed method and not employed in the motion planning
system.

We select J as the WMM’s Jacobian, as defined in (2).
The generalized coordinate vector of the base (shown in Fig.
6) is defined as qb = [xb, yb, �b]T ∈ ℝ3 and the velocity com-
mand vector of the wheels as vb = [!fl, !fr, !bl, !br]T ∈
ℝ4. The velocity transformationmatrixP (qb) ∈ ℝ3×4, which
transfers the wheel velocity to the generalized base velocity,
can be expressed as

P (qb) = JIJV (16)

with

JI =
⎡

⎢

⎢

⎣

cos �b − sin �b 0
sin �b cos �b 0
0 0 1

⎤

⎥

⎥

⎦

,

and

JV =
R
4

⎡

⎢

⎢

⎣

1 1 1 1
−1 1 1 −1
−1

d1+d2
1

d1+d2
−1

d1+d2
1

d1+d2

⎤

⎥

⎥

⎦

.

The variables �b, R, d1, and d2 are illustrated in Fig. 6.
The joint constraints of the WMM are listed in Table 1,

where the units of angle, velocity, and acceleration for pris-
matic joints (the first and second joints) arem, m/s, andm/s2;
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Figure 6: Description of the omnidirectional mobile base.

Table 1
Joint limits of WMM. The first three joints correspond to the
mobile base and the rest seven joints to the manipulator.

Joint No. Joint type Angle Velocity Acceleration

1 Prismatic ±∞ ±0.25 ±0.025
2 Prismatic ±∞ ±0.25 ±0.025
3 Revolute ±∞ ±1.0 ±1.5
4 Revolute ±∞ ±1.75 ±3.0
5 Revolute ±2.2 ±1.75 ±3.0
6 Revolute ±∞ ±1.75 ±3.0
7 Revolute ±2.5 ±1.75 ±3.0
8 Revolute ±∞ ±3.14 ±5.0
9 Revolute ±2 ±3.14 ±5.0
10 Revolute ±∞ ±3.14 ±5.0

and for revolute joints (the remaining eight joints) are rad,
rad/s, and rad/s2, respectively. The mobile base frame Σb is
assumed to be the same as the world frame Σw at the start
of the experiment. The initial joint position of the WMM is
q0 = [0, 0, 0, 0, �∕6, 0, �∕2, 0,−�∕6, 0]T. Also, the start po-
sition of the end-effector in Σw is [0.65,−0.0246, 0.4921]T.
In the following text, the initial state of the end-effector is
denoted as x0.

A video is attached with the manuscript to present the
experiments in this section.

4.2. Experiments with and without Singularity
Avoidance

The AMP method without singularity avoidance will of-
ten put themanipulator at a singular configuration. Although
the employment of singularity avoidance will somewhat de-
crease the WMM’s kinematic accuracy as it enables the mo-
bile base, it is unavoidable. The AMP method and the mod-
ified AMP method (i.e., the AMP method with singularity
avoidance) have been experimentally compared to verify the
effectiveness of the latter. The end-effector acceleration ẍ in
(5) is changed to ẍd + Kd(ẋd − ẋ) + Kp(xd − x) to ensure
that the trajectory tracking error converges to zero, where
xd is the desired end-effector trajectory, and Kd and Kp are
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Figure 7: Results of the singularity avoidance experiment. The
left plot presents the minimum singular value of the manip-
ulator’s Jacobian, and the right plot shows the end-effector
position of the WMM using AMP method without singularity
avoidance.

two diagonal positive-definite matrices. The proof of this
conclusion can be found in Appendix C. During the experi-
ments in this section, only the end-effector’s position is con-
sidered with r = 3. We define the desired end-effector tra-
jectory as a circle with a radius of R, with the definition be-
ing xd(t) = x0 +

[

−R(cos(�∕20t) − 1),−R sin(�∕20t), 0
]T.

Here, we select the radius of the circle as R = 0.25m. It
should be noted that this radius is beyond the manipulator
workspace (0.2 m) at its initial configuration. The closed-
loop system parameters for the desired trajectoryKd andKp
are the same during the two experiments to indicate the fair-
ness of the comparison, withKd = 10I3×3 andKp = 20I3×3.
These two values are obtained by trial and error in this re-
search; furthermore, an approach to optimize their values
can be found in [36]. The other parameters are set as 1 = 5,
2 = 0.5, �m,min = 0.15. Line search techniques [37] are
a preferable choice to determine the values of 1 and 2.
The threshold value for singularity avoidance �m,min is de-
termined by trial and error to make the system put off the
activation time of the mobile base as much as possible. It is
noteworthy that these parameters are essential to complete
the motion planner design to make the best use of the ma-
nipulator, but they do not play the major role in the proposed
method. Fig. 7 presents the results during the experiment.

Fig. 7a shows the experimental results with singularity
avoidance and without it. With the AMP method, the ma-
nipulator tried to complete the task alone and ultimately put
itself at a singular configuration at about 8.35 s. This caused
the system to be uncontrollable and made the task incom-
plete. However, with singularity avoidance, when the ma-
nipulator was near a singularity, the mobile base was acti-
vated and the manipulator could adjust its configuration to
move away from it. Thus, the task could still be executed.
The performance of the tertiary objective can be found by
comparing the values of �m using tertiary objective and not
using it. With the tertiary objective, the manipulator can
have a better configuration to stay away from a singularity.
Fig. 7b shows the end-effector’s position when no singular-
ity avoidance was adopted, the desired trajectory could not
be tracked at about 8.35 s and significant kinematic errors
started to emerge in all Cartesian directions.
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The activation of the mobile base for singularity avoid-
ance is a trade-off between the WMM’s kinematic accuracy
and the manipulator’s singularity. The earlier the mobile
base is employed, the farther the manipulator will be from
the singularity, and the lower the WMM’s kinematic accu-
racy will be. In this paper, the mobile base is enabled as
late as possible to derive better kinematic accuracy, while
the manipulator’s singularity can still be avoided.

4.3. Experiments for Kinematic Accuracy
Enhancement with Position Considered

The proposed motion planning approach can make the
best use of the manipulator to execute tasks while keeping it
from a singularity, and the mobile base is enabled only when
the task cannot be executed by the manipulator alone or the
manipulator is close to a singular configuration. With this
method, the contribution of the base to the overall WMM
motion is minimized, thus improving the kinematic preci-
sion of the WMM. The dimension of the Cartesian space of
the WMM’s end-effector is defined to be r = 3 as only its
position is considered in this section.

The proposed AMP method is implemented to verify its
efficiency compared with the traditional kinematic motion
planning approach by following a predefined end-effector
trajectory. The traditional motion planner in the experiment
means using the pseudoinverse of the Jacobian J † = JT(JJT)−1
with consideringmanipulability enhancement for themanip-
ulator in the null space [38]. At the acceleration level, this
motion planner can be expressed as q̈ = J †(ẍ − J̇ q̇) + (I −
J †J )q̈A, where q̈A is defined in (13). Two desired trajecto-
ries with the same definition as in Section 4.2 are provided,
the first one is within themanipulator workspace and the sec-
ond one is beyond it. The trajectory within the manipulator
workspace is a circle with a radius of R = 0.1m and the
other one is a circle with a radius of R = 0.25m. The mo-
tion planning parameters for the experiments in this section
are the same as those in section 4.2. Figs. 8 and 9 show
the experimental results within the manipulator workspace,
and Figs. 10 and 11 present the results beyond the manip-
ulator workspace. The average execution time for the pro-
posed method and the traditional method were 14.8 ms and
12.4 ms in one loop, which demonstrated the desirable on-
line performance of the proposed approach. It is worth men-
tioning that with the traditional method, the mobile base was
always involved in the experiment and no joint saturation of
the manipulator occurred. The actual position of the end-
effector was obtained via the motion capture system to have
ground-truth information. Table 2 contains the RMS value
and duration time of the commanded base velocity in these
two scenarios.

Fig. 8a shows that when the end-effector trajectory was
within the manipulator workspace, with the proposed AMP
method, there was only a small kinematic error. This is due
to the fact that no motion was assigned to the base, as shown
in the first column of Table 2. With no adaptive motion plan-
ning, some motions were imposed to the base, as shown in
the second column of Table 2. Thus, the kinematic error was

Desired
Proposed
Traditional

-0.2

-0.1

0

0.1

x (m)
0.6 0.7 0.8 0.9

y 
(m

)

(a) End-effector trajectories

-2.5

-1.25

0

1.25

2.5

0 20 40 60 80
t (s)

K
in

em
at

ic
 e

rr
o
r 

(c
m

)

x (pro.)
y (pro.)

x (tra.)
y (tra.)

Dist. (pro.) Dist. (tra.)

(b) Kinematic errors

Figure 8: End-effector’s kinematic accuracy with traditional
and proposed methods (within manipulator workspace).
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Figure 9: Motion of the mobile base with traditional method
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Figure 10: End-effector’s kinematic accuracy with traditional
and proposed methods (beyond manipulator workspace).

Table 2
RMS value and commanded duration of base velocity.

Within Beyond
Pro. Tra. Pro. Tra.

xb
RMS (cm/s) 0 1.10 1.58 2.77
Duration (s) 0 80 12.08 80

yb
RMS (cm/s) 0 0.75 0.24 1.86
Duration (s) 0 80 12.08 80

�b
RMS (◦/s) 0 0.287 0.241 0.739
Duration (s) 0 80 12.08 80

much larger compared with the AMP scenario (as shown in
Fig. 8b), with the maximum errors in x and y being 0.91
cm and 1.89 cm, respectively. Besides, the maximum dis-
tance between the desired and actual trajectories was im-
proved from 1.91 cm to 0.45 cmwith the proposed approach.
Fig. 9 shows the motion of the mobile base with the tradi-
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Figure 11: Motion of the mobile base with traditional and
proposed methods (beyond manipulator workspace).

tional method, where vxb, vyb,!�b represent the commanded
base velocities in xb, yb, and �b, respectively. The motion of
the mobile base with the proposed method is not presented
since no motion is distributed to it.

The last two columns of Table 2 show that when the
desired end-effector trajectory was beyond the manipulator
workspace, themobile basewas always forced tomove. How-
ever, the base movement was much smaller if one adopted
the proposed AMP method. The commanded duration time
and RMS values of the base velocity in xb, yb, and �b rep-
resented 15.10%, 57.04%, 12.90%, and 32.61% of the com-
mands without motion planning, respectively. Fig. 10 con-
tains the end-effector’s kinematic accuracy results. Fig. 10b
shows that the maximum kinematic error in x was reduced
from 6.65 cm to 2.44 cm, in y was reduced from 2.72 cm
to 1.82 cm, and in distance of x − y plane was decreased
from 6.97 cm to 2.78 cm compared with no motion planning
scenario.

Fig. 11 presents the motion of the mobile base when
the desired end-effector trajectory was beyond the manipu-
lator workspace with two different methods. Figs. 11a and
11b show that with the traditional method, the mobile base
was consistently distributed with some motions. Thus, the
end-effector’s kinematic accuracy was low. The mobile base
motion with the proposed method is shown in Figs. 11c and
11d. As shown in Fig. 11c, the base was activated at time
6.40 s. The manipulator regained enough manipulability at
about 16.48 s. However, the base was not deactivated sud-
denly due to the implementation of the transition function
(15); instead, it gradually stopped. Fig. 11d shows the de-
sired and actual trajectories of the mobile base in the x − y
plane with the proposed method. We define the integral of

the mobile base’s kinematic error as
∫
Tf
Ts

|

|

|

eib
|

|

|

dt

Tf−Ts
, where Ts and

Tf represent the start time and final time of the base motion,
and eib denotes its kinematic error. With the traditional ap-

Σw
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(a)

Σw

(b)

Σw

(c)

Σw

(d)

Figure 12: Screenshots of the experiment with the proposed
approach. (a) shows the initial pose of the WMM, (b) shows
the moment that the mobile base started to move, (c) shows
the time that the mobile base ceased its motion, and (d) shows
the final pose of the WMM during one period.

proach, the integral of the errors in xb and yb were 2.81 cm
and 1.12 cm, respectively, while these values were decreased
to 0.81 cm and 0.37 cm with the proposed approach. To sum
up, the distributed motion to the mobile base was much less,
and the WMM’s kinematic accuracy was improved signifi-
cantly with the proposed method.

4.4. Experiments for Kinematic Accuracy
Enhancement with Pose Considered

The proposed AMP approach in enhancing the WMM’s
kinematic accuracy with the end-effector’s pose considered
is verified here. Thus the end-effector’s Cartesian space di-
mension is selected as r = 6. The traditional motion planner
utilized in this section is similar to the one in Section 4.3.
In the experiments, the end-effector was planned to move in
the x axis and rotate along the y axis of the world frame.

The desired pose of the end-effector is defined as xd(t) =
x0+

[

0.15 sin(�∕20t), 0, 0, 0, �∕4 sin(�∕20t), 0
]T. With this

setting of the end-effector’s pose, the mobile base was forced
to move even using the proposed method. The closed-loop
system parameters are chosen asKd = diag(10, 10, 10, 3, 3, 3)
and Kp = diag(20, 20, 20, 5, 5, 5). The remainder motion
planning parameters are selected as 1 = 5, 2 = 0.5, �m,min =
0.19. Fig. 12 presents some screenshots of the experiments
with the proposed method. The actual end-effector’s posi-
tion was obtained using the marker attached at point E via
the motion capture system. Meanwhile, its orientation was
acquired by calculating the angle between the marker pasted
at point P and the desired position of point E.

Fig. 13 shows the end-effector’s kinematic accuracy dur-
ing the experiments. Fig. 14 presents the mobile base’s
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Figure 13: End-effector’s kinematic accuracy with its full pose
considered.
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Figure 14: Motion of the mobile base with end-effector’s full
pose considered.

Table 3
RMS value and duration of commanded mobile base velocity.

xb yb �b
RMS Dura. RMS Dura. RMS Dura.

Pro. 0.67 18.48 s 0.044 18.48 0.08 18.48
Tra. 1.18 40 s 0.082 40 0.13 40

motion with the traditional and the proposed methods. The
RMS value and duration of the commanded mobile base ve-
locity in these two scenarios are displayed in Table 3. Here,
the units of these variables are the same as the ones in Table
2.

As shown in Figs. 13b and 13d, the maximum kine-

matic error of the end-effector’s x-axis position and y-axis
orientation was improved from 2.31 cm and 4.58◦ to 1.58
cm and 2.32◦, respectively, with the AMP approach. The
precision difference was caused by the motion of the mobile
base. When the traditional method was adopted, the mobile
base was constantly activated (as shown in Fig. 14a and the
second row of Table 3). In contrast, the mobile base moved
for about 18.48 s of the entire 40 s with the proposed ap-
proach (as shown in Fig. 14c and the first row of Table 3),
where the start time and final time of the mobile base motion
were 3.1 s and 21.58 s. The RMS values of the commanded
base velocity with the AMP method in xb, yb, and �b stood
for 56.78%, 53.66%, and 61.54% of the commands without
motion planning, respectively.

Figs. 14b and 14d present the mobile base’s trajectories
in the x − y plane with the traditional method and the pro-
posed approach, respectively. The motion range of the mo-
bile base was much smaller with the proposed method than
the conventional method. Furthermore, the integral of the
mobile base’s kinematic error was enhanced from 0.74 cm
to 0.47 cm when the proposed method was adopted.

Although the kinematic accuracy of aWMM is enhanced
with the proposed AMP method, there are still some chal-
lenges. For motion tracking, two things affect their accuracy
(kinematic accuracy and dynamic accuracy) [39]. In this pa-
per, we did not consider the dynamics of the robotic system
and the transient errors of the motion capture system. The
investigation of both the kinematic and dynamic accuracies
remains for future research.

5. Conclusions
A new approach to enhance the kinematic accuracy of

a wheeled mobile manipulator (WMM) was proposed con-
sidering the need for singularity avoidance. To improve the
kinematic accuracy of the WMM, we presented an adaptive
motion planning method to transfer more motions to the ma-
nipulator due to the low kinematic precision of the mobile
base. Using the proposed motion planning method, the mo-
bile base of theWMMwas immobile until all the redundancy
of the manipulator for the task was employed or the manipu-
lator was close to a singularity. Only when the manipulator’s
remaining unsaturated joints were not enough for perform-
ing the task, would the motion planner assign some of the
motions to the mobile base to execute. To avoid singularity,
we adopted the task priority method to define manipulability
enhancement as a tertiary task. In summary, when the pri-
mary task (kinematic accuracy enhancement) and the sec-
ondary task (adaptive motion planning) were resolved, the
remaining DOFs could be used to keep the system away from
the singularity (tertiary task). The proposed approach was
designed at the acceleration level to avoid the discontinuity
of the joint velocity due to the activation or termination of
the mobile base.

The effectiveness of the proposed approach has been ex-
perimentally verified compared with a traditional method by
following several predefined end-effector trajectories. When
only the end-effector’s position was considered, for the con-
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dition that the desired end-effector trajectory was beyond the
manipulator workspace, themaximum kinematic error of the
end-effector was improved by 63.3% and 33.1% in x and y,
respectively, and themotion time of themobile base declined
by 84.9%. When the end-effector’s full pose was considered,
its position kinematic error in x and orientation kinematic er-
ror along ywere enhanced by 32.6% and 49.3%, respectively,
and the motion duration of the mobile base was reduced by
53.8%.

In future works, we will establish the dynamic model of
the WMM system and take both the motion planning and
control of the robotic system into consideration to further
enhance the motion accuracy of the system.
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A. Derivation of Joint Velocity for Singularity
Avoidance
Define the partial derivative of Jm with respect to qm as

)qJ , and in the following expressions, the subscript m will
be omitted for better readability (it is worth mentioning that
q and J in the two Appendixes are only for the manipulator,
not the entire WMM system). Specify Ψ = JJT, the sin-
gularity avoidance velocity for the manipulator can be ex-
pressed as

▿qH = ▿q det(Ψ) = det(Ψ)tr
[

Ψ−1()qΨ)
]

= det(Ψ)tr
[

Ψ−1()qJJT + J)Tq J )
]

.
(17)

B. Derivation of Joint Acceleration for
Singularity Avoidance
Consider two arbitrary manipulator joint angles p and q,

define the second order derivative of Jm first by p and second
by q as )pqJ . First, the second order derivative ofΨ by joint
position is derived as

)pqΨ = )pq(JJT) = )q[)p(JJT)] = )q[)pJ JT + J)Tp J ]

= )pqJJT + )pJ)Tq J + )qJ)
T
p J + J)

T
pqJ .

(18)

According to (17), the second order derivative ofH with
respect to joint position can be expressed as

)pqH = )pq det(Ψ) = )q(det(Ψ))tr(Ψ−1)pΨ)+

det(Ψ)tr()q(Ψ−1)pΨ)) = det(Ψ)tr(Ψ−1)qΨ)tr(Ψ−1)pΨ)+

det(Ψ)tr
(

)q(Ψ−1))pΨ
)

+ det(Ψ)tr(Ψ−1)pqΨ).
(19)

Then, with the fact that )q(Ψ−1) = −Ψ−1()qΨ)Ψ−1, we can
simplify (19) by factoring out det(Ψ) as

)pqH = det Ψ
[

tr(Ψ−1)qΨ)tr(Ψ−1)pΨ)−

tr(Ψ−1)qΨΨ−1)pΨ) + tr(Ψ−1)pqΨ)
]

.
(20)

For the general case when p = q represents the manipu-
lator joint position vector, the singularity avoidance acceler-
ation can be obtained as

▿2qH = det Ψ
[(

tr(Ψ−1)qΨ)
)2−

tr(Ψ−1)qΨΨ−1)qΨ) + tr(Ψ−1)qqΨ)
]

.
(21)

C. End-Effector’s Trajectory Convergence
Proof via Acceleration Command
At the acceleration level, the WMM’s kinematic model

is shown in (5) as

q̈ = J †(ẍ − J̇ q̇) + (I − J †J )q̈N . (22)

The commanded joint acceleration is calculated as

q̈ = J †(ẍd+Kd(ẋd−ẋ)+Kp(xd−x)−J̇ q̇)+(I−J †J )q̈N .
(23)

Combining (22) and (23), we can derive

(ẍd − ẍ) +Kd(ẋd − ẋ) +Kp(xd − x) = 0. (24)

Define the task-space position tracking error as e = xd − x,
we can obtain

ë +Kd ė +Kpe = 0. (25)

Consider the Lyapunov function candidate

V = 1
2
ėTė + 1

2
eTKpe, (26)

the time derivative of V along the trajectory of the closed-
loop system (25) is

V̇ = ėTë + eTKpė = −ėTKd ė ⩽ 0. (27)

Since V is positive definite and V̇ is negative semi-definite,
the closed-loop system (25) is stable. If V̇ ≡ 0, then, ė ≡ 0;
thus, ë ≡ 0. Refer to (25), we can derive e = xd − x =
0. According to LaSalle’s theorem [40], (e, ė) = (0, 0) is
the asymptotically stable equilibrium point of (25). Thus,
limt→∞(x→ xd).
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