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Abstract

Percutaneous needle insertion is a common type of minimally invasive surgery used for

diagnostic and therapeutic applications such as biopsy, drug delivery, and cancer treatment.

Prostate brachytherapy is a needle-based intervention, which is used for cancer treatment.

In brachytherapy the surgeon inserts a needle into a patient’s body such that radioactive

seeds pre-loaded in the needles can be placed in or near the tumor, where radiation released

from the seeds kills the cancer cells. Efficiency of needle-based interventions highly depends

on accurate control of the needle tip trajectory. For instance, mean targeting accuracy of

current techniques used in brachytherapy is 5 mm, which is a relatively large inaccuracy as

the average prostate is about 50 mm in diameter. Autonomous or semi-autonomous needle

adjustment systems can be used to control the needle tip trajectory and enhance needle

insertion accuracy.

This dissertation explores the modeling and control of robotics-assisted needle steering

with the aim of enhancing the performance of needle-based interventions. This disser-

tation’s main theme is to deploy a medical robot system with minimal modification to

clinical settings. Prostate brachytherapy is studied as an example of needle-based inter-

ventions. Robotics-assisted needle steering strategies are proposed that can reduce needle

targeting error in various clinical scenarios in prostate brachytherapy, which will benefit

the individual patient, the surgeon, and the health-care system in the long run.

Modeling the needle deflection and its interaction with soft tissue is the first requirement

for robotic needle steering. A needle steering model can be used for designing the needle

steering controller or estimating the needle/tissue system states that are not observable

using 2D imaging modalities. In this research, several needle steering models are proposed

that can predict needle deflection in soft tissue as a function of needle steering control

inputs such as insertion velocity and needle axial rotation. The models are also capable of

estimating needle steering states such as needle shape or needle tip orientation in soft tissue,

thus enabling applications in motion planning and real-time control of needle steering.

The models are implemented for 2D and 3D needle steering, as well as fully automatic

and semi-automated needle steering. In the fully automated needle steering the robot
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controls all the steering actions. In the semi-automated needle steering the robotic device

shares the needle steering control inputs with the surgeon in the interest of ensuring the

safety of the operation. Experimental results on synthetic and ex-vivo tissue samples

demonstrate that the proposed strategies can significantly reduce needle targeting error

in various scenarios in prostate brachytherapy. We also demonstrate that combining the

proposed needle steering strategies with a novel flexible needle proposed in this research,

provides new methods of reaching challenging targets to reduce number of conditions that

are currently considered untreatable or inoperable.
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Preface

The research conducted for this thesis is part of a multidisciplinary research collabora-

tion, led by Dr. Nawaid Usmani and Professor Ron S. Sloboda from the Department of

Oncology, University of Alberta, and Professor Mahdi Tavakoli being the lead collaborator

at the Department of Electrical and Computer Engineering, University of Alberta.

The main goal of our research is to develop a robotics-assisted needle steering system

that can improve the accuracy of needle-based interventions such as prostate brachyther-

apy. Brachytherapy is a popular treatment for men with early prostate cancer due to its

high success rate, minimal side effects, and patient convenience. It involves the insertion

of needles loaded with tiny radioactive seeds into the prostate. Once the needles are fully

inserted, they are pulled back to permanently leave the seeds in locations inside and around

the prostate, where high doses of radiation released from them kill the cancer cells. Accu-

rate seed placement is a key factor that influences the effectiveness of the procedure. We

intend to develop a robotic assistance for surgeons that will help them place seeds closer to

their intended targets. The core theme of this research collaboration is motivated by the

deployment of novel robotic-assisted system with minimal modifications to the current clin-

ical setting. Our research will create a robotics-assisted needle adjustment assistant that

will ensure seeds reach their intended targets in an accurate, repeatable and controlled

manner.

Fig. 1 provides a flowchart showing high-level organization of this dissertation. This

thesis includes: a detailed mechanics-based model of needle steering (Chapter 3), a novel

controller that employs the mechanics-based model of needle steering for fully automated

needle steering in 2D (Chapter 4), a novel semi-automated needle steering strategy for

surgeon-in-the-loop 2D needle steering (Chapter 5), design of a highly flexible steerable

needle (notched needle) that improves needles steerability (Chapter 6), and finally a 3D

kinematic model of needle steering and two types of nonlinear controllers that employ the

kinematic model for 3D fully robotic needle steering in soft tissue (Chapter 7).

This thesis including the literature review, the modeling sections, controller design, and

data analysis is an original work by myself, Mohsen Khadem. I was also responsible for
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Figure 1: The high-level organization of this thesis. An arrow from one section to another indicates that

the former chapter is prerequisite material for understanding the latter.

performing the experiments, the data collection and analysis as well as the manuscript

composition. Professor Tavakoli was the supervisory author and was involved with concept

formation and manuscript composition.

Parts of Section 3.2 of this thesis has been presented in 2015 IEEE International Con-

ference on Robotics and Automation (ICRA) as M. Khadem, B. Fallahi, C. Rossa, R. S.

Sloboda, N. Usmani, and M. Tavakoli, “A mechanics-based model for simulation and con-

trol of flexible needle insertion in soft tissue,” in 2015 IEEE International Conference on

Robotics and Automation (ICRA), 2015, pp. 2264-2269.

Sections 3.2 and 3.5 of this thesis has been published as M. Khadem, C. Rossa, N.

Usmani, R. S. Sloboda, and M. Tavakoli, “A Two-Body Rigid/Flexible Model of Needle

Steering Dynamics in Soft Tissue,” IEEE/ASME Transactions on Mechatronics, vol. 21,

pp. 2352-2364, 2016.

Sections 3.3.1 and 3.4 has been published as M. Khadem, C. Rossa, R. S. Sloboda,

N. Usmani, and M. Tavakoli, “Mechanics of Tissue Cutting During Needle Insertion in

Biological Tissue,” IEEE Robotics and Automation Letters, vol. 1, pp. 800-807, 2016.

Chapter 4 has been published as M. Khadem, C. Rossa, R. S. Sloboda, N. Usmani, and
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M. Tavakoli, “Ultrasound-Guided Model Predictive Control of Needle Steering in Biological

Tissue,” Journal of Medical Robotics Research, vol. 01, p. 1640007, 2016.

Chapter 5 has been published as M. Khadem, C. Rossa, N. Usmani, R. S. Sloboda, and

M. Tavakoli, “Semi-Automated Needle Steering in Biological Tissue Using an Ultrasound-

Based Deflection Predictor,” Annals of Biomedical Engineering, pp. 1-15, 2016.

Section 6.2 was presented in 2016 IEEE International Conference on Advanced In-

telligent Mechatronics (AIM) as M. Khadem, C. Rossa, N. Usmani, R. S. Sloboda, and

M. Tavakoli, “Introducing notched flexible needles with increased deflection curvature in

soft tissue,” in 2016 IEEE International Conference on Advanced Intelligent Mechatronics

(AIM), 2016, pp. 1186-1191.

Chapter 6 of this thesis has been submitted as M. Khadem, C. Rossa, N. Usmani, R. S.

Sloboda, and M. Tavakoli, “Notched steerable needles with improved deflection curvature:

efficacy in maneuvering around anatomical obstacles,” IEEE Journal of Biomedical and

Health Informatics, May 2017.

Section 7.3 has been presented in the American Control Conference (ACC) as M. Kha-

dem, C. Rossa, N. Usmani, R. S. Sloboda, and M. Tavakoli, “Feedback-Linearization-based

3D Needle Steering in a Frenet-Serret Frame Using a Reduced Order Bicycle Model,” in

2017 American Control Conference (ACC).

Sections 7.2 and 7.4 of this thesis is submitted as M. Khadem, C. Rossa, N. Usmani, R.

S. Sloboda, and M. Tavakoli, “Geometric Modeling and Control of 3D Needle Steering,”

Automatica, April 2017.

The robotic setup referred to in Appendix A was designed by Thomas Lehman and

has been published as T. Lehmann, M. Tavakoli, N. Usmani, and R. Sloboda, “Force-

sensor based estimation of needle tip deflection in brachytherapy,” Journal of Sensors, vol.

2013, p. 10, 2013. The hand-held apparatus referred to in Appendix A was designed by

Dr. Carlos Rossa and has been published as C. Rossa, N. Usmani, R. Sloboda, and M.

Tavakoli, “A hand-held assistant for semi-automated percutaneous needle steering,” IEEE

Transactions on Biomedical Engineering, vol 64, no. 3, pp. 637-648, 2016. The image

processing algorithm employed in Sections 5.4 and 6.4.2 is developed by Michael Waine
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and has been published as M. Waine, C. Rossa, R. Sloboda, and et al., “Needle tracking

and deflection prediction for robot-assisted needle insertion using 2d ultrasound images,”

Journal of Medical Robotics Research, vol. 01, no. 01, p. 1640001, 2016. The image

processing algorithm employed in Section 7.4.4 is developed by Jay Carrier and has been

published as J. Carriere, C. Rossa, R. Sloboda, N. Usmani and M. Tavakoli, “Real-time

needle shape prediction in soft-tissue based on image segmentation and particle filtering,”

2016 IEEE International Conference on Advanced Intelligent Mechatronics (AIM), Banff,

AB, 2016, pp. 1204-1209.
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Chapter 1

Introduction

1.1 Motivation

Percutaneous needle insertion is a common type of minimally invasive surgery used for

diagnostic and therapeutic applications such as biopsy, drug delivery, and cancer treatment.

The efficiency of percutaneous needle insertion procedures highly depends on accurate

control of the needle trajectory in soft tissue. In needle-based interventions, steerable

flexible needles with beveled tips are used to enhance control over needle deflection. A

flexible needle with an asymmetric beveled tip has an uneven distribution of forces at the

tip, which causes the needle to bend. Using steerable needles, the surgeon can control tip

deflection by rotating the needle and changing the orientation of the bevel tip, which causes

the needle to bend in a different direction. The term “needle steering” implies control of the

needle tip deflection as the needle is inserted via inputs such as insertion velocity and axial

needle rotation. Considering factors such as tissue heterogeneity, uncertain needle-tissue

interaction, inaccurate position sensing, and needle torsion effecting the targeting accuracy

and given the limited control the surgeon over the inserted needle when manipulating its

base, accurate steering and prediction of the needle tip during manual insertion is difficult.

An example of needle-based interventions is prostate brachytherapy used for cancer

treatment. In brachytherapy, long and flexible needles loaded with radioactive seeds are

inserted into the prostate, where the seeds are deposited. In the course of several months,
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(a) (b)

Figure 1.1: (a) A schematic of needle insertion in brachytherapy. The surgeon inserts long flexible needles

through the patient’s perineum in order to deliver radioactive seeds within the prostate gland. (b) A

schematic of flexible needle with an asymmetric beveled tip.

radiation emitted from them will destroy adjacent tumor cells (see Fig. 1.1(a)). Accurate

seed placement is a key factor that influences the effectiveness of the procedure. However,

current techniques can place seeds with an accuracy of only about 5 mm. This is a sub-

stantial error given the average prostate size and narrows the scope of brachytherapy to

primarily treating the entire prostate gland for patients with localized prostate cancer. A

robotic surgeon’s assistant that automatically controls the needle deflection in soft tissue

can enhance needle targeting accuracy and help with achieving high quality implants. This

will benefit the individual patient and the surgeon. In fact, the benefits of this research

improving the accuracy of needle insertions will not only be limited to prostate brachyther-

apy, but will also be applicable to other procedures that involve precise insertion of needles

(e.g., liver ablation, interventional radiology for image guided biopsies).

Fig. 1.2 shows a block diagram of automated needle steering system. Four subsystems

that compose the automated closed-loop system are: 1) model of needle/tissue interaction,

2) needle steering controller, 3) sensor for detecting needle tip deflection in soft tissue, and

4) robotic steering device.

Modeling the needle deflection and its interaction with soft tissue is the first requirement

for robotic needle steering and surgical planning. A needle steering model can be used for:

1. Designing the needle steering controller. A needle steering model that can be used for

designing a controller relates various inputs such as insertion velocity, axial rotation
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(bevel location adjustment), needle base lateral position, and needle base force/torque

to needle tip deflection in tissue.

2. Estimating needle/tissue system states. The state variables in the needle/soft tissue

system (e.g., needle shape or needle tip orientation) are not all measurable physical

quantities, and observation of the immeasurable states via a realistic physical model

will inform controller development.

Desired Trajectory

Tissue 
Loads

Pre-operative
Images

Controller

Sensor

Needle Steering
Model

Steering 
Device

Needle

Tissue

Surgeon

Needle 
Deflection
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Figure 1.2: Block diagram of feedback control for robotics-assisted needle steering.

The next component of robotic needle steering system is the needle steering controller.

Needle steering controllers can be classified based on the the control objective [1]. The

first and simplest controller aims at navigating the needle tip to a desired point in tissue,

regardless of what trajectory it takes. Applications of this controller are tissue sampling

(biopsy) and percutaneous ablation. The second category comprises controllers whose con-

trol objective is to minimize the needle deflection at all depths. An example is transperineal

prostate brachytherapy where the needle is controlled to follow a path as close as possible

to a straight line such that strands of radioactive seeds can be deposited along the insertion

path. The last category is the tracking problem, where the needle tip follows a pre-defined

trajectory that is not necessarily a straight line. It is typically employed in cases where

the needle must be maneuvered to avoid anatomical obstacles such as muscles, bones, or

vessels.

It is also possible to categorize the needle steering controller based on the required

level of automation. Typically, two main control actions are used to steer the needle in
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combination with insertion, namely, axial rotation of the needle and lateral forces applied

at the needle base. The needle steering controller can be either fully automated, meaning

that the device performs both insertion and steering actions, or semi-automated, where

insertion is performed by the surgeon while steering occurs automatically.

Closed-loop feedback control requires real-time measurement of needle deflection. Dur-

ing insertion imaging modalities such as X-ray, fluoroscopy and ultrasound are used to

monitor the location of the needle in tissue. Alternative sensors such as optical fibers or

force sensors can also be used to measure needle steering system states. The information

is then fed back in the controller. Depending on the control approach employed and type

of the sensor, state estimation using a needle steering model may also be necessary.

The last component is the needle steering device. The needle steering device can be

designed based on the controller type. For fully robotic needle insertion, the robotic sys-

tems should be able to automatically insert a needle in tissue and undertake the necessary

corrective actions to control its trajectory towards a target. In robotics-assisted needle

insertion, the steering device should perform robotic adjustments to one of the aforemen-

tioned control inputs (e.g, axial needle rotation) while other inputs are directly applied by

the surgeon. A robotic device used for semi-automated needle steering should be capable

of sharing the control inputs with a human user.

This dissertation is concerned with implementing and testing a surgeon’s assistant sys-

tem to assess and substantially improve seed placement accuracy. A robotic needle insertion

assistant will enable the physician to precisely steer a needle towards its intended location

in a controlled manner. The assistant will be used for intraoperative adjustment of needle

targets, and for continuous refinement of needle steering strategies. This thesis specifically

explores: (1) modeling approaches for the development of a needle steering model, and (2)

needle steering controllers for fully automated and semi-automated needle steering, as well

as steering on a line and trajectory tracking with obstacle avoidance.
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1.2 Dissertation Contributions and Overview

The major contributions of this dissertation are summarized as follows:

• Mechanics-based Model of Needle Deflection and Fully Automated Nee-

dle Steering: A computationally efficient needle steering model is developed that

allows for real-time control of needle tip position in a robotic-assisted needle insertion

scheme. The model includes a novel time-delayed tissue model that enables modeling

of needle axial rotation during needle insertion. The needle steering model explicitly

relates needle deflection to the insertion velocity, insertion force/torque, and axial

rotation of needle. Therefore, these parameters can all be used as control commands

for closed-loop needle steering. Experimental results demonstrate the ability of the

model to describe needle tip position, needle shape, and force/torques at the nee-

dle base. Next, we demonstrate the feasibility of using mixed online image feedback

and the mechanics-based model predictions for optimal needle steering and increas-

ing targeting accuracy in needle-based interventions. A novel image-guided Model

Predictive Controller is developed for fully robotic steering of needles in soft tissue,

which can be used to target a specific point or to follow a desired trajectory and

maneuver the needle tip around an obstacle.

• Adaptive Model of Needle Deflection and Semi-automated Needle Steer-

ing: A novel semi-automated strategy for steering needles in soft tissue is proposed,

which can be used to target a specific point and maneuver the needle tip around an

obstacle. The semi-automated needle steering system has two main components: (1)

a real-time predictor for estimating future needle deflection as it is steered inside soft

tissue, and (2) an online motion planner that calculates control decisions and steers

the needle toward the target by iterative optimization of the needle deflection predic-

tions. The predictor uses the ultrasound-based curvature information to estimate the

needle deflection. Ex-vivo needle insertions are performed with and without obstacle

to validate our approach. The results demonstrate the performance of the proposed

needle steering strategy.
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• Design of Notched Steerable Needles: A novel type of steerable needle is de-

signed that is capable of achieving high deflection curvatures in soft tissue. The

needle is developed by carving small notches on a standard needle shaft. By carving

several consecutive notches on the needle shaft, the needle flexural strength and the

needle’s maximum achievable ROC are decreased. The Finite Element Method is

used to model the notched needle deflection in tissue. The model is used with an

optimization algorithm to optimize notch geometry and minimize needle ROC. A

novel controller is developed and used to perform image-guided closed-loop needle

steering experiments on a tissue phantom and demonstrate the feasibility of maneu-

vering around obstacles inside the tissue using the notched needle. Results show that

by improving the needle ROC and its maneuverability we can extend the applica-

tion of brachytherapy to deeper or more difficult-to-reach targets and enable optimal

utilization of brachytherapy for more cancer patients.

• Geometric Modeling and Control of 3D Needle Steering: The previously pro-

posed needle steering algorithms can be used for needle steering in a 2D and cannot

be employed for trajectory tracking in 3D. Due to many factors such as uncertainty

in needle/tissue interactions the needle might bent out of the desired 2D insertion

plane. In the last chapter, a 3D automated needle steering system is proposed that

can be used for 3D trajectory tracking. The system comprises a nonholonomic needle

steering model and nonlinear controllers for 3D needle steering. Two types of con-

troller are developed that employ the notched needles for 3D needle steering: 1) a

nonlinear controller that stabilizes a reduced-order version of the nonholonomic model

in a Serret-Frenet frame placed on the desired needle trajectory, and 2) a switching

controller that inserts the needle up to the desired depth and as close as possible

to the desired target location, and later performs a series of retraction and insertion

motions that guides the needle toward the desired point. Validation experiments are

performed on a phantom and ex-vivo animal tissues and the results are compared

with manual needle insertions performed by skilled surgeons. The results demon-

strate that the average error of our 3D needle steering system is less than manual

needle insertions.
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This thesis is organized as follows: Chapter 3 considers the details of the mechanics-

based model of needle steering. In Chapter 4 a novel model predictive controller is devel-

oped that employs the mechanics-based model of needle steering for fully automated needle

steering in 2D. In Chapter 5 the details of the proposed semi-automated needle steering

strategy are presented. This includes the derivation of the equations for the adaptive needle

deflection predictor, the method proposed for ensuring rapid convergence of the predictions,

and the online needle motion planner for steering needle in soft tissue. Chapter 6 describes

the design of the notched steerable needles. This chapter includes the development of an

FEM model of needle deflection inside soft-tissue, the notched needle’s design requirements,

an optimization algorithm implemented to estimate the optimal location of the notches on

the needle shaft for achieving a desired curvature, and validation of the notched steer-

able needle in achieving high curvatures in soft tissue and maneuvering around obstacles.

Chapter 7 describes the 3D kinematic model of needle steering and design of two types of

nonlinear controllers that employ the notched needles for 3D needle steering in soft tissue.

We conclude and discuss future work in Chapter 8.
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Chapter 2

Literature Review

2.1 Modeling Needle Deflection

Modeling of needle-tissue interaction makes it possible to steer flexible needles from out-

side the body to reach specified targets inside the body. Needle steering can be achieved

using a variety of inputs including axial rotation, lateral base manipulation, and insertion

velocity. A needle steering model estimates the needle trajectory inside tissue based on the

aforementioned steering inputs, allowing for preoperative path planning and online needle

trajectory control.

DiMaio and Salcudean [2], and Goksel et al. [3] are among the first researchers who

used the Finite Element Method (FEM) to model the needle/tissue interaction in order

to find the needle tip position. Alterovitz et al. presented a 2D FEM model of needle

insertion considering the effect of the tip bevel [4]. Chentanez et al. expanded the model

into 3D [5].

The simplest and perhaps the most widespread model of needle-tissue interaction is

the nonholonomic model first introduced by Park et al. [6]. Park et al. developed a

nonholonomic unicycle-like model to describe how an ideal needle with bevel tip moves

through firm tissue. They assumed that the needle tip motion in tissue is constrained to

a circular path similar to a unicycle mobile robot. Webster et al. extended this idea and

developed and experimentally validated a kinematics-based model generalizing the unicycle
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model [7]. The model describes the forward motion of beveled-tip needles in tissue as a

bicycle with a fixed front wheel angle. A simplified 2-dimensional (2D) version is shown in

Fig. 2.1. The model is composed of two hypothetical wheels placed at a distance a and b

from the needle tip, and oriented by an angle φ with respect to each other. The steering

angle makes it follow a circular path whose radius of curvature κ is empirically determined

for a given needle and tissue. This arrangement constrains the needle motion to follow a

path with a constant curvature, which can be reversed by rotating the needle base axially by

180 degrees. The two-parameter bicycle model can be reduced to a one-parameter unicycle

model (a single wheel located directly at the needle tip) by appropriate simplifications that

removes a while retaining κ.

Figure 2.1: Configuration of nonholonomic model of needle steering tissue. The bicycle model of the needle

composed of two wheels oriented by an angle φ with respect to each other. This figure is reproduced from

[1] with permission from the authors.

Several research groups have used classical beam theories to develop fundamental mechanics-

based models [8–10]. Yan et al. modeled needle interaction with the tissue as a beam con-

nected to a series of springs [8]. Misra et al. used an energy-based formulation for a beam

that is in contact with a nonlinear hyperplastic tissue to simulate needle steering [10]. This

model accounts for lateral and axial deflection of the needle, tissue deformation, and input

force applied at the needle base. Later, the same model was extended to include needle

rotation during needle insertion [11]. Reed et al. studied effects of torsional friction on

needle deflection dynamics [12]. They developed an estimator showed that the estimator

allows the needle to maintain motion in a prescribed plane. Swensen et al. also investigated

the torsional dynamics of the needle modeled as a beam and developed a model-based con-

troller that compensates for the changing boundary conditions during subsurface needle

insertion [13].
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Design of needle steering planners and most types of feedback controllers requires a

model of needle-tissue interaction that predicts the needle tip position given the inputs

at the needle base such as insertion velocity and needle axial rotation. In the preceding

models, a common approach for simulating needle deflection is using FEM [4,5]. Employing

a comprehensive FEM model of tissue can be very time-consuming – more time-efficient

ways to model tissue come at the expense of reduced accuracy. Also, some of the preceding

models do not present sufficient control commands for real-time feedback control, which

limits their application in real-time needle steering [8–10].

To the best of the author’s knowledge, the nonholonomic kinematics-based models [6,7]

are the only models that has insertion velocity and axial needle rotation as inputs. The

kinematics unicycle-like model has been widely used for robotic needle steering [14,15]. The

model does not account for needle-tissue interaction along the needle shaft and assumes

the needle tip moves on a constant curvature path. Previous studies have shown that

when the kinematic model is applied to path planning and control in soft tissues, there are

non-negligible deviations between the model and experimental data [16].

2.2 Modeling Needle/Tissue Interaction

In needle insertion, puncturing the tissue surface and cutting through the tissue results in a

relatively large cutting force at the needle tip. A flexible needle with an asymmetric bevelled

tip has an uneven distribution of forces at the tip, which causes the needle to bend. Needle

deflection results in tissue compression, which itself influences needle bending and changes

the needle tip trajectory. For accurate needle steering, we need a sound understanding

of the forces applied to the needle tip during needle insertion. The modelling of needle

interaction forces during tissue cutting has been studied before for surgical planning and

robotic needle steering [17,18].

The needle-tissue interaction forces during needle steering in soft tissue can be catego-

rized into four groups:

1. Tissue puncturing force, Fp: Puncturing happens at the contact point between the
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(a) (b) (c) (d) (e)

Figure 2.2: Needle-tissue interaction forces during needle insertion. (a) Tissue puncturing at the contact

point between the needle tip and the tissue surface. (b) Tissue cutting including crack propagation into

the tissue in response to needle displacement. (c) Needle-tissue friction force applied tangent to the needle

shaft. (d) Tissue deformation forces applied perpendicular to the contact surface between the needle shaft

and tissue. (e) Force versus displacement curve for needle insertion and retraction in porcine tissue at

velocity of 5 mm/sec.

needle tip and the tissue surface, starts by deforming the tissue at its surface and

continues until the contact force reaches its maximum and a crack is formed in the

tissue surface.

2. Tissue cutting force, Fc: Cutting is a dynamic fracture event and starts when the

initiated crack propagates into the tissue in response to the needle tip displacement.

3. Friction force, Ff : Friction is applied tangentially to the needle shaft and resists the

motion of the needle.

4. Tissue deformation force, Fs: Tissue reaction forces applied perpendicularly to the

contact surface between the needle shaft and the tissue.

Fig. 2.2 displays the above mentioned interaction forces. Fig. 2.2(e) shows these forces

recorded during needle insertion and retraction in biological tissue.

In an experimental study, Okamura et al. performed ex-vivo tests on bovine liver and

measured needle-tissue interaction forces [19]. They proposed a method for measuring

friction and cutting force during needle insertion. Misra et al. incorporated a cohesive

zone model to model tissue cutting [20]. They related the cutting force to the value of

rupture toughness, which they proposed is constant for a specific tissue. They also used
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a hyperelastic model of tissue to model tissue compression forces in needle insertion [10].

In these works the effect of velocity on needle insertion in biological materials has been

neglected.

Heverly et al. experimentally studied cutting forces and proposed that two distinct

phases exist in the evolution of the tissue cutting force [17]: the tissue deflection near the

cutting edge and the tissue cutting characterized by a sudden decrease of the needle-tissue

contact force. Moore et al. used the concept of elementary cutting tool edges, typically used

in prediction of cutting forces in machining, to model cutting force in needle insertion [21].

Mahvash et al studied rupture of multilayered biological materials and studied needle-tissue

contact forces during tissue puncturing [22]. They proposed that the cutting force when

the needle punctures the tissue surface can be decreased by increasing insertion velocity;

however, during the tissue cutting phase, fracture toughness and consequently the cutting

force remains constant.

In most of the preceding studies, the effects of friction along the needle shaft on needle-

tissue interaction are neglected [10,17,21]. Also these studies proposed a constant, velocity-

independent cutting force during the tissue cutting phase [19, 20, 22]. Other researchers,

however empirically studying the effects of cutting force, have reported velocity-dependent

fracture toughness at the needle tip during tissue cutting [23,24].

2.3 Control of Needle Steering

Several needle steering techniques have been developed that allow clinicians to adjust the

needle path within a tissue to improve targeting accuracy. As discussed in Section 1.1,

three types of needle steering controller are studied in the literature, namely, steering to a

point, steering on a straight line, and trajectory tracking.

The first and simplest controller aims at navigating the needle tip to a desired point in

tissue, regardless of what trajectory it takes. Typically, model-based predictive controllers

are used for this purpose. The controller is composed of a needle-tissue model and a solver

that minimizes a cost function. The cost function typically relates different steering actions,
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i.e., twists or lateral motion of the needle shaft at different depths to the model-predicted

targeting error. The objective of the controller is to reach a desired target with a minimum

amount of control actions such that tissue trauma is minimized. The simplest controller of

this type selects a single rotation depth that minimizes absolute value of targeting error,

amongst a set of discrete rotation depth candidates, ranging from the current depth to the

depth of the target [25]. When more than one rotation is allowed, optimization needs a

multivariable and interactive solver. For instance, in [26], Rapidly-Exploring Random Tree

(RRT) is used. RRT incrementally grows a tree of feasible control actions, and provides

a quick high dimensional search subject to different optimization constraints [27]. Other

ways to minimize the needle steering cost function involve solving for inverse kinematics

models and create an optimal offline path planning [2, 28]. A variety of algorithms are

available for solving such optimization problems. Several motion planning algorithms have

been used [15, 29, 30], including an inverse kinematic solver, RRT based motion planner,

and an online motion planner that accounts for sensing uncertainty.

The second type of controller concerns needle steering on a straight line. This type of

needle steering can be seen as a particular case of third controller, i.e, trajectory tracking,

where the reference trajectory is a straight line connecting the needle’s entry point to the

target point deep inside the tissue. The nonholonomic kinematics model [7] is widely used

for trajectory tracking. Kallem and Cowan presented the unicycle model in generalized

coordinates and used feedback linearization approach for 2D needle steering [31]. Minhas

et al. presented the idea of duty-cycled spinning of the needle during insertion and showed

that the curvature of the needle can be controlled via periodic needle rotations [32]. The

major limitation of this method arises from the tissue trauma and drilling effect generated

by such periods of constant rotation.

Mignon et al. [33] developed a robust 3D ultrasound needle detection approach inte-

grated in a 3D needle steering system associated to a real-time path planning. The robust-

ness of an existing algorithm is improved by limiting the needle detection to a curvilinear

region of interest (ROI) using a mechanical-based prediction model.

Rucker et al. proposed a sliding-mode controller based on the unicycle model and used

it to track a desired trajectory within the tissue [34]. Patil et al. developed an automatic
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needle steering approach for reaching targets in 3D environments while avoiding obstacles

[15]. Their approach relies on a rapidly exploring random tree (RRT) motion planner that

calculates the optimal tip trajectory using the kinematics-based model of needle steering.

Vrooijink et al. developed a needle steering system that uses 2-D ultrasound images to

estimate the needle pose and an RRT motion planner that computes a feasible needle

path toward the target based on the needle pose estimation [14]. Adebar et al. presented a

method for 3D ultrasound guidance of robotic needle steering in biological tissue [35]. They

used Doppler imaging combined with a piezo-actuated vibrating needle to track the needle

tip in soft tissue and control the needle tip via duty-cycling. Abayazid et al. modified

the kinematics-based model by accounting for the tissue cutting angle and used the model

with an online motion planner for image-guided control of the needle tip deflection [11].

Maghsoudi and Jahed introduced and simulated a model-based robust controller to address

needle insertion in the presence of tissue parameter uncertainty [36].

In general, the needle steering system is a nonlinear constrained system and most of the

system states, namely, needle tip position and orientation, cannot be directly measured from

2D imaging systems. Thus, most of the presented needle steering strategies can only steer

the needle in 2D and neglect needle deflection out of the 2D plane [11,31,32,36]. In some of

the previous works, researchers assumed that all the needle states can be directly measured

using electromagnetic tracking systems [15, 34], even though this limits the application of

the needle steering controller in clinical practice. Several 3D needle steering algorithms

are developed by incorporating image-based algorithms for calculating the needle pose in

2D ultrasound images and consequently estimating unicycle model parameters [14, 37].

However, no proof of convergence or stability were provided.

2.4 Design of Steerable Needles

As it was mentioned in Section 1.1, in needle interventions steerable flexible needles with

asymmetric beveled tips are used to enhance control over needle deflection and reduce tar-

geting error. Targeting errors are caused by human factors, imaging limitations, needle

deflection, and needle/tissue reactions including soft tissue deformation, needle/tissue fric-
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tion, and sliding of multilayered structures [38, 39]. A flexible needle with an asymmetric

beveled tip has an uneven distribution of forces at the tip, which causes the needle to

deflect from a straight path during the insertion. Using these needles, the surgeon can

control tip deflection by axially rotating the needle and changing the orientation of the

bevel tip, thus compensating for the effects of the aforementioned targeting errors. The

beveled flexible needles have higher curvature compared to the stiff needles or needles with

symmetric bevels. Using these needles surgeons can compensate any deviations caused by

the aforementioned targeting error sources.

For needle insertions on a straight line, where the target and the needle insertion point

are both on a straight line, stiff needles are used and axial rotations are performed only to

compensate for small deviations from the straight line. However, to reach divergent targets

or targets obscured by obstacles, needles with high curvature or small radius of curvature

(ROC) are needed [40]. For instance in radiofrequency ablation (RFA) of liver, the mini-

mum required needle’s ROC for reaching the majority of the liver from a limited insertion

site is estimated to be below 50 mm [41]. Another example is prostate brachytherapy.

Brachytherapy is not prescribed for patients with large volume glands exceeding 50 cm3

[42] or when there is severe pubic arch interference (PAI) [43]. Experimentally obtained

mean ROC for 18G flexible brachytherapy needle is 700-1000 mm (depending on tissue

type), which should be improved to enhance the needle maneuverability and extend the

application of brachytherapy to deeper or more difficult-to-reach targets.

Steerable needles with high deflection curvature have been proposed for therapy in the

liver [41], brain [44], breast [45], lung [46], and kidney [47]. Typically, researchers employ

flexible nitinol wires instead of needle in their robotics-assisted needle steering strategies

[14,15,32,48]. The nitinol wire is highly flexible and has a higher curvature in comparison

with the clinically used stainless steel needles. A mean ROC of 190 mm is reported for

nitinol-based needles tested in synthetic tissue [7, 32]. Okazawa et al. [49] proposed a

precurved stylet that could be rotated and translated relative to a straight needle shaft

to manually steer a needle in tissue. Webster et al. [50], and Sears and Dupont [51]

extended the concept of telescopic pre-curved tubes to develop active concentric tubes.

The concentric tube robots can be used to avoid critical structures and reach targets in
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the human body. With appropriate pre-curvature selections and deployment sequences,

concentric tubes are able to obtain high curvatures and provide a large design space of

possible curves [52]. However, relatively large dimensions and high cost of manufacturing of

concentric tube robots have limited application of concentric tubes in cost-efficient needle-

based interventions.

Several researchers have developed tip-bent steerable needles to improve needle deflec-

tion curvature in tissue [53]. The tip-bent needle consists of a flexible shaft with bent distal

section. These needles can steer along highly curved paths as a result of the increased net

lateral force acting at the bent distal end of the needle. Henken et al. developed an MRI

steerable compatible needle with a manually controlled bent tip [54]. The outer diameter

of the needle is 3.2 mm, which is relatively large compared to 1.3 mm 18G standard needles

and can increase patient trauma. Swaney et al. [55] implemented a passive flexure in the

bent tip of the needle to minimizing the tissue damage while maintaining the increased

maximum nominal curvature. van de Berg et al. [56] extended the idea of tip-bent needles

to develop a tendon-actuated bent-tip steerable needle.

To summarize, one can identify two main ways to increase the maneuverability of nee-

dles: 1) increasing needle flexibility, and 2) modify needle design to increase needle/tissue

interaction forces that bend the needle. Needle flexibility is improved by employing softer

materials or thinner needles. Interaction forces can be increased by decreasing the bevel

tip angle, increasing the bevel surface, introducing a precurve near the tip, or a combina-

tion of the above [39]. Increasing needle/tissue interaction forces damages the tissue and

consequently increases needle intervention’s trauma. Also, very thin or bent-tip needles

are incapable of providing a working channel inside the needle.
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Chapter 3

2D Mechanics-based Modeling of

Needle Steering

3.1 Objective

Needle-based interventions are common minimally invasive medical procedures. Robotics-

assisted needle insertion can increase percutaneous medical procedures efficiency, which

highly depends on accurate control of the needle tip trajectory. Modeling the needle de-

flection and the interaction between needle and soft tissue is an essential requirement for

robotic needle steering and surgical planning and has been the topic of significant research

efforts. Here, a novel hybrid model of needle-tissue interaction is presented. The hybrid

modeling implies mixed use of ordinary differential equations (ODE) to model the surgeon’s

hand and/or a rigid needle carrier, as well as continuous partial differential equations (PDE)

to model the needle-tissue interaction. The proposed model can be used for needle steer-

ing in robotic-assisted needle steering schemes. This chapter is organized as follows: In

Section 3.2, details of the needle steering model including the modeling assumptions, kine-

matic and dynamic modeling, and model simplification are presented. In Sections 3.3 to

3.5, separate complementary models are developed to simulate interaction forces between

the needle and its surrounding environment. In Section 3.6, the needle steering model is

validated through intensive needle insertion experiments on synthetic and ex-vivo animal
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tissues and results of the experiments are discussed. Concluding remarks are presented in

Section 3.7.

3.2 Mechanics-based Needle Steering Model

Needle deflection is modeled as externally excited compliant beam attached to a rigid

carrier. The elastic needle is modeled as a prismatic beam that deflects under various

external forces, i.e., reaction forces from deformed soft tissue, needle-tissue friction, the

grid template contact force, and tissue cutting force. The carrier has two translational and

one rotational degrees of freedom (DoF). The carrier can be a physical component (e.g.,

the surgeon’s hand or the needle inserting robot) or may simply be a virtual massless body

with a body-fixed frame. Fig. 3.1(a) shows a schematic diagram of the needle insertion

system. An advantage of the proposed modeling technique is that we can explicitly see the

effects of the forces and torques applied to the carrier on needle deflection, and vice versa.

By relating needle base force/torque to the needle deflection using the proposed model they

can be used as feedback or control inputs in a robotically controlled needle steering.

The following assumptions are used in modeling the needle deflection during insertion

into the tissue:

1. The needle has only 2D planar deflection and the insertion plane defined by initial

orientation of the needle beveled tip.

2. The needle is modeled as homogeneous beam with constant cross section area that is

infinitely stiff in shear.

3. Planar rotation of beam elements is small and rotary inertia of the needle due to

needle bending is negligible.

4. The axis of the prismatic beam is incompressible and needle shortening due to axial

compression is neglected. However, axial forces can affect needle bending dynamics

when the deflection is large.
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(a)

(b) (c)

Figure 3.1: Needle insertion in brachytherapy. (a) The surgeon inserting the flexible needle in the tissue

and a sketch of the needle insertion system consisting of a flexible needle attached to a rigid carrier. (b)

Interaction forces acting on the length of the bevel-tip needle inserted into a soft tissue. (c) Needle element

bending displacement.

5. The center of mass of the needle driving system is assumed to coincide with that of

the carrier.

Assumptions 2 and 3 are Euler-Bernoulli beam theory assumptions [57], which hold for

all slender brachytherapy needles. During needle steering, the needle tip might deviate and

deflect out of plane. However, using the process presented in [12] and [13] we can minimize

the out of plane deflection and maintain a 2D needle insertion. In the following, the

generalized coordinates and kinematics of the needle-tissue system are introduced. Next,

we use the variational formulation to model the dynamic motion of the needle inside the

tissue. Finally, a mathematical approach is used to simplify the dynamic equations.

Throughout this chapter we use the following notation: s, s and s denote a scalar, a

vector and a matrix, respectively. The following Table of nomenclatures summarizes the

parameters and variables used throughout Section 3.2.
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Table 3.1: Table of nomenclatures for Section 3.2

XY ,xy,ξη Global inertial frame, carrier Body-fixed frame, and needle Body-fixed frame.

N Generic point on the deflected needle.

N0 Point N on the unbent needle.

RN (x, t) Vector of coordinates of point N .

RG(t) Vector of carrier mass center coordinates.

r(x) Vector of coordinates of N0.

u(x, t) Displacement vector connecting N0 to N .

C(t) Matrix of direction cosines.

X(t),Y (t) Displacement of carrier along X and Y axes.

θ(t) In-plane angle of rotation of carrier.

θ(t) Vector of carrier Euler angles.

u(x, t) Displacement of point N along x axis.

ω(x, t) Displacement of point N along y axis.

ψ(x, t) In-plane angle of rotation of of point N .

ψ(x, t) Vector of point N Euler angles.

V (t) Velocity vector of the carrier center of mass.

θ̇(t) Angular velocity of xy relative to XY .

u̇(x, t) Elastic velocity vector.

ψ̇(x, t) Elastic angular velocity of ξη frame.

V N (x, t) Velocity vector of point N of needle.

L, δW(t) Lagrangian and virtual work.

T (t),V(t) Kinetic and potential energy of needle-carrier.

δ(.) Infinitesimal variation operator.

`,A,I,α Needle’s length, cross-section area, second moment of inertia, and bevel angle.

ρ,E Needle’s density and Young’s modulus.

mc,Jc Carrier’s mass and moment of inertia.

g Vector of gravitational field strength.

F c(t) Vector of forces acting on the carrier.

Fcx(t) Forces acting on the carrier along x axis.

Fcy(t) Forces acting on the carrier along y axis.

M c(t) Vector of torques acting on the carrier.
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Mcz(t) In-plane torque acting on the carrier.

f (x, t) Vector of distributed forces on needle shaft.

fx(x, t) Distributed interaction forces along x axis.

fy(x, t) Distributed interaction forces along y axis.

Fs(x, t) Soft-tissue reaction force.

Ff (x, t) Needle-tissue friction force.

Fc(t) Tissue cutting force.

Fcξ(t) Axial and transverse cutting forces along ξ axis.

Fcη(t) Axial and transverse cutting forces along η axis.

Kt,lt,dt Template’s stiffness, length, and distance from the tissue.

xt(t) Position of the template in xy.

H,δ Unit step and Dirac delta functions.

Wi(x) Assumed mode shapes of vibration, i = 1, .., n.

φi(t) Generalized coordinate, i = 1, .., n.

βi Vibration frequency constant, i = 1, .., n.

γi, κi Vibration amplitude constants, i = 1, .., n.

φ(t),W(x) Vectors of generalized coordinates and mode shapes.

3.2.1 Kinematics of Needle Steering

Fig. 3.1(a) shows a schematic diagram of the needle insertion system. A global inertial frame

(XY ) and a non-inertial frame (xy) fixed on the carrier at its mass center are defined. The

generic point N0 along the needle shaft when the needle is unbent coincides with the point

N when the needle is deflected. The coordinates of point N of the deflected needle in the

body-fixed frame (xy) is

RN = CRG + r + u (3.1)

where RG = [X Y 0]T is expressed in coordinates of the inertial frame, r = [x 0 0]T ,

u = [u ω 0]T , and C is the matrix of direction cosines and allows to transform a point

from (XY ) frame to (xy) frame. It should be emphasized that in our approach all the

forces and torques applied to the needle and carrier are defined with respect to the non-
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inertial frame (xy) attached to the carrier called the body-fixed frame. Thus, it is more

convenient to define our generalized coordinates and velocities in the body-fixed frame –

they are customarily referred to as pseudo-coordinates and pseudo-velocities, respectively

[58].

The carrier has two translational DoF along X and Y , denoted by the vector RG in

XY frame. In addition to two translational DoFs, the carrier has a rotational DoF, θ,

denoted by the vector of Eulerian-type angles θ = [0 0 θ]T . According to the Assumption

1, the first two angles are zero. Point N on the needle has three DoFs in the body-fixed

frame, namely ω, u and ψ, corresponding to displacements along x and y and the in-plane

rotation, respectively (see Fig. 3.1(c)).

To model in-plane rotational motion of beam elements, we introduce a set of body-fixed

frames (ξη) attached to the cross-section of the beam at point N . Denoting the in-plane

bending rotation of beam element by ψ and assuming it is small, we can express rotation

of the ξη frame relative to the xy frame by the vector ψ = [0 0 ψ]T .

Based on the presented configuration we have the vector of generalized coordinates

q = [RGT θT uT ψT ]T . Now, we can easily calculate the generalized velocities related

to the derivatives of the generalized coordinates by

[
V T θ̇

T
u̇T ψ̇

T
]T

=

 C 0

0 I

 q̇ (3.2)

where I is a 9× 9 identity matrix. All vectors in (3.2) are in body-fixed frame (xy). Now

taking derivative of (3.1) with respect to time, we can write the kinematic equation of

motion for point N in terms of generalized velocities as

V N = V + ˜̇θ(u + r) + u̇ = V + (ũT + r̃T )θ̇ + u̇ (3.3)

the superscript ˜ denotes a skew symmetric matrix.

At this point, we introduce two equations that can be used to eliminate the redundant

coordinates. Using Euler-Bernoulli assumptions we have

u(x, t) = −1

2

∫ x

o

ω′(ζ, t)2 dζ, ψ(x, t) = ω′(x, t) (3.4)
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where ζ is a dummy integral variable and prime denotes partial derivative with respect

to x. Above equations will be used later to write ψ and u in terms of other generalized

coordinates and eliminate redundant degrees of freedom.

3.2.2 Variational Formulation of Needle Steering

Having all the kinematic equations that describe the motion of the needle and the carrier,

we will use the variational formulation and extended Hamilton’s principle to derive the

dynamic equations of motion for the hybrid system. We note that V in (3.3) is defined in

the body-fixed frame and based on (3.2), the components of V are not direct derivatives

of generalized coordinates. V is typically called the derivative of pseudo-coordinates or

pseudo-velocity vector. Similar to velocity, it is simpler to define all the forces and torques

applied to the carrier and needle with reference to the body-fixed frame. Thus, it is more

convenient to use the extended Hamilton’s principle in terms of pseudo-coordinates. The

extended Hamilton’s principle is stated by
∫ t2
t1

[δL+ δW ]dt = 0.

Before we can use the extended Hamilton’s principle, it is essential to find the expres-

sions for T , V , and δW . Based on Assumption 3, the kinetic energy consists of only three

parts, the translation of a beam element at a nominal position x, the translation of the

carrier, and the carrier rotation. Using (3.3), we can write the kinetic energy as

T =
1

2
ρA

∫ `

o

[
u̇T u̇ + 2V T u̇ + 2V T (ũT + r̃T )θ̇

+ 2θ̇
T

(ũ + r̃)u̇
]
dx+

1

2
mtV

TV +
1

2
θ̇
T
Jtθ̇

(3.5)

where Jt = Jc + ρA
∫ `
o
(ũ + r̃)(ũ + r̃)Tdx and mt = mc + ρA` is the total mass of the

needle-carrier system.

The potential energy of the system arises from two sources, gravity and needle flexibility.

Considering Assumption 5, the gravitational potential energy of the needle is negligible.

Also, from mechanics of materials, the bending potential energy of the deflected needle is

equal to 1
2
EI
∫ l
o
ψ′2 dx [57]. Replacing ψ using the kinematic constraint given by (3.4), the

total potential energy can be expressed as

V = −mcg
TR +

1

2
EI

∫ l

o

ω′′2 dx (3.6)
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The non-conservative virtual work is due to the forces and torques applied to the carrier

and a distributed force working on the length of the flexible needle. It can be written as

δW = δθTM c + δRTCTF c +

∫ `

0

δRT
Nf dx (3.7)

where M c = [0 0 Mcz]
T , F c = [Fcx Fcy 0]T , and f = [fx fy 0]T . Fig. 3.1(b) shows a

schematic of interaction forces on the needle carrier system. The elements of the distributed

interaction force vector f can be obtained using Fig. 3.1(b) as

fx = fcx + ffx, fy = fcy + fs + fk + ffy (3.8)

where

fs(x) = FsHl−X(x), fk(x) = Ktω[Hxt(x)−Hxt+lt(x)]

fcx(x) = −Fcξ − Fcηω′(l, t), fcy(x) = [Fcη − Fcξω′(l, t)]δ`(x)

ffx(x) = FfHl−X(x), ffy(x) = Ffω
′Hl−X(x)

(3.9)

where xt = `−X − dt− lt. In (3.9), we have used assumption 3 and assumed tan(ω′) = ω′.

The transverse and axial component of Fc in (3.9) can be related by the bevel angle using

Fcξ = Fcηtan(α) (see Fig. 3.1(b)). We note that some of the above mentioned forces are

moving loads acting over a specific length of the needle. As the needle is inserted, their

point of application or width will change accordingly. To define the limits of the force profile

applied to the length of the beam, we use unit step (H) and Dirac delta (δ) functions. The

shorthand notation Hx0(x) = H(x − x0) and δx0(x) = δ(x − x0) describes unit step and

Dirac delta functions shifted by the constant x0.

Note that in (3.9) we have used (3.4) to transform the contact forces shown in Fig. 3.1(b)

from their point of application to the body-fixed frame. Consequently, all the forces given

in (3.8) are in terms of the body-fixed frame (xy). Having all the reaction forces defined,

we can continue to derive the virtual work (W). Using (3.1), we can express the virtual

displacement δRN in the body fixed-frame as δRN = CδR + (ũT + r̃T )δθ+ δu . Plugging

δRN into (3.7) gives

δW = δθTM c + δRTCTF c +

∫ `

0

[δRTCT f + δθT (ũ + r̃)f + δuT f ]dx (3.10)

Combining (3.5), (3.6), and (3.10) and considering the geometrical constraints (3.4) and

(3.4), we can write the Lagrangian in general functional form as L = L(u , u̇ ,u ′,u ′′,R,V ,θ, θ̇).

24



Inserting the Lagrangian in the extended Hamilton’s principle and following the mathe-

matical procedure given in Appendix B, we can obtain∫ t2

t1

δRT

[
CT

(
− d

dt

(
∂L
∂V

)
− ˜̇θ

∂L
∂V

+ F c +

∫ `

o

f dx

)

+
∂L
∂R

]
dt+

∫ t2

t1

δθT

[
− d

dt

(
∂L
∂θ̇

)
− Ṽ

∂L
∂V

+
∂L
∂θ

+ M c +

∫ `

o

(ũ + r̃)f dx

]
dt

+

∫ t2

t1

∫ `

o

δuT

[
∂L̂
∂u
− d

dt

(
∂L̂
∂u̇

)
− d

dx

(
∂L̂
∂u ′

)

+
d2

dx2

(
∂L̂
∂u ′′

)
+ f

]
dxdt

+

∫ t2

t1

[
δu ′T

∂L̂
∂u ′′

+ δuT

(
∂L̂
∂u ′
− d

dx
(
∂L̂
∂u ′′

)

)]∣∣∣∣∣
`

0

dt = 0

(3.11)

At this point we simplify the integrals in (3.11) to derive the hybrid equations for the

needle-carrier system. The fundamental lemma of the calculus of variations tells us that

the integrands in the four integrals in (3.11) must vanish. The first two integrals in (3.11)

will give us the Lagrangian equations for the carrier. Following the mathematical approach

presented in [58] we obtain the dynamic equations of the system.

We restrict the motion of the carrier to a linear insertion along the X direction (see

Fig. 3.1(a)). However, using (3.11) we calculate all the force/torque applied to the carrier.

From the first two integrals in (3.11) we obtain the dynamic equations of the rigid part in

terms of quasi-coordinates

Fcx = mcẌ −
∫ `

0

fx dx (3.12a)

Fcy = mcg + ρA

∫ `

o

ω̈ dx−
∫ `

0

fy dx (3.12b)

Mcz =

∫ `

0

{
−ρA

[
ω̇Ẋ + ωẌ + ω̈(u+ x)

]
− ωfx + (x+ u)fy

}
dx (3.12c)
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where fx and fy are given by (3.8) and (3.9). Note that based on Assumption 2, we can

say that u, the needle shortening along the x direction of the body-fixed frame, is small.

Thus, we have neglected the term ü in derivation of (3.12).

Next, we will derive the equation of motion for the continuous part of the system.

Inserting the forces given by (3.8) and (3.9) in the last two integrals in (3.11), taking

integration by parts, and performing simple mathematical operations when appropriate,

we obtain the PDE governing the motion of the needle as

EIω′′′′ + ρAω̈ + Pω′′ = Q (3.13)

with P and Q being

Q = fs + fk + Fcηδ`(x)− Fcηω′2δ`(x) (3.14a)

P = Fcξ + Ff (`− x)H`−X + Fcηω
′(`, t) (3.14b)

subject to the following set of boundary conditions:

ω(0, t) = 0, ω′(0, t) = 0, ω′′(`, t) = 0, ω′′′(`, t) = 0 (3.15)

Equations (3.12) and (3.13) represent a set of coupled ordinary and partial differen-

tial equations describing the motion of the needle-carrier system. The partial differential

equation (PDE) in (3.13) implies that the dimensionality of the problem is infinite. Also,

the hybrid equations are nonlinear and complicated to solve. Next, we will simplify the

equations by discretizing the continuous part and reducing the size of the model.

3.2.3 Discretization of the Continuous PDE

In this section, the continuous model in (3.13) is replaced by a discrete model following an

approach known as Bubnov-Galerkin method [59]. The displacement field is approximated

using ω(x, t) ' ω̂(x, t) =
∑n

i=1 φi(t)Wi(x), where Wi(x) (i = 1, ..., n) are assumed functions

representing the first n modes of vibration and φi(t) (i = 1, ..., n) are the generalized

coordinates or time functions expressing the deformation of the beam with respect to time.

We select the mode shapes of a homogeneous clamped-free beam as the assumed functions.
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This way we ensure that the assumed functions satisfy the differentiation requirements

and geometrical and dynamic boundary conditions in (3.15). The mode shapes for the

clamped-free beam are given by [60]

Wi(x) =
1

κi

[
−γi
(

cos(
βix

`
)− cosh(

βix

`
)

)
+ sin(

βix

`
)− sinh(

βix

`
)

]
(3.16)

where βi (i = 1, ..., n) is a dimensionless constant corresponding to different modes of

vibration. In this work, we will estimate the continuous model given in (3.13) using the

first four modes. Values of the first four βi for a clamped-free beam are 1.857, 4.694, 7.855

and 10.996, respectively [60]. γ and κ in (3.16) are given by

γi =
sin βi + sinh βi
cos βi + cosh βi

,

κi = −γi (cos βi − cosh βi) + sin βi − sinh βi

(3.17)

Following the Bubnov-Galerkin method and inserting the approximated displacement

field in (3.13) we can get a finite-dimensional model of needle steering as

M̂φ̈+ K̂φ+ R̂φ+ T̂φ+ ĜφφTW ′(`) = Ŝ(φ) + V̂ (3.18)

where elements of matrices and vectors in (3.18) are given by

M̂ij = ρA

∫ `

0

Wj(x)Wi(x)dx, K̂ij = EI

∫ `

0

Wj
′′′′(x)Wi(x)dx,

R̂ij = Ff

∫ `

`−X
(`− x)Wj

′′(x)Wi(x)dx+ Fcξ

∫ `

0

Wj
′′(x)Wi(x)dx,

T̂ij = −Kt

∫ xt+lt

xt

Wj(x)Wi(x)dx, Ŝi =

∫ `

`−X
Fs(x, t)Wi(x)dx,

Ĝij = Fcη

[
W ′
j(`) +

∫ `

0

W ′′
j (x)Wi(x)dx

]
, V̂i = Fcη

(3.19)

By solving the above system of ODEs, the time functions φi(t) and consequently the

needle deflection can be found. The matrices M̂ and K̂ are constant, positive definite, and

symmetric and they correspond to the kinetic energy and the elastic linear forces in the

beam. T̂ corresponds to the effects of reaction forces from the template. R̂ contains the

effects of non-conservative axial forces. The last term on the right side of the system of

differential equations in (3.18) is due to the rotation of needle tip as it bends under external
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forces. Ŝ shows the effects of tissue reaction force. V̂ corresponds to the transverse

component of the cutting force acting at the tip of the needle. So far, we have modeled

the dynamics of the coupled needle-carrier system. However, the interaction forces shown

in Fig. 3.1(b), including the tissue reaction force (Fs) and the cutting force (Fc) are yet to

be determined. In the next section we will model the needle/tissue interaction forces.

Fig. 3.1(b) shows a schematic of the interaction forces applied to the needle during

needle insertion. The needle interactions with surrounding environment are modeled by

axial and transverse distributed and concentrated loads that are applied to the portion of

the needle that is inside the tissue. During needle insertion, the cutting force Fc is applied

to the needle in a direction perpendicular to the beveled tip. The transverse and axial

component of Fc are related using Fcξ = Fcηtan(α) (see Fig. 3.1(b)). A force distribution

Fs is used to model tissue reaction forces as the result of its deformation caused by needle

bending. The grid template acts as a rigid support and is modeled by a stiff spring with

stiffness of Kt. It is positioned at distance dt from the tissue and has length lt. Friction

between the needle shaft and the tissue is modeled by an axially distributed load Ff tangent

to the needle shaft. Fig. 3.1(b) displays the above mentioned interaction forces.

In the following, we will model the components of the needle/tissue interaction force

including the tissue cutting force Fc, friction along the needle shaft Ff , and tissue reaction

force Fs.

3.3 Tissue Cutting Model

Here, we develop several mechanical models of tissue cutting to calculate the cutting force

Fc, shown in Fig. 3.1(b). Based on the experimental evaluations and the literature review

presented in Section 2.2, cutting force explicitly depends on the tissue type and mechanical

characteristics of the soft tissue. Here, we develop two different models for two different

types of tissue: 1) synthetic phantom tissue or homogeneous tissue, and 2) multilayered

heterogeneous tissue.
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3.3.1 Cutting Force in Homogeneous Tissue

Modeling tissue cutting for needle steering and surgical planning has been the topic of

significant research efforts [19, 20, 22]. In most previous studies cutting force is assumed

to be constant [19]. However, experimental studies show that cutting force depends on

insertion velocity [22]. Here, we propose a method based on principles of fracture mechanics

in elastic materials to relate cutting force to velocity-dependent tissue fracture toughness.

In this model it is assumption that the tissue around the needle tip is pure elastic and there

is no delayed viscoelastic crack growth and the near tip plastic zone is small[61].

Fracture toughness, Gc, is a material property and a measure of resistance against

crack growth in linear elastic materials. Based on the definition of fracture toughness,

crack extension occurs when the rate of energy release in crack extension, G, is equal or

greater than Gc.

Under plain strain condition, fracture toughness is Gc =
K2

I

E′ , where E ′ = E
1−ν2 . KI is

the stress intensity factor for mode I fracture. Mode I or opening mode corresponds to

fracture in a body loaded by tensile forces such that the crack surfaces move apart in the

direction of applied forces. Microscopic observations of tissue cutting have shown mode I

crack best represents crack geometry during tissue cutting [10]. In dynamic fracture, the

crack driving force should incorporate the effects of kinetic energy and crack velocity. It

has been shown that the dynamic energy release rate in elastic material can be expressed

as [61]

G(t) = A(V )
K2
ID(V )

E ′
(3.20)

Approximate expressions for A(V ) and KID(V ) are [61]

A =

[
(1− hV )

(
1− V

cr

)]−1

, KID =
KI0

1−
(
V
Vl

)m (3.21)

where h is a function of shear and longitudinal wave speeds and constant for a given material

and m is an experimentally determined constant. Clinical needle insertion velocities vary

in between 5 to 50 mm/sec [62], which is significantly smaller than the Raleigh surface wave

speed in soft tissue [63]. Also, h is zero for homogeneous isotropic materials and negligible
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at low crack velocities for non-homogeneous materials [61]. Thus, we can assume A is equal

to one.

(3.20) and (3.21) state that the dynamic stress intensity factor and consequently fracture

toughness are functions of insertion velocity in the dynamic crack propagation, and that

material resistance increases with crack speed. Based on (3.21), at low insertion speeds,

KID is relatively insensitive to V but KID increases asymptotically as V reaches the limiting

value of Vl. Now, we can use the equation proposed in [22] to relate cutting force to fracture

toughness

Fc = G(t)wc (3.22)

wc is the cutting width and equal to the needle outer diameter.

3.3.2 Cutting Force in Heterogeneous Tissue

We categorize the tissue cutting force in multilateral heterogeneous tissue into two separate

groups:

1. Tissue cutting force during puncturing, FP : Puncturing happens at the contact point

between the needle tip and the tissue surface, starts by deforming the tissue at its

surface and continues until the contact force reaches its maximum and a crack is

formed in the tissue surface.

2. Tissue cutting force during insertion, FC : Cutting is a dynamic fracture event and

starts when the initiated crack propagates into the tissue in response to the needle

tip displacement.

These two forces are shown in Fig. 2.2. The cutting force shown in Fig. 3.1(b), Fc, is equal

to FP during the puncturing phase or when it is traversing between two different layers of

tissue, and it is equal to FC during the insertion phase. In the following subsections we

model the two phases of the cutting force.
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Figure 3.2: Standard linear viscoelastic model used to simulate needle interaction with a viscoelastic tissue

during tissue puncturing. F is the applied force, µ1 and µ2 are the spring constants, η is the damping

coefficient, and x is the needle tip displacement.

3.3.2.1 Tissue Cutting in Puncturing

Puncturing takes place at the beginning of needle insertion before the needle penetrates

the tissue and when the needle tip travels between two different layers of biological tissue.

For modeling purposes, we divide the tissue puncturing into two events: (1) Tissue Com-

pression: The needle tip is pressed against the tissue surface and the contact force increases

until it reaches its maximum. (2) Crack initiation: When the contact force at the needle

tip reaches its maximum value, the tissue in the proximity of the needle tip (failure zone)

is severely damaged. The molecular bonds in the failure zone break and a crack is formed

in the tissue.

3.3.2.1.1 Tissue Compression We will employ a model known as standard linear

solid to predict force-deformation response of a needle in contact with a biological tis-

sue during the compression phase. The tissue is modelled as a Newtonian damper and

two Hookean springs, one in parallel and one in series. The model has a time-dependent

component that enables the modeling of creep, stress relaxation and hysteresis.

The model can be expressed as a first order differential equation

F +
η

µ1

Ḟ = µ2x+ η

(
1 +

µ2

µ1

)
ẋ (3.23)

where F is the contact force, µ1 and µ2 are tissue stiffness, η is the tissue damping coefficient,

x is the needle tip displacement, and dot denotes differentiation with respect to time t.

Considering the responses of the system in (3.23) to a unit step force and displacement,

and using the convolution integral, the contact force and displacement can be calculated
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with respect to time as

x(t) =

∫ t

0

C(t− τ)
dF (τ)

dτ
dτ (3.24a)

F (t) =

∫ t

0

G(t− τ)
dx(τ)

dτ
dτ (3.24b)

where C(t) and G(t) are creep compliance and relaxation modulus, respectively, and are

given by

C(t) =
1

ER

[
1− (1− τ1

τ2

)e−t/τ2
]

(3.25a)

G(t) = ER

[
1− (1− τ2

τ1

)e−t/τ1
]

(3.25b)

where ER = µ2 is the long-time or reference modulus of stiffness, and τ1 = η/µ1 and

τ2 = (η/µ2)(1 + µ2/µ1) are intrinsic time scales characterizing the nature of the stress

relaxation and creep and are called relaxation and retardation times, respectively [64].

Knowing the input force or displacement profile, one can use equation (3.24a) or (3.24b)

to calculate needle-tissue contact displacement or force during tissue puncturing.

Now, to investigate needle-tissue interaction before the rupture happens, we study the

case of needle insertion with a constant velocity V . Using (3.25b), we have

FP = ER

xp − V (τ2 − τ1)(e
−
xp
V τ1 − 1)

 (3.26)

where xp is the tissue deformation at the contact point. The last term in (3.26) can be

estimated by the first two terms of a Taylor series expansion and (3.26) reduces to

FP = ERxp
τ2

τ1

(3.27)

Equation (3.26) estimates tissue puncturing force as a nonlinear function of velocity. How-

ever, (3.27) states that for relatively high insertion velocities, the puncturing force is almost

independent of the needle insertion velocity and increases linearly with respect to the tissue

deformation. The velocity at which the puncturing force reaches 90% of its maximum value

is called saturation velocity [22]. Using (3.26) and (3.27) and 3rd order Taylor expansion,

we can calculate the saturation velocity as

Vs = 5
xp
τ1

(3.28)
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(a) (b)

Figure 3.3: A schematic of the Strip-Yield zone model. (a) Plastic failure zone with the length of ρ near the

needle tip. δ is the CTOD which is approximately equal to the needle outer diameter. (b) The plastic zone

is modelled by a compressive stress σY and C shown by the dashed line is a contour along the boundary of

the Strip-Yield plastic zone.

The above equation can be used to estimate the optimal puncturing velocity for tissue

cutting as a function of the tissue viscoelasic parameters and the tissue deformation. The

puncturing force increases to its maximum until rupture happens. In the following a frac-

ture mechanics-based analysis is used to calculate the maximum puncturing force.

3.3.2.1.2 Crack Initiation In general, failure and crack initiation are characterized

by separation of atomic bonds of a material [61]. A local failure criterion typically used to

predict crack initiation is the fracture toughness or the crack-resistant force per unit area

of crack (Gc) and can include plastic, viscoelastic, or viscoplastic effects depending on the

material. A crack initiates and grows when the energy released through crack extension

equals or exceeds the fracture toughness. Here, we introduce two parameters typically

used to characterize crack initiation and growth in materials, namely, crack-tip-opening

displacement (CTOD) and the J contour integral. Next, we use the Correspondence Prin-

ciple[65] to extend the definition of J integral and CTOD to viscoelastic materials and

model time-dependent crack initiation in a viscoelastic tissue.

CTOD and the J integral can be defined and estimated using the Strip-Yield model

first introduced by Dugdale [66]. The model is first introduced for small-scale crack in a

body loaded by tensile forces such that the crack surfaces move apart in the direction of

applied forces.In the Strip-Yield model, yielding is assumed to occur only in a narrow strip

zone along the crack line. This strip yield zone or the failure zone is severely damaged and
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contains voids and discontinuities. In the puncturing phase, when the puncturing force

reaches a maximum value, the needle pushes into the failure zone. The failure zone is

modelled by the closure yield stress σY acting on the crack faces. Fig. 3.3 shows a strip

yield zone with a length of ρ and the corresponding CTOD, δ.

Now we introduce the J integral as a measure of energy release rate in elastic-plastic

materials per unit of crack advance. Considering an arbitrary counterclockwise path (C)

around the crack tip (see Fig 3.3(b)), the J integral is given by

J =

∫
C

(
wdy − σijnj

∂ui
∂x

ds

)
(3.29)

where w is the strain energy, σij are components of the stress tensor, nj are the components

of the unit vector normal to C, ds is a length increment along C and ui are displacement

vector components.

The J integral and CTOD are used to characterize crack initiation and growth in elastic-

plastic fracture. However, these can not be simply used to model time-dependent crack

initiation in viscoelastic soft tissue. In order to use the concept of the J integral and CTOD

for viscoelastic fracture, we follow the approach proposed by Schapery [65] including the

Correspondence Principle. Based on this principle, if the stresses and strains in the elastic

body are σeij and εeij, respectively, while the corresponding quantities in the viscoelastic

body are σij and εij, the stresses and strains are related as follows

σij = σeij, εij = ERC ∗ εeij or εeij =
1

ER
G ∗ εij (3.30)

where ∗ is the mathematical shorthand for the convolution operation, ER is the long-time

modulus of stiffness, and C and G are given by (3.25). Equation (3.30) allows to find a

solution for a viscoelastic problem by an analogy with the solution of the reference elastic

problem. We can write the generalized time-dependent J integral using the Correspondence

Principle

Jv =

∫
C

(
wedy − σijnj

∂uei
∂x

ds

)
(3.31)

where .e denotes pseudo values related to the elastic reference problem. Now, we compute

the J integral for contour C shown in Fig. 3.3(b). Considering δ is relatively small (' 1.5mm
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for needle insertion), the first term in the integral in (3.31) vanishes because dy = 0. Also,

the only surface tractions are in the y direction (ny = 1 and nx = nz = 0), thus

Jv =

∫
C
σyy

∂uey
∂x

ds (3.32)

Let us define a new coordinate XY at the crack tip with X = ρ− x. Note that uy and σyy

only depend on X and uy(X = ρ) = δ/2. Thus, Jv becomes

Jv = 2

∫ ρ

0

σyy(X)
duey(X)

dX
dX =

∫ δe

0

σyy(δ
e)dδe (3.33)

Considering σyy is constant in the failure zone and equal to σY we obtain

Jv = σY δ
e (3.34)

Based on the Correspondence Principle, δe = 1
ER
G ∗ δ. Note that δ is the CTOD and its

maximum value during rupture is equal to the needle outer diameter. Considering constant

insertion velocity, we can approximate CTOD as a function of time and needle bevel angle,

δ = 2V t tan(α/2), where α is the bevel angle (see Fig. 3.5(a)). We can calculate δe as

δe = G ∗ δ = 2V tan(α/2)
[
T + (τ1 − τ2)(e−T/τ1 − 1)

]
(3.35)

where δ is the CTOD and T is the total time for insertion of the needle tip into the tissue.

For constant insertion velocity T is equal to a/V where V is the insertion velocity and a is

the length of the needle tip inserted in the tissue at the moment of rupture.

The energy required to advance the needle tip into the tissue is

G = Gcaδ (3.36)

where Gc is the fracture toughness or the work required to advance the needle tip per

unit area of crack. During the rupture event Jv is equal to the material resistance against

the needle tip insertion G. Also, the axial forces applied to the tip during rupture can be

estimated by FP = 2σYAt sin(α/2) where, At is the contact area between the needle tip

and the tissue. We can estimate the maximum puncturing force during crack initiation

(FP ) using (3.36) and (3.37)

FP =
AtGca sin(α/2)

V tan(α/2) [T + (τ1 − τ2)(e−T/τ1 − 1)]
(3.37)
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Note that at relatively high insertion velocities where T � τ1, the dynamic part of (3.37)

can be estimated by a second order Taylor series expansion. Also, for small bevel angles,

tan(α/2) = sin(α/2). Thus, (3.37) reduces to

FP = AtGc
τ1

τ2

(3.38)

Equation (3.38) implies that the maximum puncturing force during needle insertion is

independent of insertion velocity and is a function of needle-tissue contact area, the ratio

of relaxation and retardation time constants, and the rupture toughness of the material.

Using (3.38), we can quantify the maximum required force to puncture the tissue.

Introducing (3.38) in (3.27) and (3.28) we can obtain the optimum insertion velocity for

puncturing the tissue

Vopt =
5AtGcτ1

ERτ 2
2

(3.39)

3.3.2.2 Tissue Cutting in Insertion

Tissue cutting begins after the needle tip is completely inserted into the tissue and the

initial crack in the tissue surface is formed. In this section we will use a criterion based

on the rate of energy release per unit length of crack advance, to estimate the cutting

force applied to the needle tip. As previously discussed, when J is equal to or larger than

the material resistance (Gc), crack tip exceeds. It arrests when J < Gc. However, many

materials do not fail catastrophically at a particular value of J and CTOD and display a

rising resistance called the “R curve” [61]. The rise in the R curve is normally associated

with the near tip plastic zone or viscoelastic behaviour of the material. The rising R curve

typically reaches a steady-state value as the crack length increases. It can be also affected

if the growing crack approaches tissue surface or a different layer of tissue.

Materials with rising R curves can be characterized by the fracture toughness at crack

initiation, Gc. Using the definition of the R curve, the crack becomes unstable and propa-

gates when
dJ

da
≥ dR

da
(3.40)
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J

Crack size

Instability

Figure 3.4: R curve and Diagram of J vs. crack length during needle insertion. JR denotes value of critical

J on R curve, J1 and J2 represent R curves for two insertions with different load-displacement profiles. J2

curve is unstable and results in crack growth.

where a is the crack length. We will use the criterion given by (3.40) to predict tissue

cutting and estimate the cutting force applied to the needle tip.

To model the needle-tip interaction with soft tissue, the tissue cutting is discretized into

small incremental crack growths equal to the size of the needle tip. During tissue cutting,

while the needle is being inserted, the tip pushes the tissue back and extends the crack

until the CTOD is equal to or bigger than the needle outer diameter so the needle can

advance into the tissue. A force distribution with a magnitude of FC is used to model the

needle tip-tissue interaction in the cutting phase (see Fig. 3.5(a)).

To calculate dJ/da, we use the general definition of the J integral given by

J = −dΠ

dA
(3.41)

where Π = U −W , and U and W are the strain energy stored in the tissue and the work

of the external forces, respectively.

From Fig. 3.5(a), we have

δ = 2a tan(α/2) (3.42)

Considering that cutting happens at relatively high insertion velocities, we can model

the tissue near the needle tip as a linear elastic material. Note that the effects of tissue

viscoelastic behaviour are modelled through a time-variant R curve. The cutting force FC

can be calculated using (3.42) as

FC =

∫ a

0

ET δda = ET tan(α/2)a2 (3.43)
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(a) (b)

Figure 3.5: Crack propagation in tissue cutting. (a) Needle tip-tissue interface during cutting represented

by a force distribution with magnitude of FC . δ is the CTOD, a is the needle tip length, da is the

incremental crack growth. (b) modeling finite compliance and viscoelastic behaviour of tissue using a

linear solid model element. δt = 0 is the displacement of the tissue sufficiently far from the crack surface.

where ET is the tissue stiffness per unit length.

First, we consider the case where the cutting force is constant as the crack grows inside

the tissue. We can calculate U and W as

W = FCδ = 2aFC tan(α/2) (3.44a)

U =

∫ δ

0

FC dδ =
2

3
aFC tan(α/2) (3.44b)

In (3.44), we have used (3.42) to simplify the integrals. Introducing (3.44) into (3.41) we

have

J = −dΠ

dA
= − 1

wc

dΠ

da
=

4FC tan(α/2)

3wc

(3.45)

In (3.45), we used dA = wcda, where wc is the crack thickness equal to the needle outer

diameter.

To consider the case where the cutting force is not constant and to simulate the finite

compliance of the tissue surrounding a growing crack, we follow the approach proposed by

Hutchinson and Paris [67]. In this method, a spring is placed at the interface between the

needle tip and the tissue, The base of the spring is fixed at a remote distance and the J

integral is calculated over a contour including the spring. The proposed modeling approach

is schematically presented in Fig. 3.5(b).

From Fig. 3.5(b), the displacement of the tissue at a remote distance δT is

δT = δe +
FC

ER

= 0 (3.46)
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where ER is the tissue long time stiffness modulus. Differentiating δT and J and assuming

they only depend on load and crack length, we obtain

dδT =

(
∂δ

∂a

)
FC

da+

(
∂δ

∂FC

)
a

dFC +
dFC
ER

= 0 (3.47a)

dJ =

(
∂J

∂a

)
FC

da+

(
∂J

∂FC

)
a

dFC (3.47b)

Fixing δT , dividing both sides of (3.47b) by da, and substituting dFC/da from (3.47a),

leads to (
dJ

da

)
δT

=

(
∂J

∂a

)
FC

−
(
∂J

∂FC

)
a

(
∂δ

∂a

)
FC

[
1

ER
+

(
∂δ

∂FC

)
a

]−1

(3.48)

Now, we can calculate the components of (3.48) using (3.42), (3.43), and (3.45)(
dJ

da

)
δT

=
4 tan2(α/2)

3wc
ER

+ 6wc

√
tan(α/2)

ETFC

(3.49)

Inserting (3.49) in (3.40), we can approximate the cutting force as

FC =
tan(α/2)

ET

(
2 tan2(α/2)

3wcdR/da
− 1

2ER

)−2

(3.50)

According to (3.50) in the case that the tissue around the cutting area is very soft (ER → 0),

the crack propagation arrests and the CTOD increases while the cutting force significantly

decreases. However, when the insertion velocity is high and the effects of tissue deformation

around the crack can be neglected (ER →∞), CTOD is constant and the cutting force is

given by

FC =
9w2

c (dR/da)2

4ET tan3(α/2)
(3.51)

From (3.50) and (3.51), it can be inferred that at high insertion velocities when ER is

relatively high, the cutting force decreases. Also, the cutting force is a function of (dR/da)2

ET
.

As the stiffness of the crack surface (ET ) increases compared to the rate of energy release

per unit of crack advancement dR/da, all the work applied to the crack tip leads to crack

propagation rather than pushing up the crack surface, and consequently the needle slips

through the tissue with a smaller cutting force.
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Also, (3.50) states that the cutting force is not directly dependent on the crack length.

However, depending on the R curve of the material it can be affected by velocity and crack

length at the beginning of the insertion and when the R curve reaches its steady state, the

value of the cutting force becomes almost constant. The rising R-curve can be estimated

by the following exponential function

R(a) = b0 [1− exp(−b1(a− b2))] (3.52)

where b0, b1, and b2 are constant parameters. b2 denotes the depth at which the crack

initiate and a is the crack length equal to the insertion depth. Inserting (3.52) into (3.50)

gives

FC =
tan(α/2)

ET

(
2 tan2(α/2)exp(b1(a− b2))

3b3wc
− 1

2ER

)−2

(3.53)

where b3 = b0b1. For relatively high insertion depths where a >> b2, (3.53) simplifies to

FC =
4 tan(α/2)E2

R

ET
(3.54)

Based on (3.53) and (3.54) the cutting force initially decreases with insertion depth and

eventually converges to a constant value given by (3.54).

3.4 Needle-Tissue Friction Model

In modeling the friction force along the needle shaft, three regimes of interest exist that

need to be investigated: (1) Presliding: the friction exists between needle and tissue while

the needle is in the stuck state. (2) Break-away: the transition of the needle-tissue between

the stuck state and the sliding state. (3) Sliding: contact forces exist in between the needle

and soft tissue during the insertion.

The three stages can be accurately explained by LuGre model [68]. The model has been

previously used to model needle-tissue friction forces [69]. LuGre model can simultaneously

model all friction regimes. Fig. 3.6 shows a graphic representation of LuGre model. The

model simulates a spring-damper like behaviour at the contact between surface asperities.
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Figure 3.6: A schematic of elastic deformation of surface asperities at the microscopic level in LuGre

friction model.

A complete description of this model can be found in [68]. LuGre model presents the

following expression for the friction force:

ż = v − σ0
|V |
g(V )

z (3.55a)

Ff = σ0z + σ1ż + σ2V (3.55b)

where Ff is the friction force, z is the elastic deformation of surface asperities, and V is the

velocity between the two surfaces in contact. Considering the translational motion of the

needle and neglecting tissue displacement, V is equal to the needle insertion velocity. σ0 is

the stiffness coefficient of the microscopic deformations during the pre-sliding displacement,

σ1 is the damping coefficient associated with z, and σ2 is the viscous damping coefficient.

For systems with asymmetry in friction, different values for the parameters can be chosen

for positive and negative directions of motion. The g(v) term in (3.55a) captures the

Stribeck’s effect and is given by [70]

g(v) = fc + (fs − fc)e
−Υ|v| (3.56)

where fs is the stiction friction force, fc the Coulomb friction, and Υ is a constant coefficient.

3.5 Tissue Reaction Force Model

The 2D distributed force Fs shown in Fig. 2.2 represents needle-tissue interaction forces

due to tissue compression. In order to find Fs, first we calculate the tissue deformation
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as a result of needle deflection. Next, we implement a viscoelastic tissue model to relate

the tissue reaction force to the the tissue deformation and obtain Fs. The magnitude of

the approximated interaction forces are relative to the total deformation of tissue caused

by needle deflection. If we discretize an infinitesimal insertion of the needle into three

parts, namely, pre-cutting, tissue cutting, and tissue deformation (see Fig. 3.7(a)). In

the cutting phase, the needle cuts through the tissue and opens up a path called cutting

path. Then, cutting force is applied perpendicularly to the tip and causes needle deflection.

Consequently, the soft tissue is deformed by as much as the difference between the cutting

path and the final needle position.

(a)

(b)

Figure 3.7: A schematic of needle insertion in soft tissue. (a) Infinitesimal tissue cutting consists of three

steps: 1) needle at the beginning of insertion; 2) needle cutting through the tissue; 3) cutting force applied

perpendicularly to the tip causing needle deflection and tissue deformation. Tissue deformation is the

difference between the cutting path and the final needle position (hatched area) and less than the needle

deflection from its unbent position. Tissue reaction force is modeled by series of Kelvin-Voigt viscoelastic

elements placed in between the cutting path and the needle. (b) Schematic of needle insertion and cutting

path at times T1 and T2.

To find the tissue reaction forces applied to a certain element of the needle, we calculate

the amount of tissue deformation by comparing the global deflection of the needle element

(i.e., needle shape) with the global position of needle tip (i.e., the cutting path) when it
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was in the current position of the needle element. This fact is explained in Fig. 3.7(b).

We are interested in finding the tissue deformation in the proximity of the point N on the

needle, which is located at position X0 with respect to the inertial frame at the present

time (t = T2). To this end, we need to find the needle cutting path and compare it to the

current needle deflection. The cutting path is the needle tip deflection when it passed X0

at a time t = T1 < T2. This has to be compared to the current deflection of the needle

(position of point N) at t = T2. The difference is the tissue deformation at position X0

with respect to the inertial frame at the present time (t = T2).

Based on Fig. 3.7(b), the tissue deformation is equal to ω(x, t) − ω(`, t − τ), where τ

is the time delay used to find the cutting path at the current position of point N on the

needle, and ω(`, t− τ) is the deflection of the needle tip or the cutting path at time t− τ .

In Fig. 3.7(b), for element N of the needle, we have τ = T2 − T1. Also, Assuming needle

deflection is relatively small compared to the length of the needle, using Fig. 3.7(b) we can

say τ = `−x
V

, where V is the needle insertion velocity. Now to relate tissue deformation to

tissue reaction force, we use a conventional viscoelastic model known as the Kelvin-Voigt

model. In Kelvin-Voigt model, tissue is modeled as a Hookean spring in parallel with a

Newtonian damper. The tissue reaction force can be defined as

Fs(x, t) = Ks [ω(x, t)− ω(`, t− τ)] + Csω̇(x) (3.57)

where Ks and Cs are the tissue stiffness and damping coefficient per unit length of needle.

The presented novel tissue interaction model enables accounting for the effect of 180◦

axial rotation of the needle tip on the needle deflection. When the needle is axially rotated

during the insertion, the orientation of the bevel tip changes and consequently the direction

of the transverse component of cutting force changes too, causing the needle to bend in

the opposite direction. The part of the needle that is already inside the tissue is forced to

stay close to the path produced by the needle beforehand, i.e., the cutting path. Thus, the

needle is confined in the tissue and the model can simulates multiple bending in the needle

as a result of axial needle rotations.

The tissue reaction force model given by (3.57) is in fact a time-delayed system. Fs, the

tissue reaction force is a function of the needle deflection at previous times. Control of time-
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delayed systems is very challenging and, therefore, it is desirable to simplify the system.

Here, a novel mathematical approach is presented to reduce the time-delayed system of

differential equations to a simple system of ODEs. In our approach we use previous values

of the system states to estimate the current ones. This idea was first proposed in [71].

Introducing (3.57) into Ŝ in (3.19) and substituting assumed-mode approximation for

the needle deflection gives

Ŝi =

∫ `

`−X

[
Ks

n∑
m=1

φm(t)Wm(x) + Cs

n∑
k=1

φ̇k(t)Wk(x)

]
Wi(x)dx

−
∫ `

`−X

[
Ks

n∑
j=1

φj(t− τ)

]
Wi(x)dx

(3.58)

The second integral in (3.58) contains the delay term, τ . Now by expanding the delay term

in (3.58) and replacing x as a function of the delay by τ = `−x
V

gives

∫ `

`−X

[
Ks

n∑
j=1

φj(t− τ)

]
Wi(x)dx =

KsV

κi

∫ t

0

[
n∑
j=1

φj(t− τ)

(
sin(λiτ + βi)− γi cos(λiτ + βi)

)]
dτ+

KsV

κi

∫ t

0

[
n∑
k=1

φk(t− τ)

(
− sinh(λiτ + βi) + γi cosh(λiτ + βi)

)]
dτ

(3.59)

where λi = −βiV
`

. Close scrutiny of (3.59) reveals that the above technique has transformed

the system of ODEs in (3.58) to a convolution integral. This is very promising because it

facilitates solving (3.58) without having to deal with the system delay. Below, we tackle

the problem by determining an equivalent system whose time response will take the form

of the convolution integral in (3.59), i.e., the same as the time response of the ODE system

in (3.58). To do so, first we take Laplace transform of the two terms on the right side

of (3.59), next we sort out the equations and perform basic mathematical simplifications.

Finally, taking inverse Laplace gives

ϕ̈ij + λ2
iϕij = [sin(βi)− γi cos(βi)]φ̇j + λi[γi sin(βi) + cos(βi)]φj

χ̈ij − λ2
iχij = [− sinh(βi) + γi cosh(βi)]φ̇j + λi[γi sinh(βi)− cosh(βi)]φj
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With two new state variables

ϕij(t) =

∫ t

0

φj(t− τ)

(
sin(λiτ + βi)− γi cos(λiτ + βi)

)
dτ,

χij(t) =

∫ t

0

φj(t− τ)

(
− sinh(λiτ + βi) + γi cosh(λiτ + βi)

)
dτ

(3.60)

Using the new state variables, we can eliminate the delay in the needle steering model and

rewrite the term corresponding to the tissue model (Ŝ) in (3.19) as

D̂φ̇+ N̂φ+ ς = 0 (3.61)

where

D̂ij = Cs

∫ `

`−X
Wj(x)Wi(x)dx, N̂ij = Ks

∫ `

`−X
Wj(x)Wi(x)dx,

ςi = −KsV

κi

n∑
j=1

(ϕij(t) + χij(t))

(3.62)

Note that (3.61) is the needle-tissue interaction model and depends only on the needle

shape and the tissue mechanical characteristics and we have eliminated the delay term.

The main assumption of the proposed approach is that the continuous states and system

dynamics remain almost unchanged during sampling time which is valid for control and

simulatition of needle insertion at high sampling frequencies. (3.61) is a system of ODEs

that should be solved in conjunction with the needle steering model in (3.18) to find the

needle deflection.

3.6 Experimental Model Identification and Validation

In the following, a series of needle insertion experiments are performed to:

1. Identify the friction force model and validate its dependency on velocity as given by

(3.55).

2. Identify and validate the tissue cutting force model. This includes: i) identifying the

model for cutting in homogeneous tissue given by (3.20), ii) identifying the tissue

puncturing model and statistically validating the dependency of the puncturing force
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on the velocity as predicted by (3.26) and the maximum predicted puncturing force

estimated by (3.38), and iii) identifying and validating the model for cutting force

during insertion in heterogeneous tissue as predicted by (3.53) and (3.54).

3. Identify and validate the parameters of the time-delayed tissue reaction force model

discussed in Section 3.5.

When all the models are identified separately, all the model parameters for various nee-

dle/tissue interaction models are inserted in the hybrid model of needle steering in (3.18).

Then, the model predicted needle deflection is compared with experimental needle deflec-

tion to validate the comprehensive model of needle steering.

3.6.1 Materials and Equipment

In order to perform needle insertion into soft tissue, the setup shown in Appendix A,

Fig. A.1 is used. Two different needles are used to perform insertions. One is a standard

18-gauge brachytherapy needle (Eckert & Ziegler BEBIG Inc., CT, USA) made of stainless

steel. The second needle is more flexible and made of Nitinol wire (Kellogg’s Research

Labs, Plymouth, NH, USA) with a diameter of 1 mm and a length of 18 mm. The wire is

inserted into the tip of a shortened needle with length of 1.2 mm and fixed in place with

adhesive. The values of the needles physical parameters are given in Table 3.2. In order

to evaluate the ability of the model in capturing the effects of the grid template on needle

deflection, an 18G grid template is used in certain needle insertions.

Three types of tissue are used in the experiments: plastisol, porcine gelatin, and ex-

vivo beef. The plastisol tissue is made of 80% (by volume) liquid plastic and 20% plastic

softener (M-F Manufacturing Co., USA). The gelatin phantom is made by mixing porcine

gelatin powder (Sigma-Aldrich Co., Canada) with water. The weight ratio of gelatin-to-

water in the mixture is 18%. For ex-vivo tests, a piece of beef loin is used. Bovine tissue is

embedded in gelatin to get a smoother surface on top, thus increasing the contact surface

between the ultrasound probe and the tissue and as a result reducing noise in the ultrasound

images. Young’s elasticity moduli of the three tissues calculated using indentation tests,
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Table 3.2: Values of constant known parameters of the model.

Brachytherapy needle

E [GPa] ` [m] ρ [Kg/m3] rin [m] rout [m] A [m2] I [m4] α [◦]

200 0.2 8030 0.5e-3 0.63e-3 4.81e-7 7.75e-14 20

Nitinol wire

E [GPa] ` [m] ρ [Kg/m3] rout [m] A [m2] I [m4] α [◦]

75 0.18 6500 0.5e-3 7.85e-7 1.962e-13 20

Grid template Carrier

Kt [N/m] lt [m] dt [m] mc [kg]

10e7 0.02 0.005 0.045

are reported in Table 3.7. The elasticity of the synthetic tissues are similar to what is found

in animal tissue [72]. The values of the known model parameters used in simulations are

given in Table 3.2.

3.6.2 Friction Model Validation

In order to identify the parameters of the friction force model, similar experiments as

what is presented in [19] is used to separately measure the friction force by eliminating

or minimizing the influence of other interaction forces such as the cutting force and the

tissue compression force. First, a groove is hollowed out inside the tissue. Next the needle

is inserted into the tissue and axial force is measured while the needle tip is in free space

in the carved-out track. This force corresponds to needle-tissue friction force plus needle

inertia forces. Knowing the acceleration profile and the mass of the needle plus its carrier,

we can easily calculate the friction force per unit length of the needle.

To identify the friction model parameters, we employed the procedure based on friction-

velocity mapping introduced in [73]. Friction-velocity mapping was developed by perform-

ing needle insertions under the aforementioned conditions at different insertion velocities.

Five trials were performed. In each trial the needle base displacement was a sinusoidal
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Table 3.3: Experimentally identified parameters of the friction model. Negative and positive directions of

insertion are denoted by N and P, respectively.

Tissue
σ0

[N/mm2]

σ1

[N.sec/mm2]

σ2

[N.sec/mm2]

fs

[N/mm]

fc

[N/mm]

Υ

[sec/mm]

Ex-vivo
N

P

0.0521

0.1415

0.0145

0.0070

-0.0051

0.0049

0.294

0.262

1.0611

0.0974

0.0078

0.0051

Gelatin 2.86e4 1.75e2 1.62e3 26.20 3.80 27.3

Plastisol 9.71e3 -7.05e2 1.25e3 43.75 40.87 546.6

signal with an initial frequency of 0.05 Hz reaching to 0.2 Hz in 200 seconds, corresponding

to insertion velocities of 5 to 40 mm/sec. The RMSE value of the friction force prediction

for a single needle insertion and retraction in ex-vivo tissue is 0.0016 N/mm. The identified

values of the friction model are listed in Table 3.3. Fig. 3.8 shows the result of friction

identification including the estimated friction per unit length of the needle versus time for

the ex-vivo tissue. Note that the magnitude of friction force directly depends on the con-

tact area between the needle shaft and the tissue. In our ex-vivo tests, a bovine tissue with

a thin layer of skin and thin layers of connective tissue was used. Thus, we assumed the

friction model coefficients are the same for all the layers. Fig. 3.9 shows the experimental

friction-velocity mapping for the three different tissues.
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Figure 3.8: Experimental and model predicted friction force per unit length of the needle with respect to

time.
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Figure 3.9: Estimated friction-velocity mapping and experimental data. (a) Gelatin (b) Plastisol (c) Bovine

tissue

3.6.3 Tissue Cutting Model Validation

3.6.3.1 Tissue Cutting Model in Homogeneous Tissue

Experiments are designed and performed to identify the parameters of the cutting force

model given by (3.20). To measure the magnitude of the cutting force, a shortened needle

is inserted into the tissue at 30 different constant velocities between 5 and 40 mm/sec.

Knowing the magnitude of friction from the model identified in the previous step, we can

simply calculate the magnitude of the cutting force for different insertion velocities. Using

measured values, the parameters of the fracture-based cutting force model presented by

49



Table 3.4: Experimentally identified parameters of the cutting force model for homogeneous tissue.

Tissues
Vl

[m/sec]

KI0

[Pa
√

m]
m

RMSE

[N]

Gelatin 0.145 2.707e6 1.117 0.079

Plastisol 0.177 7.620e5 0.851 0.087

(3.20) and (3.21) are identified. Fig. 3.10 displays the mean cutting force over the trials

versus needle insertion velocity. As predicted by (3.20) and (3.21), the average cutting force

is an increasing function of velocity. The values of identified parameters are presented in

Table 3.4. Root-mean-square error (RMSE) is calculated as
√∑n

k=1(ŷk−yk)2

n
and is used as

a measure of the differences between values predicted by each identified model, ŷ, and the

values actually observed in the experiments, y, for n data points.
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Figure 3.10: A comparison between experimentally-obtained cutting force in homogenous tissue and cutting

force model prediction versus insertion velocity. Error bars denote standard deviation.

3.6.3.2 Tissue Cutting Model in Heterogeneous Tissue

First, we identify parameters of the tissue puncturing model. Relaxation tests are per-

formed to identify the viscoelastic model given in (3.23). In the relaxation tests the needle

is pressed against the tissue surface and the exerted forces are measured via the force sen-

sor shown in Fig. A.1. In the experiments the needle is moved to five different depths (3,

5, 8, 10, and 12 mm) at three different velocities (5, 10, and 20 mm/sec). Three trials

were performed for each combination of velocity and depth, leading to a total of 45 re-

laxation tests. Parameters of the model are identified by fitting the data to (3.23) using
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Table 3.5: Experimentally identified parameters for the tissue puncturing model.

µ1

[N/mm]

µ2

[N/mm]

η

[N.sec/mm]

τ1

[sec]

τ2

[sec]

RMSE

[N]

0.0343 0.0557 0.0665 1.9388 5.0872 0.0183

the least-squares method. Tissue model predictions and experimental data for 6 mm tip

displacement at three velocities are shown in Fig. 3.10. Table 3.5 provides the values of

the identified parameters and Root-Mean-Squared-Error (RMSE) of the fitted model.

The next experiment is designed to validate the model-predicted maximum puncturing

force given in (3.38). The needle is pressed against the tissue until the puncturing happens.

We use the identified parameters of the viscoelastic model in (3.26) to estimate the force-

displacement during the puncturing phase and compare it to the recorded data. Ten tissue

puncturing experiments were performed. Two sample results are shown in Fig. 3.11(a).

Maximum prediction error and RMSE of the prediction in the ten trials are 0.265 N and

0.107 N, respectively.

Also, fracture toughness (Gc) for the tissue is identified by fitting the model in (3.38) to

the forces measured at the moment of puncturing. Magnitude of estimated rupture tough-

ness per unit area of crack is 132.8 kN/m3 which is consistent with previous experimentally

measured values of rupture toughness for biological tissue samples [20]. In order to mea-

sure the magnitude of puncturing force, the needle was inserted in the tissue at 7 different

velocities. 5 trials were performed for each velocity. The experimental value of maximum

puncturing force for different velocities is shown in Fig. 3.11(b). As it is predicted by (3.38)

and can be seen in Fig. 3.11(b) the maximum puncturing force at high insertion velocities is

almost independent of insertion velocity. The estimated maximum puncturing force using

(3.38) is 1.28 N with 95% confidence bounds of ±0.1 N.

Now using the identified friction force and by subtracting it from recorded axial forces

during needle insertion we can measure the cutting force in heterogenous tissue during the

needle insertion. To identify the cutting force, the needle is manually inserted up to 25
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Figure 3.11: Result of tissue puncturing experiments. (a) Force versus deformation of tissue for velocities

of 5 and 50 mm/sec. (b) Average of maximum puncturing force versus velocity. Error bars denote standard

deviation.

different depths. Next, the axial force at the base of the needle is increased in steps of 0.05

N until the needle begins to move inside the tissue. Knowing the value of crack length at

the moment of instability (the depth at which the needle suddenly moves in response to the

applied force) and using (3.53) and (3.54), we can identify the parameters of the R-curve

and estimate tissue stiffness at the crack surface (ET ). Identified values of the cutting force

model are given in Table 3.6. The value of model predicted cutting force is presented in

Fig.3.12.

3.6.4 Tissue Reaction Force Model Validation

The purpose of the next experiment is to identify the parameters of the viscoelastic model of

the tissue (i.e., Ks and Cs). Several relaxation tests are performed to estimate the values of

Ks and Cs. The relaxation test is performed by giving a position step input to the indenter
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Table 3.6: Experimentally identified parameters of the cutting force model during insertion in heterogeneous

tissue.

ET

[N/mm2]

b1

[1/mm]

b2

[mm]

b3

[N/mm2]

2.4e-3 0.07 5.1 500
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Figure 3.12: Experimental and model predicted cutting force vs insertion depth in heterogeneous tissue.

and measuring the exerted force. The experiments are performed with a insertion velocity

of 10 mm/sec and indentation depths of 5, 8, 10 mm. Results of relaxation tests performed

on plastisol tissue are shown in Fig. 3.13. We calculate tissue viscosity and tissue stiffness

by fitting the data to the Kelvin-Voigt model using the least-squares method. Next, in

order to calculate the values of Ks and Cs more precisely, we fitted the deflection data for

three insertions at three different velocities (10, 20, and 50 mm/sec) to the proposed model

of needle steering using nonlinear least-squares. Values of the identified parameters from

the relaxation tests are used to define the initial values and lower and upper boundaries

in the optimization. Table 3.7 provides the final values of the identified parameters and

RMSE of the fitted models.

In the proposed research, the tissue puncturing is studied as a two phase event – tissue

deformation and crack initiation. Equations (3.27) and (3.28) can be used to predict

contact force between the needle tip and the tissue and its relation to tissue deformation

and velocity in the deformation phase. Comparing force response of the needle-tissue

system at constant velocities of 5 and 10 mm/sec in Fig. 3.11, we can see that in the

deformation phase, the contact force increases with increasing velocity. This is consistent
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Table 3.7: Experimentally identified parameters for tissue reaction model. 10 trials are performed for each

tissue type.

Tissues
E

[KPa]

Ks

[N/m2]

Cs

[N.sec/m2]

RMSE

[mm]

Gelatin 59.9±8 1.58e5 8.57e3 0.197

Plastisol 25.6±9 0.59e5 8.01e4 0.408

Beef 24.5±5 3.20e5 9.62e4 0.251

with (3.26). Also, according to (3.27), at high insertion velocities the force response of the

system is almost independent of velocity and the force increases linearly with the needle tip

displacement. This can be seen by comparing the force responses for velocities of 10 and

20 mm/sec in Fig. 3.13, where the ratio of force to the needle tip displacement is almost

the same. 1.081 and 0.985 for velocities of 10 mm/sec and 20 mm/sec, respectively.

3.6.5 Needle Steering Model Validation and Discussions

In this section, we intend to 1) validate all the needle/tissue interaction models combined,

and 2) validate the needle steering model presented in Section 3.2.

In order to evaluate our proposed analytical needle/tissue interaction models, we com-

pare the experimentally obtained axial forces applied to the needle during a full needle
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Figure 3.14: Model prediction and experimental data for axial force during needle insertion and retraction

at velocities of (a) 5 mm/sec and (b) 100 mm/sec.

insertion and retraction to the predictions of the identified models. Note that the main

three interaction forces studied in this work (i.e., puncturing, cutting, and friction force)

can simply be added together to model the overall forces applied to the needle shaft. At

the puncturing phase the needle is still outside the tissue and the cutting force and friction

are zero. When the needle tip is inserted into the tissue the puncturing force is zero and we

have a combination of cutting force and friction (see Fig. 2.2(e)). Friction is an axial force

along the needle shaft and the cutting force is a force applied perpendicular to the needle

tip (Fig. 2.2(c)). Thus the cutting force has two components, an axial and a transverse

component. Neglecting the effects of tissue deformation one can say that the axial force

recorded at the base of the needle during the needle insertion is the summ of friction and

the axial component of the cutting force. During needle retraction the cutting force is zero

and there is only friction along the needle shaft.

Combining the force models together as discussed above we can model all the interaction

forces during insertion and retraction. Results for insertion velocities of 5 and 100 mm/sec

are shown in Fig. 3.14. Note that in Fig. 3.14(b) the needle passes through different layers of

tissue and there are two puncturing phases at depths of 16.5 (at the beginning of insertion)

and 82 mm. RMSE and maximum error of force prediction for velocity of 5 mm/sec are

0.104 N and 0.81 N, respectively. RMSE and maximum error for insertion at 100 mm/sec

are 0.182 N and 0.73 N, respectively. It is clear from the figure that the models successfully

estimate needle interaction forces with the tissue in all phases of insertion including tissue
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cutting and puncturing.

Now we can validate the whole needle steering model by comparing the model predicted

needle deflection with experimental needle deflections performed in various tissue types. In

the validation experiments, the insertion depth is fixed for each needle type – 140 mm

for the brachytherapy needle and 120 mm for the Nitinol wire. The needle tip deflection

is computed through image processing. For the gelatin and plastisol tissues, images are

acquired using the HD camera (see Fig. A.1). For insertions in the bovine tissue, ultrasound

images are used to find the needle deflection using the method proposed in [74]. The values

of the known model parameters used in simulations are given in Table 3.2. The stiffness of

the spring modeling the template is arbitrarily chosen to be very large (10e7 N/m).

Fig. 3.15 shows the needle deflection for the different needles inserted in tissues at veloc-

ities of 5, 20, and 40 mm/sec. Table 3.8 compares the experimental and model prediction of

tip deflection values at 6 different velocities for insertion, each of which has been attempted

5 times. Final tip position in the experiments ωexp(`), final tip position in the simulation

ωsim(`), maximum tip error emax, and standard deviation of final tip position σ(`) are

listed in Table 3.8. The largest deviation in final tip deflection was observed for plastisol at

insertion velocity of 50 mm/sec (7%), while the smallest difference was observed for gelatin

at insertion velocity of 5 mm/sec (3.2%).

We performed experiments involving 180o axial rotation of the needle. The brachyther-

apy needle is inserted in tissues at a speed of 5 mm/s while either a single rotation is

performed at a depth of 40 or 80 mm, or double rotations are performed at depths of 40

and 80 mm. Four needle insertions are performed for each scenario. The resulting needle

tip deflection is shown in Fig. 3.15. The results of this experiment are summarized in Ta-

ble 3.8. The model captures the effect of axial tip rotation on the needle deflection for all

three tissues and the maximum error in predicting the tip position is 0.74 mm at a depth

of 135 mm for insertion in gelatin with a double rotation. In model predictions, when the

needle is axially rotated, there is a small jump in needle trajectory that corresponds to a

sudden change of the cutting force orientation. However, this sudden deflection is small (a

maximum of 0.61 mm in plastisol). The magnitude of this jump depends on the value of

the velocity of needle rotation, cutting force, and tissue characteristics.
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Figure 3.15: A comparison of experimentally-obtained needle tip deflections and the corresponding model

predictions for needle insertion in plastisol, gelatin, and bovine tissue. (a) V=5 [mm/sec] without axial

rotations. (b) V=20 [mm/sec] without axial rotations. (c) V=40 [mm/sec] without axial rotations. (d)

V=5 [mm/sec] with axial rotations in gelatin. (e) V=5 [mm/sec] with axial rotations in plastisol. (f)

V=5 [mm/sec] with axial rotations in bovine tissue. Solid and dashed lines denote model prediction and

experimental data, respectively.
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Figure 3.16: Experimental needle tip deflection and model prediction for needle insertion in plastisol with

the grid template. Solid and dashed lines denote model prediction and experimental data, respectively.

Fig. 3.16 shows results of needle insertions performed with the template for the plastisol

tissue at velocities of 5, 20 and 40 mm/sec. Five insertions were performed for each velocity.

As expected, the template decreases the total needle deflection by restraining the needle

motion outside the tissue. Also, the template reduces the effect of insertion velocity on the

needle tip deflection – the difference between the final tip deflections at velocities of 5 and

50 mm/sec is less than 4 mm. Results show the model can perfectly explain the template

effect on needle deflection with maximum final tip error of 0.72 mm. Next, insertions were

performed using the more flexible needle made of Nitinol wire. Fig. 3.17(a) and Fig. 3.17(b)

present the results of experimental needle insertions in synthetic tissues compared to model

predictions. Needle was inserted at a velocity of 5 mm/sec with and without rotation(s).

Four needle insertions were performed for each scenario. In all of the experiments with the

wire, the template was used. Results indicate that the model is in good agreement with

the experimental results. The maximum error in predicting the tip deflection is 1.1 mm

at a depth of 121 mm for insertion in plastisol. Also, the maximum error of the model in

predicting the final tip position is 0.432 mm for insertions with double rotation in plastisol.

To validate the model in terms of the dynamics of the carrier, we compare the force/torque

predicted by (3.12a) with the needle base force/torque measured during needle insertions.

Fig. 3.18(a) shows a comparison of experimentally-obtained axial and lateral forces and

in-plane torque applied to the needle’s base during needle insertion in plastisol for three

different trials and the model predictions. Based on results the model accurately captures

the effect of needle deflection on axial and lateral needle base forces. Maximum RMSEs

between model predictions and average experimental value of axial and lateral forces are
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Figure 3.17: A comparison of experimentally-obtained needle tip deflections and the corresponding model

predictions for needle insertion using a flexible Nitinol wire at a constant insertion velocity of 5 mm/sec

with and without axial rotation in (a) gelatin and (b) plastisol. (c) A comparison of kinematics-based

model predictions and experimentally-obtained needle tip deflections for needle insertion at a constant

velocity of 5 mm/sec with and without axial rotation in plastisol. Solid and dashed lines denote model

prediction and experimental data, respectively.
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0.185 N and 0.073 N, respectively, for the insertion with double rotation. Maximum RMSE

of model prediction for torque is 0.009 N.m for the insertion with single rotation.
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Figure 3.18: (a) A comparison of experimentally-obtained needle base forces and torque and the corre-

sponding model predictions for needle insertion in plastisol at constant insertion velocity of 5mm/sec with

no axial rotation and with double rotation at depths of 40 and 80 mm. (b) Model prediction of final tip

deflection at insertion depth of 140 mm and constant insertion velocity of 5 mm/sec for different number

of assumed modes.

As a part of model simplification discussed in 3.2.3, we replaced the infinite-dimensional

model by a discrete model. The PDE used in modeling the needle deflection is approximated

by a linear combination of four arbitrarily assumed shape modes. Increasing the number

of modes can enhance the accuracy of discretization method. However, it will make the

model computationally inefficient for real-time control purposes. Let us investigate the

trade-off between the computational efficiency and the prediction accuracy of the model.

Fig. 3.18(b) shows model prediction of the final tip deflection at an insertion depth of 140

mm and for a constant insertion velocity of 5 mm/sec in three tissues for different numbers

of assumed modes. Based on the results, needle tip deflection accuracy initially increases

as we increase the number of modes. However, after the 4th mode, the change in the final
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Table 3.9: Comparison of experimental data and kinematics-based model prediction.

Gelatin Plastisol

ωsim(`)

[mm]

emax

[mm]

RMSE

[mm]

ωsim(`)

[mm]

emax

[mm]

RMSE

[mm]

V=5 [mm/sec] 19.7 1.28 0.527 14.03 0.61 0.841

V=20 [mm/sec] 19.7 1.49 0.738 14.03 2.72 0.987

V=40 [mm/sec] 19.7 3.72 1.067 14.03 7.68 1.201

Rotation at 40 mm 4.5 2.86 1.505 -1.7 0.53 0.782

Rotation at 80 mm 10.8 0.36 1.327 5.24 1.81 1.208

Rotations at 40 & 80 mm 9.8 1.63 0.912 4.30 0.72 0.822

tip deflection is less than 1 mm – a maximum of 0.756 mm for gelatin and minimum of 0.24

mm for bovine tissue. Thus increasing the number of assumed modes any further is not

necessary. We were able to solve the 4-mode model on an Intel Core i7 (2.93 GHz) machine

with 4 GB memory at a sampling frequency of 10 kHz in a total computation time of 0.28

sec. Thus, four assumed modes are sufficient for developing an accurate model that can be

used in control of needle steering.

Finally, we compare the accuracy of our model with the kinematics-based models. For

the sake of comparison, we have only used the bicycle model as it is reported to have

better accuracy [7] than the unicycle model [6]. Needle insertions are performed with

axial rotation(s) at constant velocity of 5 mm/sec and without axial rotation at constant

velocities of 5, 20 and 40 mm/sec. Results are presented in Table 3.9 and Fig. 3.17(c).

The model parameters are identified as proposed in [7]. Compared to our model, the

kinematics-based model shows a similar fit to experimental data for fixed insertion velocity

of 5 mm/sec and with no rotation. However, the model’s accuracy decreases when the

needle is axially rotated. This is partly because it fits the model parameters empirically for

every experimental condition (e.g., every constant insertion velocity and depth of rotation)

while our model requires only one global parameter fit. Also, one of the main assumptions

of the bicycle model is that the needle is flexible relative to the tissue, meaning that it can

be steered without causing large tissue deformations. Thus, the model has been widely
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used for steering of flexible wires in soft tissues. However, when applied to path planning

and control in softer tissues using standard brachytherapy needles, which are three times

stiffer than a Nitinol wire, there is significant error in the kinematic model predictions.

Compared to the kinematic model, the proposed model demonstrates good accuracy in

both soft material and stiff material for both wire and needle. Lastly, compared to the

kinematic model, the proposed model accepts as input a variable insertion velocity.

3.7 Concluding Remarks

In this chapter, a novel approach is used to develop a dynamic model of needle steering

in soft tissue. The needle deflection is modeled as an externally excited compliant beam

attached to a rigid carrier. The elastic needle is modeled as a prismatic beam that deflects

under various external forces, i.e., reaction forces from deformed soft tissue, needle-tissue

friction, the grid template contact force, and tissue cutting force. Several mechanics-based

models are developed to model the mentioned needle/tissue interactions during the needle

insertion. Using a needle driving robot, experiments are performed on synthetic and ex-

vivo tissue samples to identify the model parameters and validate the analytical predictions.

The results demonstrate that the proposed approach accurately predicts needle insertion

forces in synthetic and inhomogeneous biological tissue.

The needle/tissue interaction models are implemented in the needle steering model to

accurately predict needle deflection inside tissue. The needle steering model relates needle

deflection to insertion velocity and axial rotation of the needle, which can be regarded

as control inputs for needle steering. The results also demonstrate that the model is

computationally efficient and allows for real-time control of the needle tip position in a

robotic-assisted needle insertion context. Needle insertion experiments are performed on

synthetic and ex-vivo animal tissue using two different needles to validate the needle steering

model. In the collected experimental data, the maximum error of the 2D model in predicting

the needle tip position in the insertion plane was 1.59 mm in case of no axial rotation and

0.74 mm with axial rotation. The results confirm the model’s accuracy and capability in

capturing the effects of insertion velocity and axial needle rotation on needle deflection, thus
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enabling future applications in pre-surgery motion planning, optimized trajectory design

and real-time control of needle steering. In the next section, we use the presented model

for controlled robotic needle steering.
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Chapter 4

2D Robotic Needle Steering

4.1 Objective

In this chapter, we present a novel needle steering controller based on model predictive

control theory. The goal is to steer the needle tip to follow a desired trajectory and reach a

target point in the tissue. The desired tip trajectory can be a straight line toward the target

location or a path around patient-specific anatomical obstacles. Obstacles are sensitive or

impenetrable anatomical regions in the proximity of the target point such as glands, blood

vessels or bones. Given preoperative medical images the clinician can specify the insertion

location and target region as well as sensitive structures and obstacles.

Fig. 4.1 shows a block diagram of our closed-loop control algorithm for ultrasound-based

guidance of needle steering. The three main components of the needle steering system are

highlighted in Fig. 4.1. The first one is the mechanics-based needle steering model presented

in Chapter 3 that predicts the needle deflection and accepts needle tip rotation as an input.

The second component is a needle tip tracking system that estimates the needle deflec-

tion from the ultrasound images. Ultrasound image feedback is given to the model (the

first component) as the initial condition in the sense that the needle steering model employs

the estimated needle deflection at the present time to predict needle tip trajectory in the

future steps. The third component is a nonlinear model predictive controller (MPC) that

steers the needle inside the tissue by rotating the needle’s beveled tip. The MPC controller
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Figure 4.1: Scheme of the MPC closed-loop components.

calculates the control decisions based on iterative optimization of a cost function. The cost

function evaluates the difference between the predictions of the needle steering model and

the desired tip trajectory.

Fig. 6.8 shows the procedure used in the proposed MPC approach to find the optimal

control inputs. First, the needle tip position is determined using the ultrasound images.

Using the needle steering model and image-based feedback multiple needle tip trajectories

are simulated for different depths of rotation. Next, the MPC controller selects the optimal

path and the corresponding depth of rotation and uses the inputs to steer the needle towards

a target point.

The rest of this chapter is organized as follows: In Section 4.2, small modifications are

performed on the needle steering model so it can be implemented in the MPC context

discussed above. In Section 4.3, the process of needle tracking from ultrasound images is

discussed. Details of the proposed MPC scheme are presented in Section 4.4. In Section 4.5,

experiments are performed on an ex-vivo animal tissue to validate the needle steering model,

evaluate the needle tracking and steering algorithms, and demonstrate that the presented

framework is applicable to clinical needle-based interventions.

4.2 Mechanics-based Needle Steering Model

In Chapter 3, a the mechanics-based model of needle steering is presented that predicts the

needle deflection and accepts needle tip rotation as an input. The models initial conditions
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Figure 4.2: Ultrasound-guided model predictive needle steering steps. (1) The current position of the

needle tip is estimated from ultrasound images. (2) The position of needle tip is used as initial condition

in the needle steering model. Since the model accepts needle axial rotation as an input, an optimization

algorithm is used to generate multiple needle tip trajectories corresponding to needle rotation at various

future depths. (3) The closest path to the desired trajectory that has the minimum amount of tissue

deformation and the least number of needle rotations is selected as the optimal path. The control input

(depth of axial rotation) corresponding to the optimal path is used to steer the needle. Since the needle

tip will inevitably deviate from its model prediction because of tissue inhomogeneity and uncertainties in

model parameters, the above MPC loop is repeated to continually monitor and compensate for needle tip

deviations.

are given by (3.15). The initial conditions state that the clamped side of the needle is

assumed to have no deflection and have a slope of zero. The tip of the needle is assumed

to experience no bending moment and the initial displacement at the tip of the needle is

zero. However, in our MPC-based needle steering approach we need to predict the needle

deflection in the future steps from arbitrary and feasible initial conditions, i.e., initial

deflection ω0 at a given insertion depth d0 (see Fig. 4.3). Thus, we modify the needle

steering model boundary conditions as follows

ω(0, t) = 0, ω′(0, t) = 0, ω′′′(�, t) = 0, ω(�, t) = ω0 (4.1)

where prime denotes a derivative with respect to x. Note that ω0 is the needle tip initial

deflection. At the beginning of the insertion it is equal to zero. During the needle insertion,

ω0 is estimated using ultrasound images.

We also have to modify the tissue reaction force model presented in Section 3.5. To

calculate the tissue deformation during needle insertion, we propose a method composed

of two different steps corresponding to two phases of needle-tissue interaction:

1. Phase 1– Needle-tissue interaction forces given initial tip deflection.
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Figure 4.3: Initial configuration of partially inserted needle in tissue. ω0 is the initial deflection of the

needle tip, d0 is the length of the part of the needle that is already inserted in the tissue, and Fc is the

tissue cutting force applied to the needle tip

2. Phase 2– Needle-tissue interaction as the needle is further inserted in the tissue.

Note that in Section 3.5 we only considered the second phase of insertion as the model

only predicted needle deflection starting from zero deflection and zero depth (i.e, ω0 =

d0 = 0). Let us use the concept of cutting path discussed in Section 3.5 to calculate tissue

reaction force in the first phase. Cutting path is the path that the needle tip cuts through

in the tissue during insertion. The amount of tissue deformation at the onset of insertion is

the difference between the cutting path and the needle shape. Now, we modify the needle

reaction model given by (3.57) to estimate tissue reaction during phase 1:

Fs0 = Ks [ω(x, t)− CP (x)] + Csω̇(x, t) (4.2)

where, Ks is the tissue stiffness, Cs is the tissue viscous damping coefficient, and Fs0

denotes the tissue forces applied to the part of the needle that is initially inserted in the

tissue and CP is the cutting path. By definition, the cutting path is equal to the path

followed by the needle tip. Thus, by tracking the needle tip in the incoming image frames,

we can calculate the cutting path at any time instant. In the proposed image-guided needle

steering approach, CP is measured from the ultrasound images and given to the model in

preparation for the model-based optimization.

The tissue deformation forces in the second phase of needle-tissue interaction is the

same as the one proposed by (3.57) in Section 3.5:

Fs = Ks [ω(x, t)− ω(�, t− τ)] + Csω̇(x, t) (4.3)
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where ` is the needle length, and τ denotes the time difference between deflection of a

generic point of a needle positioned at present time and the cutting path (i.e., needle tip

deflection) at a specific time in the past. Now, we can replace the tissue reaction force fs

in the needle steering model given by (3.13), (3.14a), and (3.14b) with the modified tissue

reaction force given by

fs = Fs0[H`−V t−d0 −H`−V t](x) + FsH`−V t(x) (4.4)

The shorthand notation Hx0(x) = H(x − x0) describes unit step function shifted by the

constant x0. In (4.4), the initial needle-tissue interaction force (Fs0) are only applied to

the needle up to the initial insertion depth d0, and the needle-tissue force profile for the

cutting phase (Fs) is applied to the part of the needle that passes the initial insertion

depth d0 . Note that the presented force profile enables modeling of 180◦ rotations of the

needle tip and can accommodate any number of rotations.

We can follow the same procedure implemented in Section. 3.2.3 to discretize the contin-

uous PDE. The only difference is that based on (4.1), we have non-homogeneous boundary

conditions. We use substitution of variables to convert the non-homogeneous boundary

conditions to homogeneous. We introduce the new field variable η(x, t) satisfying the fol-

lowing equation:

ω(x, t) = η(x, t) + λ(x)ω0 (4.5)

Substituting (4.5) in the boundary conditions in (4.1) gives

η(0, t) + λ(0)ω0 = 0

η′(0, t) + λ′(0)ω0 = 0

η′′′(`, t) + λ′′′(`)ω0 = 0

η(`, t) + λ(`)ω0 = ω0

(4.6)

Based on (4.6), in order to have homogeneous boundary conditions, we must have

λ(0) = 0, λ′(0) = 0, λ′′′(`) = 0, λ(`) = 1 (4.7)

We choose λ(x) as a 2nd order polynomial satisfying (4.7)

λ(x) =
(x
`

)2

(4.8)
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By substituting (4.8) and (4.5) into (3.13), we can obtain the needle steering model in terms

of the new field variable η(x, t), with the following homogeneous boundary conditions:

η(0, t) = 0, η′(0, t) = 0, η′′′(`, t) = 0, η(`, t) = 0 (4.9)

Note that η(x, t) calculated using the above procedure is not a unique function. However,

the solution of the original model in (3.13) can be correctly determined by the new field

variable. At this point, the same discretization procedure presented in Section. 3.2.3 can

be used to derive the system of ODEs representing the needle steering system.

4.3 Needle Tracking in Ultrasound Images

In this section, a method for estimating the needle tip trajectory from ultrasound images is

presented. The needle tip location and cutting path are estimated based on partial obser-

vations of the needle axial cross sections within a small region of 2D transverse ultrasound

images. As discussed earlier, the cutting path represents the history of the needle tip de-

flections from the beginning of insertion up to the current time. Thus, by locating the tip

position, we can also estimate the cutting path.

Researchers has previously developed needle detection algorithms using 3D volumetric

images [75–77]. For instance, Ding et al. developed a 3D segmentation algorithm for

locating the needle and implanted seeds in brachytherapy procedures [78]. Uhercik et al.

proposed a method for detecting the position and orientation of long surgical tools in 3D

ultrasound images using Random Sample Consensus (RANSAC) algorithm[79]. Zhao et

al. implemented a Kalman filter technique in RANSAC algorithm for tracking micro-tools

in 3D [78]. Tracking needle trajectory in 3D ultrasound images is computationally less

efficient compared to 2D needle tracking. Also, state-of-the-art 3D ultrasound machines

are very costly and not available in most hospitals. Thus, it is more convenient to use 2D

ultrasound images for needle tracking especially for real-time applications. In needle-based

medical procedures, 2D ultrasound imaging can be used to acquire transverse and sagittal

images. The planes are defined in reference to the anatomical planes of the human body.
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In the transverse images, an axial cross section of the needle can be detected and in sagittal

images a small portion of the needle shaft is visible.

Previous efforts in detecting needle tip in 2D sagittal images include the work performed

by Okazawa et al., who proposed a Hough transform based detection scheme [80]. Kaya et

al. used Gabor filtering and the utilization of RANSAC to improve needle segmentation

[81]. From our group, Carrier et al. used RANSAC processing in combination with a simple

mechanics-based needle model to predict the entire needle shape using partial observation

of needle in 2D ultrasound images [82]. In brachytherapy, aligning the US probe with the

sagittal plane that contains the needle is not always possible using endorectal probes.

Figure 4.4: ultrasound-based needle tracking. Multiple transverse images of needle tip are obtained and

used to reconstruct the needle tip trajectory (cutting path) in real-time.

Recently, researchers have developed needle tip detection strategies for tip tracking in

2D transverse ultrasound images. Transverse ultrasound images eliminate complications

with probe alignment found in sagittal imaging. Vrooijink et al. presented a method

for online flexible needle tracking in 3D using 2D ultrasound images [14]. They used a

combination of median filtering, thresholding, and Hough transform to find the center of

the needle cross section in transverse images visualizing the needle tip. Abayazid et al.

also used 2D ultrasound to estimate needle tip pose and track the needle tip in 3D during

the insertion [83]. From our group, Waine et al. used images from an ultrasound probe

moving along the shaft of a inserted needle to estimate needle tip deflection [84]. In this

approach, possible needle locations are identified in the image using a mix of filtering and

thresholding. Later, RANSAC algorithm is used to find the needle tip position and predict
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the needle shape.

Below, we propose a new approach to track the needle tip trajectory and estimate

the cutting path using 2D transverse images. Several consecutive image processing steps

are combined to determine the needle tip location in each of the transverse images and

to construct the tissue cutting path (see Fig. 4.4). In prostate brachytherapy, transverse

images of needle close to the tip are acquired by inserting the endorectal probe as shown

in Fig. 1.1(a). Here, we use a robotically driven ultrasound probe that follows the needle

tip to capture real-time transverse images of the needle. Details of the experimental setup

used to capture transverse images of the needle tip is discussed in Section 4.5.

(a)

(b) (c) (d) (e) (f)

Figure 4.5: The image processing algorithm for locating the needle tip. (a) Two subsequent transverse

ultrasound images in which needle is circled in white and the position of the needle in the first frame is

shown with an arrow. (b) The region of interest in the first frame is selected around the needle tip. (c) The

grayscale image is smoothed to filter out the artifacts and iterative thresholding is performed to separate

the needle cross section from image background. (d) SUSAN corner detection is applied and the needle tip

centroid (needle tip deflection) is calculated in the selected ROI. (e) The motion vector of the needle tip in

the transverse images is calculated by minimizing the sum of squared differences between the current ROI

and the one from the previous frame. (f) The motion vector is used to select the ROI in the next frame.

Here is our proposed algorithm for needle tip tracking:

Fig. 4.5 shows how the image processing algorithm is applied to determine the needle tip
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Algorithm 4.1: US-based needle tip tracking algorithm

1. A region of interest (ROI) around the initial position of the needle tip in the first

frame of the ultrasound images is selected manually(Fig. 4.5(b)).

2. The selected ROI is processed using a series of image processing techniques

including median filtering and iterative thresholding to reduce image noise and

separate the needle tip from the image background (Fig. 4.5(c)).

3. SUSAN corner detection algorithm [85] is used to find centroid of the needle axial

cross section in the ROI (Fig. 4.5(d)).

4. A motion vector estimation algorithm is used to estimate 2D translational motion of

the needle tip in the transverse images. The results are extrapolated to predict the

position of the ROI in the next frame (Fig. 4.5(e) and Fig. 4.5(f)). The algorithm is

repeated from Step 2 using the selected ROI.

position. After manually selecting a window of 75 by 75 pixels around the initial position of

the needle in the first frame, median filtering and thresholding are used to reduce speckles

and eliminate small artifacts in the ultrasound image. For thresholding the image inside

this ROI, first we select an initial value T for the threshold and the image is segmented.

This produces two groups of pixels consisting of pixels with gray level values bigger and

smaller than T . Next, the averaged gray level for the pixels in two groups are computed and

used as the next value of the threshold T . This process is continued until the differences

in T between different iterations is smaller than a predefined threshold.

As mentioned previously, the SUSAN (i.e., Smallest Univalue Segment Assimilating

Nucleus) edge detector is used to estimate the position of the needle cross section’s centroid

[85]. Following the SUSAN algorithm, a circular mask is placed around a pixel in the ROI;

this pixel is called the nucleus. Next, the number of the pixels within the circular mask

that have similar brightness to the nucleus are calculated. These pixels define the univalue

segment assimilating nucleus or USAN. Later the USAN size is compared to the geometric

threshold to produce an edge strength image. Geometric threshold is usually chosen as 3/4
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and 2/3 of maximum size of USAN for detecting edges and corners, respectively. Finally,

we select a nucleus that has the maximum size of USAN and is placed within the edges

estimated using the SUSAN method as the needle tip centroid. An advantage of this method

compared to other corner detectors is that SUSAN does not use the derivatives operator,

which makes it faster and less sensitive to noise. Also, we select a circular template with the

diameter of 21 pixels which is almost equal to the outer diameter of the needle (1.27 mm).

By incorporating a geometrically exact template in SUSAN algorithm, we ensure that the

algorithm selects the biggest blob that matches the needle shape rather than selecting the

comet tail artifacts (CAT) commonly seen in the ultrasound images [83].

In the final step, we estimate the motion vector of the needle in 2D images to select

the next ROI. The motion vector is calculated between 2 adjacent frames and only used

to select the ROI in the upcoming frame. Under the assumption that all pixels in the

ROI undergo a translational motion denoted by one 2D motion vector, we can estimate

the motion vector by minimizing the sum of squared differences (SSD) between the two

displaced frames. The SSD is given by

SSD(µ, ν) =
∑
x,y

[I(x+ ε, y + ν)− I(x, y)]2 (4.10)

where the pixel intensity at position (x, y) is given by I(x, y) and ε and ν are components

of motion vector in the x and y directions, respectively.

In order to calculate the motion vector, a fast template search algorithm is presented.

In this method, we search between neighbouring pixels of the centroid in the current frame

to find the pixel in which the sum of squared differences (SSD) between the current and

previous frames is minimum. In the fast search algorithm, first a 20 by 20 window of pixels

around the located needle tip is selected. Then, we simply move the center of the template

on 16 randomly selected neighbouring pixels and calculate the SSD over the whole area

spanned by the template. The pixel in which the magnitude of SSD is minimum is selected

as the new centroid. Next, we accelerate the algorithm by cutting down the search step size

by two and repeat the search around the newly selected centroid. The search is continued

until the search step becomes one. Finally, the motion of the newly found matched template

is equal to (ε, ν) in (4.10).
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After the needle tip position is determined, the cutting path can be estimated by fitting

a 3rd-order polynomial to the tip position using the linear least squares method. Each

pixel in the ultrasound image is 0.063 mm. This is the maximum accuracy for estimating

the cutting path. However, considering the error of image processing and needle tracking,

this error can be larger. The cutting path and current needle tip position will be used as

the feedback in the closed-loop control of needle steering discussed in the next section.

4.4 Model Predictive Control for Needle Steering

MPC is an advanced optimal control technique widely applied in the area of process industry

[86]. The main advantage of MPC is its simplicity to define and handle constraints. MPC

uses the discrete model of the process (e.g., needle steering) in order to predict and optimize

the future behaviour of the system as shown in Fig. 4.1. Given the last measurement

available at the present time (tn), the controller predicts the dynamic behaviour of the

system over the horizon N based on the model of the system. Only the first element of

the predicted optimal input sequence is applied to the plant until the next measurement

is available. Subsequently, the horizon is shifted one step forward and a new optimization

problem is formulated and solved [87]. In our case, the control input is a binary signal

corresponding to 180◦ axial rotation of the needle.

We can discretize the needle steering model as

ωu(k + 1) = f(CP, ω0, ωu(k), u(k)), k = 0, ..., N − 1 (4.11)

Using (4.11), we obtain predictions ωu(k + 1) for the deflection of the needle tip at the

time tn+k in the future. In (4.11), f is our model that gives the future needle deflection

ωu(k+1) as the function of the current control value u(k) and the current needle deflection

ω(k). The cutting path CP and the initial tip deflection ω0 are the initial conditions for

solving f . CP and ω0 are obtained from the ultrasound images as discussed in Section 4.3.

Starting from the current state ω(n), for any given control sequence u(0), ..., u(N − 1) over

the horizon length N > 2, we can now use (4.11) to construct the prediction trajectory ωu.
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Next, we use optimal control in order to determine u(0), ..., u(N − 1) such that ωu is

as close as possible to our desired trajectory ωd. To this end, we define a cost function

L(ωu(k), u(k)) that depends on the distance between ωu(k) and ωd = 0 for u(0), ..., u(N−1).

In here, we not only allow for penalizing the deviation of the output from the reference

but also the distance of the control values u(k) to a reference control ud, which here we

choose as ud. By penalizing u(k), we can minimize the number of needle rotations and

limit the amount of tissue cutting during the insertion. A common and popular choice for

this purpose is the quadratic function

L(ωu, u) =‖ ω − ωd(n) ‖2 +Λ ‖ u ‖2 (4.12)

where ‖ · ‖ denotes the Euclidean norm and Λ is a weighting parameter that penalizes the

control action. The optimal control problem now becomes

minimize J (n, ω(n), u(0)) =
N−1∑
k=0

L(n+ k, ωu(k), u(k)) (4.13)

with respect to all admissible control sequences u(0), ..., u(N−1) with ωu found from (4.11).

Let us assume that this optimal control problem has a solution given by u∗(0), ..., u∗(N−

1) where ·∗ denotes the internal optimal control variable. In order to get the desired feed-

back value µn at tn, we now set µn := u∗(0), i.e., we apply the first element of the optimal

control sequence. This procedure is sketched in Fig. 4.6. At the following time instants

tn+1, tn+2, ..., we repeat the procedure with the new ultrasound-based measurements at

ω(n+ 1), ω(n+ 2), ... in order to derive the feedback values µn+1, µn+2, ... . In other words,

we obtain the feedback law µ by an iterative online optimization of our model predictions

over a moving horizon.

In the following section, details of the nonlinear model predictive control (NMPC)

algorithm are discussed. The additional term ”nonlinear” indicates that our model is not

a linear map.
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Figure 4.6: Illustration of the MPC step at time tn

4.4.1 Model Predictive Algorithm

The NMPC algorithm for constrained control of needle tip trajectory for tracking a desired

time varying trajectory at each sampling time tn, n = 0, 1, 2, ..., is:

In Algorithm 4.2, wk, k = 0, ..., N − 1, are weights on summands of the cost function.

Using the weights, we can penalize the cost function at a certain time or insertion depth. For

instance by setting wN−1 = 1 and wk = 0 for k = 0, ..., N − 2, the focus of the optimization

will be on minimizing the error of the needle steering at the final tip position (target point)

rather than tracking a certain trajectory at different depths. Also, Umax is the constraint

we put on the number of needle tip rotations. We intend to minimize the number of needle

rotations to limit the tissue damage during needle insertion. Typically, during the insertion

of needles into a patient, the surgeon limits the number of the needle rotations. This is due

to concerns from physicians that increasing the number of needle rotations will lead to a

drilling motion which will increase tissue cutting and damage the surrounding tissue. This

has been previously investigated [55, 62]. In the proposed approach this has been done in

two different ways: (1) By penalizing the control action in the cost function in (4.12), and

(2) by limiting the total number of rotations in each optimization step . Constraining u

can be also useful for computational reasons because the optimal control problem is easier

77



Algorithm 4.2: Nonlinear Model Predictive Control algorithm for needle steering

1. Measure the cutting path CP and the needle tip deflection ω0 from the ultrasound

images .

2. Solve the following optimal control problem for the current state of the system ω(n)

to obtain the optimal control sequence u∗(k):

minimize

J (n, ω(n), u(0)) =
N−1∑
k=0

wkL(n+ k, ωu(k), u(k))

subject to ωu(k + 1) = f(CP, ω0, ωu(k), u(k))

and
N−1∑
k=0

u(k)− Umax 6 0

3. Define the NMPC control command µn := u∗(0) and use this value as control

command in next sampling time.

to solve if the control variable is penalized.

The optimal control problem must be solved multiple times in each iterate of the NMPC

procedure. Thus we need to use an algorithm that is able to find a good enough solution

in a reasonable amount of time. Below, we will use simulated annealing (SA) to find

a good approximation to the global optimum of the problem. Simulated annealing is

a generic probabilistic metaheuristic method for solving bound-constrained optimization

problems. The method models the physical process of heating a material and then slowly

lowering the temperature to decrease defects, thus minimizing the system energy [88]. In

an optimization problem, as the number of possible solutions gets large, it becomes too

computationally intensive to check every possible itinerary. SA is effective at tracking

down the best possible solution in a specified fixed optimization time [89]. The method

can handle nonlinear constrained problems and have been previously used in autonomous

robotic path planning [90,91].

The inputs to the optimization algorithm are the maximum allowable computation
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time (tc), the initial temperature (T0), and the annealing parameter (k). Temperature is

a parameter in simulated annealing that affects the algorithm in two ways: (1) Changing

the distance of a trial point from the current point, and (2) changing the probability of

accepting a trial point with a higher objective function value. Trial points correspond to

the control input. The binary control input sequence is characterized by two components,

namely the number of needle rotations and the depths at which the rotations take place.

The simulated annealing algorithm for solving the finite horizon nonlinear optimal con-

trol is as follows:

As mentioned previously, tc is the computation time of the optimization process. This

time is large compared to the sampling period. Also, the computational delay caused by

step (2) in Algorithm 4.2 is not negligible and needs to be considered. In the next section,

we present a method to compensate for this delay.

4.4.2 Delay Compensation

In this section, we employ our needle steering model as a predictor in the NMPC scheme

to compensate for the computation delay. Without the delay compensation proposed here,

the solution to the optimal control problem and calculation of the required control action

(i.e., depth of needle rotation) will be subject to delay. This means that the robot will not

be able to apply the control command on time. For instance, assume the optimal depth

to perform a rotation for correcting the needle path is calculated to be 40 mm. However,

when the controller wants to apply this command, the needle will be at a depth of 45 mm

(because the needle keeps moving while the optimization problem is being solved).

Close scrutiny of Algorithm 4.2 shows that steps (1) to (3) correspond to different physi-

cal tasks: ultrasound-based measurements, computing optimal control input, and applying

the control to the physical plant. These tasks are operated by individual components,

namely, the sensor, the MPC controller, and the plant (see Fig. 4.1). The idea behind the

compensation approach is to run the NMPC controller component with a predefined time

offset (tmax). This offset causes the controller to compute a control command ahead of

time, such that the computed control command value is readily available at the time it is
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Algorithm 4.3: SA algorithm for solving the nonlinear MPC problem

1. Starting from an initial point and an initial temperature, the algorithm generates a

random initial point. The distance of the trial point from the current point is

chosen using normal probability distribution with a scale depending on the current

temperature. Step length is equal to the current temperature, and direction is

chosen to be uniformly random.

2. The algorithm determines whether the new point is better or worse than the current

point. If the new point is better, it becomes the next point. If not, then the

algorithm can still make it the next point using the following acceptance probability

function:

Pa =
1

1 + exp
(

∆
max(T )

)
where ∆ is the difference between the new and the old cost functions, and T is the

temperature.

3. The algorithm lowers the temperature while storing the best point found so far

using

T =
T0

k

where k denotes the annealing parameter and is chosen to be the same as the

iteration number.

4. The algorithm stops when the average change in the objective function is small

relative to a predefined tolerance, or when it reaches the optimization time limit (tc).

supposed to be applied to the plant. This offset should be chosen larger than the maximal

computing time required to solve the optimal control problem (tc). At time tn, the optimal

control problem is solved with a prediction ω̂(n) of the initial value ω(n) based on the

available sensor measurement at time tn. This prediction is performed using the developed

needle steering model, which is also used for the NMPC prediction.

In order to perform this prediction, the control commands to be applied to the plant

80



during the computation time interval and have been computed before by the NMPC con-

troller are needed to be stored using a buffer. Thus, we extend the scheme given in Fig. 4.1

by adding the required predictor and buffer to the controller. The structure of the result-

ing scheme is shown in Fig. 4.7(a) and the scheduling structure for the delay compensation

strategy is sketched in Fig. 4.7(b). Other than delay compensation, advantage of this

method is that we can run the three components of the system as separate algorithms in

parallel.

(a)

(b)

Figure 4.7: A schematic of the delay compensation strategy. (a) Block diagram of the time decoupled

closed-loop NMPC control with delay compensation. (b) Comparison of scheduling structure between

NMPC (dashed line) and NMPC with delay compensation with tmax = 3 ∗ sampling time (solid line)

As discussed before, solving Step (2) of Algorithm 4.2, is computationally demanding.

Thus, tmax can be relatively larger than the sampling time. Consequently, at the start of the
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needle insertion for a certain time (tmax) no control command will be available. To avoid

this situation we solve the optimal control problem offline once before the insertion begins.

Then, we use the acquired optimal control command at the beginning of the insertion.

In the next section we present the experiments performed on ex-vivo tissue phantom to

validate the proposed needle steering model and our MPC based needle steering strategy.

4.5 Experimental Evaluation

In this section needle insertion experiments are designed and performed on soft tissue

samples. The goal of the experiments is validating the proposed needle steering strategy.

In order to perform needle insertion into soft tissue, the setup shown in Appendix A,

Fig. A.1 is used. The needle used to perform insertions is a standard 18-gauge brachyther-

apy needle (Eckert & Ziegler BEBIG Inc., Oxford, CT, USA) made of stainless steel, with

an outer diameter of 1.27 mm, an inner diameter of 1 mm. Beef loin tissue is used in the

needle steering experiments. Bovine tissue is embedded in gelatin to get a smoother surface

on top. This increases the contact surface between the ultrasound probe and the tissue

and consequently reduces the noise in the ultrasound images. Same tissue was used in all

the experiments. The identification process discussed in Section. 3.6 is used to identify the

needle steering model parameters.

We considered a circular target region of 2 mm for all the experiments described below.

The targeting accuracy of the needle tip is calculated by measuring the distance between

the center of the target and the final needle tip position. The MPC control algorithm

is executed on an Intel i7 3.33 GHz PC. The time offset tmax required for cost function

optimization in the MPC, is set equal to 10 seconds, which is a sufficiently short-time

interval for clinical applications that require needle insertion depth ranging from 100 mm

to 150 mm[62]. During the optimization, the needle model is used to generate a minimum of

20 needle trajectory predictions. The needle insertion and rotational velocities used during

the experiments are 2 mm/s and 300 rpm, respectively, and the total depth of insertion

is 140 mm. In the experiments, the needle tip is inserted in the tissue for 5 mm by hand
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prior to robotic needle insertion to fix the entry point.

Two virtual scenarios are used in the experiments and we executed our system 5 times

for each experimental scenario.

• Scenario I The needle is steered to follow a straight line and reach a target placed

at the depth 140 mm. This is similar to the needle insertion in brachytherapy where

the seeds should be placed along a straight line within the tissue.

• Scenario II A 4 mm circular obstacle is positioned at 70 mm between the needle

entry point in the tissue and the target. The needle is steered to reach a target at the

depth of 140 mm while avoiding the obstacle. Obstacles are sensitive or impenetrable

anatomical regions in the proximity of the target point such as blood vessels.

In the first scenario the model prediction horizon is set to 10 sec corresponding to

insertion depth of 20 mm. In the first scenario, the needle is inserted at a constant velocity

of 2 mm/s and the model prediction horizon is set to 10 sec corresponding to the insertion

depth of 20 mm. Goal of the first scenario is to steer the needle on a straight line and we

want the controller to focus on minimizing the trajectory tracking error regardless of the

target position. It is clear that by tracking a straight line leading to the target we will be

able to reach the target. In the second scenario the prediction horizon is the maximum

insertion depth, i.e. 70 sec for insertion depth of 140 mm. The goal of the second scenario

is to steer the needle to reach a target at the depth of 140 mm while avoiding an obstacle

placed at the depth of 70 mm. In this scenario we plan to follow a curve going around the

obstacle and reaching the target and minimize the targeting error. Thus in this scenario

we select the prediction horizon equal to the total insertion depth to include the targeting

error in the optimal control problem. The desired tip trajectory is a 3rd order polynomial

starting from the entry point and ending at the target location with maximum distance of 3

mm from the centroid of the obstacle. The number of allowable rotations in the prediction

horizon (Umax) is three for both scenarios.

A representative results for scenario (1) and (2) are given in Fig.4.8(a) and Fig.4.8(b),

respectively. The experimental results are provided in Table 4.1. The maximum, mean and

standard deviation of targeting error are reported.
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Figure 4.8: Representative experimental needle steering results and corresponding controller input com-

mand (a) Scenario I–needle steering with the aim of moving on a straight line. (b) Scenario II–needle

steering with the aim of manoeuvring around an obstacle.

The maximum targeting error in the first and second scenario are 2.10 mm and 2.85

mm, respectively. Also, the minimum distance from the obstacle in the second scenario is

1.4 mm. Currently, average seed placement errors by experienced brachytherapists are in

the range of about 6.3 mm [14,92]. Another study showed that prostate biopsies via rigid

needles show average targeting errors of 5.5 to 6 mm [93]. Thus, with the proposed needle

steering strategy targeting accuracy can be improved by almost 50%.
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Table 4.1: Result of needle steering experiments. Maximum number of axial rotations rot, mean targeting

error emean, maximum targeting error emax, standard deviation of targeting error σ are listed.

rot emax [mm] emean [mm] σ [mm]

Scenario I 13 2.10 1.75 0.61

Scenario II 7 2.85 2.25 0.97

4.6 Concluding Remarks

This chapter combines a needle deflection model, image processing techniques, and a model

predictive controller to accurately steer bevel tipped flexible needles with the aim of reach-

ing desired target location inside soft tissues. The proposed image processing algorithm

combined with the needle deflection model make the foundations of a model predictive

controller for needle steering. The needle steering controller provides accurate targeting

while avoiding anatomical obstacles such as sensitive or impenetrable structures. We ex-

perimentally evaluated our approach by performing needle insertion experiments in ex-vivo

tissue. The experimental results demonstrate that our needle steering approach successfully

guides the needle to desired targets with and without the presence of obstacles with an av-

erage error of less than 2 mm and 3 mm, respectively, which is within clinically acceptable

thresholds.

Identified values for some of the needle steering model parameters (such as the tis-

sue cutting force and tissue stiffness) are only the nominal values and the magnitude of

these parameters might change during the needle insertion due to factors such as tissue

inhomogeneity. Using the proposed feedback controller, we are able to correct uncertain

perturbations caused by deviation of parameters from their nominal values.

The main drawback of the proposed system is 2D needle steering. During clinical needle

steering the needle tip might deviate and deflect out of plane. Many factors such as tissue

inhomogeneity can cause out of plane needle deflection. Also, we have only considered

the fully robotic needle insertion. In fully robotic needle steering the goal is to calculate a

needle steering control input (needle axial rotation) assuming the rest of the inputs are fixed
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at known values such that needle targeting accuracy is improved. A possible intermediate

step between manual and fully-robotic insertion is semi-manual needle insertion, in which

automatic robot-assisted adjustments are performed to one of the control inputs while

other inputs are directly applied by the surgeon. For instance, the surgeon is in charge

of needle insertion in the interest of ensuring the safety of the operation and to maintain

continuous engagement, while the needle tip bevel location is controlled robotically. In the

next chapter, we propose a needle steering strategy for surgeon-in-the-loop semi-automated

needle steering.
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Chapter 5

2D Semi-automated Needle Steering

5.1 Objective

In this chapter, we propose a novel automated surgeon-in-the-loop strategy for semi-

automated needle steering in soft tissue, which can be used to target a specific point and

maneuver the needle tip around an obstacle. The system is composed of two parts:

(1) An adaptive real-time needle deflection predictor. The predictor incorporates the

ultrasound-based depth-varying radii of curvature to predict needle deflections in future

steps. A method known as Homotopy Analysis Method (HAM) is used to develop the

predictor. We assume that the needle curvature belongs to a certain homotopy – a group

of functions (e.g., circles and ellipses) that can continuously deform and change shape. The

deformation of the functions is governed by a nonlinear differential equation known as the

zero-order deformation equation to match the curvature of the needle. We use real-time

visual feedback from the ultrasound images to select the best curve from the homotopy and

use that to predict the needle deflections in future steps. The predictor developed using

HAM accounts for 180◦ needle axial rotations and changes in the needle deflection radius

of curvature due to factors such as tissue in-homogeneity and varying insertion velocity.

(2) A novel online motion planner that is informed by the predictions of the HAM-

based predictor and automatically rotates the needle while the needle is manually inserted

in order to steer the needle toward the desired target.
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Two main features of the proposed semi-automated needle steering strategy are:

(1) The controler relies on an adaptive needle deflection predictor. The performance of

model-based controllers highly relies on accurate models for precise needle position predic-

tion. The well-known kinematic model that is widely used for control assumes that as the

needle is inserted, it moves on a constant curvature path, which is not always the case [94].

Previous studies have shown that when the kinematic model is applied to path planning and

control in soft tissues, there are non-negligible deviations between the model and experi-

mental data due to tissue nonhomogeneity or uncertainty in the nominal values of the model

parameters [16]. Here, we develop a needle deflection predictor that accounts for changes

in the needle deflection radius of curvature due to factors such as tissue inhomogeneity

and variations of the insertion velocity. The predictor uses the well-known nonholonomic

kinematic model of needle steering [7] to initially estimate the needle deflection, and then

employs the HAM method [95] to update the predictions online.

(2) The controller includes the surgeon in the control loop. The previous studies includ-

ing the controler presented in previous chapter have only considered the fully robotic needle

insertion [14, 15, 34–36]. In fully robotic needle steering the goal is to calculate a needle

steering control input (mainly needle axial rotation) assuming the rest of the inputs are

fixed at known values such that needle targeting accuracy is improved. A possible interme-

diate step between fully-manual and fully-robotic insertion is semi-manual needle insertion,

in which automatic robot-assisted adjustments are performed to one of the control inputs

while other inputs are directly applied by the surgeon. Here, we propose a semi-automated

needle steering strategy, in which the surgeon is in charge of needle insertion in the interest

of ensuring the safety of the operation and to maintain continuous engagement, while the

needle tip bevel location is controlled robotically.

This chapter is organized as follows: In Section 5.2.1, the Homotopy Analysis Method

used for developing the needle deflection predictor is introduced. Section 5.2.2 includes

the derivation of the equations for the HAM-based needle deflection predictor, the method

proposed for ensuring rapid convergence of the predictions are presented in Section 5.2.3,

and the online needle motion planner for semi-automated needle steering in soft tissue is

discussed in Section 5.3. In Section. 5.4, experiments are performed to validate the needle
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steering strategy.

5.2 Needle Deflection Prediction

5.2.1 Introduction to The Homotopy Analysis Method

The homotopy analysis method is a mathematical technique to solve nonlinear ordinary/partial

differential equations [95]. Here, we will present a modified version of the HAM applica-

ble to non-homogeneous nonlinear differential equations. Let us consider the nonlinear

differential equation

N [y(x)] = f(x), B[y, y′] = 0 (5.1)

where N is a nonlinear operator that represents a nonlinear equation, x denotes the in-

dependent variable, prime denotes differentiation with respect to x, y(x) is an unknown

function, f(x) is a known analytic function, and B is a boundary operator defining the

boundary conditions. By means of the homotopy method first presented by Liao [96], one

can construct the so-called zero-order deformation equation as

(1− q)L[y(x)− y0(x)] = c0q [N [y(x)]− f(x)] (5.2)

where q ∈ [0, 1] is the homotopy parameter, c0 6= 0 is a convergence-control parameter, L

is an auxiliary linear operator, and y0(x) is the initial guess of y(x). It is important to note

that one has great freedom to choose the auxiliary linear operator L in HAM.

From (5.2), we have

y(x) = y0(x) when q = 0

N [y(x)] = f(x) when q = 1
(5.3)

Thus, as q increases from 0 to 1, the homotopy presented by (5.2) continuously deforms

from the initial guess to the solution of the original nonlinear equation in (5.1). So, the

solution y(x) depends on the homotopy parameter and can be expressed more accurately
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as y(x; q). Expanding y(x; q) using Maclaurin series with respect to q, one has

y(x; q) = y0(x) +
+∞∑
n=1

yn(x)qn (5.4)

where

yn(x) = Dn[y(x; q)] =
1

n!

∂ny(x; q)

∂qn

∣∣∣∣
q=0

(5.5)

Dn[·] is called the nth-order homotopy derivative operator. If the auxiliary linear operator,

the initial guess, and the convergence-control parameter are chosen properly, the series in

(5.4) converges at q = 1. Then we have the mth-order homotopy-approximation of the

solution to the nonlinear equation as

ŷ(x) ≈ y0(x) +
m∑
n=1

yn(x) (5.6)

In order to calculate yn(x) (n = 1, ...,m), we differentiate (5.1) n times with respect to

q. Then dividing by n! and setting q = 0, we get the nth-order deformation equation

L[yn(x)− χnyn−1(x)] = c0Dn−1 [N [y(x)] + (1− χn)f(x)] (5.7)

where

χn(x) =

0, if n 6 1

1, if n > 1

(5.8)

yn(x, t) (for n > 1) is governed by the linear equation given by (5.7) with the linear

boundary conditions that come from the original problem and can be easily solved in real-

time. Solving (5.7), one can successively obtain homotopy approximation of the solution

of the nonlinear differential equation in 5.1.

5.2.2 HAM-based Needle Deflection Prediction

Here, the needle deflection predictor developed using the HAM is introduced. As discussed

in Section. 5.2.1, HAM is a mathematical technique to solve nonlinear ordinary/partial

differential equations [95]. This method is based on the concept of homotopy, a fundamental

concept in topology and differential geometry. A homotopy describes a continuous variation
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or deformation. For instance, a circle can be continuously deformed into an ellipse. Such a

deformation is called a homotopy between the two functions describing the circle and the

ellipse. We will use the concept of HAM to estimate the continuous deformation of needle

as it is being inserted into the tissue.

In our approach, it is assumed that the needle deflection is initially given by the well-

known kinematics model of needle steering [7]. Next, we use the kinematics-based model

and the homotopy analysis method to develop the general deformation equation governing

the needle tip deflection called the nth-order deformation equation. Finally, ultrasound-

based feedback of needle position in is used to solve the deformation equation and predict

needle deflection in future steps.

Let us assume κ(x) is the signed curvature of the needle tip trajectory and x is the

insertion depth. If the needle deflection is given in Cartesian coordinates as y(x), then

(assuming y(x) is differentiable up to the 2nd order) from basic geometry we have

κ(x) =
y′′(x)

(1 + y′2(x))
3
2

(5.9)

During insertions, the ultrasound probe acquires transverse images of the needle tip. We

can use the method presented in [97] to estimate the needle tip trajectory and its curvature

(κ) from the ultrasound images. The sign of κ corresponds to the needle tip orientation

and changes after each 180◦ axial rotation of the needle. Having an approximation of the

curvature, using (5.9) we can define the general nth-order deformation equation governing

the deformation of the needle (see Appendix) and use the HAM method to calculate the

needle tip deflection. This process is developed in the following.

We can rewrite (5.9) as

y′′2(x)− sgn(κ)κ2(x)[3y′2(x) + 3y′4(x) + y′6(x)] = sgn(κ)κ2(x) (5.10)

subject to the initial conditions

y(0) = Y0 , y′(0) = Y ′0 (5.11)

where sgn(.) is the sign function. Y0 is the initial deflection of the needle tip and Y ′0 is the

first derivative of the needle deflection, both evaluated at x = 0. Y ′0 corresponds to the
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initial angle of the needle tip with respect to the insertion axis. Note that the predictor

estimates the needle deflection in the future steps from arbitrary initial conditions, i.e., the

initial deflection (y(0) = Y0). Y0 is equal to zero at the beginning of the insertion. However,

after each needle rotation it is updated to the needle tip deflection immediately prior to

rotation. The same approach is used for y′(y′(0) = Y ′0). Using this method, we achieve a

continuous tip trajectory during needle insertion with multiple axial rotations.

To solve (5.10) and (5.11) by means of the homotopy analysis method, we choose the

initial approximation of the needle deflection using the kinematics model of needle steering

[7] as:

y(x) = r −
√
r2 − x2 (5.12)

where r = 1
κ

is an initial approximation of the needle radius of curvature. Expanding (5.12)

using binomial series

y(x) =
x2

2r
+

x4

8r3
+

x6

16r5
+ ... (5.13)

Neglecting terms of orders higher than three and modifying (5.13) based on the initial

conditions in (5.11), we obtain the initial approximation of deflection (y0(x)) as

y0(x) =
κ

2
x2 + Y ′0x+ Y0 (5.14)

Note that the above equation satisfies the initial conditions in (5.11) and gives a linear

approximation of the needle deflection based on the kinematics-based model of needle

steering. Next, we choose the auxiliary linear operator

L[y(x)] = y′′(x) (5.15)

L in an auxiliary linear operator that is used to estimate the nonlinear differential equation

in (5.11). One has great freedom to choose the auxiliary linear operator in HAM. Inserting

(5.10), (5.13), and (5.15) into (5.7), we construct the zeroth-order deformation equation as

y′′n(x)− χny′′n−1(x) = c0Dn−1

[
y′′2(x)

− sgn(κ)κ2(x)
(
3y′2 + 3y′4 + y′6

)
− sgn(κ)κ2(x)(1− χn)

] (5.16)

subject to initial conditions

yn(0) = 0 , y′n(0) = 0 (5.17)
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n in (5.16) determines the order of approximation. Solving (5.16), we can successively

obtain a homotopy approximation of the needle deflection given by (5.10). The first three

approximations are

y0(x) =
κ

2
x2 + Y ′0x+ Y0 (5.18a)

y′′1(x) = c0[y′′20 − κ2(3y′20 + 3y′40 + y′60 + 1)] (5.18b)

y′′2(x) = y′′1 + c0[2y′′0y
′′
1 − κ2(6y′0y

′
1 + 12y′30 y

′
1 + 6y′50 y

′
1)] (5.18c)

Note that based on (5.17), the integration constants for solving the above equations are

zero. Following the above approach, the approximate nth-order solution of the deformation

equation for n > 1 is

yn(x) =

∫ x

0

∫ x

0

{
χny

′′
n−1(x) + c0

n−1∑
k=0

y′′ky
′′
n−k−1

+ c0sgn(κ)κ2

[
(χn − 1)− 3

n−1∑
k=0

y′ky
′
n−k−1

− 3
n−1∑
k=0

y′n−k−1

k∑
m=0

y′k−m

m∑
j=0

y′m−jy
′
j

−
n−1∑
k=0

y′n−k−1

k∑
m=0

y′k−m

m∑
j=0

y′m−j

j∑
p=0

y′j−p

p∑
l=0

y′p−ly
′
l

]}
dx

(5.19)

Based on (5.18) we infer that the predictor starts by predicting the needle deflection

using the linearized kinematics-based model in (5.18a) (our initial approximation). Then, it

implements the approximate curvature acquired from the ultrasound images (κ) to enhance

the needle deflection estimation using (5.18b) and (5.18c).

The proposed adaptive predictor enhances the needle deflection prediction by improv-

ing upon a function from the homotopy defined by the zero-order deformation equation

in (5.16) based on ultrasound image feedback. The final needle deflection prediction is

robust against noise in the ultrasound-based deflection feedback because it belongs to a

homotopy group their deformation is restricted by the zeroth-order deformation equation.

Another advantage of HAM is that its performance and convergence is independent of any

small/large scale parameters [96]; note that as the straight needle deflects during the in-

sertion, its radius of curvature varies from ∞ to a finite value. The HAM-based method
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is independent of the size of the nonlinear equation parameters. All the nth-order defor-

mation equations given by (5.19) are linear and easy to solve. Also, the only parameters

of the predictor are the initial estimate of curvature of the needle (κ) and the initial an-

gle of the needle (Y ′(0)), which can be approximated using a few trial needle insertions.

However, experimental results will show that the predictor’s performance is robust against

uncertainty in the initial value of r.

The convergence control parameter (c0) in (5.19) guarantees convergence of the approx-

imations to the original solution (5.10). In the next section, we quantify the performance

of the proposed needle deflection predictor and propose a semi-analytical approach to cal-

culate the optimal convergence-control parameter (c0) that ensures rapid convergence of

the deflection predictions to the actual value.

5.2.3 Rapid Convergence of Predictions

In the following, we use a semi-analytic method to estimate the optimal convergence-control

parameter (c0) and quantify the convergence of the needle deflection predictions. In order

to choose a proper value of c0, we use the mean squared residual defined by

Em(c0) =
1

N + 1

N∑
k=0

[4m(xk; c0)]2 (5.20)

where N is an integer, 4m(xk; c0) is the residual of the governing nonlinear equation given

by

4m(xk; c0) = ŷ′′2(x)− κ2(3ŷ′2(x) + 3ŷ′4(x) + ŷ′6(x) + 1) (5.21)

and ŷ is given by (5.6). Em(c0) can be used as a measure of accuracy of the proposed

predictor and helps us to select the optimal value of c0 for rapid convergence of the predic-

tions.

Fig. 5.1(a) shows the experimental needle deflection during an insertion with the con-

stant velocity of 5 mm/sec, compared with the results of the homotopy-based predictor

for zero, 2nd, 4th, 8th, and 10th order approximation. The initial radius of curvature for

predicting needle deflection (r) was arbitrary selected to be 500 mm. Also, the convergence-

94



Insertion depth [mm]

0 20 40 60 80 100 120 140

T
ip

 d
ef

le
ct

io
n

 [
m

m
]

0

5

10

15

20

25
Experimental data

zero-order

2nd-order

4th-order

6th-order

8th-order

10th-order

(a)

Order of approximation

2 4 6 8 10

M
ea

n
 S

q
u

ar
ed

 R
es

id
u

al
 [

m
m

2
] # 10

-13

0

2

4

6

8

(b)

Convergence-control parameter C
0

-350 -300 -250 -200 -150 -100 -50 0M
ea

n
 S

q
u

ar
ed

 R
es

id
u

al
 [

m
m

2
] # 10

-12

0.5

1

1.5

2

2.5

3

3rd-order

5th-order

8th-order

10th-order

(c)

Radius of curvature [mm]

300 400 500 600 700 800 900 1000 1100 1200

F
in

al
 T

ip
 D

ef
le

ct
io

n
 [

m
m

]

-20

0

20

40

60
Exact Solution

c
0
=-320

c
0
=-280

c
0
=-250

c
0
=-200

c
0
=-150

(d)

Figure 5.1: Needle deflection during an insertion with a constant velocity of 5 mm/sec. (a) Comparison

of homotopy-based predictions for zero, 2nd, 4th, 8th, and 10th order approximation with experimental

data. (b) Mean residual error with respect to the order of approximation. 500 data points are used to

estimate Em. (c) Mean residual error for the 3rd, 5th, 8th, and 10th order approximations with respect to

the convergence-control parameter. (d) Comparison of exact solution for the final needle tip deflection at

a depth of 140 mm under the assumption of constant radius of curvature with the 10-th order homotopy

approximation for different values of c0.

control parameter (c0) is -250. The mean squared residuals for different orders of approxi-

mation are shown in Fig. 5.1(b). Based on the results, the model prediction converges to

the actual value as the order of approximation increases for the given value of c0 = −150.

In order to investigate the effect of c0, we plot the mean squared residual with respect to

c0 for the 3rd, 5th, 8th, and 10th order approximations. As can be seen in Fig. 5.1(c), the

predictions are convergent for any c0 between -300 to -200. This distance is typically called

the radius of convergence.

To further investigate the effect of c0 and estimate the radius of convergence, we simulate
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a scenario in which the radius of curvature is constant and the kinematics-based model

accurately predicts the needle deflection. In this case, the needle tip deflection is given by

(5.12). The comparison of the exact needle tip deflection at a depth of 140 mm with the

10th-order approximations for different values of c0 is shown in Fig. 5.1(d). The results

show that for a large radius of curvature, high values of |c0| are non-convergent. Also,

the convergence radius of the needle tip deflection becomes smaller as the needle radius of

curvature decreases (or the curvature κ increases). This motivates us to define c0 as

c∗0 = −a
κ

(5.22)

where c∗0 is the optimal convergence-control parameter, and based on the results of Fig. 5.1(c)

and Fig. 5.1(d), a is a constant between 0.4 and 0.6. We can set the value of |c∗0| to be

smaller than 300 to ensure convergence at high radii of curvature. Using (5.22), we can

ensure rapid convergence of the needle deflection predictions to the actual needle deflection.

Equation (5.22) can be understood more clearly by comparing the 1st-order approximation

of the predictor with the kinematics-based model given in (5.13). Once again, considering

that the radius of curvature is constant, from (5.13) and (5.18b) we have

y(x) =
x2

2r
+

x4

8r3
+

x6

16r5
+ .. (5.23a)

y1(x) = c0(
x4

4r4
+

x6

10r6
+

x8

48r8
) (5.23b)

By comparing the 1st-order approximation of needle deflection (y0(x) + y1(x)) given by

(5.23) with (5.13), it can be inferred that the optimal c0, which ensures rapid convergence

of the deflection predictions, should be a function of r or 1/κ.

5.3 Online Motion Planner

In the proposed human-in-the-loop needle steering scheme (see Fig. 5.2), the surgeon inserts

the needle while the robot axially rotates the needle at appropriate depths to minimize

targeting error and maneuver the needle around anatomical obstacles. In most needle-based

interventions such as prostate brachytherapy, the target is typically defined on a straight

line starting at the entry point in tissue and up to a certain depth. A grid template placed
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Figure 5.2: Overview of needle steering algorithm, which relies on an online motion planner for closed-loop

steering of the needle to the desired target while avoiding anatomical obstacles. As the surgeon pushes the

needle in soft tissue using a robotic hand-held instrument, the instrument automatically rotates the needle

axially at appropriate depths in order to reach a desired target. The desired target trajectory is obtained

using the pre-operative images. The control actions, i.e., rotation depths, are calculated iteratively by the

motion planner, which is informed by the current deflection of the needle tip calculated in real-time from

the ultrasound images.

outside the tissue is used to position the needle in a fixed insertion plane that contains the

target. Also, the surgeon can use other control inputs such as insertion velocity, lateral

manipulation of the needle base, and tissue palpation to compensate for out of plane needle

deflection. Hence, there is no need to generate 3D trajectories and we will limit the motion

planner to the 2D insertion plane. Fig. 5.2 shows a block diagram of our closed-loop control

algorithm for semi-automated needle steering.

Our motion planner uses a graph-based search algorithm known as the A∗ algorithm.

Given the inputs specified previously (e.g., target and obstacle locations), the motion plan-

ner computes a large number of plans using the adaptive HAM-based deflection predictor

and selects the best plan. The output of the planner is the set of needle 180◦ rotation

depth(s) that will steer the needle tip to the target while avoiding obstacles.

To design the online motion planner we present the needle steering problem in the

needle configuration space, C. Assuming the needle moves in the 2D insertion plane, the

needle workspace is a Euclidean space W = R2. Let O1, ...,Op be the obstacles in the

workspace. It is assumed that both the geometry and position of the obstacles are known

from the preoperative images. The motion planning problem is as follows: given an initial
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and a target position of the needle tip in W , find (if it exists) a path, i.e., a sequence of

needle axial rotations, that steers the needle between the initial and target positions while

avoiding collisions with the obstacles O1, ...,Op.

(a) The needle workspace
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(b) The needle configuration space
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(c) Motion planning without obstacle
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(d) Motion planning with obstacle

Figure 5.3: Graphical representation of (a) needle workspace and (b) needle configuration space for a

maximum of 3 axial rotations and a maximum insertion depth of 140 mm. A sequence of rotations at

depths of 20, 70, and 110 mm in the workspace corresponds to a single point in the needle configuration

space. Representative results of motion planning in the configuration space (c) without an obstacle and

(d) with a 4-mm circular obstacle positioned at the depth of 70 mm between the needle entry point in the

tissue and the target.

We refer to the space of possible control actions (i.e., depth(s) of needle rotation(s)),

whose values identify the configuration of the needle tip in the workspace, as the configura-

tion space, C. Considering symmetry of rotation depths (e.g., rotations at depths of 40 and

80 mm are equal to rotations at 80 and 40 mm) the configuration space is an n-dimensional

simplex, where n is the number of axial rotations. For instance, if the maximum allowable

number of rotations is 3, the configuration space forms a tetrahedron. Fig. 5.3(a) and
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Fig. 5.3(b) show the workspace and the configuration space for maximum of 3 rotations,

respectively. The motion planner searches through the configuration space to find a se-

quence of control actions that steers the needle toward the target position while avoiding

collisions. In order to solve the planning problem we decompose the configuration space

into several disjoint cells. Assuming the distance between two consecutive rotations is at

least 5 mm we can decompose C into several smaller simplices shown in Fig. 5.3(b). This

is a valid assumption since two close 180◦ axial rotations are equal to one full rotation of

the needle tip and this action has no effect on needle deflection.

In order to characterize paths that represent a solution in the configuration space –

those that avoid collisions between needle tip and obstacles – it is necessary to build the

image of the obstacles in the configuration space. Assuming the obstacles are closed in W ,

we define Cobs as the union of all subsets of the configuration space that cause a collision.

The free configuration is the subset of C that does not cause a collision and is given by

Cfree = C − Cobs. We build the Cobs through an exhaustive offline search. To find the

Cobs we estimate the needle trajectory using the HAM-based predictor at every node in

the decomposed configuration space. The boundary of Cobs is the locus of configurations

that put the needle in contact with an obstacle. Fig. 5.3(d) shows the image of a circular

obstacle in C. The obstacle is 4 mm in diameter and is placed at the depth of 70 mm

between the initial entry point in the tissue and the target at the depth of 140 mm. The

red area corresponds to a collision and the yellow area is the area in the proximity of the

obstacle and corresponds to the needle tip passing the obstacle within a minimum distance

of less than 1 mm. The obstacle proximity area is considered to be part of Cobs in order to

compensate for unpredictable motion of the obstacle during the insertion.

Assuming that the initial guess for a configuration in Cobs isNs and the goal configuration

that actually steers the needle toward the target is Ng, planning a collision free motion for

the needle means generating a safe path between Ns and Ng in Cfree. For this purpose we

use a graph-based search algorithm known as A∗ [98]. A∗ visits the nodes of the decomposed

configuration space iteratively starting from Ns, storing only the minimum paths from Ns

to the visited nodes in a tree T . The algorithm employs a cost function F (Ni) for each
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visited node during the search.

F (Ni) = G(Ni) +H(Ni) (5.24)

where

G(Ni) = Λ dim(Ni) (5.25a)

H(Ni) = ‖y − ytg‖ (5.25b)

H(Ni) is the targeting cost function and is the Euclidean distance between the final needle

tip position y and the target position ytg in the needle workspace, calculated online using

the HAM-based predictions during the iterations. G(Ni) is the cost of the path from N(i−1)

to Ni. G is equal to a constant Λ multiplied by the number of rotations dim(Ni). G

increases as the number of rotations increases. One of the goals of the needle steering

algorithm is to minimize the patient operative trauma (i.e. tissue damage) by limiting the

number of needle axial rotations. The algorithm advances the tree toward the nodes that

contain fewer rotations, i.e, the nodes on the faces, edges, or vertices of the n-dimensional

simplex. In the following a pseudocode description of the motion planner algorithm is

given.

In Algorithm 5.1 we maintain two lists: OPEN and CLOSED. OPEN consists of

nodes that have been visited but not expanded, meaning that the neighboring nodes have

not been explored yet. This is the list of pending tasks. CLOSED consists of nodes

that have been visited and expanded (neighboring nodes have been explored already and

included in the open list, if this was the case). The ADJ(Ng) function in Algorithm 5.1

finds the neighboring nodes that are directly connected to node Ni in C. The motion

planner accepts the starting node Ns, the minimum allowable cost function Fmin, and

the maximum run time τ as inputs and calculates the target node Ng corresponding to a

sequence of rotation depths with an optimal cost function as the output.

Results of the simulation of the motion planner with and without an obstacle are shown

in Fig. 5.3(c) and Fig. 5.3(d). The goal is to steer the needle from an initial depth of 0

toward a target placed at a depth of 140 mm. In the simulations, the maximum allowable
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Algorithm 5.1: Ng ←− Motion Planner (Fmin, Ns, τ)

1 Insert Ns in OPEN with F (Ns) = G(Ns) +H(Ns)

2 Add Ns to T

3 while OPEN 6= ∅ ∧ t < τ do

4 Ng ←− Find the node in the OPEN with minimum F

5 if F (Ng) ≤ Fmin then

6 Break

7 for ∀Ni ∈ ADJ(Ng)∩Cfree do

8 if Ni /∈ OPEN ∪ CLOSED then

9 Insert Ni in OPEN & Update F (Ni)

10 Add Ni to T with pointer toward Ng

11 Insert Ng in CLOSED

12 t←− Update time

number of rotations is 3 and we used the HAM-based predictor with constant curvature

κ = 0.002 mm. The starting point is at 0 depth and the run time is set to 1 second. The

final targeting error for simulations with and without the obstacle is 0.1 mm and 0.15 mm,

respectively. The optimal rotation depths are 25, 35, and 60 mm for insertion without

the obstacle and 45 and 125 mm for insertion in the presence of the obstacle. In the next

section, we perform needle insertion experiments in ex-vivo biological and synthetic tissue

samples to validate the HAM-based predictor and the proposed needle steering strategy.

5.4 Experimental Results and Discussion

Several needle insertion experiments are performed to verify the needle deflection predic-

tor’s accuracy. In order to perform needle insertion into soft tissue, the setup shown in

Appendix A, Fig. A.2 is used. During the insertions, the ultrasound probe follows the

needle tip and acquires transverse images of the needle tip in ex-vivo tissue. The method

presented by Waine et al. [97] is used to estimate the needle deflection and radius of cur-
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vature from the axial ultrasound images. The estimated radius of curvature is used in the

HAM-based predictor to calculate needle deflection in future steps. Two types of soft tis-

sue are used in the experiments – homogeneous plastisol tissue and heterogeneous ex-vivo

bovine tissue.

A standard 18-gauge brachytherapy needle (Eckert & Ziegler BEBIG Inc., Oxford, CT,

USA) is used in the experiments. Plastisol-based and ex-vivo bovine tissue are used in the

experiments. The plastisol tissue is made of 80% (by volume) liquid plastic and 20% plastic

softener (M-F Manufacturing Co., USA). The stiffness of the plastisol tissue, estimated

through indentation tests, is 35 ± 5 kPa. Bovine tissue is embedded in gelatin to ensure

good acoustic contact between the ultrasound probe and the tissue and reduce the noise in

the ultrasound images.

In the experiments the brachytherapy needle is inserted to a total depth of 130 mm

in the soft tissue with and without axial rotation at different insertion velocities. Fig. 5.4

shows the representative results for needle deflection in bovine tissue compared to the

initial prediction using the kinematics-based model and the predictor estimations updated

online. The results are shown for three scenarios: insertions with constant velocities of 5

(Fig. 5.4(a)) and 30 mms−1 (Fig. 5.4(b)) without axial rotation, and insertion at a velocity

of 5 mms−1 with rotation at a depth of 40 mm (Fig. 5.4(c)).

In order to identify the kinematics-based model parameters, the needle is inserted in

soft tissue at 10 different insertion velocities between 5 and 50 mms−1, which is in the

range of clinical needle insertions [62]. Later the method proposed by Webster et al. [7]

is used to estimate the mean, maximum, and minimum curvature (κ) and initial insertion

angle (Y ′(0)). These values are reported in Table. 5.1. The mean curvature and initial

angle are used for initial prediction (dashed line in Fig. 5.4).

Table 5.2 compares the experimental and model predictions of the tip deflection values.

According to the results given in Table 5.2 and shown in Figs. 5.4(a), 5.4(b), and 5.4(c),

the adaptive needle deflection predictor is more accurate than the kinematics-based model.

The kinematics- based model’s accuracy decreases as insertion velocity is increased. This

is mainly due to the fact that the model considers a constant, velocity-independent radius
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Figure 5.4: Results of experimental validation of the deflection predictor. Comparison of measured needle

deflection in ex-vivo needle insertions, HAM-based predictions, and initial prediction using Kinematics-

based model at (a) Insertion velocity of 5 mms−1, (b) Insertion velocity of 30 mms−1, and (c) Insertion

velocity of 5 mms−1 with rotation at depth of 40 mm. (d) Comparison of experimental data with HAM-

based predictions with different prediction horizons. (e) RMSE of the homotopy based prediction for

different prediction horizons. Error bars denote the standard deviation of the RMSE for 6 different inser-

tions.

of curvature for the needle tip trajectory and neglects the effects of tissue in-homogeneity,

friction along the needle shaft, and velocity-dependent cutting force on tip deflection.

However, it is evident that the adaptive closed-loop predictor is more accurate because

it implements the real-time image-based feedback of the needle curvature to compensate

for unpredicted deviations from the initial prediction. In order to compare the models

more precisely, the kinematics-based model prediction is compared with the predictions

of the HAM-base predictor informed by the partial feedback of the needle deflection. For

instance, needle is inserted 40 mm in the tissue and the feedback of needle deflection at the

depth of 40 mm is used to predict needle deflection up to the depth of 140 mm. Fig. 5.4(d)

and 5.4(e) show the error of the homotopy-based predictions for different prediction hori-
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Table 5.1: Identified parameters for the kinematics-based model. Maximum curvature (κmax), minimum

curvature (κmin), and maximum of initial insertion angle (Y ′(0)) are listed.

κmax[mm
−1] κmin[mm−1] Y ′(0)[rad]

Plastisol 2.9× 10−3 6.66× 10−4 0.074

Beef 2.03× 10−3 4.5× 10−4 0.051

Table 5.2: Results of needle steering experiments and HAM-based predictions. Insertions are performed at

multiple insertion velocities without axial rotation and at an insertion velocity of 5 mm/sec with rotation(s).

Plastisol Beef

e0

[mm]

eend

[mm]

RMSE

[mm]

e0

[mm]

eend

[mm]

RMSE

[mm]

V=5 [mm sec−1] 1.9 0.12 0.10 2.3 0.08 0.09

V=10 [mm sec−1] 2.10 0.09 0.13 2.8 0.22 0.25

V=30 [mm sec−1] 3.38 0.11 0.25 3.4 0.20 0.56

Rotation at 40 mm 1.09 0.24 0.30 1.78 0.53 0.17

Rotations at 40 & 80 mm 0.46 0.263 0.18 0.74 0.72 0.22

zons. In the experiments the needle is inserted to a total depth of 140 mm. Therefore, a

prediction horizon of 100 mm corresponds to updating the model up to a depth of 40 mm

and then using it to predict needle deflection over the next 100 mm. A prediction horizon

of 140 mm corresponds to the offline prediction using the kinematics-based model. It is ev-

ident that prediction accuracy decreases as the prediction horizon increases. Note that we

are using the optimal convergence-control parameter calculated previously which ensures

convergence to the ultrasound-based estimated curvature and because the predictor uses

the kinematics-based model for initial prediction, the model error is guaranteed to be less

than the kinematics-based model for any prediction horizon. The maximum RMSE is 1.3

mm corresponding to the final tip prediction error of 1.05 mm.

We performed several experiments to evaluate the performance of the online motion
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Table 5.3: Results of needle steering experiments. Maximum number of axial rotations rot, mean targeting

error emean, maximum targeting error emax, and mean of out of plane deflection eout for 10 trials are listed.

Plastisol Beef

Scenario I Scenario II Scenario I Scenario II

rot 9 5 11 4

emax [mm] 0.87 1.05 1.08 1.22

emean [mm] 0.51 0.74 0.71 0.87

eout [mm] 0.41 0.55 0.68 0.81

planner. The needle is inserted by hand while the motion planner controls the needle

axial rotation. The maximum run time for the planner is set to 1 s and the maximum

allowable number of rotations during each run is set to 3. The total depth of insertion

is 140 mm, which is in the range of clinical needle insertions. Two virtual scenarios are

used in the experiments per each tissue type and we executed our system 10 times for each

experimental scenario:

1. The needle is steered to reach a target placed at a depth of 140 mm. This is similar

to needle insertion in brachytherapy, where the needle should be inserted along a

straight line within the tissue.

2. A 4 mm circular obstacle is positioned at a depth of 70 mm between the needle entry

point in the tissue and the target. The needle is steered to reach a target at the depth

of 140 mm while avoiding the obstacle. The target diameter is selected to be 2 mm.

The representative results for scenario (1) and (2) in two different types of tissue are

shown in Fig. 5.5 and 5.6. The experimental results are summarized in Table 5.3. The

maximum targeting error in the first and second scenario are 1.08 and 1.22 mm, respectively,

both for insertions in ex vivo tissue. Also, the maximum out of plane deflection is 0.87 and

occurs in the ex-vivo heterogeneous tissue.
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Figure 5.5: Representative experimental results for needle steering without obstacle in plastisol tissue

and ex-vivo bovine tissue for three trials per each insertion scenario and corresponding controller input

command (i.e., needle axial rotation), needle out- of-plane deflection, and insertion velocity.

5.5 Concluding Remarks

In this section, we presented an adaptive real-time predictor based on the homotopy analysis

method for estimation of future needle deflections as the needle is steered inside soft-tissue.

Some of the features of the proposed method are: (1) the model uses a depth-varying

radius of curvature and is able to predict changes in the needle curvature due to the

variations in the insertion velocity or tissue inhomogeneity. (2) As the straight needle

deflects, its radius of curvature varies from ∞ to a finite value. The HAM based method

is independent of magnitude of radius of curvature and other parameters of the model and
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Figure 5.6: Representative experimental results for needle steering with obstacle avoidance in plastisol

and ex vivo bovine tissue for three trials per each insertion scenario and corresponding controller input

command (i.e., needle axial rotation), needle out- of-plane deflection, and insertion velocity.

predicts needle deflection with good accuracy. (3) The only parameters of the predictor

are the average radius of curvature of the needle and the initial angle of the needle with

respect to the insertion axis. The experimental results showed, the predictor performance

is robust against uncertainty in the initial value of these parameters.

The predictor is implemented in a novel motion planner that steers the needle inside

the tissue toward a predefined target. In contrast to existing systems, our approach relies

on a semi-automated needle steering scheme. In our needle steering system the robot only

controls the needle axial rotation while the surgeon inserts the needle. The experimental

results demonstrate that our needle deflection predictor can accurately estimate tip position
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(a) (b)

(c)

Figure 5.7: (a) A comparison between semi-automated needle steering and manual needle insertion. Av-

eraged data for 10 trials are reported and the red bars denote the standard deviation. (b) A comparison

between fully automated needle steering at different insertion velocities. Averaged data for 10 trials are

reported and the red bars denote the standard deviation. (c) Accuracy results for different needle insertion

scenarios. For each group, red line indicates median error, blue box indicates 25th and 75th percentile,

and whiskers indicate minimum and maximum error.

in real-time and the motion planner can steer the needle toward the target position with

a maximum in-plane error of 1.22 mm and maximum out of plane error of 0.87. Many

factors such as needle torsional dynamics and tissue inhomogeneity can cause needle out-

of-plane deflection. In our human-in-the-loop approach, the robot only controls needle axial

rotation. Thus, the surgeon can use other control inputs such as insertion velocity, lateral

manipulation of the needle base, and tissue palpation to compensate for out of plane needle

deflection.
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The maximum targeting error of the proposed approach is 1.08 mm for needle insertion

on a straight line. In a recent study from our group, seed placement accuracy in prostate

brachytherapy is measured using post-implant ultrasound images [99]. 1619 seeds using

357 strands were implanted in 15 patients prostate glands. Of the 1619 seeds implanted,

1196 (73.87%) were confidently identified in post-implant images. The overall mean in-

plane and out-of-plane displacements were 13 and 15 mm, respectively, which is higher

than our proposed method. However, this error includes the image processing error, error

in registering images before and after the surgery, and errors due to prostate motion and

deformation.

To furthermore elaborate the effectiveness of semi-automated needle steering and for

benchmarking our controlled needle insertion strategy, we have performed several fully

automated and manual needle insertions and compared the results with semi-automated

needle insertion. Three scenarios are used in the experiments and 10 trials were performed

for each experimental scenario:

1. Fully automated needle insertion – Needle insertion and rotation is controlled by a

robot to reach a desired target inside the tissue. The needle is robotically inserted at

velocities of 5, 20, and 50 mm/sec, which is in the range of clinical needle insertion

velocities [62].

2. Semi-automated approach – The surgeon is in charge of needle insertion to ensure

the safety of the procedure, while the robot is in charge of controlling the needle

trajectory via axial rotations of the needle. Insertions are performed using the device

shown in Fig.A.2.

3. Manual insertions – In manual needle insertions, the surgeon inserts the needle using

the hand-held device shown in Fig.A.2 and he can rotate the needle 180 degrees

axially by pressing a knob located in the control console. Real time visual image

feedback of needle tip were provided to the surgeon during the insertions. Manual

insertions are performed by a skilled brachytherapist.

In all scenarios, the needle is steered to follow a straight line and reach a target at
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the depth of 140 mm (similar to clinical needle insertions in brachytherapy). Results

are shown in Fig. 5.7. Based on Fig. 5.7, human-in-the-loop strategy is more accurate

than manual. Fig 5.7(c) shows that the standard deviation of the error of the proposed

approach is smaller than manual needle insertion. This means our approach gives the

same performance at different trials. Also, the semi-automated approach is more precise

than fully automated needle steering. Results demonstrated that the needle tracking error

increases as the insertion velocity increases. The reason is that the motion planner has less

time to compensate for tracking errors at higher velocities. Also mean out-of-plane needle

deflection for fully automated needle insertion is 3.2 mm, which is 260% more than the

semi-automated out of- plane error. Based on the results, the proposed approach shows

more precision and repeatability compared to conventional needle insertion strategies.
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Chapter 6

Notched Steerable Needles

6.1 Objective

As it was discussed in Section 2.4, for needle insertions on a straight line, where the tar-

get and the needle insertion point are both on a straight line, stiff needles are used and

axial rotations are performed only to compensate for small deviations from the straight

line. However, to reach divergent targets or targets obscured by obstacles, needles with

high curvature or small radius of curvature (ROC) are needed [40]. An example is prostate

brachytherapy. In brachytherapy is not prescribed for patients with large volume glands

exceeding 50 cm3 [42] or when there is severe pubic arch interference (PAI) [43]. Experi-

mentally obtained mean ROC for 18G flexible brachytherapy needle is 700-1000 mm (see

Section 3.6.5), which should be improved to enhance the needle maneuverability and extend

the application of brachytherapy to deeper or more difficult-to-reach targets.

Based on the literature review presented in Section 2.4, one can identify two main ways

to increase the maneuverability of needles: 1) increasing needle flexibility, and 2) modify

needle design to increase needle/tissue interaction forces that bend the needle. Needle flex-

ibility is improved by employing softer materials or thinner needles. Interaction forces can

be increased by decreasing the bevel tip angle, increasing the bevel surface, introducing a

precurve near the tip, or a combination of the above [39]. Increasing needle/tissue inter-

action forces damages the tissue and consequently increases needle intervention’s trauma.
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Also, very thin or bent-tip needles are incapable of providing a working channel inside the

needle.

In this chapter, we modify commercially available disposable brachytherapy needles to

develop a needle with improved deflection curvature and enhanced maneuverability. A

novel notched needle is developed by carving small notches on a standard needle shaft as

shown in Fig.6.1. By carving several consecutive notches on the needle shaft, the needle

flexural strength and the needle’s maximum achievable ROC are decreased. An optimiza-

tion algorithm is employed to optimize notch geometry and minimize needle ROC. A novel

controller is developed and used to perform image-guided closed-loop needle steering ex-

periments on a tissue phantom and demonstrate the feasibility of maneuvering around

obstacles inside the tissue using the notched needle. We simulated a clinical scenario in

prostate brachytherapy, where the target is obscured by pubic arch and standard needles

can not reach it. Results demonstrate that the new needles can avoid an anatomical ob-

stacle and reach the target. Thus, by improving the needle ROC and its maneuverability

we can extend the application of brachytherapy to deeper or more difficult-to-reach targets

and enable optimal utilization of brachytherapy for more cancer patients. The width of

the notches are smaller than the diameter of payloads. Thus, the needle provides a safe

working channel for delivering payloads to target locations.

We remark that the goal of the proposed research is not changing the current clinical

setting and replacing the current needles with the new proposed notched needle. Highly

flexible needles have been previously proposed for therapies in the brain [44], breast [45],

lung [46], liver [41] and kidney [47]. They can be used based on the requirements of the

needle-based interventions. We intend to provide another option in terms of needle selection

so that surgeons can perform successful needle insertions in certain clinical scenarios where

high needle deflection ROC is required.

This section is divided into three main sections, namely, modeling, design, and con-

trolled needle steering. In Section 6.2, we develop a model of needle deflection inside

soft-tissue using finite element method (FEM). Open-loop needle insertion experiments are

performed in Section 6.2.2 to validate the model. In Section 6.3, we describe the notched

needle’s design requirements and implement an optimization algorithm to estimate the op-
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Figure 6.1: A Comparison between deflection of a standard 18G brachytherapy needle and notched needles.

Representative experimental needle insertion results for 140 mm insertion of needles with 0, 1, 2, and 4

sets of notches in plastisol tissue phantom are presented. Arrows show location of notches on the needle

shaft.

timal location of the notches on the needle shaft for achieving a desired curvature. Next,

in Section 6.4 a modified version of the online motion planner developed in Section 5.3 is

used for obstacle avoidance in needle steering. Validation of the notched steerable needle

in achieving high curvatures in soft tissue and maneuvering around obstacles is presented

in Section 6.4.2. Results of the experiments are discussed in Section 6.5.

6.2 Modeling of Notched Needles

Here, we use the finite element method (FEM) to develop a 2D model of the notched needle.

The needle is modeled as a beam with a non-constant cross section due to several notches

made along the needle shaft. The needle/tissue interaction forces including the tissue

cutting force Fc, tissue deformation force Fs, and needle/tissue friction Ff are modeled as

external excitation forces (see Fig. 6.4(a)). It is assumed that the needle is comprised of

two parts. First part of the needle is outside the tissue, confined by the grid template. The

template is used for guiding and positioning the needle during the insertion. The second
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(a) (b)

Figure 6.2: Bending behavior of needle modeled as a straight beam under transverse and axial loads: (a) A

schematic of needle inside the tissue, Fs, Fc, and Ff are the tissue deformation force, tissue cutting force,

and friction along the needle shaft, respectively,α is the needle bevel angle and L is the length of the needle

inside the tissue .(b) Generalized force and displacement degrees of freedom of an element of the beam.

part of the needle is inside the tissue. We employ Euler-Bernoulli hypothesis [57] to model

the section of the needle that is inside the tissue as a clamped-free beam. To model large

needle deflections, we use a modified Euler-Bernoulli beam theory that considers the effects

of large rotation of the needle elements and needle shortening along the insertion axis. In

the following, first we develop the 2D FEM model of the needle, next we incorporate several

needle/tissue interaction models into the FEM model as external nodal forces to develop

the final model.

6.2.1 FEM model

We apply the Euler-Bernoulli hypothesis to model the needle as a clamped-free slender

beam, which is valid for small deflections of a beam [57]. To model large needle deflections,

we modify the Euler-Bernoulli beam theory by considering the effects of large rotation of

the needle elements and needle shortening along the insertion axis. This will lead to a

nonlinear beam equation, which will be solved iteratively using FEM.

Based on Fig. 6.2(a) and using the Euler-Bernoulli assumption [57], the components of

the displacement field are

u1 = u(x)− y
dω

dx
, u2 = ω(x), u3 = 0 (6.1)

Using the Green strain tensor and the displacement field in (6.3), we can calculate the
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strain components. The only non-zero strain component is

εxx = [
du

dx
+

1

2
(
dw

dx
)2]− yd

2ω

dx2
(6.2)

In deriving (6.2), we used the small strain assumption (i.e., (∂u1
∂x

)2 = 0). However, the

rotation of beam elements (i.e., ∂u2
∂x

) is non-zero. Now, we use the principle of virtual dis-

placement to derive the nonlinear equations of the deflected beam. Following the variational

formulation discussed in Section 3.2.2, we get the nonlinear model of needle deflection

− d

dx

{
EA[

du

dx
+

1

2
(
dω

dx
)2]

}
− f = 0

d2

dx2
(EI

d2ω

dx2
)− d

dx

{
EA

dω

dx
[
du

dx
+

1

2
(
dω

dx
)2]

}
− q = 0

(6.3)

ω and u are the longitudinal displacement and the transverse deflection, respectively, E is

the modulus of elasticity, I is the second moment of inertia of needle cross section, and

A is the needle cross section area. f and q are the distributed axial and transverse loads

given by

f = Ff + Fcxδ(L)

q = Fs + Fcyδ(L)
(6.4)

where Fs and Ff are the tissue deformation force and friction along the needle shaft (mea-

sured per unit length). Fcx = Fc sin(α) and Fcy = Fc cos(α) are the axial and transverse

components of tissue cutting force, respectively, and α is the needle tip’s bevel angle. Fc

is the total cutting force defined as the normal force applied to the needle beveled tip as it

cuts through the tissue (see Fig. 6.2(a)). δ(·) is the Dirac delta function.

Now, we can use (6.4) to build a weak formulation of the problem. Let the axial

displacement u(x) and the transverse displacement ω(x) for each element be approximated

by

u(x) ≈ Σ2
j=1∆jψj(x), ω(x) ≈ Σ4

k=1∆k+2φk(x) (6.5)

where ∆i(x) (i = 1, 2, 3, 4) are generalized virtual displacements of element e of the needle

shown in Fig. 6.2(b). ψj(x), j = 1, 2, are the linear Lagrange interpolation functions

and φk(x), k = 1, 2, 3, 4, are the Hermite cubic interpolation functions [100] satisfying the

differentiability conditions in (6.3). Substituting the approximations in (6.3), we can build
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a weak formulation of (6.3) and obtain the following FEM equations for an element e of

the beam beginning at xa and ending at xb.K11 K12

K21 K22

[∆] =

F 1

F 2

 (6.6)

where

K11
ij = E

∫ xb

xa

Ae
dψi
dx

dψj
dx

dx, (6.7a)

K12
ik =

1

2
E

∫ xb

xa

Ae
dω

dx

dψi
dx

dφk
dx

dx (6.7b)

K21
mj = E

∫ xb

xa

Ae
dω

dx

dψj
dx

dφm
dx

dx (6.7c)

K22
mk = E

∫ xb

xa

[
Ie
d2φm
dx2

d2φk
dx2

+
1

2
Ae
(
dω

dx

)2
dφm
dx

dφk
dx

]
dx (6.7d)

F 1
i =

∫ xb

xa

(Ff + Fcxδ`)ψidx+Qi, (6.7e)

F 2
m =

∫ xb

xa

(Fs + Fcyδ`)φmdx+Qm+2 (6.7f)

with i, j = 1, 2 and k,m = 1, 2, 3, 4. Qi is the generalized forces of element e shown

in Fig. 6.2(b). (6.6) gives the equation of motion for each element of the beam. By

assembling the resulting equations for all the beam elements in a matrix and enforcing

boundary conditions for a clamped-free beam, we obtain the final FEM model of the needle

deflection as

K(∆)∆ = F (∆) (6.8)

where K is the stiffness matrix and is a function of displacement of nodes ∆. F is the

vector of nodal forces. K12, K21, K22, and F 2 in (6.7) include nonlinear terms. Thus, the

FEM problem given by (6.8) is nonlinear and should be solved iteratively. To solve the

FEM problem, the Newton’s iteration procedure is used [100].

So far, we have modeled the needle bending. However, the interaction forces shown in

Fig. 6.4(a) are yet to be determined. To calculate these forces, we implement the models we

developed in Chapter 3. First we use a simplified friction model. Friction can be estimated

as a function of insertion velocity per needle length using

f = µcsgn(V ) + µvV (6.9)
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where µc and µv are the Coulomb and viscous friction coefficients, respectively, and V is

the insertion velocity. Also the cutting force applied to the needle tip can be modeled

using the model given in Section 3.3.1. Based on the mode, for a specific tissue and

a given insertion velocity, cutting force can be assumed constant. To model the tissue

reaction forces we implement the time-delayed tissue model presented in Section 3.5. In

the model, the magnitude of tissue deformation during the needle insertion is estimated as

the difference between the cutting path (i.e., the needle tip trajectory across time) and the

needle shape. Under this assumption, the distributed tissue reaction force is given by

Fs = ES[ω(x, t)− ω(L, t− τ)] (6.10)

where L is the length of the needle inserted in the tissue, ES is the tissue stiffness, τ = `−L
V

,

` is the total length of the needle, and V is the insertion velocity. Fs in (6.10), depends

on both tissue properties and the amount of needle deflection. See Section 3.5 for more

details.

In our quasi-static simulations, first we divide the total insertion depth into several

small insertion steps, ds. The simulation begins at the onset of insertion, needle initial

length L is equal to ds, with zero needle deflection, zero tissue reaction force, and only the

cutting force applied to the needle tip. In the next step, L = 2ds. We use the resulting

needle tip deflection from the previous step and the model (6.10) to estimate the current

tissue reaction force along the needle length. Estimated forces are implemented in the FEM

model as nodal forces and the needle deflection is calculated. This approach is continued

until the needle reaches the final depth.

We can compute the strains and stresses in the notched needle by post-processing the

FEM and estimate the factor of safety of the notched needle as a measure of the strength

of the needle in withstanding the expected loads applied to the needle. The axial stress in

the beam is given by σxx = Eεxx, where εxx is the summation of extensional and bending

components of strain given by (6.2). The factor of safety can be obtained by:

FS =
σTS
σmax

(6.11)

σmax is the maximum stress in the needle, and σTS is the material ultimate tensile strength.
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6.2.2 Results

In this section, needle insertion experiments are performed using the setup shown in Ap-

pendix A, Fig. A.1 to verify the proposed FEM model and evaluate notched needle perfor-

mance in achieving high deflection curvatures. In order to identify the tissue cutting force,

the tissue stiffness per unit length of the needle and the friction force per unit length of the

needle, we follow the approach discussed in Section 3.6. The values of the parameters of

the needle steering model identified for constant insertion velocity of 5 mm/sec and known

mechanical characteristics of the needle are given in Table 6.1.

Results of needle deflection simulations using the parameters given in Table 6.1 are

presented in Fig. 6.4. The simulations are performed for needle deflection in free space

under 0.05 N load and the needle insertion in soft tissue up to a depth of 140 mm without

rotation and with rotation at the depth of 70 mm. Simulations are performed for a standard

needle and a notched needle with 3 sets of notches. Based on the simulation results, the

mean ROCs of the notched needle in and outside the tissue is 53% and 70% smaller than

the standard needle both, respectively. The highest estimated stresses for both needles in

free space are at the needle base and almost similar (∼ 18 MPa). The maximum stress for

notched needle in soft tissue is near the notch closest to the needle tip in insertion with

rotation and is equal to 1.25 MPa. Considering that the maximum strength of a needle

made out of stainless steel Grade 316 is 480 MPa, the safety factor of the proposed notched

needle is 380. This is a relatively high safety factor and ensures the needle will not break

during the insertion.

notches needle

Figure 6.3: The 3D printed template used for carving notches on the needle.

We compare model predictions with experimentally obtained needle deflection to vali-

date the model. In the experiments, sets of 5 equidistant notches with depth 0.3 mm and

width 0.4 mm are manually carved at different locations on the needle shaft. The distance

between each consecutive notch in a single set is selected to be 1.5 mm. Needle insertions
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Table 6.1: Experimentally identified parameters and constant known parameters of the FEM model

Identified Parameters

ES [N/m2] Fc [N.sec/m2] Ff [N/m]

1.190× 105 0.963 4.208

Known Parameters

E [GPa] ` [m] α [◦]

200 0.2 20

I [m4] A [m2]

Un-notched 7.75× 10−14

Notched 6.8× 10−14

Un-notched 4.81× 10−7

Notched 2.40× 10−7

are performed with a standard 18G brachytherapy needle (Eckert & Ziegler BEBIG Inc.,

CT, USA) and 18G brachytherapy needles with 1, 2, and 4 sets of notches. A single set

of notches is carved in the middle of the needle, double sets are carved at the lengths of

66 and 133 mm, and quadraple sets are placed at lengths of 40, 80, 120, and 160 mm.

The procedure introduced in [97] is used to calculate needle deflection from the ultrasound

images. To validate the FEM model, we perform simulations using the parameters given

in Table 6.1 and compare the results with the experimentally obtained needle deflections.

The results are shown in Fig. 6.5. In the experiments, 6 insertions were performed at a

constant insertion velocity of 5 mm/sec for each needle type.

Table 6.2 summarizes the experimental results. Experimental mean ROC, ROCexp,

model predictions mean ROC of the deflected needle, ROCmodel, as well as the prediction

error, ROCerror, and root mean squared error (RMSE) of predicting ROC during the needle

insertion are reported. The needle ROC reported in here and commonly assumed to be

constant in the literature is the needle ROC in the local frame of the needle tip. The

needle trajectories seen in in Fig. 6.5 are from a point of view of a fixed inertial-frame.

We note that the local tip frame and the global inertial frame coincide when the insertion

velocity is constant and the needle is not rotated. Thus, the data for the needle insertions

without rotation are used to identify the needle’s ROC. Throughout this chapter, the ROC

is calculated by fitting a circle to the global needle deflection when the needle is not rotated
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(c) Needle in soft tissue with axial rotation

Figure 6.4: Results of FEM model simulations. Simulations are performed for a standard needle and

a notched needle with 3 sets of notches. The FEM model consists of 120 elements and the insertion is

performed at 0.25 mm steps. A tolerance of 10−4 mm and a maximum allowable iteration number of

100 (per each insertion increment) are used in the FEM analysis and the iteration procedure. (a) Needle

deflection in free space under 0.05 N load applied to the needle tip. (b) Needle insertion in soft tissue up

to a depth of 140 mm without rotation. (c) Needle insertion in soft tissue up to a depth of 140 mm with

rotation at the depth of 70 mm.

using nonlinear least-square method.

We also performed some experiments involving 180◦ axial rotation of the needle. A

notched needle with two sets notches is inserted to a total depth of 140 mm at a speed of 5

mm/s, while either a single rotation is performed at a depth of 80 mm, or double rotations

are performed at depths of 30 and 80 mm. 10 needle insertions are performed for each

scenario. The maximum error in predicting the tip position is 1.74 mm at a depth of for

insertion with double rotations.

The experimental results show that carving four sets of equally spaced notches on the

needle shaft improves the needle deflection curvature by 67%. The FEM model is capable
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Figure 6.5: A comparison of experimentally-obtained needle deflections and the corresponding model

predictions for (a) needles with 0, 1, 2, and 4 set(s) of notches without rotation, and (b) needle with 2

sets of notches with single rotation at a depth of 80 mm and double rotations at depths of 30 and 80 mm.

Error bars denote standard deviation.

of predicting the needle curvature with an accuracy of of 89%. The largest deviation in

final tip deflection was observed for the needle with one set of notches (6%).

6.3 Design of Notched Needles

The FEM model presented in Section 6.2 accepts the notch geometry (e.g., notch depth,

width, and the location of the notches on the needle shaft) as the initial parameters. In

this section, the model is employed in an optimization algorithm to estimate the number

of notches and the optimal geometry of the notches required to achieve the highest possi-
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Table 6.2: Comparison of experimental data and model predictions.

Number of

Notch Sets
ROCexp ROCmodel ROCerror RMSE [mm]

0 616 583 5.3% 6.85

1 452 478 5.7% 3.01

2 367 340 7.3% 4.09

4 205 233 10% 7.64

ble curvature (or lowest ROC), while maintaining a reasonable safety factor. We will use

the particle swarm algorithm (PSO) to calculate optimal design soloution. PSO was first

proposed by Kennedy and Eberhart [101] and has been proved to be useful on diverse engi-

neering design applications such as structral shape optimization and topology optimization

[102]. In the following, we introduce the optimal problem for designing the notches and

briefly discuss a modified PSO algorithm for solving the optimal problem.

6.3.1 Optimal Notch Design

The notched needle design involves carving several sets of notches on different locations

on the needle shaft. Each set includes several consecutive notches. It is assumed the

notch width and depth are both 0.5 mm. These design parameters are assumed constant

to ensure the needle can provide a safe channel for delivering payloads with a diameter

bigger than 0.5 mm. In the optimal design problem the number of sets of notches (Ns), the

number of notches in each set (Nn), the distance between notches in each set (dn), and each

sets location on the needle shaft (ds) are being optimized towards the minimization of the

mean needle ROC during needle insertion to the depth of 140 mm. The number of sets and

notches in each set are integers and varies between 1 and 10. To restricts the optimization

to feasible solutions, constraints are imposed on the distance between the notches in each

set [0.5, 5] mm and the notch sets’ locations on needle shaft [0, 200] mm.

In total, the problem has variable dimentionalty of 13 (maximum of 10 different notch

set locations, the distance between notches, the number of notches, and the number of
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sets). The optimal problem can be programmed as a mixed integer constrained nonlinear

optimization problem:

cost(
−→
X ) = min−→

X

ROC(
−→
X ) + Λ

1

FS(
−→
X )

subject to A.
−→
X ≤ b

where
−→
X = (Ns, Nn, ds, dn),

Ns, Nn ∈ N, dn ∈ R, ds ∈ R10

(6.12)

A is a m-by-13 matrix, where m is the number of inequality constraints and b is a vector

of length m. Λ is a weighting parameter that penalizes low safety factors.

The PSO makes use of velocity vector
−→
V to update the particles’ position

−→
X in a swarm.

Each particle corresponds to an initial solution of the optimal problem. The position of a

particle i at iteration k + 1 is updated by

−→
X i

k+1 =
−→
X i

k +
−→
V i
k+1 (6.13)

Velocity is updated based on the memory gained by each particle, as well as the knowledge

gained by the swarm as a whole. Velocity for each particle is given by

−→
V i
k+1 = w

−→
V i
k + c1r1(

−→
P i
k −
−→
X i

k) + c2r2(
−→
P g
k −
−→
X g

k) (6.14)

−→
V i
k is the velocity at iteration k, r1 and r2 represents random numbers between 0 and 1,

−→
P i
k and

−→
P g
k denote the best ever particle position and global best position up to iteration

k, respectively. c1 and c2 are constants and vary between 0 and 1. w is the inertia weight.

Based on the particle and velocity update rules and the optimal problem in (6.12), the

algorithm is constructed.

In Algorithm 6.1, three modifications are performed (compared to the standard PSO

algorithm) to satisfy the constraints.

1. All the design variables for each particle are randomly initialized to satisfy the lower

and upper bounds imposed by the constraints.

2. In calculating
−→
P i and

−→
P g, only the feasible particles that satisfy the constraints are

counted.
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Algorithm 6.1: Particle Swarm Optimization

1 Initialize all particles
−→
X i

0 =
−→
Xmin + r(

−→
Xmax −

−→
Xmin),

−→
V i

0 = 0, k = 0

2 while k < Max iteration do

3 for ∀
−→
X i

k ∈ swarm do

4 if A.
−→
X i

k ≤ b then

5 if cost(
−→
X i) < cost(

−→
P i) then

6
−→
P i =

−→
X i

7 if cost(
−→
X i) < cost(

−→
P g) then

8
−→
P g =

−→
X i

9 for ∀
−→
X i

k ∈ swarm do

10
−→
V i
k+1 = w

−→
V i
k + c1r1(

−→
P i
k −
−→
X i

k) + c2r2(
−→
P g
k −
−→
X g

k)
−→
X i

k+1 =
−→
X i

k +
−→
V i
k+1

11 if A.
−→
X i

k+1 ≤ b then

12 w = 0

13 Go to 14

14 k = k + 1

3. The velocity vector of a particle that violates the constraints is restricted to a usable

direction that will reduce the cost function while pointing backwards to feasible direc-

tions [103]. During the iterations, a new position for the violated constraint particles

is defined by setting the inertia parameter w in (6.14) to zero. The new velocity is a

weighted average of previous particles and points toward feasible regions of the design

space. To update discrete design variables, a criterion known as the Nearest Vertex

Approach (NVA) is used [104]. The NVA approximates the discrete-domain location

to the nearest integer of the local discrete variable on the basis of the Euclidean dis-

tance. This method is used for the two aforementioned discrete variables, namely,

the number of sets of notches (Ns) and the number of notches in each set (Nn).
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Figure 6.6: Results of PSO optimization for estimating optimal needle ROC with respect to notch geometry

and placement.

6.3.2 Optimization Results

Using Algorithm 6.1, the optimization is performed to estimate the optimal notch positions

for achieving the maximum allowable deflection curvature. Both c1 and c2 in (6.14) are 0.5

and the inertia weight w is initially equal to 0.1. The number of particles in the swarm is

20 and the maximum number of iterations is 120. Fig 6.6 shows the best solutions (optimal

ROC) at different steps of the simulation. The global best ROC after 100 iterations is 131

mm for 5 sets of 6 notches. The center of the notch sets are placed at 88, 106, 153, 170,

190 mm on needle shaft. The width of the notches is 0.5 mm and the distance between

each notch in a set is 1.5 mm. The estimated safety factor of the optimal solution is 285.

We will use this needle in the following section to perform controlled needle steering with

obstacle avoidance.

6.4 Steering and Obstacle Avoidance

In this section, we briefly introduce an online motion planner used for ultrasound-guided

needle steering. The motion planner is a modified version of the planner introduced in Sec-

tion 5.3. Using the planner, several controlled experimental needle insertions are performed

to validate the efficiency of the notched needles in maneuvering obstacles.
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Figure 6.7: Block diagram of the needle steering system.

6.4.1 Online Motion Planner

A schematic of the proposed needle steering scheme is shown Fig. 6.7. The setup shown

in Fig. A.1 is used to axially rotate the needle at appropriate depths during the insertion

with the aim of minimizing targeting error while maneuvering the needle around anatomical

obstacles. An online motion planner is used to calculate the control inputs (i.e., appropriate

rotation depths) during the needle insertion. Given the inputs specified preoperatively (e.g.,

target and obstacle locations), the motion planner computes a large number of plans using

the well-known kinematics based model of needle deflection [7] and selects the best plan

using the Rapid Random Tree (RRT) algorithm [105]. The output of the planner is the

set of needle 180◦ rotation depth(s) that steers the needle to the target while avoiding

obstacles. The kinematics-based model described in Section 2.1 assumes the needle moves

on a path with a constant ROC. The only parameter of the model is the needle ROC [7]

that is calculated in previous sections. The model has been widely used for image-guided

needle steering in tissue [14, 32].

To design the online motion planner, the needle steering problem is defined in the needle

configuration space, C. Assuming the needle moves in the 2D insertion plane, the needle

workspace is a Euclidean spaceW = R
2. The configuration space, C, is the space of possible

control actions (i.e., depth(s) of needle rotation(s)), whose values identify the configuration

of the needle tip in the workspace. The motion planning problem is: given an initial and a

target position of the needle tip in W , find (if it exists) a sequence of needle axial rotations
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that steers the needle between the initial and target positions while avoiding collisions

with the obstacles. Considering symmetry of rotation depths (e.g., rotations at depths of

40 and 80 mm and rotations at 80 and 40 mm are equal) the configuration space is an

n-dimensional simplex, where n is the number of rotations. For instance, if the maximum

allowable number of rotations is 3, the configuration space forms a tetrahedron. Fig. 6.8

shows the workspace and Fig. 6.9(a) shows the configuration space for maximum of 3

rotations. The motion planner searches through the configuration space to find a sequence

of rotation depths that steers the needle toward the target position while avoiding collisions.

In order to solve the planning problem we decompose the configuration space into several

disjoint cells. Assuming the distance between two consecutive rotations is at least 5 mm

we can decompose C into several smaller simplices shown in Fig. 6.9(a).

In order to characterize paths that represent a solution in the configuration space –

those that avoid collisions between needle tip and obstacles – it is necessary to build the

image of the obstacles in the configuration space. Assuming the obstacles are closed, we

define Cobs as the union of all subsets of the configuration space that cause a collision. To

find the Cobs we estimate the needle trajectory using the FEM model at every vertex in the

decomposed configuration space. The boundary of Cobs is the locus of configurations that

put the needle in contact with an obstacle. Same approach can be used to find the goal

region in configuration space. The goal region is defined as a set of rotation depth that will

lead the needle tip to the proximity of the target while avoiding obstacles (see Fig. 6.9(b)

and 6.9(c)). Now we can use the RRT algorithm to search the obstacle free space in C and

find the optimal solution that steers the needle toward goal region. Description of the RRT

motion planner algorithm is given in Algorithm 6.2.

The inputs of the RRT are the current depth D0, the number of allowed rotations

N , and the computation time available for planning Tmax. The algorithm builds the free

configuration space , Cfree, which is the subset of C that does not cause a collision. Then

it generates a random candidate qrand from the N-dimentional configuration space. Next,

Near Vertex runs through all the vertices (candidate rotation depths) in Cfree to find

the closest vertex to qrand. New Conf produces a new candidate configuration qnew on the

segment joining qnear to qrand at a predefined arbitrary distance δ from qnear. The random
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Algorithm 6.2: Motion Planner

1 Initialize configuration space

2 Cfree = C(N,D0)− Cobs
3 while qgoal = ∅ ∧ t < Tmax do

4 qrand = Rand conf(Cfree) qnear = Near Vertex(qrand, Cfree)

qnew = New Conf(qrand, qnear) path = Needle model(qnew, ROC)

T ← Add Vertex(qnew)

5 if path ∈ Goal then

6 qgoal = qnew

7 Update T

tree T is expanded by incorporating qnew and the segment joining it to qnear. Next, needle

tip path and targeting accuracy are obtained by inputting the selected rotation depths in

the kinematics-based model of needle steering. When the needle path for the newly added

configuration is found to lie in the target region (Goal), or when the computation times

exceeds Tmax the RRT planner terminates. Once the algorithm stops, the output qgoal

contains the best set of rotation depths that will bring the needle towards Goal region.

RRT expansion procedure results in a very efficient exploration of C and the procedure for

generating new candidates in RRT is intrinsically biased toward regions of C that have not

been visited.

6.4.2 Results

Two scenarios are used in the experiments to validate the performance of the notched

needle in enhancing targeting accuracy in needle steering.

1. The needle is steered on a straight line to reach a target placed at a depth of 140

mm.

2. The needle is steered to reach a target at the depth of 140 mm while avoiding the

obstacle in the proximity of the target.
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Figure 6.8: Needle workspace in prostate brachytherapy in coronal and transverse plane. In brachytherapy

the needle passing through a grid template is inserted in tissue, such that radioactive sources loaded in

the needles can be placed near the tumor. The grid template has 13 holes placed 5 mm apart. In the

transverse plane, the MR image with the narrowest pubic arch section is overlaid on that with the largest

prostate contour in one patient. The image was obtained with the patient in the supine position. The

angles of the right and left pubic arches are 40◦. The patient has 10 mm overlap of the pubic arch with

the prostate margin.

The 1st scenario is similar to conventional needle insertion in prostate brachytherapy,

where the needle should be inserted along a straight line within the tissue. The 2nd scenario

represents needle steering when there is a severe PAI. PAI is common when the prostate

volume is larger than 50 cm3[43]. PAI is also observed in the presence of a narrow pubic arch

even in patients with a small prostate volume [106]. Brachytherapy is often not presceribed

in case of PAI. PAI occurs in less than 10% of patients with early signs of prostate cancer

[106]. Here, to validate the performance of the notched needles in obstacle avoidance we

simulate a very severe case of PAI reported in the literature [106] (see Fig. 6.8).

In this scenario, there is a 10 mm interference between pubic arch and the prostate.

The right and left angles to the inner border of the pubic arch are 40◦. The prostate is 44

mm in width, 31 mm in height, and 38 mm in length. The prostate dimentions are selected

based on the average prostate size reported for men between the ages of 40 and 50 [107].

The 2 mm circular target is placed on one side of the prostate in a plane in the middle of
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Figure 6.9: (a) Needle configuration space for a maximum of 3 axial rotations and a maximum insertion

depth of 140 mm. (b) The configuration space for needle insertion from grid 5 with obstacle avoidance for

the scenario shown in Fig. 6.8. The regions of obstacle collision and goal achievement are shown in red

and green, respectively.(c) The configuration space for insertion of the notched needle from grid 5 with

obstacle avoidance for the scenario shown in Fig. 6.8. (d) Comparison of offline path planning with the

notched and standard needle. Number of possible solutions, i.e, sets of rotation that will steer the needle

to the target while avoiding obstacles, are shown with respect to the selected template grid for insertion

(see Fig. 6.8)

the prostate that contains the largest prostate contour.

Results of the offline simulation of the motion planner with and without an obstacle are

shown in Fig. 6.9. The goal is to steer the needle towards a target placed at a depth of 140

mm in the presence of PAI. In the simulations, the maximum allowable number of rotations
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is 3 and we used the FEM model of notched needle described in Section 6.2 to calculate the

obstacle and the target region. We build the obstacle collision region (Cobs) and the goal

region through an exhaustive offline search. We estimate the needle trajectory using the

FEM model at every node in the decomposed configuration space. In the simulations, the

needle is inserted from grid point number 5 in the template (see Fig. 6.8). Based on the

simulation results shown in Fig. 6.9(b) and Fig. 6.9(c), the obstacle region for both needles

are almost the same. However, the target region for the notched needle is 215% larger than

the standard needle target region, which indicates that the possibility of reaching to the

target with the notched needle is more than the standard needle in the presence of PAI.

The number of possible control actions (i.e., sequence of rotation depths that steer the

needle to the target) as a function of the insertion point (i.e., the grid number) for the two

needles is shown in Fig. 6.9(d). The number of the possible control actions is significantly

larger for the notched needle regardless of the insertion location. The best grid points for

the notched needle and the standard needle are 8 and 7, respectively. We will use these

grid points in the experiments.

Results of needle steering experiments for the notched needle designed in Section 6.3 and

the standard 18G brachytherapy needle are shown in Fig. 6.10 and Fig. 6.11, respectively. In

the experiments, the online motion planner is used to steer the needle. The planner uses the

Kinematics-based model and the ROC for the needles are 583 and 131 mm, respectively (see

Sections 6.2.2 and 6.3.2). Experimental results for the two scenarios and the two needles

are summarized in Table 6.3. The mean targeting error for 10 insertions emean, maximum

targeting error emax, and mean of out of plane deflection for 10 trials eout are reported. The

maximum targeting error for the notched needle in the first and second scenario are 1.21

mm and 1.85 mm, respectively. Also, the maximum out of plane deflection for the notched

needle is 1.35 mm and occurs in the needle steering with obstacle avoidance.

6.5 Concluding Remarks

The experimental validation results described in Sections 6.2.2, and 6.4.2 demonstrate that

the notched needle is able to achieve higher deflection curvature in soft tissue than the
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Figure 6.10: Representative experimental needle steering results for needle insertion on a straight line (a)

notched needle, (b) standard 18G brachytherapy needle. Corresponding controller input command (i.e,

needle axial rotation), needle out-of-plane deflection, and insertion velocity are shown in the figures.

standard needle (75% smaller ROC). We compared the performance of the designed notch

needle with a standard brachytherapy needle in two different case studies. The first case

intends to steer the needle on a straight line. The second case steers the needle toward
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(a) Notched needle


(b) Standard needle

Figure 6.11: Representative experimental needle steering results for needle insertion with obstacle avoidance

for (a) notched needle, (b) standard 18G brachytherapy needle. Corresponding controller input command

(i.e, needle axial rotation), needle out-of-plane deflection, and insertion velocity are shown in the figures.

a target partially obscured by an anatomical obstacle. Both needles showed the same

performance for the first scenario. However, in the second scenario the motion planner

mostly fails to steer the standard needle to the target in the presence of PAI (see Fig. 6.11).

40% of the insertions using the standard needle collides with the obstacle and the minimum
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Table 6.3: Comparison of experimental data and model predictions.

Notched needle Standard needle

1st scenario 2nd scenario 1st scenario 2nd scenario

emax 1.21 1.85 1.16 5.6

emean 0.90 1.26 0.85 4.1

eout 0.62 1.35 1.05 1.67

σ 0.25 0.46 0.28 0.77

targeting error when the needle passes the obstacle is 3.80 mm, which is 3 times more than

the notched needle. Changing the point of entry can increase the needle insertion accuracy.

We performed several other insertions from different grid points. 5 insertion trials were

performed for each grid point. Changing the point of entry for the standard needles from

7 to 5,6, and 8 increased the possibility of collision. Results demonstrate that 47% of the

insertions made from the grid points No. 5, 6, and 8 lead to collision, unlike the insertions

from grid point 7 where no collision was detected. Thus, grid point 7 is more suitable for

standard needles.

In most needle-based interventions such as prostate brachytherapy, the target is typ-

ically defined on a straight line starting at the entry point in tissue and up to a certain

depth. The grid template placed outside the tissue is used to position the needle in a

fixed insertion plane that contains the target. However, due to many factors such as nee-

dle/tissue reaction forces and tissue in-homogeneity the needles bend out of the deflection

plane and reduce needle insertion accuracy. The designed notched needles tend to bend

in one plane and have less out-of-plane deflection compared to the standard needles. Con-

ventional needles have constant isotropic flexural strength. However, the designed notched

needles have less flexural strength in the needle deflection plane and more strength in the

plane normal to the needle deflection plane. The notches on the needle shaft reduce the

overall needle’s flexural strength defined as the needle’s modulus of elasticity times second

moment of inertia (EI). The notches are carved in a plane that is perpendicular to the

deflection plane (i.e., normal to the bevel, see Fig. 6.1 ). Thus, the second moment of
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Figure 6.12: A comparison between out-of-plane deflection of the notched needle and the standard needle.

Experimental data for 10 trials are reported. Red line indicates median error, blue box indicates 25th and

75th percentile, and whiskers indicate minimum and maximum error.

inertia in the deflection plane is smaller than the normal plane. For a notch with a depth

of 5 mm, the needle flexural strength in the deflection plane in the proximity of the notch

is 417% smaller than the flexural strength in the normal plane. Thus, the notched needle

is more resistant to out-of-plane deflection and is disposed to bend in one plane. Fig. 6.12

shows the mean and the standard deviation of the out-of-plane deflection for the notched

needle and the standard needle in needle insertion on a straight line for 10 trials. Based on

the results, the notched needle shows less out-of-plane deflection compared to conventional

needles.

In designing the notched needles, it is assumed that the notch width and depth are both

0.5 mm, which is smaller than the inner diameter of the needle. These design parameters

are assumed constant to ensure the needle can provide a safe channel for delivering payloads

with a diameter bigger than 0.5 mm, which is the case for radioactive seeds in prostate

brachytherapy. However, there is a risk of leaking for delivering or preserving liquids. This

can be avoided by coating the needles with super-elastic materials that does not increase

needle rigidity but reduce the chance of leakage. Feasibility of silicone coating of surgical

needles has been previously studied in the literature [108]. A soft coating also reduces the

contact between the notches and the tissue, thus, eliminating the possibility of damaging

the tissue. We intend to investigate the possibilities of coating the notched needles in future

work.

In the next chapter, we will use the notched needles with a novel needle steering system
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to robotically steer the needle in 3D space.
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Chapter 7

3D Geometric Modeling and Robotic

Needle Steering

7.1 Objectives

The 3D needle steering system is a highly nonlinear constrained system and most of the

system states, namely, needle tip position and orientation, cannot be directly measured

from 2D imaging systems. Thus, most of the previous needle steering strategies studied in

the litrature can only steer the needle in 2D and neglect needle deflection out of the 2D

plane [11,31,32,36]. In some of the previous works, researchers assumed that all the needle

states can be directly measured using electromagnetic tracking systems [15,34], even though

this limits the application of the needle steering controller in clinical practice. Several

3D needle steering algorithms are developed by incorporating image-based algorithms for

calculating the needle pose in 2D ultrasound images and consequently estimating unicycle

model parameters [14, 37]. However, no proof of convergence or stability were provided.

Also, to the best of the author’s knowledge, none of the previous studies propose a method

for correcting final targeting error that can occur due to many factors such as uncertain

tissue interactions or target motion.

In this section, we propose a nonholonomic model of needle steering that is fully con-

trollable. We show that this type of system cannot be asymptotically stabilized using a
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continuous state feedback. Then, we present two different type of controllers for 3D needle

steering:

1. Nonlinear feedback-linearization-based controller: The proposed model is presented

in a local coordinate system using the Serret-Frenet frame. By means of this transfor-

mation, the needle steering problem is converted to the regulation of the distance from

a desired curved trajectory. Then, using the transformed model, a novel nonlinear

controller is developed to steer the needle in 3D while avoiding anatomical obsta-

cles. The performance of the proposed approach is verified through several simulated

scenarios.

2. Geometric controller for 3D needle steering via retraction/insertion: A two-step con-

troller is proposed for 3D needle steering. The proposed approach implements needle

retraction/insertion motion to correct any undesired targeting errors. The proposed

3D needle steering system can be used in all clinical needle insertion scenarios to

improve needle steering accuracy and extend the application of needle-based inter-

ventions to deeper or more difficult-to-reach targets. The needle steering system relies

only on 2D ultrasound images to steer the needle. Inspired by clinical needle inser-

tion, the designed controller inserts the needle up to the desired depth and as close as

possible to the desired target location, and later performs a series of retraction and

insertion motions that guides the needle toward the desired point. To the best of the

author’s knowledge, this is the first 3D needle steering system that incorporates the

retraction/insertion of the needle – which is common in clinical needle insertions – to

precisely steer the needle to a desired point. The proposed insertion/retraction based

controller can also be combined with previous 3D [14, 15, 34] or 2D planar needle

steering strategies [31, 37] to enhance their targeting accuracy. The stability of the

control system is shown and several needle insertion experiments are performed to

validate the needle steering system.

This Chapter is organized as follows: Section 7.2 describes the 3D kinematic model

of needle steering. Section 7.3 details the feedback-linearization-based controller. This

includes the conversion of the system into the chained form, the control law that allows
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the path following, and the controller validation results. Section 7.4 details the geometric

controller, including the details of a geometric reduction method used to transform the

system to a normal form, design of the controller, simulation results, and experimental

validation results. Concluding results appear in Section 7.5.

7.2 Nonholonomic Model of Needle Steering

Here, we present a nonholonomic model of needle steering based on the bicycle-like model

of needle steering first presented in [7]. The bicycle model is a generalization of a nonholo-

nomic mobile robot model and assumes that the needle is torsionally stiff and the insertions

and twists applied to the needle base are directly transmitted to the tip. The motion of the

needle is then determined only by the motion of the needle tip. The needle tip bends under

the asymmetric distribution of forces applied to the beveled tip and follows a path with a

constant radius of curvature in a plane defined by the orientation of the needle beveled tip.

To track a desired 3D trajectory using the bicycle model, one needs to control the needle

tip position and the needle tip orientation (6 states of the system). However, tracking the

needle tip with a 2D imaging systems typically enable us to measure only the position of

the needle and not its orientation. Here, inspired by the work in [6, 7], we introduce a

reduced-order nonholonomic model of needle steering that is later used to design a needle

steering controller.

Fig. 7.1 shows a schematic of 3D needle steering in tissue. A global inertial coordinate

frame xyz is fixed on the needle point of entry in the tissue and a local body-fixed frame

x′y′z′ is attached to the needle tip. The two frames initially coincide. Let v, ω ∈ R denote

the needle insertion and rotation velocities expressed in the local frame. The beveled tip

of the needle always lies in the local x′y′ plane. Thus, the needle tip follows a path in

the x′y′ plane and the needle rotation around the y′-axis is assumed to be negligible. The

configuration space of the needle tip is given by Q = R3 × S1 × S1 and is parameterized

by the general coordinates q = [x, y, z, φ, θ]T , denoting the position of the needle tip in 3D,

the orientation of the needle tip (roll angle), and the angle of the needle tip as it deflects

(pitch angle).
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Figure 7.1: A schematic of needle steering in tissue. An inertial coordinate frame xyz is fixed at the needle

point of entry and the needle tip position is [x, y, z]T ∈ R
3. a local body-fixed frame x′y′z′ attached to

the needle tip initially coincides with the inertial frame. The needle is inserted and follows a constant

curvature path in x′y′ plane while rotating around the z′-axis with an angle of θ. The needle can also

rotate axially about x′ by an angle φ. Needle rotation about the y′-axis is restricted by the surrounding

tissue and is assumed to be negligible. The needle tip motion can be fully defined by a set of generalized

coordinates q = [x, y, z, φ, θ]T .

The needle tip follows a constant curvature path along the x′ axis of the local frame

at the velocity of v. It is also assumed that during the insertion, the needle tip rotation

around z′ axis is a linear function of the needle insertion velocity [7]:

θ̇ = κv (7.1)

κ is the needle tip deflection curvature, which depends on the mechanical characteristics of

the tissue and the needle. The needle tip follows a constant curvature path along x′ axis at

the velocity of v and the needle tip velocity is zero in y′ and z′ directions. Thus, we have

RT [ẋ ẏ ż]T = [ẋ′ ẏ′ ż′]T = [v 0 0]T (7.2)

R is the rotation matrix corresponding to two consecutive rotations around the local x′

and z′ axes and allows to rotate any vector from the local needle tip frame to the global

coordinate frame. Using (7.1) and (7.2), we can construct the following set of Pfaffian

constraints

A(q)q̇ = 0 (7.3)
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where

A =


−Cθ SθCφ SθSφ 0 − 1

κ

−Sθ CθCφ CθSφ 0 0

0 −Sφ Cφ 0 0

 (7.4)

Throughout this chapter, shorthand notations S and C describe sin(·) and cos(·), respec-

tively.

Equation (7.3) defines three nonholonomic constraints that decrease the system degree

of freedom (DoF) from 5 to 2. However, they do not introduce any loss of accessibility in Q.

Considering the 5-dimensional configuration space, the admissible generalized velocities at

each configuration q ∈ Q belongs to the 2-dimensional null space of matrix A(q). Denoting

by {g1(q), g2(q)} a basis of the null space N (A(q)), the admissible trajectories for the needle

tip can be characterized as the solution of g1(q)u1 + g2(q)u2, where u1 and u2 ∈ R are the

input vectors for the two remaining DoFs. The bases of N (A(q)) can be easily calculated

from (7.4) as

g1(q) =[Cθ SθCφ SθSφ 0 κ]T

g2(q) =[0 0 0 1 0]T
(7.5)

The bases are not unique. However, with the above selected bases, the input vectors have a

clear physical interpretation and are equal to the insertion velocity v and the axial rotation

velocity ω. Now using (7.5), we can build the nonholonomic model of needle steering as



ẋ

ẏ

ż

φ̇

θ̇


=



Cθ

SθCφ

SθSφ

0

κ


v +



0

0

0

1

0


ω (7.6)

Let qe denote an equilibrium solution of the system in (7.6) corresponding to v = ω = 0.

The following observations can be made about the nonholonomic system:

1. Using successive Lie brackets, it can be shown that the rank of the system’s accessibility

distribution is 5. Thus, the system is strongly accessible at qe. Also, the system has

141



a nonholonomy degree of 3 and the constraint distribution given in (7.3) is completely

nonholonomic.

2. The system in (7.6) is driftless and affine in the inputs. Considering the accessibility

rank, the system is controllable at qe.

3. Based on the Brockett’s theory (see [109]), a necessary condition for the existence

of c1 asymptotically stabilizing feedback law for (7.6) is that the image of the mapping

(q, v, w) → (vCθ, vSθCφ, vSθSφ, ω, κv) contain some neighborhood of qe. The system fails

to satisfy this condition. For instance, in a neighborhood of zero, where κv = 0, i.e., v = 0,

no points of the form [ε 0 0 0 0]T , ε 6= 0 are in its image. Thus, the nonholonomic system

is not asymptotically staibilizable using a smooth feedback law.

Based on the above discussion, a single equilibrium of (7.6) cannot be asymptotically

stabilized using linear feedback, feedback linearization, or any other control approach that

uses smooth feedback. One can stabilize such a system to an equilibrium sub-manifold of

the system via smooth feedback [110, 111] or use switching control to stabilize the system

on an equilibrium point [112]. Another option is to transform the model into a form that

is continuously stablizable [113].

In the next sections, we use the model to design two different needle steering con-

trollers. In the first approach, we transform the reduce-order model of needle steering,

using a Frenet-Serret frame placed on an arbitrary desired 3D trajectory. By means of

the transformation to the Frenet-Serret frame, the needle steering problem is converted to

the regulation of the distance of the needle tip from a desired curved trajectory without

the need for observing or direct control of the needle tip orientation. Later a nonlinear

controller is developed for stabilizing the transformed system. In the second approach, first

we transform the system’s model to a normal form that is easy to analyze. Next, inspired

by the work in [110] and [112], we will design a two-step controller for 3D needle steering

that entails: 1) Smooth stabilization of the needle on an equilibrium manifold with desired

predefined features and 2) stabilizing the needle on an equilibrium point in the manifold

via a non-smooth feedback law that involves the retraction/insertion of the needle.
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7.3 Feedback-Linearization-based 3D Needle Steering

7.3.1 Transformation to Frenet-Serret Frame

Here, we transform the reduce-order model of needle steering, using a Frenet-Serret frame

placed on an arbitrary desired 3D trajectory. By means of the transformation to the Frenet-

Serret frame, the needle steering problem is converted to the regulation of the distance of

the needle tip from a desired curved trajectory without the need for observing or direct

control of the needle tip orientation. In differential geometry, the Frenet-Serret frame is

commonly used to describe the kinematic properties of a particle moving along a continuous,

differentiable curve in 3D. Following this approach, the needle tip motion is expressed in

terms of the desired path parameters (curvilinear abscissa s, path curvature c, and path

torsion τ).

Figure 7.2: Illustration of the needle path following problem.

The needle tip and the path (P) to be followed are presented in Fig. 7.2, where {F} is

the orthogonal projection of the needle tip frame {N} on the path. The tangent, normal,

and bi-normal unit vectors of the Frenet-Serret frame associated with {F} are t, n, and b.

Let dn and db denote the signed distances between frame {N} and the origin of frame {F}.
Let s be the path’s abscissa, c the path’s curvature, and τ its torsion. c and τ are assumed

to be continuous bounded functions of s with bounded derivatives. Based on Frenet-Serret
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formulas, the angular velocity of F is given by FWF = [τ ṡ 0 cṡ]T . The goal of the path

following problem is to set the needle tip distance from the path (dn and db) to zero, while

aligning the linear velocity of the needle tip v with the tangent of the reference path t via

manipulation of needle tip angular velocity ω.

Let FRN(φe, ψe, θe) be the rotation matrix from the Frenet-Serret frame to the needle

frame, which aligns the velocity vector and tangent vector to the path t. FRW is locally

parameterized by Z-Y-X Eulerian angles. Writing the linear velocity of the needle frame

in the Frenet-Serret frame yields

FRN(φe, ψe, θe)
NVN = FVF +

dF
−−→
FN

dt
+ FWF × F−−→FN (7.7)

where NVN = [v 0 0]T is the vector velocity of needle tip in needle frame {N}, FVF =

[ṡ 0 0]T is the {F} frame linear velocity and, F
−−→
FN = [0 dn db]

T is the vector of needle

tip position in frame {F}.

We can also compute the needle frame angular velocity relative to the Frenet-Serret

frame as

NWN,F = NWN − NRF (φe, ψe, θe)
FWF (7.8)

where NWN = [0 0 κv]T +RT (θ)[ω 0 0]T , and NWN,F is given by

NWN,F =


φ̇e

0

0

+RT (φe)


0

ψ̇e

0

+ (R(ψe)R(φe))
T


0

0

θ̇e

 (7.9)

Solving (7.7) for ṡ, ḋn and ḋb and (7.8) for φ̇e, ψ̇e and θ̇e gives the transformed system:

ṡ =
vCθeCψe
1− dnc

(7.10a)

ḋn = dbτ ṡ+ vCψeSθe (7.10b)

ḋb = −dnτ ṡ− vSψe (7.10c)

φ̇e = ωCθ − τ ṡCθeSCψe + κvCφeTψe + ωSθSφeTψe (7.10d)

ψ̇e = ωSθCφe + τ ṡSθe (7.10e)

θ̇e = κvCφeSCψe + ωSθSφeSCψe − ṡτCθeTψe − cṡ (7.10f)
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We note that in (7.10) |dn| < 1/c(s), which means that the transformation exists

if the distance between the needle tip and the desired path P is not too large (smaller

than the lower bound of the curve radii). Also, to avoid singularities in (7.10), ψe, θe ∈

(−π/2, π/2). Finally, we remark that the 3D Serret-Frenet frame transformation presented

here is singular if the trajectory is a straight-line, since the normal direction of the straight-

line could be either right or left direction. One way to avoid the singularity is using a path

with a very small curvature rather than a completely straight line. Another way for avoiding

the transformation singularity is using the parallel transport frame suggested in [114]. In

the next section, we will use the model in (7.10) to design a controller to stabilize the needle

distance from the path, i.e, dn and db, at zero. Note that by means of the transformation

to the Frenet-Serret frame, the needle steering problem is converted to the stabilization of

the coordinates dn and db.

7.3.2 Regulation via Feedback Linearization

The objective of the needle steering controller is to synthesize a control law that allows

the needle tip to follow a desired path in a stable manner, independent of the sign of the

insertion velocity. We select the needle rotation velocity ω as the control input. Consid-

ering the needle insertion velocity v and its derivative are bounded, the needle steering

problem consists of finding smooth feedback control laws ω(v, s, dn, dl, φe, ψe, θe) such that

limt→∞ dn(t) = limt→∞ db(t) = 0.

To design the controller, first the kinematic equations in (7.10) are transformed into

the chain form via a change of state and control variables. The conversion of multi-input

nonholonomic systems into the chained form was first presented by Bushnell et al. [113].

Let us determine a change of coordinates (s, dn, db, φe, θe, v, ω)→ (z1, z2, z3, u1, u2) allowing

to transform (7.10) into the 3-dimensional chained system

ż1 = u1

ż2 = u1z3

ż3 = u2

(7.11)
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First, we set z1 = s. Thus u1 is given by (7.10a). Then, the second state variable is

chosen as z2 = 0.5(d2
n + d2

b). Using (7.10b) and (7.10c) and eliminating ṡ by (7.10b) we

have

ż2 = u1z3 = u1(1− dnc)(dnTθe − dbTψeSCθe) (7.12)

Taking derivative of ż3 in (7.12) with respect to time and replacing ṡ, ḋn, ḋb, φ̇e, ψ̇e and θ̇e

by their values in (7.10), the input u2 is obtained as

u2 = a11ω + a12 (7.13)

where a11, a12, are given by

a11 =− (1− dnc)
[
SCθeSθSCψe

(
Sφe(−dnSCθe + dbTθeTψe) + dbSCψeCφe)

))]
(7.14a)

a12 =
vCψe

1− dnc

{
(dnSθeCψe − dbSψe) (dnc

′ + cdbτ) +

(cdn − 1)Cψe

(
SCθe

(
−(cdn − 1)SC2ψe(dbκSCψeSφe + dnκSCθeCφe) + 1)− 1

)
+

Tθe
(
dbTψe

(
κ(cdn − 1)SCθeSC2ψeCφe + 2c

)
+ (1− 2cdn)Sθe

))}
(7.14b)

We note that for |dn| < 1/c(s) and any θe, ψe ∈ (−π/2, π/2), (s, dn, dl, φe, ψe, θe) →

(z1, z2, z3, ) defines a mapping between R4×(−π/2, π/2)2 and R3. Also, the control variable

involves the derivative of path curvature (c′), whose value is thus needed.

The objective of the controller is to asymptotically bring z2 = 0.5(d2
n + d2

b) to zero and

also ensures that the constraint on the distance to the path (i.e., |dn| < 1/c(s) is satisfied

along the trajectories of the controlled system. We consider the following control law:

u2 = −u1k1z2 − |u1|k2z3, (k2, k3 > 0) (7.15)

It is then immediate to verify that the origin of the closed-loop subsystem is asymptotically

stable when u1 = ṡ, i.e., the velocity along the path is constant.

So far, we have assumed that the insertion velocity v is either imposed or prespecified.

Thus, we can use v in (7.10a) to ensure ṡ is constant. Now, the steering angular velocity

w can be computed from (7.15) as

ω = a−1
11 (u1 − a12) (7.16)
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Based on (7.14a) and following our assumptions that |dn| < 1/c(s) and θe, ψe ∈

(−π/2, π/2), ω in (7.16) is well defined when θ ∈ (0, π/2). Based on (7.6) and consid-

ering the small curvature κ of needle in tissue, this assumption is satisfied when θ(0) > 0.

Thus, it suffices to select a nonzero initial condition for the needle initial pose θ. Also, ω

asymptotically increases when dn(t) = db(t) = 0. This motion, typically known as duty-

cycling, mimics a drilling behavior and stabilizes the needle when the tracking error is zero.

Duty-cycling can increase tissue trauma in real practice. We can limit the needle rotation

velocity in the proximity of the desired path to avoid the drilling motion of the needle.

7.3.3 Simulation Results

In this section, several simulations are performed to validate the proposed needle steering

strategy. We will use the feedback of needle global position (x, y, and z) to control the

needle tip to follow a desired trajectory. During the needle insertion, these values can be

calculated online using an imaging system. By knowing the position of the needle and the

desired path parameters (s, τ and c), the steering angular velocity can be computed from

(7.16).

Three clinical scenarios are simulated:

1. The needle is steered on a straight line to reach a target placed at a depth of 140

mm. This is the most common goal in needle-based interventions, where the needle

should be inserted along a straight line and the needle is only rotated to compensate

for deviations from the straight path.

2. A 10 mm circular obstacle is positioned at a depth of 70 mm between the needle

entry point into the tissue and the target. The needle is steered to reach a target at

the depth of 140 mm while avoiding the obstacle.

3. The needle is steered on a 3D arbitrary curve with a constant radius of curvature.

We note that 3D Serret-Frenet frame transform presented in Section 7.4.1 is singular

if the trajectory is a straight-line. In order to avoid this singularity, we assumed that
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Figure 7.3: Simulated results of needle steering for (a) needle insertion on a straight line, (b) 2D needle

insertion with obstacle avoidance, (3) tracking a 3D path with a constant curvature. desired and actual

needle deflection along y and z, and mean absolute error of tracking are shown in the figures.

Table 7.1: Simulation results. Units are in mm.

1st scenario 2nd scenario 3rd scenario

ey 0.1 0.18 0.11

ez 0.076 0.108 0.095

RMSE 0.081 0.12 0.091

the desired path in the first scenario has a very small curvature (0.0001 mm). In the 2nd

scenario, the desired needle deflection in the z direction is zero and is a circular path with a

radius of 130 mm in the y direction. The needle desired trajectory in the 3rd scenario is a 3D

curve with constant radius of curvature of 600 mm. In the simulations, the needle curvature

(κ) is set equal to 0.002 mm, which is selected based on the experimentally obtained mean

radius of curvature in Section 6.2.2. We introduce 10% error in the measured value of κ

to simulate uncertainty. Also, the maximum allowable rotation velocity is 10 radiant per

second . The results are shown in Fig. 7.3.

Simulation results are summarized in Table 7.1. The maximum error in the y direction,

ey, the maximum error in the z direction, ez, and the root mean squared error (RMSE) of
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tracking are reported. The maximum tracking error is in the y direction in the 2nd scenario

and it is equal to 0.18 mm. This error is below the accepted margin of error in clinical

needle insertions (∼ 5 mm). The results show that the controller is accurate, stable, and

has a satisfactory performance.

7.3.4 Discussion

In this section, we presented the kinematic model of needle steering in a chained format

using a transformation to the Frenet-Serret frame. Then, a feedback control law was

proposed to stabilize the chained system. The proposed method was validated and analyzed

through several simulations. The results show that the controller is accurate and stable.

However, the controller has several drawbacks that limits its application in clinical practice.

The control law is not robust to parametric uncertainty including saturation in the

actuation signal and constant perturbations such as soft tissue reaction forces. Also as the

tracking error goes to zero, needle axial rotation velocity increases toward infinity. This

behavior is typically known as duty-cycling, which mimics a drilling behavior and stabilizes

the needle when the tracking error is zero. Duty-cycling can increase tissue trauma in real

practice and is not desirable. In the next section, we propose another controller that is

more robust against parameter uncertainty and uses minimal control actions in order to

steer the needle toward a designated target.

7.4 Geometric 3D Needle Steering

7.4.1 Transformation to Normal Form

Here, we use a geometric tool known as connections and transform the system’s model to

a reduced form known as the normal form [115]. The theory of connections, which is now

part of the general subject of geometric mechanics, has been helpful in the study of the

behavior of systems with nonholonomic constraints [110]. The presented transformation

has been studied in[116] and is formed by viewing the configuration manifold as the total
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space of a fiber bundle. In the following, a simple introduction of connections with an

emphasis on the aspects that apply to control theory is presented; more details can be

found in [115–117].

In general, connections are associated with mappings, called bundle mappings, that

project larger spaces onto smaller ones, as in Fig. 7.4. The larger space is the bundle Q,

and the smaller space is called the base B. In a trivial case (such as ours), the space Q is

just B × F , where F is the fiber. The similarity between Q and a product space B × F is

defined using a continuous surjective projection Π : Q → B. Directions in the larger space

that project to zero are called vertical directions. The connection is a specification of a set

of directions, called horizontal directions, at each point, which complements the space of

vertical directions [116].

One can view the motion generation in the system in (7.6) as a question of relating

internal changes in a base space to net changes in the bundle. The base space is the control

space in the sense that the path in the base space can be chosen by suitable control inputs.

Assuming the systems configuration space Q is the total space of fiber bundle and the base

space B, parameterized by the local coordinates b, we can divide the general coordinates

to q = (b, p) ∈ R
2 × R

3, where b = [φ θ]T is the base space coordinate and p = [x y z]T

is the fiber coordinate.

Figure 7.4: A graphical representation of the bundle and connections. A connection divides the space into

vertical and horizontal directions.

Motivated by the above discussion, we use (7.6) to write the mapping from the base
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coordinates b to the general coordinates q

q̇ = CT ḃ , (7.17)

where C = [I − J ], I is a 2× 2 identity matrix, and

J =

 0 0 0

−Cθ

κ
−SθCφ

κ
−SθSφ

κ

 . (7.18)

Based on (7.17), the system configuration space solely depends on the evolution of base

coordinates. The base space describes the internal shape of the system and cyclic paths in

this space correspond to the movements that lead to transnational motion of the needle.

In lieu of (7.6), we rewrite the nonholonomic model in a normal form given below using

(7.17)

ḃ =u (7.19a)

ṗ =− JTu (7.19b)

u̇ =U (7.19c)

where U = [κv̇ ω̇].

For a horizontal motion in the bundle corresponding to a cyclic motion in the base, the

vertical motion will undergo a shift in the vertical space V , called the geometric phase (see

Fig. 7.4). The connection w : TQ → V is a vector valued projection from the tangent

bundle of Q onto its vertical part and is given by

w = (dp+ JTdb)
∂

∂p
(7.20)

In terms of coordinates, w maps (ḃ, ṗ) onto (0, ṗ + JT ḃ). Now, suppose we have a loop in

the base with p starting at p0, the geometric phase can be obtained by

pf − po = −
∮
JTdb (7.21)

where pf is the final position in the fiber. (7.21) can be also deduced from (7.19a) and

(7.19b). Based on (7.21), the geometric phase shown in Fig. 7.4 depends on the area
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enclosed by the path in the base space and J . Let γ(φ∗, θ∗) denote the desired closed path

in base space, using (7.18) and (7.21) we have

xf =x0 +

∮
γ

Cθ

κ
dθ (7.22a)

yf =y0 +

∮
γ

CφSθ

κ
dθ (7.22b)

zf =z0 +

∮
γ

SφSθ

κ
dθ (7.22c)

If the closed loop is a path on a square starting at (φ0, θ0) and sequentially moving to

(φ∗, θ0), (φ∗, θ∗), (0, θ∗), (0, θ0), and finally back to (φ0, θ0), using (7.22) we can obtain the

geometric phase

xf =0 (7.23a)

yf =y0 −
1

κ
Cφ∗(C(θ∗)− Cθ0) +

1

κ
(C(θ∗)− Cθ0) (7.23b)

zf =z0 −
1

κ
Sφ∗(C(θ∗)− Cθ0) (7.23c)

We note that based on (7.23), the closed path in the base space will not move the needle

in x direction but shifts the needle in y and z directions. As we will show later, the selected

closed path simulates a retraction/insertion motion and is expected to keep the insertion

depth (i.e., x) fixed. In the remainder of Section 7.4, the geometric phase given by (7.22)

and the normal form of the system in (7.19) will be used to design a retraction/insertion

based needle steering controller. The goal of the controller is to first stabilize the system

on an equilibrium sub-manifold of the system and later stabilize it on an equilibrium point

pe = (xe, ye, ze) in the manifold. The former corresponds to insertion of the needle up to

a desired depth xe and the latter is a retraction/insertion motion that guides the needle

toward a desired equilibrium point in a plane fixed at xe, i.e, pe.

7.4.2 Controller Design

Let q0 = [x0, y0, z0, φ0, θ0]T denote an initial state. The design of a control strategy that

transfers the initial state to an equilibrium point qe = [xe, ye, ze, φe, θe]
T involves the fol-

lowing two-steps:
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1. Stabilize the system on an equilibrium manifold. The equilibrium manifold is selected

based on certain clinical metrics with the intention of steering the needle to the desired

depth, xe, while bringing the needle as close as possible to the desired equilibrium

point (xe, ye, ze). The coordinate of the system on the equilibrium manifold is q1 =

[xe, y1, z1, φe, θe]
T . We are interested in bringing the needle tip to a desired point, not

controlling the needle orientation. Thus, we have freedom in selecting the final base

coordinates (φe, θe).

2. Traverse a closed path in the base space to produce a retraction/insertion motion

that brings q1 to qe.

7.4.2.1 Step 1: Stabilization on a Manifold

In this section, we study the problem of smooth stabilization of the needle to an equilibrium

sub-manifold of Q. The equilibrium sub-manifold is given by

Qe = {(q, q̇) | q̇ = 0, f(q) = 0} , (7.24)

where f(q) is a smooth vector function. We implement the results of [111] to design a

feedback control law such that the closed loop has a locally asymptotically stable point on

Qe.

Proposition 1. The control law

U = −
(
∂f

∂q
CT

)−1 [
∂

∂q

(
∂f

∂q
CT ḃ

)
CT ḃ+K1

∂f

∂q
CT ḃ+K2f

]
(7.25)

with K1 and K2 denoting constant symmetric positive definite 2 × 2 matrices renders

(q, q̇)→ Qe if the transversality condition

det

(
∂f

∂b

)
det

(
∂f

∂q
CT

)
6= 0 (7.26)

is satisfied.

Proof. Considering the system in the normal form (7.19), the mapping (b, p, ḃ)→ (f, p, ḟ)

is a diffeomorphism if

det

(
∂f

∂b

)
det

(
∂ḟ

∂ḃ

)
= det

(
∂f

∂b

)
det

(
∂f

∂q
CT

)
6= 0. (7.27)
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The first and second time derivative of f(q) are

ḟ =
∂f

∂q
CT ḃ (7.28a)

f̈ =
∂

∂q

(
∂f

∂q
CT ḃ

)
CT ḃ+

∂f

∂q
CTU (7.28b)

We used (7.17) in derivation of (7.28) and (7.27). Now, considering the control law in

(7.25), the closed-loop system

f̈ +K1ḟ +K2f = 0 (7.29)

has an asymptotically stable point at the origin, i.e, (f, ḟ) → 0 as t → ∞. Considering

(7.28a) and the system in normal form in (7.19), the system remains bounded for all time,

i.e, q̇ → 0. Therefore (q, q̇)→ Qe as t→∞.

To satisfy (7.26), f(q) in (7.24) should be a smooth 2-dimensional vector function and

include the base coordinates θ and φ. To define f(q), we remark that in practice needles

are inserted at relatively high velocities to eliminate the effect of uncertainties in targeting

error [62], and later retraction/insertions can be made to compensate for targeting errors

(if there is any). Denoting the desired final equilibrium point as qe = [xe, ye, ze, φe, θe]
T and

inspired by clinical needle insertion approach we define f(q) as

f1 =θ + φ+ (y − ye)2 + (z − ze)2 − k0,1 (7.30a)

f2 =θ + (x− xe)2 − k0,2 (7.30b)

The first element of f(q) is defined in order to minimize the targeting error in y and z

directions by modulating θ and φ corresponding to insertion velocity and axial rotation,

velocity, respectively. k0,1 is a constant parameter that can be tuned to increase needle

insertion and axial rotation velocities while minimizing the targeting error. When the

system is stabilized on the equilibrium manifold, i.e.,2-dimentional f1 = f2 = 0, the final

targeting error is equal to k0,1 − θe − φe. The second element aims to smoothly steer the

needle to the desired insertion depth xe. As f2 → 0, needle insertion depth error ‖ x−xe ‖

goes to ±
√
k0,2 − θe. From (7.22a) we can obtain θe = asin(xeκ) at the desired insertion

depth xe. Selecting k0,2 = θe, guarantees the needle insertion depth error goes to zero. It
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can be easily checked that the above selected f(q) satisfies the transversality condition in

(7.26).

Now, considering q1 = [xe, y1, z1, φe, θe]
T as the coordinates of the system on the mani-

fold, in the next section we design a non-smooth controller that steers the needle from q1

to qe.

7.4.2.2 Step 2: Stabilization to a Point

In the previous subsection, a smooth feedback was used to asymptotically stabilize a certain

smooth 2-dimensional manifold Qe in Q. The coordinate of the system on the equilibrium

manifold is q1 = [xe, y1, z1, φe, θe]
T . Here, we design a switching control that brings the

state of the system from q1 to qe = [xe, ye, ze, φe, θe]
T . The control design is based on the a

priori selection of a closed path in the base space.

Here, we use the concept of geometric shift introduced in Section 7.4.1 to select a desired

path in base coordinate γ(φ∗, θ∗) that brings the needle to a desired point. The main goal is

to steer the needle in the base space (φ, θ) on a closed path to produce a desired geometric

phase (0, yd, zd), where yd = ye − y1 and zd = ze − z1.

Considering that the closed path, γ, is formed by the line segments from be = (φe, θe)

to b1 = (φ∗, θe), from b1 to b2 = (φ∗, θ∗), from b2 to b3 = (0, θ∗), from b3 to b4 = (0, θe),

and from b4 back to b5 = be. Then, the geometric phase of the parameterized family is

determined by (7.23). Solving (7.23) for (φ∗, θ∗), one can calculate the desired path in the

base. Solution of (7.23) and the corresponding selected closed path is given in the first row

of Table. 7.2. Note that when yd = ye − y1 < 0 or for |y
2
d+z2d
yd
| > 4

κ
S2 θe

2
, θ∗ is not analytic

and the above described path is not applicable. Different paths can be selected for other

initial conditions. The proposed paths and the corresponding base coordinates calculated

by solving (7.22) in the closed form are given in Table. 7.2. We remark that these paths

are not unique and the desired phase geometry can be achieved via different paths or even

concatenation of a series of closed paths.

Now, considering the bundle projection map, Π : (b, p, u) → (b, u), we define a family
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of feedback functions U∗i such that for any Πq(t0) the solution of

ḃ =u (7.31a)

u̇ =U∗i (Πq) (7.31b)

satisfies Πq(t1) = (bi, 0), where t1 > t0. The feedback function is parameterized by the

vectors bi, i = 1, ..n, where n is the number of line segments in the path. For each bi,

there exists such a feedback function. The control algorithm is constructed by appropriate

switching between members of the family of feedback functions. On each cycle of the

algorithm the particular functions selected depend on the closed path parameters. We

propose the following PD feedback control lawU
∗
i = −k1,i(b− bi)− k2,iḃ, if Πq 6= (bi, 0)

U∗i = 0, if Πq = (bi, 0)

(7.32)

where k1,i and k2,i, i = 1, ..n, are arbitrary positive constants. It can be easily seen that

the above feedback law asymptotically stabilizes (7.31). Now, we can construct the control

algorithm as follows

Algorithm 7.1: U ←Control algorithm (qe, q1, ε)

1 while ‖qe − q1‖ > ε do

2 Select (φ∗, θ∗) from Table 7.2 to achieve desired geometric phase

3 Construct the closed path bi, i = 1, ..n

4 for i = 1, ..., n do

5 U = U∗i (Πq) until Πq = (bi, 0)

6 q1 ← q

The inputs to the controller are the desired equilibrium point qe, system’s initial state

on the equilibrium manifold q1, and a tolerance ε which, if crossed, the goal equilibrium qe

is reached and the controller stops retraction/insertion.

Now, let us highlight a few interesting aspects of the retraction/insertion paths il-

lustrated in Table 7.2. Conditions 1 and 2 are designed for needle retraction/insertion.
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Table 7.2: Closd paths and corresponding base coordinates for retraction/insertion motion of the needle.

Note: k ∈ Z, yd = ye − y1, zd = ze − z1, and all the paths start from be = (φe, θe)

Condition Closed path Base coordinates Needle motion

1 zd ∈ R & yd ∈ R+ &
y2
d + z2

d

yd
≤ 4

κ
S2 θe

2

b1 = (φ∗, θe), b2 = (φ∗, θ∗),

b3 = (0, θ∗), b4 = (0, θe),

b5 = (φe, θe)

φ∗ = 2kπ − 2atan(yd/zd)

θ∗ = acos(
κy2

d + κz2
d

2yd
+ Cθe)

retraction–insertion

2 zd ∈ R & yd ∈ R− &
y2
d + z2

d

yd
≥ −4

κ
S2 θe

2

b1 = (0, θe), b2 = (0, θ∗),

b3 = (φ∗, θ∗), b4 = (φ∗, θe),

b5 = (φe, θe)

φ∗ = 2kπ − 2atan(yd/zd)

θ∗ = acos(−κy
2
d + κz2

d

2yd
+ Cθe)

retraction–insertion

3 zd ∈ R & yd ∈ R+ &
y2
d + z2

d

yd
>

4

κ
S2 θe

2

b1 = (0, θe), b2 = (0, θ∗),

b3 = (φ∗, θ∗), b4 = (φ∗, θe),

b5 = (φe, θe)

φ∗ = 2kπ − 2atan(yd/zd)

θ∗ = −acos(−κy
2
d + κz2

d

2yd
+ Cθe)

retraction–insertion

4 zd ∈ R & yd ∈ R− &
y2
d + z2

d

yd
< −4

κ
S2 θe

2

b1 = (φ∗, θe), b2 = (φ∗, θ∗),

b3 = (0, θ∗), b4 = (0, θe),

b5 = (φe, θe)

φ∗ = 2kπ − 2atan(yd/zd)

θ∗ = −acos(
κy2

d + κz2
d

2yd
+ Cθe)

retraction–insertion

5 zd ∈ R & yd ∈ R+ &
y2
d + z2

d

yd
>

4

κ
S2 θe

2

b1 = (0, θe), b2 = (0, θ∗),

b3 = (φ∗, θ∗), b4 = (φ∗, θe),

b5 = (φe, θe)

φ∗ = 2kπ − 2atan(yd/zd)

θ∗ = acos(−κy
2
d + κz2

d

2yd
+ Cθe)

insertion–retraction

6 zd ∈ R & yd ∈ R− &
y2
d + z2

d

yd
< −4

κ
S2 θe

2

b1 = (φ∗, θe), b2 = (φ∗, θ∗),

b3 = (0, θ∗), b4 = (0, θe),

b5 = (φe, θe)

φ∗ = 2kπ − 2atan(yd/zd)

θ∗ = acos(
κy2

d + κz2
d

2yd
+ Cθe)

insertion–retraction

7 zd ∈ R & yd = 0

b1 = (φ∗, θe), b2 = (φ∗, θ∗),

b3 = (−φ∗, θ∗), b4 = (−φ∗, θe),

b5 = (φe, θe)

φ∗ = 2kπ + sign(zd)π/2

θ∗ = −acos(−sign(zd)
κzd
2

+ Cθe)
retraction–insertion

8 zdSφe ≤ 0 & ydCφe ≤ 0

b1 = (φe, θ
∗
1), b2 = (φ∗1, θ

∗
1),

b3 = (φ∗1, θe), b4 = (φ∗1, θ
∗
2),

b5 = (φ∗2, θ
∗
2), b6 = (φ∗2, θe),

b7 = (φe, θe)

φ∗1 = π − φe

φ∗2 = π + φe

θ∗1 = acos(− κyd
2Cφe

+ Cθe)

θ∗2 = acos(− κzd
2Sφe

+ Cθe)

double

retraction–insertion
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Conditions 3 and 4 correspond to large needle retraction/insertion. Conditions 5 and 6

represent needle insertion/retraction movement. Condition 7 is used only when yd is zero

and tends to correct the error in z direction. Condition 8 is a special steering scenario

demonstrating a double retraction movement on previous insertion paths.

When the desired target point is far from the needle or as the desired path curvature

increases beyond the modeled curvature of the needle κ, conditions 1 and 2 in Table 7.2

are not satisfied, i.e, |y
2
d+z2d
yd
| > 2

κ
S2 θe

2
. In this case, three possible options exist for needle

steering: 1) Use conditions 5 and 6 to further insert the needle to a higher depth and later

retract the needle toward the target. 2) Use conditions 3 and 4 to perform an extended

retraction followed by a re-insertion (almost similar to a new insertion). 3) Perform multiple

retractions and insertions using concatenation of a series of closed paths from conditions

1, 2, and 5. This situation can be simply avoided and rarely happens in practice for three

reasons: 1) In clinical practice, preoperative images are used to select the needle point of

entry as close as possible to the desired target location. 2) For steering the needle toward

very divergent targets, highly flexible needles [40,55,56] with small deflection curvature (κ)

can be selected to satisfy conditions 1 and 2 in Table 7.2. 3) Even if the target point is

far from the needle entry point, the first step of the controller, described in Section 7.4.2.1,

ensures that the desired equilibrium point is very close to the needle before the retraction

begins.

Row 6 in Table 7.2 is a special steering scenario demonstrating a double retraction

movement, one retraction to correct the error in y direction and another to correct insertion

error in z direction. In this condition, the needle is only retracted on the previous insertion

paths. This is recommended for needle retractions in stiff tissue, where the needle follows

the same path it has previously traversed. In the next section, we perform several simulation

studies to investigate the different conditions in Table 7.2 and validate the controller.

7.4.3 Simulation Study

Simulations are performed to check the controller parameters and verify the needle steering

controller performance in steering the needle toward various points in 3D. Two scenarios are
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simulated: (1) Needle insertion on a straight path: The needle is steered to reach a target

placed at a depth of 140 mm, thus the desired target point is (140, 0, 0). (2) Needle insertion

on a curved path: Considering a 2 mm obstacle is placed at the depth of 70 mm, first, the

needle is steered toward a point at (60, 4, 4), next it is steered toward (90, 4, 4) to pass the

obstacle, and finally guided to the final destination at (140, 0, 0). The needle curvature in

the simulations is κ = 1/400 mm−1 (see Section 6.2.2). The parameters of the first step

controller are K1 = 100I and K2 = 10I, where I is a 2× 2 identity matrix, and k0,1 = 0.3

and k0,1 = asin(140κ). The parameters of the second controller are k1,i = k2,i = 500,

i = 1, .., 5. The results of the simulations are plotted in Fig. 7.5.

(a) (b)

Figure 7.5: Simulated results of needle steering for (a) needle insertion on a straight path, (b) 3 point needle

insertion with obstacle avoidance. Needle deflection in y and z directions as long as insertion velocity v and

axial rotation velocity ω are shown. Obstacles and target points are shown with red and green, respectively.

Now, we verify the needle steering controller when conditions 1 and 2 in Table 7.2 are

not satisfied, i.e, |y
2
d+z2d
yd

| > 2
κ
S2 θe

2
. In the simulations, it is assumed that the needle initial

coordinate is (0,0,0) and the final target point is (0,4,10), the initial orientation φe and

deflection angle θe are 0 and π/10, respectively. Three possible options are simulated and

presented in Fig. 7.6: 1) Use conditions 3 and 4 to perform insertion-retraction–shown by

dashed line. 2) Use conditions 3 and 4 to perform an extended retraction insertion–shown

by solid line. 3) Perform multiple retractions and insertions. The needle is first steered from

(0,0,0) to (0,4,4) using condition 1 and later to (0,4,10) using condition 5 from Table 7.2–
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shown by dotted line.

Figure 7.6: A comparison between various options for needle retraction/insertion when the target point

is far from the needle initial state. The needle initial coordinate is (0,0,0) and the final target point is

(0,4,10). Initial needle base coordinate is (0,π/10).

In the last simulations, we evaluate the performance of the system in the presence of

uncertainty in the model parameter κ. Due to many factors such as tissue heterogeneity the

needle tip curvature might differ from the nominal identified curvature. Here, we simulate

an extreme scenario in which there is ±60% error in the identified value of needle radius of

curvature. Results are shown in Fig. 7.7. The controller is capable of steering the needle

to the desired point by performing extra retractions. In the simulations, the magnitude of

the targeting error at the end of the simulation (ε in Algorithm 7.1) was selected to be 0.1

mm. A total of 3 retractions are performed to reach the desired accuracy.

Deviations from nominal curvature often happens during the retraction, when the needle

tip cannot cut the tissue and it does not follow the path predicted by the nonholonomic

model. As explained above these deviations increase the number of retractions, which is

undesirable. Another way to handle this is to retract the needle following the same insertion

path. This scenario is realized in Condition 6 in Table 7.2. One can employ this condition

only when zdSφe ≤ 0 and ydCφe ≤ 0. A schematic of 2D retraction on insertion path when

φe = 0 is shown in Fig. 7.8(a) and 7.8(b). Fig. 7.8(a) is a schematic of needle insertion

when condition 6 is satisfied and retraction on insertion path is possible. However, in

7.8(b), (y − y1)Cφe ≥ 0 and clearly it is impossible to reach the target with a retraction
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Figure 7.7: Results of the needle steering simulations with 60% uncertainty in the nominal value of radius

of curvature.

on the already traversed insertion path. Results of 3D double retractions simulation for a

case where condition 6 is satisfied is shown in Fig. 7.8(c).

7.4.4 Experimental Evaluation

In this section, needle insertion experiments are performed using the setup shown in Ap-

pendix A, Fig. A.1, to evaluate the designed needle steering controller. In the experiments,

the ultrasound probe is robotically moved to follow the needle tip. The procedure in-

troduced in [97] is used to calculate needle deflection along y and z directions from 2D

transverse ultrasound images.

In our experiments, we used the 18-gauge flexible notched needles introduced in Chap-

ter 6. Two types of tissue are used in the experiments, plastisol phantom tissue and ex-vivo

porcine tissue. The plastisol tissue is made of 80% (by volume) liquid plastic and 20% plas-

tic softener (M-F Manufacturing Co., USA). A phantom prostate with diameter of 50 mm

is embedded in the plastisol tissue. The porcine tissue is embedded in gelatin to increase

the contact surface between the ultrasound probe and the tissue and as a result reducing

noise in the ultrasound images. The Young’s elasticity moduli of the synthetic and ex-vivo

tissues calculated using indentation tests are 30 Kpa and 50 Kpa, respectively. The elas-
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(a) (b)

(c)

Figure 7.8: Simulation of double retractions on prior insertion paths. Schematics of 2D needle insertion

and retraction for when (a) condition 6 is satisfied and retraction on prior insertion path is possible and

(b) condition 6 is not satisfied. In (a) and (b) insertion and retractions are shown by dotted and dashed

lines, respectively. (c) Simulation results for 3D double retraction on prior insertion paths.

ticity of the synthetic tissue are similar to what is found in muscle and connective tissues

[72].

Similar to the simulations, two scenarios are used in the experiments to validate the

controller.

1. The needle is steered to reach a target on a straight line placed at a depth of 140

mm.

2. The needle is steered to reach a target at the depth of 140 mm while avoiding a

spherical obstacle with a diameter of 2 mm placed at the depth of 70 mm.
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The 1st scenario is similar to conventional needle insertion in prostate brachytherapy,

where the needle should be inserted along a straight line within the tissue. The 2nd scenario

represents needle steering when there is an obstacle. Obstacles are sensitive or impenetrable

anatomical regions in the proximity of the target point such as glands, blood vessels or

bones. Based on preoperative medical images the clinician can specify the insertion location

and target region as well as sensitive structures and obstacles. For the 2nd scenario we

performed a 3 point needle steering. The needle is steered toward a point at (60, 4, 4), next

it is steered toward (80, 4, 4) to pass the obstacle, and finally guided to the final destination

at (140, 0, 0).

In the experiments, needle deflections were sufficiently small to satisfy conditions 1 and

2 and we only used these two conditions. 5 insertions without rotations were performed

in each tissue prior to needle steering experiments to identify the nominal curvature of

the needle. κ is found by fitting the model in (7.6) to the experimental results using

nonlinear least square method. The magnitude of κ for synthetic and ex-vivo tissue are

0.0023± 0.0004 and 0.0015± 0.0007 mm−1, respectively. ± shows 95% confidence bounds.

Results of needle steering experiments for each scenario in two tissues are shown in

Fig. 7.9. The magnitude of the targeting error (ε in Algorithm 7.1) is 1 mm and 1.5 mm

for needle steering without and with obstacle, respectively. In the representative results

shown in Fig. 7.9, one retraction is performed for needle steering on straight line in both

tissues. Also, one retraction and two retractions are performed for needle steering with

obstacle in plastisol and ex-vivo tissue, respectively. The experimental results for 10 trials

in each tissue are summarized in Table 7.3. The maximum absolute targeting error in the

first and second scenarios are 0.98 and 1.45 mm, respectively, both for insertions in ex-vivo

tissue. The maximum number of retractions is 7 and occurs in needle steering with obstacle

in porcine tissue.

7.5 Concluding Remarks

In this chapter, we proposed a nonholonomic model of needle steering that is fully con-

trollable. Then, we present two different type of controllers for 3D needle steering: In
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(a) (b)

(c) (d)

Figure 7.9: Representative experimental needle steering results for each insertion scenario in synthetic and

ex-vivo tissue. (a) Needle steering in plastisol tissue without obstacle and (b) with obstacle. (c) Needle

steering in ex-vivo tissue without obstacle and (d) with obstacle.

Section 7.3, a nonlinear feedback-linearization-based controller was proposed to steer the

needle in 3D while avoiding anatomical obstacles. The main drawback of the proposed

approach was relatively large control actions that can increase tissue trauma.

In Section 7.4, a geometric controller for 3D needle steering via retraction/insertion is

proposed. The proposed approach implements needle retraction/insertion motion to correct

any undesired targeting errors. The proposed 3D needle steering system can be used in

all clinical needle insertion scenarios to improve needle steering accuracy and extend the

application of needle-based interventions to deeper or more difficult-to-reach targets. The

maximum targeting error of the proposed approach is 0.98 mm for needle insertion on

a straight line. In a recent study from our group, seed placement accuracy in prostate

brachytherapy is measured using post-implant ultrasound images [99]. 1619 seeds using

357 strands were implanted in 15 patients’ prostate glands. Of the 1619 seeds implanted,
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Table 7.3: Results of needle steering experiments for 10 trials. Mean targeting error (emean), maximum

targeting error (emax), standard deviation of error (σ), maximum number of retractions (Max. Ret. No.),

and minimum number of retractions (Min. Ret. No.) are listed.

Plastisol Ex-vivo

1st Scenario 2nd Scenario 1st Scenario 2nd Scenario

emean[mm] 0.7 1.13 0.67 1.22

emax[mm] 0.91 1.41 0.98 1.45

σ[mm] 0.25 0.22 0.31 0.18

Max. Ret. No. 3 6 4 7

Min. Ret. No. 0 1 0 2

1196 (73.87%) were confidently identified in post-implant images. The overall mean in-

plane and out-of-plane displacements were 13 and 15 mm, respectively, which is higher

than our proposed method. However, this error includes the image processing error, error

in registering images before and after the surgery, and errors due to prostate motion and

deformation.

To furthermore elaborate the effectiveness of the needle steering and for benchmarking

the proposed needle insertion strategy, we have performed several fully manual needle

insertions in a plastisol tissue and compared the results with the controlled needle insertion.

Two skilled brachytherapist were asked to steer the needle to follow a straight line in a

synthetic tissue, similar to the one used in previous experiments. The surgeon can rotate

the needle axially and move the ultrasound probe to locate the needle tip. Real time visual

image feedback of needle tip were provided to the surgeon during the insertions. 10 trials

were performed by each surgeon. Results of the manual and controlled needle steering are

compared in Fig. 7.10. The mean targeting error of the controlled needle steering is 60%

less than manual needle insertion. Fig. 7.10 shows that the standard deviation of the error

of the proposed approach is smaller than manual needle insertion. This means the proposed

approach shows more repeatability compared to conventional needle insertion strategies.

The maximum number of performed retractions directly depend on the uncertainties
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Figure 7.10: A comparison between robotics-assisted needle steering and manual needle insertion. For each

group, red line indicates median error, blue box indicates 25th and 75th percentile, and whiskers indicate

minimum and maximum error.

in the measured value of κ and the desired targeting error. Large uncertainties in the

value of κ can increase number of needle retractions, which is undesirable. In practice,

needle curvature can be measured on the fly by means of an online estimator [37]. One

can also relax the constant curvature path assumption by employing a high-level controller

that controls the needle curvature through duty-cycling [14, 15]. Another approach that

was discussed in Section 7.4.3 is to retract the needle on prior insertion paths. This way

variations in the magnitude of κ is minimized and number of retractions is decreased. We

performed 5 trial insertions using condition 8 in Table 7.2, inserting the needle in ex-vivo

tissue on a straight line with double retractions on prior insertion paths. A representative

result is shown in Fig. 7.11. As it can be seen the controller retracts the needle on previous

paths and tries to minimize the error in y direction first and z direction next. In this

experiment the needle reached the target with mean error of 0.76 mm and only 2 retractions

were performed in each trial.

In the presented obstacle avoidance experiments, we selected 3 arbitrary points around

the obstacle and steered the needle toward these points to avoid the obstacle. We note that

3D path planning strategies such as [14,15] can be used to calculate the location of target

points more efficiently to maximize the needle distance from the obstacle and minimize

number of retractions. In the experiments, the obstacle and target are fixed in space rather

than fixed to the tissue itself. A small amount of deformation was observed during these
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Figure 7.11: Experimental needle steering result for double retractions on prior insertion paths. Needle

deflection in y and z directions are reported.

experiments, which disturbed the targeting accuracy. Future efforts will focus on validating

the controller by performing experiments with biological tissue with moving target since

the proposed controller is capable of correcting errors due to tissue motion via retractions.

Finally we remark that the two-steps of the proposed controller are independent. The

first step controller is designed based on observations of clinical needle insertions in prostate

brachytherapy, where needle is simultaneously rotated and inserted at high velocity to insert

the needle on a straight line. Depending on the clinical application, this controller can be

replaced by other steering strategies studied in the litrature. Second step of the controller

that performs retractions can be simply combined with previous 3D [14,15,34] or 2D planar

needle steering strategies [31, 37] to enhance their targeting accuracy.
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Chapter 8

Conclusions and Future Works

This dissertation has explored modeling and control of robotics-assisted needle steering with

the aim of enhancing the performance of needle-based interventions. The core theme of this

dissertation is motivated by challenging deployment of medical robotic systems in clinical

environments where robots must interact with human operators. We intend to propose

robotics-assisted needle steering strategies that can be implemented in the current clinical

setting with minimal or no modifications. Other motivating challenges that drove these

endeavors are: 1) combining the accuracy and precision of robots with judgment and skill

of clinicians, 2) reducing the trauma of surgery by minimizing the control efforts required in

a successful needle steering, and 3) providing new methods of reaching challenging targets

to reduce number of conditions that are currently considered untreatable or inoperable.

We have developed several needle steering strategies for 2D and 3D needle steering, as

well as fully robotic and semi-automated needle steering. We studied prostate brachyther-

apy as an example of needle-based interventions. We showed that the proposed strategies

can reduce needle targeting error in various scenarios in prostate brachytherapy, which will

benefit the individual patient, the surgeon, and the healthcare system. In fact, the benefits

of this research improving the accuracy of needle insertions will not only be limited to

prostate brachytherapy, but will also be applicable to other procedures that involve precise

insertion of needles (e.g., liver ablation, interventional radiology for image guided biopsies)
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8.1 Needle Steering Modeling

Toward these ends, we developed three different needle steering models that can be used to

study robotics-assisted needle steering. Chapter 3 dealt with a comprehensive mechanics-

based model of 2D needle steering. The model relates needle deflection to insertion velocity

and axial rotation of the needle, which can be regarded as control inputs for needle steer-

ing. By means of a novel time-delayed tissue model embedded in the proposed model, the

needle tip position is accurately predicted. Also, the model is computationally efficient and

allows for real-time control of the needle tip position in a robotic-assisted needle insertion

context. Needle insertion experiments are performed at different velocities with axial ro-

tation(s) at different insertion depths on synthetic and ex vivo animal tissue to validate

the needle steering model. The results confirm the model’s accuracy and capability in cap-

turing the effects of insertion velocity and axial needle rotation on needle deflection, thus

enabling future applications in pre-surgery motion planning, optimized trajectory design,

and real-time control of needle steering. Also, the proposed model can be used for the

semi-automated needle insertion, in which automatic robot-assisted adjustments are per-

formed to one of the control inputs, while other inputs are directly applied by the surgeon.

The comprehensive model is designed to respond to all the needle steering inputs (i.e.,

axial rotation, insertion velocity, needle base force/torque), only over some of which there

is robotic control.

In Chapter 5, we proposed an adaptive 2D needle steering model based on the Homotopy

Analysis Method (HAM). The model uses a depth-varying radius of curvature and is able

to predict uncertain changes in the needle curvature due to the variations in the insertion

velocity or tissue inhomogeneity. Unlike the mechanics-based model, the HAM-based model

has only one parameter, i.e., the average radius of curvature of the needle, which can be

easily identified. This facilitates the implementation of the model in clinical needle steering,

where non-invasive identification of model parameters is challenging.

In Chapter 7, we presented a nonholonomic model of needle steering. Unlike the pre-

vious models proposed in this dissertation, the nonholonomic model can predict needle

deflection in 3D. The model is controllable and all the model states are observable via
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2D imaging systems such as ultrasound. Thus it can be used to develop practical needle

steering strategies that only relies only on 2D ultrasound images to steer the needle.

8.2 Fully Robotic and Semi-automated Needle Steer-

ing

Fully automatic and semi-automated needle steering are both studied in this dissertation.

Typically, two main control actions are used to steer the needle, namely, axial rotation

and insertion of the needle. The needle steering controller can be either fully automated,

meaning that the device performs both insertion and steering actions, or semi-automated,

where insertion is performed by the surgeon while needle rotation occurs automatically.

Chapter 4 addressed the 2D fully robotic needle steering. The mechanics-based needle

deflection model combined with an image processing techniques, and a model predictive

controller was used to accurately steer the needles inside soft tissues. In Chapter 5, a needle

steering strategy for surgeon-in-the-loop semi-automated needle steering was proposed.

The HAM-based predictor is implemented in an online motion planner that steers the

needle inside the tissue toward a predefined target. In the semi-automated needle steering

system the robot only controls the needle axial rotation while the surgeon inserts the nee-

dle. To elaborate the effectiveness of semi-automated needle steering and for benchmarking

our controlled needle insertion strategy, we performed several fully automated and manual

needle insertions and compared the results with semi-automated needle insertion. The re-

sults demonstrated that the human-in-the-loop strategy is more accurate than fully robotic

needle insertion. Also, the semi-automated approach gives the same performance at dif-

ferent trials. The mean error of the semi-automated approach is comparable to manual

needle insertions performed by a skilled surgeon. However, the results are more consistent

and repeatable in case of semi-automated needle steering.
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8.3 Highly Flexible Steerable Needles

Chapter 6 addressed design and modeling of highly flexible notched needles. Commercially

available disposable brachytherapy needles are modified to develop a needle with improved

deflection curvature and enhanced maneuverability. The notched needle is developed by

carving small notches on a standard needle shaft. By carving several consecutive notches

on the needle shaft, the needle flexural strength and the needle’s maximum achievable ROC

are decreased. Thus, the needle provides a safe working channel for delivering payloads

to target locations. The goal of the proposed research is not changing the current clinical

setting and replacing the current needles with the new proposed notched needle. We intend

to provide another option in terms of needle selection so that surgeons can perform suc-

cessful needle insertions in certain clinical scenarios where high needle deflection curvature

is required.

In the proposed experiments, notches were manually carved at different locations on

the needle shaft using a hand-held milling machine. Future efforts can be focused on

automating this process to ensure the notches are homogeneous and smooth, reducing the

possibility of damaging the tissue.

Also in designing the notched needles, it is assumed that the notch width and depth

are both 0.5 mm, which is smaller than the inner diameter of the needle. These design

parameters are assumed constant to ensure the needle can provide a safe channel for deliv-

ering payloads with a diameter bigger than 0.5 mm, which is the case for radioactive seeds

in prostate brachytherapy. However, there is a risk of leaking for delivering or preserving

liquids. This can be avoided by coating the needles with super-elastic materials that does

not increase needle rigidity but reduce the chance of leakage. A soft coating also reduces

the contact between the notches and the tissue, thus, eliminating the possibility of dam-

aging the tissue. Feasibility of silicone coating of surgical needles can be studied in future

works.
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8.4 3D Needle Steering

The main drawback of the needle steering approaches proposed in chapter 4 and 5 is that

they are 2D and only control the needle deflection in the insertion plane. However, during

clinical needle steering the needle tip might deviate and deflect out of plane. Many factors

such as tissue inhomogeneity can cause out of plane needle deflection. In Chapter 7, a two-

step geometric controller for 3D needle steering via retraction/insertion is proposed. The

proposed approach implements needle retraction/insertion motion to correct any undesired

targeting errors. The proposed 3D needle steering system can be used in all clinical needle

insertion scenarios to improve needle steering accuracy. To elaborate the effectiveness

of the needle steering and for benchmarking the proposed needle insertion strategy, we

have performed several fully manual needle insertions and compared the results with the

controlled 3D needle insertion. Two skilled brachytherapist were asked to steer the needle to

follow a straight line in a synthetic tissue, similar to the one used in previous experiments.

The surgeon can rotate the needle axially and move the ultrasound probe to locate the

needle tip. Real time visual image feedback of needle tip were provided to the surgeon

during the insertions. Results show that the mean targeting error of the controlled needle

steering is 60% less than manual needle insertion.

The two-steps of the proposed geometric controller are independent. The first step con-

troller is designed based on observations of clinical needle insertions in prostate brachyther-

apy, where needle is simultaneously rotated and inserted at high velocity to insert the needle

on a straight line. Depending on the clinical application, this controller can be replaced by

other steering strategies studied in the literature. Second step of the controller that per-

forms retractions can be simply combined with previous 3D or 2D planar needle steering

strategies to enhance their targeting accuracy.

In this dissertation, only fully robotic 3D needle insertion is considered. It is preferred

to keep the surgeon in charge of needle insertion in the interest of ensuring the safety of

the operation. Future goals in 3D needle steering include the generalization of the 2D

mechanics-based model for application in 3D semi-automated needle steering. The 2D

model presented in Chapter 3 can be generalized to simulate full needle axial rotation in-
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stead of 180◦ rotation. The methodology proposed in Chapter 3 to model needle/tissue

interaction forces as external excitation forces allows one to simply implement the inter-

action force models to any mechanics-based 3D model. Also, the 3D geometric approach

presented in Chapter 7 can be modified for semi-automated needle steering. For instance,

instead of robotically controlling the needle insertion/retractions, specific guidelines for

insertion/retraction can be visually presented to the surgeon in real-time. Therefore, the

surgeon can manually preform insertion/retractions while the robot automatically controls

the axial rotation of the needle.

Future goals can include development of a simulator and trainer for assessment and

improvement of targeting accuracy in needle-based interventions. Typically, the excellent

success rates of brachyhtherapy are only achieved by experienced brachytherapists, as stud-

ies have shown that there is a learning curve where inexperienced surgeons have a higher

risk of performing implants of suboptimal quality. Enhancing clinical awareness of these

deviations and skill levels of brachytherapists is imperative for improved implant quality.

A needle steering simulator can provide unlimited training opportunities and will allow

inexperienced surgeons to offer brachytherapy to a wider range of patients. This will allow

them to improve their skills and achieve higher quality implants without the usual learning

curve.

The simulator requires a model-based virtual reality environment that can simulate

needle deflection in soft tissue. The surgeons can perform multiple insertions of needles in

the virtual environment and receive quantifiable performance assessments in terms of needle

tip positioning and seed placement errors. Also, semi-automated needle steering controllers

can be used to guide novice surgeons and improve their performance. For instance, a semi-

automated controller can be used to rotate the needle when necessary if the user does not

perform the action at the desired decision epoch. This dissertation has addressed many of

the key pieces of such a simulator, including developing realistic model of needle deflection

in soft tissue and constructing a semi-automated needle steering controller that can share

the needle steering control inputs with a human user.
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8.5 Clinical Translation Outlook

The proposed needle steering controllers are validated using the experimental setups shown

in Appendix A. In the experiments an abdominal linear ultrasound transducer is used,

which is not designed for prostate brachytherapy. Towards translating the proposed tech-

nology into clinical practice, the ultrasound transducer can be replaced with a transrectal

ultrasound probe commonly used in brachytherapy. It should be noted that all the pro-

posed steering controllers require US images of the needle that can be captured by any 2D

ultrasound transducer.

In order to track the needle tip during insertion, the ultrasound probe would follow the

needle tip during insertion. For brachytherapy applications, this is only viable as long as

the moving parts of the ultrasound probe are not in contact with the surrounding tissue.

This could be implemented with a thin, firm sleeve in which a transrectal ultrasound probe

translates, such that when the transducer moves, it does not deform the prostate gland

and/or adjacent anatomical structures. This feature can be found in some commercially

available ultrasound systems such as the TargetScan (Envisioneering Medical, USA) in

which the probe is stationary, but the transverse imaging plane can be translated internally.

Another option is the 3D-2052 anorectal ultrasound probe from BK Ultrasound, USA,

which translates the axial imaging plane by 60 mm inside the ultrasound probe to construct

a 3D volume. Alternatively, other means of deflection measurement can also be considered,

such as force sensor based estimators [118], partial ultrasound image feedback algorithms

designed to minimize the ultrasound probe motion [97], or 3D matrix transducer transrectal

ultrasound probes. Clinical deployment of the system will also require handling issues

regarding sterility, accuracy, and risk assessment.

In all the validation needle steering experiments, the obstacle and target are fixed in

space rather than fixed to the tissue itself. A small amount of deformation was observed

during these experiments, which disturbed the targeting accuracy. Future efforts can be

focused on modifying the controllers for needle steering with moving target. More realistic

testing scenario can be designed, where needle steering tests can be conducted on biological
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tissue with moving targets. The motion of the target can be tracked in the ultrasound

images or compensated in the model-based control algorithms using a soft tissue model

that predicts target displacements.
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Appendices

A Experimental Needle Steering Setup

In order to perform fully robotic needle insertion into soft tissue, the setup shown in Fig. A.1

is used. The setup consists of a robotic system with two DoFs, namely the translational

and rotational motions of needle [119]. Forces and torques are measured at the needle

base using a 6-DOF force/torque sensor (ATI Nano 43, ATI Industrial Automation, USA).

Images for needle tip and shape tracking inside transparent phantom tissues are recorded

using an HD Sony camera (XCL-S800, Sony of Canada Ltd., Canada) and an Ultrasound

machine (SonixTouch, Ultrasonix, Canada) is used to track needle tip position in ex-vivo

tissue. The ultrasound probe is automatically moved to follow the needle tip and provide

images of the needle tip cross section.

Figure A.1: Experimental setup used to perform needle insertion experiments.
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In order to perform semi-automated surgeon-in-the-loop needle insertion into soft tissue,

the setup shown in Fig. A.2 is used [120]. During the insertions, the ultrasound probe

follows the needle tip and acquires transverse images of the needle tip in ex-vivo tissue. As

the surgeon pushes the device and the needle, the device automatically rotates the needle

axially at appropriate positions in order to reach a desired target. The surgeon can also

control needle rotation manually using the control console. The probe of the ultrasound

machine (SonixTouch, Ultrasonix, BC, Canada) is automatically moved to follow surgeon’s

hand and provide images of the needle tip.

Figure A.2: The handheld needle steering assistant for semi-automated needle insertion .
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B Hamilton’s Principle For Needle Deflection In Terms
of Psudeo-coordinates

Since in our modelling approach all the forces and moments applied to the system are

written with reference to the body-fixed frame, the Hamilton’s principle is best written

with reference to the same frame. The extended Hamilton’s principle with respect to the

generalized coordinates is given by

∫ t2

t1

[
δRT ∂L

∂R
+ δV T ∂L

∂V
+ δθT

∂L
∂θ

+ δθ̇
T ∂L
∂θ̇

+

∫ `

0

(δuT ∂L̂
∂u

+ δu̇T ∂L̂
∂u̇

+ δu ′T
∂L̂
∂u ′

+ δu ′′
T ∂L̂
∂u ′′

)dx

+ δW
]
dt = 0

(B.1)

where δW is the virtual work of non-conservative forces given by

δW = δRTQR + δθTQθ + δuTQu (B.2)

where QR, Qθ, and Qu are generalized forces working in direction of generalized coordi-

nates. also L̂ in (B.1) is the Lagrangian density of the flexible body and we have

L =

∫ `

0

L̂ dx (B.3)

Before proceeding any further, we note that R is in terms of inertial components X and Y ,

and θ is vector of Eulerian-type angles. θ̇ is the angular velocity of carrier in body-fixed

frame, as the result of planar rotation of the carrier it is direct derivative of θ. However

V is the pseudo-velocity vector and it can be related to derivatives of general coordinates

by V = CṘ. Thus we can write variations of the quasi-velocity vector as

δV = δCṘ + CδṘ (B.4)

From basic dynamics we know that ([121])

Ċ = ˜̇θTC (B.5)

Similarly we can write δC in variational form δC = δθ̃
T
C. Now (B.4) can be rewritten as

δV = δθ̃
T
CṘ + CδṘ = Ṽ δθ + CδṘ (B.6)
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At this point we can proceed with the extended Hamilton’s principle. We start by simpli-

fying the terms in (B.1). Using (B.6) and (B.5) and by performing integration by parts we

have ∫ t2

t1

δV T ∂L
∂V

dt

=

∫ t2

t1

(−δθT Ṽ + δṘCT )
∂L
∂V

dt

= −
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t1
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dt+ δRTC
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t2

t1

−
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Ċ
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+ CT d

dt
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)

]
dt

= −
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dt−
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t1

δRTCT

[
˜̇θ
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+
d

dt
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∂L
∂V

)

]
dt (B.7)

Note that δ(.) operator does not vary time, therefore δRTC ∂L
∂V

∣∣∣∣∣
t2

t1

vanishes in (B.7). Fol-

lowing the same approach we can write

∫ t2

t1

∫ l
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dxdt
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Inserting (B.7), (B.8), (B.9), (B.10), and (B.11) in (B.1) we can rewrite the Hamilton’s

Principle as ∫ t2
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0

dt

+

∫ t2

t1

[∫ l

o

δuT

(
∂L̂
∂u
− d

dt
(
∂L̂
∂u̇

)− d

dx
(
∂L̂
∂u ′

)

+
d2

dx2
(
∂L̂
∂u ′′

)

)
dx+ δuTQu

]
dt

+

∫ t2

t1

δRT

[
CT

(
− d

dt
(
∂L
∂V

)− ˜̇θ
∂L
∂V

)
+
∂L
∂R

+ QR

]
dt

+

∫ t2

t1

δθT
[
− d

dt
(
∂L
∂θ̇

)− Ṽ
∂L
∂V

+
∂L
∂θ

+ Qθ

]
dt = 0

(B.12)

(B.12) gives the extended Hamilton’s principle in terms of the pseudo-velocity V . Following

fundamental lemma of the calculus of variations and setting all the integrals in (B.12) equal

to zero, one can obtain the equations of motion in pseudo-coordinates.
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C Deriving Continuous Equation of Motion of Flexi-
ble Needle

In this section we will derive the equation of motion for the continuous part of the needle-

carrier system. Rewriting the last two integrals in (3.11) in terms of coordinates of flexible

needle u and ω gives

∫ t2

t1

∫ `

o

(−EIω′′′′ − ρAω̈ + fcy + fs + fk + ffy)δω dxdt

+

∫ t2

t1

∫ `

o

(fcx + ffx)δu dxdt

+

∫ t2

t1

EI(ω′′δω′ − ω′′′δω)

∣∣∣∣∣
`

0

dt = 0

(C.1)

From the kinematic model, we know that the needle has two translational and one rota-

tional DoF. Previously we used (3.4) to eliminate the redundant rotational DoF, ψ, in the

process of deriving the Lagrangian. We can do the same for the axial needle displacement

u which can be related to the transverse translational DoF of the flexible needle ω, using

kinematic constraint in (k56). Using (3.4), inserting derived equations for cutting force

and friction from (3.9) we obtain∫ t2

t1

∫ `

o

[
−EIω′′′′−ρAω̈+Ffω

′Hl−X(x)

+
(
Fcη−Fcξω′(l,t)

)
δ`(x)+fs+fk

]
δω dxdt

−
∫ t2

t1

∫ `

o

[
Fcξ+Fcηω

′(l,t)+(

∫ `

x

FfHl−X(ζ)dζ)

]
ω′δω′ dxdt

+

∫ t2

t1

EI(ω′′δω′−ω′′′δω)

∣∣∣∣∣
`

0

dt=0

(C.2)

Now we first simplify the second integral by taking integration by part, then add and
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subtract
∫ t2
t1

∫ `
o
Fcηω

′2δ`(x)dxdt to (C.2) to obtain

∫ t2

t1

∫ `

o

[
−EIω′′′′−ρAω̈+Q+Ffω

′Hl−X(x)

−Fcξω′(l, t)δ`(x)

]
δω dxdt+

∫ t2

t1

∫ `

o

[
Fcηω

′2δ`(x)

]
dxdt

−
∫ t2

t1

∫ `

o

[
Pω′′−(FfHl−X)ω′

]
δω dxdt

−
∫ t2

t1

[
Fcξ+Fcηω

′(l, t)+(

∫ `

x

FfHl−X(ζ)dζ)

]
ω′

∣∣∣∣∣
`

0

dt

+

∫ t2

t1

EI(ω′′δω′−ω′′′δω)

∣∣∣∣∣
`

0

dt=0

(C.3)

with

Q=fs+fk+Fcηδ`(x)−Fcηω′2δ`(x) (C.4a)

P =Fcξ+Fcηω
′(l, t)+((`−x)Ff )H`−X (C.4b)

Simplifying and sorting out (C.3) gives

∫ t2

t1

∫ `

o

(−EIω′′′′−ρAω̈−Pω′′+Q)δω dxdt

−
∫ t2

t1

{
Fcξω

′(l, t)δω(`)−Fcηω′2(`)

+

[
Fcξ+Fcηω

′(l, t)+
(∫ `

x

FfHl−X(ζ)dζ
)]
ω′

∣∣∣∣∣
`

0

+ EI(ω′′δω′−ω′′′δω)

∣∣∣∣∣
`

0

}
dt=0

(C.5)

Following variations formulation and setting the first integral in (C.5) equal to zero, we

can obtain the equations of motion for the needle

EIω′′′′+ρAω̈+Pω′′=Q (C.6)

Also setting the second integral equal to zero, results in the following boundary values
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which are required for solving the partial differential equation in (C.5).

−
∫ t2

t1

{
Fcξω

′(l, t)δω(`)−Fcηω′2(`)

+

[
Fcξ+Fcηω

′(l, t)+

(∫ `

x

FfHl−X(ζ)dζ

)]
ω′

∣∣∣∣∣
`

0

+EI(ω′′δω′−ω′′′δω)

∣∣∣∣∣
`

0

}
dt=0

(C.7)

We intend to avoid complications involved in solving a PDE with non-homogeneous bound-

ary conditions. To do so we simplify (C.7) by expanding some of the its terms as follows

−
∫ t2

t1

[
−Fcξω′(0, t)δω(0, t)−Fcηω′(`)ω′(0, t)

+

(∫ `

0

FfHl−X(ζ)dζ

)
ω′(0, t)

+EI(ω′′δω′−ω′′′δω)

∣∣∣∣∣
`

0

]
dt=0

(C.8)

The needle is clamped to the carrier, which implies the following geometric boundary

conditions at one end

ω(0, t)=ω′(0, t)=0 (C.9)

Now to eliminate all boundary terms we choose the two following dynamic boundary con-

ditions at the other end of the needle

ω′′(`, t)=ω′′′(`, t)=0 (C.10)

Given boundary conditions satisfy (C.8). (C.9) suggests that the clamped side of the needle

has no deflection and has a slope of zero. Also (C.10) states that the tip of the needle is

assumed to experience no shear force or bending moment. Note that in the process of

deriving the equations, appropriate forcing terms are added as part of the external forces

Q and P to eliminate shear force and achieve homogeneous boundary conditions.
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