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Abstract—Inverse dynamics controllers deal with nonlinear
terms in the robot dynamics in a way that, in the ideal case, the
closed-loop system becomes linear and decoupled. Consequently,
the performance of the closed-loop systems will be easy to study.
Due to such an advantage, inverse dynamics-based adaptive
control has been applied to motion control of an uncertain robot
in free motion in the literature. However, so far there has been
no attempt at simultaneous motion and force control in a
master-slave haptic teleoperation system using an adaptive
inverse
dynamics
approach.
In
this
paper,
for
multi-degree-of-freedom teleoperation systems with nonlinear
and uncertain dynamics, adaptive inverse dynamics controllers
are incorporated into Lawrence’s 4-channel bilateral
teleoperation control framework. The resulting high-fidelity
control system does not need exact knowledge of the dynamics of
the master or the slave. A Lyapunov function is presented to
analyze the transparency of the teleoperation system. A
simulation study is included to demonstrate the effectiveness of
the proposed control method.

I. INTRODUCTION

I

n a master-slave teleoperation system, the human operator
applies a force on the master to control the position of the
slave and perform a task in the remote environment. If the
slave exactly reproduces the master’s position and the master
accurately reproduces the slave-environment contact force,
the teleoperation system is saidto be fully transparent [1]. In
terms of ensuring full transparency, Lawrence’s 4-channel
control architecture is the most successful among other
methods [2]. A limitation of the conventional 4-channel
controller is that it assumes perfect knowledgeof the master
and the slave linear impedances. Nevertheless, the exact
knowledge of the master and the slave dynamics may be
unavailable due to model uncertainties. Thus, in recent years
adaptive control has been employed to compensate for the
parametric dynamic uncertainties in teleoperation systems.
There are a few adaptive control schemes for linear master
and slave models where the slave and the environment
dynamics are allowed to be uncertain [3], [4]. In both of these,
the dynamics of the master and the slave were assumed to be
linear. In addition, an adaptive controller was only designed
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for the slave, and a fixed compensator was used for the
master.
As multi-DOF robot dynamics are generally nonlinear,
adaptive control schemes for nonlinear and uncertain master
and slave models have been developed in [5]-[8] where
adaptive controllers were used for both the master and the
slave. Adaptive controllers are proposed to ensure state
synchronization for positions and velocities of the master and
slave robots in [9], [10]. However, the limitation of both of
them is that the adaptive controllers are designed for
master/slave robots in free motion but not in contact motion.
Furthermore, none of the above adaptive control schemes has
taken advantage of the inverse dynamics approach, which has
the advantage of providing a nonlinear feedback control law
canceling the nonlinear terms in the closed-loop dynamics if
the dynamics were perfectly known.
Adaptive inverse dynamics control of the position of a
robot under dynamic uncertainties was investigated in
[11]-[13]. However, the results in [11]-[13] have only been
applied to motion control of a single robot in free motion. So
far, simultaneous motion and force control in a master-slave
teleoperation system, in which the master and the slave are
allowed to make contact with the human operator and the
environment, has not been addressed.
This paper proposes adaptive bilateral controllers based on
the inverse dynamics approach for teleoperation systems with
nonlinear and uncertain dynamics. The rest of this paper is
organized as follows. In Section II, the 4-channel control
architecture is modified to encompass adaptive inverse
dynamics position controllers for the master and slave robots.
In Section III, the adaptive controllers are presented and a
unified closed-loop dynamics for the overall master–slave
system is found. In Section IV, a Lyapunov function is
constructed and position and force tracking performance of
the overall teleoperation system is investigated. In Section V,
simulations are done to demonstrate the effectiveness of the
proposed controller. The paper is concluded in Section VI.
II. ARCHITECTURE OF ADAPTIVE INVERSE DYNAMICS
4-CHANNEL TELEOPERATION CONTROL
The 4-channel architecture in Fig. 1 has a position
controller comprised of  and ସ for the master, and
another position controller comprised of ୖ and ଵ for the
slave. The controllers ଶ and ଷ are feedback force terms for
the master and the slave, respectively. Also,  and ହ are
local force feedforward controller for the master and for the
slave, respectively. The signals ୦ כand ୣ כdenote the
exogenous forces of the operator and the environment,
respectively. The rest of variables in Fig. 1 will be introduced
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in Section III, and we merely describe the general architecture
of the proposed scheme in this section.
The basic idea of inverse dynamics control is to seek a
nonlinear feedback law to cancel the nonlinear terms in a
dynamic model. Our proposed teleoperation control scheme
is based on incorporating two adaptive inverse dynamics
position controllers for the master and the slave into the
4-channel architecture. As it can be seen in Fig. 1, the position
controller comprising  and ସ for the master and ୖ and

ଵ for the slave are replaced by two designed adaptive inverse
dynamics position controllers. The block diagrams of the
inverse dynamics position controllers for the master and the
slave, to be designed in the Section III, are shown in Fig. 2.
Note that the remaining control blocks in Fig. 1, i.e., ଶ , ଷ ,
ହ and  (where ହ ൌ ଷ െ ͳ and  ൌ ଶ െ ͳ for
transparency reasons) continue to be used as force feedback
and feedforward controllers in the proposed approach.

Fig. 1. 4-Channel adaptive inverse dynamics teleoperation control
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Fig. 2. Adaptive inverse dynamics position controllers (a) for the master (left), and (b) for the slave (right)

ۻୱ ሺܙୱ ሻܠሷ ୱ  ۱ୱ ሺܙୱ ǡ ܙሶ ୱ ሻܠሶ ୱ  ۵ୱ ሺܙୱ ሻ ൌ ୱ െ ୣ 
III. MODELS AND CONTROLLERS

ൈଵ

A. Model of Nonlinear Teleoperation System
When interacting with a human and an environment, the
task-space nonlinear dynamic models for n-DOF master and
slave robots can be written as
ۻ୫ ሺܙ୫ ሻܠሷ ୫  ۱୫ ሺܙ୫ ǡ ܙሶ ୫ ሻܠሶ ୫  ۵୫ ሺܙ୫ ሻ ൌ ୫  ୦

(1)

(2)

are end-effector Cartesian positions
where ܠ୫ , ܠୱ  א
(and orientations),  ୫ ǡ  ୱ  א୬ൈଵ are joint angle positions,
ۻ୫ ሺܙ୫ ሻ , ۻୱ ሺܙୱ ሻ  אൈ are symmetric positive-definite
inertia matrices, ۱୫ ሺܙ୫ ǡ ܙሶ ୫ ሻ , ۱ୱ ሺܙୱ ǡ ܙሶ ୱ ሻ  אൈ are
Coriolis and centrifugal terms, and ۵୫ ሺܙ୫ ሻ, ۵ୱ ሺܙୱ ሻ  אൈଵ
are gravity terms for the master and the slave, respectively.
Also, ୫ , ୱ  אൈଵ are force/torque control signals for the
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master and the slave,୦  אൈଵ is the force (and torque) that
the operator applies to the master, and ୣ  אൈଵ is the force
(and torque) that the environment applies to the slave.
Property 1. The left sides of (1) and (2) are linear in a set of
dynamic parameters ીௗ ൌ ሺɅ୫ୢଵ ǡ ǥ ǡ Ʌ୫ୢ୮భ ሻ and ીୱୢ ൌ
ሺɅୱୢଵ ǡ ǥ ǡ Ʌୱୢ୮మ ሻ as [14]:

involves force feedback. The fifth part compensates for the
force due to the operator (for the master) and due to the
environment (for the slave).
Substituting (5)-(6) into (1)-(2), the closed-loop equations
of the master and the slave are obtained as
ۻ୫ ሺܙ୫ ሻܠሷ ୫   ۱୫ ሺܙ୫ ǡ ܙሶ ୫ ሻܠሶ ୫  ۵୫ ሺܙ୫ ሻ
 ୫ ሺܙ୫ ሻ൫ܠሷ ୱ െ  ୫୴ οܠሶ ୫ െ  ୫୮ οܠ୫ ൯
ൌۻ

ۻ୫ ሺܙ୫ ሻܠሷ ୫   ۱୫ ሺܙ୫ ǡ ܙሶ ୫ ሻܠሶ ୫  ۵୫ ሺܙ୫ ሻ

୫ ሺܙ୫ ሻ  ۻ
 ୫ ሺ ୫ ሻଶ ሺ୦ െ ୣ ሻ (9)
۱୫ ሺܙ୫ ǡ ܙሶ ୫ ሻܠሶ ୫  ۵

ൌ ܇୫ୢ ሺܙ୫ ǡ ܙሶ ୫ ǡ ܠሶ ୫ ǡ ܠሷ ୫ ሻી୫ୢ

ۻୱ ሺܙୱ ሻܠሷ ୱ   ۱ୱ ሺܙୱ ǡ ܙሶ ୱ ሻܠሶ ୱ  ۵ୱ ሺܙୱ ሻ

ۻୱ ሺܙୱ ሻܠሷ ୱ   ۱ୱ ሺܙୱ ǡ ܙሶ ୱ ሻሶ ୱ  ۵ୱ ሺܙୱ ሻ

 ୱ ሺܙୱ ሻ൫ܠሷ ୫ െ  ୱ୴ οܠሶ ୱ െ  ୱ୮ οܠୱ ൯
ൌۻ

ൌ ܇ୱୢ ሺܙୱ ǡ ܙሶ ୱ ǡ ܠሶ ୱ ǡ ܠሷ ୱ ሻીୱୢ
where ܇୫ୢ  א୬ൈ୮భ and ܇ୱୢ  א୬ൈ୮మ are two dynamic
regressor matrices.
B. Design of Adaptive Bilateral Controllers
When the dynamics of the master and the slave experience
parametric uncertainties, the left sides of (1) and (2) become
୫ୢ
୫ ሺܙ୫ ሻ ൌ ܇୫ୢ ી
 ୫ ሺܙ୫ ሻܠሷ ୫  ۱୫ ሺܙ୫ ǡ ܙሶ ୫ ሻܠሶ ୫  ۵
ۻ

(3)

ୱୢ
ୱ ሺܙୱ ሻ ൌ ܇ୱୢ ી
 ୱ ሺܙୱ ሻܠሷ ୱ  ۱ୱ ሺܙୱ ǡ ܙሶ ୱ ሻܠሶ ୱ  ۵
ۻ

(4)

where Ʌ୫ୢ and Ʌୱୢ are the dynamic estimations of Ʌ୫ୢ and
Ʌୱୢ , respectively.
We are now in a position to propose our adaptive bilateral
control algorithm for the above teleoperation system.
x Control laws for the master and the slave:
 ୫ ሺܙ୫ ሻ൫ܠሷ ୱ െ  ୫୴ οܠሶ ୫ െ  ୫୮ οܠ୫ ൯
୫ ൌ ۻ

 ୫ ሺܙ୫ ሻଶ ሺ୦ െ ୣ ሻ െ ୦ (5)
ۻ
 ୱ ሺܙୱ ሻ൫ܠሷ ୫ െ  ୱ୴ οܠሶ ୱ െ  ୱ୮ οܠୱ ൯
ୱ ൌ ۻ
ୱ ሺܙୱ ሻ
۱ୱ ሺܙୱ ǡ ܙሶ ୱ ሻܠሶ ୱ  ۵
(6)

where οܠ୫ ൌ ܠ୫ െ ܠୱ ǡ οܠୱ ൌ ܠୱ െ ܠ୫ , and  ୫୴ ,  ୱ୴ ǡ  ୫୮ ǡ
 ୱ୮ ǡ ଶ and ଷ can all be chosen to be positive constants.
x Dynamic update laws:

(10)

 ୫ ሺܙ୫ ሻܠሷ ୫ and then subtracting it in the right side
Adding ۻ
of (9) helps to rewrite it as
 ୫ ሺܙ୫ ሻ൫οܠሷ ୫   ୫୴ οܠሶ ୫   ୫୮ οܠ୫ ൯
ۻ
 ୫ ሺܙ୫ ሻଶ ሺ୦ െ ୣ ሻ
ൌ ܇୫ୢ οી୫ୢ  ۻ

(11)

Similarly, (10) can be rewritten as
 ୱ ሺܙୱ ሻ൫οܠሷ ୱ   ୱ୴ οܠሶ ୱ   ୱ୮ οܠୱ ൯
ۻ
 ୱ ሺܙୱ ሻଷ ሺ୦ െ ୣ ሻ
ൌ ܇ୱୢ οીୱୢ  ۻ

(12)

ିଵ ሺ ܙሻ
୫
Multiplying both sides of (11) and (12) by ۻ
୫ and
 ୱିଵ ሺܙୱ ሻ, respectively, gives
ۻ
ିଵ ሺ ܙሻ܇
୫
οܠሷ ୫   ୫୴ οܠሶ ୫   ୫୮ οܠ୫ െ ۻ
୫ ୫ୢ οી୫ୢ

ൌ ଶ ሺ୦ െ ୣ ሻ

୫ ሺܙ୫ ሻ
۱୫ ሺܙ୫ ǡ ܙሶ ୫ ሻܠሶ ୫  ۵

 ୱ ሺܙୱ ሻଷ ሺ୦ െ ୣ ሻ  ୣ
ۻ

ୱ ሺܙୱ ሻ  ۻ
 ୱ ሺ ୱ ሻଷ ሺ୦ െ ୣ ሻ
۱ୱ ሺܙୱ ǡ ܙሶ ୱ ሻܠሶ ୱ  ۵

(13)

 ୱିଵ ሺܙୱ ሻ܇ୱୢ οીୱୢ
οܠሷ ୱ   ୱ୴ οܠሶ ୱ   ୱ୮ οܠୱ െ ۻ
ൌ ଷ ሺ୦ െ ୣ ሻ

(14)

Now, multiplying both sides of (14) by ଶ Ȁଷ , using
οܠ୫ ൌ െοܠୱ , and subtracting (13) from the result, we arrive
at the following closed-loop dynamics for the master and the
slave:
ሺͳ  ଶ Ȁଷ ሻοܠሷ ୫  ሺ ୫୴  ሺଶ Ȁଷ ሻ۹ ୱ୴ ሻοܠሶ ୫
ିଵ
୫
ሺ ୫୮  ሺଶ Ȁଷ ሻ ୱ୮ ሻοܠ୫ െ ۻ
ሺܙ୫ ሻ܇୫ୢ οી୫ୢ


ሶ୫ୢ ൌ െۺ୫ୢ ୫
ሺοܠሶ ୫  Ƚο ܠ୫ ሻ
ી

(7)

 ୱିଵ ሺܙୱ ሻ܇ୱୢ οીୱୢ ൌ Ͳ
ሺଶ Ȁଷ ሻۻ

ሶୱୢ ൌ െۺୱୢ ୱ ሺοܠሶ ୱ  Ƚοܠୱ ሻ
ી

(8)

Multiplying both sides of (15) by ͳȀሺͳ  ଶ Ȁଷ ሻ, this unified
closed-loop dynamics can be rewritten as

where Ƚ is a positive constant and is chosen such that Ƚ ൏  ୴
(  ୴ will be defined later). Also, ۺ୫ୢ and ۺୱୢ are
positive-definite matrices and
ିଵ ሺ ܙሻ܇
୫
୫ ൌ ሺͳȀሺͳ  ଶ Ȁଷ ሻሻۻ
୫ ୫ୢ 

οܠሷ ୫   ୴ οܠሶ ୫   ୮ οܠ୫ ൌ ୫ οી୫ୢ െ ୱ οીୱୢ

(15)

(16)

where
 ୴ ൌ ͳȀሺͳ  ଶ Ȁଷ ሻሺ ୫୴  ሺଶ Ȁଷ ሻ ୱ୴ ሻ

 ୱିଵ ሺܙୱ ሻ܇ୱୢ
ୱ ൌ ሺͳȀሺͳ  ଶ Ȁଷ ሻሻሺଶ Ȁଷ ሻۻ
୫ୢ െ ી୫ୢ and οીୱୢ ൌ ી
ୱୢ െ ીୱୢ .
and οી୫ୢ ൌ ી
Each of the control laws (5)-(6) includes five parts. The
first part, second part and the third part perform adaptive
inverse dynamics position control (see Fig. 2). The fourth part

 ୮ ൌ ͳȀሺͳ  ଶ Ȁଷ ሻሺ ୫୮  ሺଶ Ȁଷ ሻ ୱ୮ ሻ
Since  ୫୴ ,  ୱ୴ ǡ  ୫୮ ǡ  ୱ୮ ǡ ଶ and ଷ are all positive
constants,  ୴ and  ୮ are also positive constants. It can be
seen that the left side of (16) is a linear error expression.
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Proof: Consider a Lyapunov function candidate as
Remark 1: A potential issue with control laws (5)-(6) is the
assumption that the accelerations ሷ ୫ and ሷ ୱ are measured.
The same assumption is regularly made for achieving full
transparency in the original 4-channel teleoperation
architecture. Indeed, the controllers C1 and C4 in the original
4-channel design require acceleration measurements to be
able to guarantee asymptotic position tracking (݁ሷ  ݇௩ ݁ሶ 
݇ ݁ ൌ Ͳ , where ݁ is the position error) given the inertia
contributions of the master and slave dynamics [2]. It must be
noted, however, that near-transparency can be obtained at low
frequencies by ignoring these acceleration terms. Indeed,
since voluntary motions of the human hand are themselves
band-limited1, in the absence of acceleration measurements,
position and force tracking will be good sort of feeling
high-frequency phenomena such as the sharp edges or texture
of an object. On the other hand, if perfect transparency over a
large bandwidth is required, using accelerometers may be
justifiable. Alternatively, it is possible to use position
measurements with differentiators that are robust to
measurement noise. For instance, Levant [17] designed a
robust exact differentiator, and Suzuki et al [18] proposed an
adaptive version of Levant’s differentiator. Sidhom et al [19]
dealt with the use of Suzuki’s differentiator in an
identification context.
 ୫ ሺ ୫ ሻ and
Remark 2: The estimated inertia matrices 

ሺ
ሻ
ୱ ୱ for the master and the slave are assumed to be
invertible. To remove this assumption, in the controllers
 ୫ ሺ ୫ ሻ and 
 ୱ ሺୱ ሻ can be replaced by their priori
(5)-(6), 

 ୱ୮ , respectively, where 
 ୫୮ ൌ 
 ୫୮
 ୫୮ and 

estimates 

 ୱ୮
 ୫୮ and 
 ୱ୮ are not updated
 ୱ୮ ൌ 
 Ͳ. Since 
Ͳ and 
 ୱ୮ is not a concern.
 ୫୮ and 
online, the invertibility of 
More details about this can be found in [11], [13].

ଵ

 ൌ ଶሺοܠሶ ୫  Ƚοܠ୫ ሻ ሺοܠሶ ୫  Ƚοܠ୫ ሻ

భమοܠ୫
ሺ ୮  Ƚ ୴ െ Ƚଶ ሻοܠ୫  భమοી୫ୢ ିۺଵ
୫ୢ οી୫ୢ

భమοીୱୢ ିۺଵ
ୱୢ οીୱୢ

where Ƚ is a positive constant and is chosen such that Ƚ ൏  ୴ .
The derivative of  along the trajectory of the unified
closed-loop system (16) is
ሶ ൌ ሺοܠሶ ୫  Ƚοܠ୫ ሻ ሺെ ୴ οܠሶ ୫ െ  ୮ οܠ୫  ୫ οી୫ୢ

െୱ οીୱୢ  Ƚοܠሶ ୫ ሻ  οܠሶ ୫
ሺ ୮  Ƚ ୴ െ Ƚଶ ሻοܠ୫
 ିଵ ሶ
ሶ
οી୫ୢ ିۺଵ
୫ୢ ી୫ୢ   οીୱୢ ۺୱୢ ીୱୢ

Since
െ ୴ οܠሶ ୫ െ  ୮ οܠ୫  ୫ οી୫ୢ െ ୱ οીୱୢ  Ƚοܠሶ ୫
ൌ െሺ ୴ െ Ƚሻοܠሶ ୫ െ  ୮ οܠ୫  ୫ οી୫ୢ െ ୱ οીୱୢ ,
we get
ሶ ൌ ሺοܠሶ ୫  Ƚοܠ୫ ሻ
ሺെሺ ୴ െ Ƚሻοܠሶ ୫ െ  ୮ οܠ୫  ୫ οી୫ୢ െ ୱ οીୱୢ )

ሶ
ሺ ୮  Ƚ ୴ െ Ƚଶ ሻο ܠ୫  οી୫ୢ ିۺଵ
οܠሶ ୫
୫ୢ ી୫ୢ

ሶ
οીୱୢ ିۺଵ
ୱୢ ીୱୢ
Also, since
ሺοܠሶ ୫  Ƚο ܠ୫ ሻ ሺെሺ ୴ െ Ƚሻοܠሶ ୫ െ  ୮ οܠ୫ ሻ


ൌ െοܠሶ ୫
ሺ ୴ െ Ƚሻοܠሶ ୫ െ Ƚοܠ୫
 ୮ οܠ୫ 




ሺ ୮  Ƚ ୴ െ Ƚଶ ሻο ܠ୫ ,
െοܠሶ ୫

we have


ሶ ൌ െοܠሶ ୫
ሺ ୴ െ Ƚሻοܠሶ ୫ െ Ƚοܠ୫
 ୮ οܠ୫

IV. TRANSPARENCY OF CLOSED-LOOP SYSTEM
In an ideally transparent teleoperation system, through
appropriate control signals ୫ and ୱ , the master and the
slave positions and forces will match regardless of the
operator and environment dynamics, i.e., ܠ୫ ൌ ܠୱ and
୦ ൌ ୣ [20]. Since, we have obtained the unified closed-loop
dynamics (16), we can use a unified Lyapunov function to
show the transparency of the overall system as in this section.
Theorem 1: Consider the nonlinear teleoperation system
(1)-(2), which has dynamic uncertainty and is controlled by
the adaptive controller (5)-(6) using the dynamic update laws
(7)-(8). Then, the signals οܠ୫ ǡ ܠሶ ୫ ǡ οી୫ୢ and οીୱୢ in the
closed-loop system are bounded. Moreover, the position
tracking error οܠ୫ ൌ ܠ୫ െ ܠୱ converges to zero as  ื λ,
and the force tracking error ο ൌ ୦ െ ୣ is bounded. Ŷ
1

(17)

The maximum bandwidth with which the human finger can apply
motion or force commands is 5-10 Hz [15] and the maximum bandwidth with
which the human finger reacts to tactile stimuli is 8-10 Hz [16].


െοܠሶ ୫
ሺ ୮  Ƚ ୴ െ Ƚଶ ሻοܠ୫

οܠሶ ୫
ሺ ୮  Ƚ ୴ െ Ƚଶ ሻοܠ୫

ሺοܠሶ ୫  Ƚοܠ୫ ሻ ୫ οી୫ୢ
െሺοܠሶ ୫  Ƚοܠ୫ ሻ ୱ οીୱୢ
 ିଵ ሶ
ሶ
οી୫ୢ ିۺଵ
୫ୢ ી୫ୢ   οીୱୢ ۺୱୢ ીୱୢ


ൌ െοܠሶ ୫
ሺ ୴ െ Ƚሻοܠሶ ୫ െ Ƚο ܠ୫
 ୮ οܠ୫

ሺοܠሶ ୫  Ƚοܠ୫ ሻ ୫ οી୫ୢ
െሺοܠሶ ୫  Ƚοܠ୫ ሻ ୱ οીୱୢ
 ିଵ ሶ
ሶ
οી୫ୢ ିۺଵ
୫ୢ ી୫ୢ  οીୱୢ ۺୱୢ ીୱୢ

(18)

Substituting the adaptation laws (7)-(8) into (18), it becomes


ሶ ൌ െοܠሶ ୫
ሺ ୴ െ Ƚሻοܠሶ ୫ െ Ƚοܠ୫
 ୮ οܠ୫  Ͳ
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Since  is positive definite and ሶ is negative semi-definite,
 is bounded and the closed-loop system signals οܠ୫ ǡ οܠሶ ୫ ǡ
οી୫ୢ and οીୱୢ  are bounded, i.e., they belong to ஶ .
For analyzing position tracking error convergence,
integrating ሶ gives us
୲

ሺሻ ൌ න ሶ


The gravity term is assumed to be zero for simplicity. The
unknown dynamic parameter vectors for the master and the
slave are ી୫ୢ ൌ ીୱୢ ൌ ሾଶ ǡ ଵ ǡ ଶ ଶ Ȁଵ ሿ , and the dynamic
regressor matrices can be obtained according to Property 1.
In the simulations, the exogenous force ୦ כis taken as
ሾͳͲͲʹǡ Ͳሿ . Other simulation parameters are
ଵ ൌ ʹǤ͵ǡ ଶ ൌ ͶǤ, ଵ ൌ ଶ ൌ ͲǤͷ,

୲

୲

ଶ ଶ ሺሶ ଵ െ ሶ ଵ  ଶ ሺଶ ሻ  ሶ ଶ െ ሶ ଶ  ଶ ሺ ଶ ሻሻ.

ൌ െሺ ୴ െ Ƚሻ  ԡοܠሶ ୫ ԡଶ  െ Ƚ ୮  ԡοܠ୫ ԡଶ 
ஶ

Since ሺሻ is bounded, as  ՜ λ, we get that  ԡοܠ୫ ԡଶ 
ஶ

and  ԡοܠሶ ୫ ԡଶ  are bounded, i.e., οܠ୫ , οܠሶ ୫  אଶ . Having
οܠ୫ , οܠሶ ୫  אஶ and οܠ୫  אଶ , and using the fact that a
square integrable signal with a bounded derivative
convergences to zero [9], we can obtain that  οܠ୫ ൌ
୲՜ஶ

 ሺܠ୫ െ ܠୱ ሻ ൌ ͲǤ

୲՜ஶ

In terms of force tracking performance, since οܠ୫ ,
οܠሶ ୫ ,οી୫ୢ and οીୱୢ are bounded, according to the unified
closed-loop system (16), we can obtain that οሷ ୫ is bounded.
Therefore, from (13), we find that the force tracking error
ο ൌ ୦ െ ୣ is bounded. This concludes the proof.
V. SIMULATION STUDY
In this section, simulations are conducted to illustrate the
performance of the proposed controller. Consider the master
and slave robots to be identical and 2-DOF planar
manipulators [14], each consisting of two links and two rotary
joints, as shown in Fig.3.
x2

Ƚ ൌ ͲǤͳǡ  ୫୴ ൌ  ୱ୴ ൌ ͳǡ  ୫୮ ൌ  ୱ୮ ൌ ʹ,
ଶ ൌ ଷ ൌ ͲǤͲͷǡ ۺ୫ୢ ൌ ۺୱୢ ൌ ͲǤͳ۷ , where ۷ is the unit
matrix. The initial positions of the master and slave robots are
set as ܠ୫ ሺͲሻ ൌ ܠୱ ሺͲሻ ൌ ሾെͲǤͲͷǡ ͲǤ͵ͻͶሿ , and the initial
estimations of the uncertain parameters are set as
୫ୢ ሺͲሻ ൌ ી
ୱୢ ሺͲሻ  ൌ ሾ͵Ǥʹʹǡ ͳǤͳǡ ͵Ǥʹʹሿ .
ી
The simulation results in ଵ -direction are shown in Fig.
4(a)-(b). We can see that the slave tracks the position of the
master well even though there are dynamic uncertainties in
the teleoperation system. Besides, the force tracking error
between the master and the slave is bounded and is very small.
Since the exogenous force ୦ כin the ଶ -direction is zero,
perfect position and force tracking exists in that direction and,
therefore, the results are not shown.
The performance of the proposed adaptive inverse
dynamics control approach is also compared with the
well-known conventional adaptive control approach in [5],
which did not employ inverse dynamics (generating the
results in Fig. 5(a)-(b)). Comparing Fig. 4 with Fig. 5, it can
be found that the performance of the proposed adaptive
inverse dynamics control approach is better.

m2

l2

Remark 3: It is worth noting that the estimated parameters
ୱୢ do not need to converge to their true values ી୫ୢ ǡ ીୱୢ .
୫ୢ ǡ ી
ી
A key point in adaptive control is that the tracking errors of
the system may converge to zero regardless of whether the
parameter errors converge to zero or not.

q2

m1

l1

q1

x1

Fig. 3 2-DOF planar manipulator

The center of mass of each link is at the end of that link.
The masses of the first and second links are ଵ and ଶ ,
respectively, and the lengths of the two links are ଵ and ଶ ,
respectively. The inertia matrix, and Coriolis and centrifugal
term of the robot in the Cartesian space are as follows:
୫

భ
ଶ 
ሺୱ୧୬ሺ୯మ ሻሻమ
ۻሺܙሻ ൌ ቈ
Ͳ

Ͳ
ଶ

(a) Position tracking

,


െଶ ሶ ଶ
൨,
۱ሺܙǡ ܙሶ ሻ ൌ  
ଶ ሺሶ ଵ   ଶ ሻ
Ͳ
where
 ൌ ଵ ଶ ሺሶ ଵ ሺ ଶ ሻ െ ሶ ଵ  ଷ ሺ ଶ ሻሻ  ଵ ଵ ሶ ଶ ሺ ଶ ሻ
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[2]

[3]

[4]

[5]

[6]
(b) Force tracking
Fig. 4. The proposed inverse dynamics-based adaptive control

[7]

[8]

[9]

[10]

[11]
(a) Position tracking
[12]

[13]

[14]
[15]

[16]

[17]
(c) Force tracking
Fig. 5. The adaptive control in [5]

[18]

VI. CONCLUSIONS

[19]

In this paper, for multi-DOF teleoperation systems with
uncertain nonlinear dynamics, adaptive inverse dynamics
controllers are incorporated into Lawrence’s 4-channel
bilateral teleoperation framework. Compared with other
adaptive control schemes for teleoperation systems, the
proposed adaptive controller can yield linear error dynamics
in the ideal case. Consequently, the transparency of the
closed-loop system is more convenient to study.
With respect to force tracking, we have shown the force
tracking error ο ൌ ୦ െ ୣ is bounded. Improving the
proposed control algorithm to ensure that the force tracking
error converges to zero remains as future work.

[20]
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