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Abstract— In this paper, two different approaches have been
proposed aiming to improve transparency of a passivity-based
delay-compensated teleoperation system: direct force reflection
in a two-channel wave-based control architecture, which uses
the same number of channels as the traditional position error-
based control scheme with wave variables and, four-channel
wave-based control architecture, which is capable of achieving
ideal transparency in the presence of time delay. In order to
present a comprehensive performance comparison, we quantify
the transparency of each approach through subjecting the ex-
perimental results of a bilateral master-slave system developed
for endoscopic surgery applications to identification of the
hybrid parameters of the equivalent two-port network.

I. INTRODUCTION

A bilateral teleoperation system provides a means for
bidirectional transmission of data between a master and a
remote slave unit with a time delay between them. The main
goals of teleoperation are stability and transparency. It has
been demonstrated that the four-channel (4CH) architecture
is the best teleoperation architecture from a transparency
point of view with no time delays [1], [2], [3]. In the
presence of time delays, the stability and transparency of
a bilateral teleoperation system are severely affected. An
extensive review and comparison concerning various time
delay compensation methods is given in [4].

Scattering approaches which inherently preserve passivity
are theoretically able to stabilize a teleoperation system
independent of transmission delays [5]. A more physically
motivated reformulation of these ideas led to the introduction
of wave theory [6], which provides a framework for design-
ing and analyzing bilateral teleoperation systems. However,
so far these concepts have only been applied to a two-channel
(2CH) position error-based (PEB) teleoperation system. In
this paper, we will utilize the wave transformation technique
in a 2CH teleoperation architecture which is based upon
kinesthetic feedback of direct force measurements at the
slave side. Using experimental results, we show that this
control scheme can improve transparency without imposing
additional cost on stability of the teleoperation system. Keep-
ing in mind the unrivalled advantage of the 4CH architecture
from a transparency perspective for the delay-free condition,
we extend wave theory in a manner which can be applied
to the 4CH architecture, and compare the transparency of
an optimized 4CH architecture and its less complex three-
channel (3CH) derivative with that of a 2CH architecture in
terms of the hybrid parameters of the equivalent two-port
network. All our conclusions are validated by experimental
results.
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Fig. 1. Wave-based delay compensated PEB 2CH teleoperator.

II. WAVE THEORY FRAMEWORK

We assume the following single DOF equations of motions
for the master and the slave manipulators throughout our
work:

Mmẍm = −fm + fh Msẍs = fs − fe (1)

where Mm and Ms are the master and slave inertias, fm and
fs are the master and slave control actions, and xm and xs

are the master and slave positions. Also, fh and fe represent
the interaction forces between the operator’s hand and the
master, and the slave and the remote environment, respec-
tively. By considering velocities and forces in a teleoperation
system as currents and voltages, an equivalent electrical
circuit representation of the system can be obtained. This
equivalent circuit representation can be expressed by the
following hybrid model:[

Fh

−Ẋs

]
=

[
h11 h12

h21 h22

]
·
[

Ẋm

Fe

]
To achieve ideally transparent bilateral teleoperation sys-

tem in the presence of time delay, the concept of transparency
in [1], [3] can be further extended to the delayed kinematic
correspondence and the delayed interaction force correspon-
dence (Vs = e−sT Vm and Fh = e−sT Fe, respectively). Con-
sequently, the hybrid matrix of a delayed ideally transparent
teleoperation system takes the following form:

H =
[

0 e−sT

−e−sT 0

]
(2)

The wave variable approach for time delay compensation in
bilateral teleoperation stems from scattering theory and the-
oretically guarantees stability under arbitrary time delay as
long as the incoming and outgoing wave signals experience
a fixed amount of time delay. The original position error-
based wave transformation method proposed in [6] for a 2CH
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Fig. 2. 2CH wave-based direct force reflection teleoperator.

teleoperation architecture encodes power variables velocity
and force (ẋ, f) pre-transmission, as wave variables u and
v, as shown in Figure 1. The corresponding transformation
at the master side is defined as

um = (bẋm + fmd)/
√

2b vm = (bẋm − fmd)/
√

2b (3)

where b denotes the characteristic wave impedance, which is
a positive constant. In this system, Zm = Mms and Zs =
Mss represent impedances of the single-DOF master and
slave robots, respectively and and F ′

h is the exogenous input
force from the operator. The PD controller C̄s(s) is used
for position control at the slave side. Upon arrival at the
slave side, velocity and force information are extracted from
the received wave variables. The slave side post-reception
transformation is

us = (bẊsd + Fs)/
√

2b vs = (bẊsd − Fs)/
√

2b (4)

Theoretically speaking, systems expressed in wave variables
become completely robust to delays of any amount or phase
lags of any level. In practice, a wave-based teleoperation
system performance can be degraded due to a number
of reasons, among which are discrete implementation of
continuous-time control laws and significant variations in
the operator’s behavior or the environment impedance. The
performance is particularly degraded for large time delays
where high frequency oscillations appear in the teleoperation
system. The idea of filtering the wave variables was initially
suggested in [6] for noise reduction and frequency shaping,
especially when the proposed impedance matching scheme
fails to achieve the goal of transparency improvement [7].
In this research, we use lowpass filters W (s) in the wave
domain as shown in Figure 1.

III. 2CH ARCHITECTURES

Depending on the choice of input/output pairs from the
four variables in equations (3) and (4), we distinguish
four different wave transformation arrangements. These four
passivity-based time delay compensation architectures are
position-force (i.e. position control at the master side and
force control at the slave side), force-position, position-
position, and force-force. Both Anderson and Spong [5]
and Niemeyer and Slotine [6] have avoided the use of
force sensor measurements in bilateral teleoperation control
because of their inherent noisy nature and questions that may
arise about the passivity of the whole system. Including force
sensor measurements in time-delay teleoperation control has
been shown to improve transparency while stability can still
be maintained [8].

Figure 2 depicts a 2CH wave-based direct force teleop-
eration reflection architecture, in which measurements of
hand-master and slave-environment interaction forces are

Fig. 3. 4CH bilateral teleoperation system without time delay.

used. In this system we assume the PD position controller
at the slave side has the form C̄s(s) = (kds + kp)/s. It
is worth mentioning that the 2CH PEB and direct force
reflection architectures of Figure 1 and Figure 2 possesses
a non-symmetric scattering matrix. Therefore, an analytic
absolute stability study based on scattering matrix analysis
tends to become mathematically untractable for both of them
[8]. Moreover, in the case of the direct force reflection
architecture, the scattering matrix is not reciprocal either
implying that, although sufficient, passivity is not a necessary
condition for its stability. The interest in passivity of a
teleoperation system stems from the fact that it ensures
robustly stable performance for a class of multivariable
systems that cannot be easily subjected to other methods
of stability analysis, usually at the cost of performance. In
practice, it was observed that by utilizing two additional
lowpass filters in the system, one for filtering the measured
slave/environment interaction force fe before feeding it to
the slave-side wave transformer and the other for filtering the
reflected force fmd before applying it to the master robot,
it is possible to have better loop-shaping flexibility in order
to obtain the best stable performance in the teleoperation
system. It can be shown that even in the absence of any
force sensor noise, these low-pass filters help to improve
transparency by pushing the maximum singular values of the
scattering matrix of the direct force reflection teleoperation
system towards unity. The precise tuning of these filters
depends on the characteristic of the force sensor and is
basically an implementation issue.

IV. 4CH ARCHITECTURE

A. Delay-free case

Figure 3 depicts a general 4CH bilateral teleoperation ar-
chitecture [1], [2]. The operator and environment exogenous
forces F ′

h and F ′
e are inputs independent of teleoperation

system behavior. This architecture can represent all teleoper-
ation structures through appropriate selection of subsystem
dynamics C1 to C6. In contrast to 2CH architectures, a
sufficient number of parameters (degrees of freedom) in the
4CH architecture enables it to achieve ideal transparency.
The local force feedback compensators C5 and C6 improve
stability and performance of the system [3]. Perfect trans-
parency is achieved if and only if the hybrid matrix in (2)
has the following form

H =
[

0 1
−1 0

]
(5)

which has been obtained from (2) by taking T = 0. Applying
the perfect transparency conditions (5) to the hybrid parame-
ters of Figure 3, the following ideal transparency condition
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Fig. 4. Wave-based 4CH teleoperation system.

set is derived for the 4CH architecture:

C1 = Zts C2 = 1 + C6 C3 = 1 + C5 C4 = −Ztm (6)

where Ztm = Mms + Cm(s) = Mms + kdm + kpm/s and
Zts = Mss + Cs(s) = Mss + kds + kps/s, assuming Cm

and Cs to be PD controllers.

B. Wave-Based 4CH Architecture

So far the passivity-based time delay compensation ap-
proach has been applied only to 2CH architectures. In order
to extend this approach to a 4CH teleoperation architecture,
we need to segregate the communication channel part of the
system in Figure 3 as a two-port network. Figure 4 shows a
possible method for accomplishing this extension. The non-
physical input effort and flow pair for this two-port network
model of the communication channel are

V1 = C3Fh + C1Ẋm I2 = C2Fe + C4Ẋs (7)

The master and the slave closed-loop equations can be
written as ẊmZm = −ẊmCm + Fh(1 + C6) − I1 and
ẊsZs = −ẊsCs − Fe(1 + C5) + V2. Therefore, the non-
physical output flow and effort pair are

I1 = Fh(1 + C6)− ẊmZtm V2 = Fe(1 + C5) + ẊsZts (8)

The communication channel effort and flow relationships
in (7) and (8), from which the input and output pseudo-
power functions are calculated, are not unique but in their
presented form they are independent of knowledge of Ze and
Zh, which is an advantage for implementation. Moreover, it
can be easily checked that for the case of T = 0, V1 = V2 and
I1 = I2, thus the original system of Figure 3 is recovered.
The communication channel can be modelled based on its
inputs and outputs as[ −I1

V2

]
=

[
c11 c12

c21 c22

] [
V1

I2

]
= C(s)

[
V1

I2

]
(9)

where the matrix C can be defined with respect to the hybrid
matrix of the communication channel as

C(s) = H−1
ch (s) (10)

The outputs of the wave transformation block at the master
side are

I1 = (
√

2bum − V1)/b vm = (bum −
√

2bV1)/b (11)

and at the slave side are

V2 = bI2 −
√

2bvs us =
√

2bI2 − vs (12)

Transformation (11) can be derived from the basic definition
of wave variables (i.e., equation (3)) by taking the flow
variable (I1) and vm as the outputs and the effort variable
(V1) and um as the inputs. Similarly, wave transformation
(12) is obtained from (4) through selecting V2 and us as

the outputs and I2 and vs as the inputs. This arrangement
results from the fact that the input/output relationship for the
communication channel of the proposed 4CH architecture
corresponds to an “inverse hybrid” representation of a two-
port network (i.e., its inputs are V1 and I2 and its outputs
are −I1 and V2, where the directions of the input and
output flows correspond to the convention set in [5]) – see
equation (10), whereas that relationship is in the form of a
hybrid model for the 2CH architecture of Figure 1.

C. Transparency considerations and 3CH architecture
Applying condition set (6) for ideal transparency without

time delay, the overall hybrid parameters of the proposed
wave-based 4CH teleoperation system in Figure 4 are given
by:

h11 = [(W 2e−2sT − 1)(Z2
ts − b2Z2

tm)]/D2

h12 = 2bWe−sT (ZtmC3 + ZtsC2)/D2

h21 = −2bWe−sT (ZtmC3 + ZtsC2)/D2

h22 = [(W 2e−2sT − 1)(b2C2
2 − C2

3 )]/D2 (13)

where

D2 = b(W 2e−2sT + 1)(ZtsC2 + ZtmC3)
+ (W 2e−2sT − 1)(−b2C2Ztm − C3Zts) (14)

For asymptotic convergence of the position and torque er-
rors in Figure 3, the controller gains should be chosen in
accordance with [9] as:

Cs/Cm = Ms/Mm (15)

Using (15), it can be easily shown that Zts/Ztm = Ms/Mm.
Setting h11 from (13) equal to zero under the ideal trans-
parency condition according to (2) gives:

bideal = Zts/Ztm (16)

Similarly, for h22 to be equal to zero, we should have

C3/C2 = bideal (17)

Using (16) and (17) in (13), expressions for h12 and h21

under ideal transparency condition can be derived as:

h12 = −h21 = W (s)e−sT (18)

Equation (18) means that for W (s) = 1, the condition set
(6) along with equations (16) and (17) are delayed ideal
transparency provisions for the proposed 4CH architecture
of Figure 4. It can be shown that a teleoperation system
represented by the delayed ideally transparent hybrid matrix
in (2) cannot preserve passivity [5]. Therefore, a stability
study in this case also needs to factor Zh and Ze. For the
teleoperation system under ideal transparency conditions, if
Zts is Hurwitz (kds, kps > 0), the input admittance transfer
function based on the input F ′

h and the output Ẋm can be
simplified to

Yin = (Zh + Zee
−2sT )−1 (19)

In order to present a descriptive stability analysis of an
ideally transparent delayed teleoperation system, it is possi-
ble to use Pade approximation to simplify the characteristic
polynomial in (19) and apply the Routh-Hurwitz theorem
assuming Zh = (Mhs2 + kdhs + kph)/s and Ze = kpe/s.
For mathematical tractability, we use a first-order Pade
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approximation e−2sT ' (1 − sT )/(1 + sT ) to re-write the
characteristic equation in (19) as

MhTs3 + (kdhT + Mh)s2 +
(−kphαT + kphT + kdh)s + kphα + kph = 0 (20)

where α = kpe/kpm. Applying Routh-Hurwitz theorem to
(20), the following condition on α as the necessary and
sufficient condition for stability of the system represented
by (19) will be derived

α =
kpe

kph
<

kdh(Mh + kdhT + kphT 2)
kph(2Mh + kdhT )T

(21)

Equation (21) sets an upper bound on the remote environ-
ment stiffness kpe depending on the operator parameters
and time delay. Generally speaking, condition (21) is easy
to meet particularly under small delays or with compliant
environments, or through operator’s adaptation to the remote
environment characteristics.

Another potential benefit of the general 4CH architecture
of Figure 3 is that by proper adjustment of the local feedback
parameters, it is possible to obtain two classes of 3CH
control architectures, which can be transparent under ideal
conditions [3], [9]. The first class of 3CH architectures is
derived by setting C2 = 1 and C3 = 0. As a consequence,
C5 = −1 and C6 = 0. In other words, there is no need
for any master/operator interaction force measurements and
therefore, the number of the sensors in the system can be
reduced. The second class of 3CH architectures is obtained
by setting C2 = 0 and C3 = 1. In this class, force mea-
surements at the slave side are not needed. The use of fewer
sensors without incurring any penalty on system transparency
makes the 3CH architectures extremely attractive from the
implementation point of view.

Deriving a wave-based 3CH architecture from the pro-
posed wave-based 4CH architecture under ideal transparency
provisions only affects h22. In order to explain this further,
assume under condition set (6) and provisions (15) and (16)
that only the slave unity local force feedback is used (i.e.,
C5 = −1 and C6 = 0). It can be easily shown that h11, h12,
and h21 still keep their ideal transparency values after this
rearrangement. However, the new h22 is

h22 = (W 2e−2sT − 1)/(2Ztm) (22)

According to (22), the bigger the magnitude of Ztm, the
closer h22 is to its ideal value of zero. This result suggests
that this 3CH architecture is suitable for applications in
which the master is heavy. On the other hand, if only the
master unity local force feedback is used (i.e., C6 = −1 and
C5 = 0), while h11, h12, and h21 remain unchanged from
their ideal transparency values, the new h22 is given by

h22 = (1−W 2e−2sT )/(2Zts) (23)

which shows that the second 3CH architecture is suitable for
applications with a heavy slave robot.

V. EXPERIMENTAL PERFORMANCE EVALUATION

For experimental performance evaluation, we have used
a force-reflective master-slave system developed as an en-
doscopic surgery test-bed (Figure 5). Through the master
interface, a user controls the motion of the slave surgical tool
and receives force/torque feedback of the slave-environment
interactions. For details about this master-slave system, the

Fig. 5. Master-slave experimental setup.

reader is referred to [10]. In the experiments in this paper,
the master and slave subsystems were constrained for force-
reflective teleoperation in the twist direction only (i.e. rota-
tions about the instrument axis). The user twists the master
back and forth causing the slave to repeatedly probe a soft
tissue (foam) phantom using a small rigid beam attached
to the slave’s end-effector (Figure 5) for about 60 seconds.
The instrument interactions with the tissue are measured and
reflected in real-time to the user. In the haptic interface,
the friction/gravity effects are determined and compensated
for such that the user does not feel any weight on his/her
hand when the slave is not in contact with an object. The
digital control loop is implemented at a sampling frequency
of 1000 Hz. The master and the slave effective inertias
have been identified to be Mm = 5.968 × 10−4 kgm2 and
Ms = 9.814× 10−3 kgm2, respectively.

Figure 6 shows the master and the slave position and
torque tracking profiles for a PEB teleoperation architecture
with b = 1, T = 100 ms, kd = 3, kp = 10, and
fcut = 5 Hz. Assuming that a dedicated communication
network will be used, our choice of one-way time delay
of 100 ms is conservative since coast-to-coast round trip
communication delays are expected to be of the order of
60 ms. Figure 7 illustrates the same tracking profiles for
a modified direct force reflection teleoperation architecture
with similar parameters, where the cut-off frequency for fe

and fmd first-order filters is 2 Hz. As can be deduced from
these figures, the position tracking performance for the two
systems are close to each other. However, the modified direct
force reflection teleoperation system displays a superior force
tracking performance, which demonstrates a higher level
of transparency. This deduction is in accordance with the
results presented in [11] for teleoperation systems without
time delay.

To further investigate the relative transparency of these two
systems, a second set of free-motion tests was performed,
which in conjunction with the previous contact-mode tests,
can be used to determine the hybrid parameters of the teleop-
eration system in the frequency domain [8]. The magnitudes
of the hybrid parameters of the 2CH PEB and direct force
reflection teleoperation architectures for T = 100 ms are
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shown in Figure 8. Due to the human operator’s limited
input bandwidth, these identified hybrid parameters can be
considered valid up to a frequency of 60 rad/s. Figure 8 is
an indication of the superiority of the direct force reflection
architecture in terms of transparent performance considering
the ideal transparency requirements in the presence of a
communication channel time delay, as specified by (2). The
hybrid parameter h11 = Fh/Xm|Fe=0 is the input impedance
in free-motion condition. High values of h11 for position
error-based architecture are evidence of the fact that even
when the slave is in free space, the user will feel some
force as a result of any control inaccuracies (i.e., nonzero
position errors), thus giving a “sticky” feel of free-motion
movements. On the other hand, since direct force reflection
architecture uses fe measurements, its input impedance in
free-motion condition will be significantly lower making the
feeling of free space much more realistic. The parameter
h12 = Fh/Fe|Xm=0 is a measure of force tracking for the
haptic teleoperation system. The better force tracking perfor-
mance of direct force reflection architecture in Figure 8, i.e.,
h12 ≈ 0 dB, confirms the time-domain results observed in
Figures 6 and 7. The parameter h21 = −Xs/Xm|Fe=0 is a
measure of the position tracking performance. In this respect,
the spectrum of the PEB architecture is a little closer to
0 dB, which is indicative of a slightly better position tracking
performance. It is worthwhile mentioning that because of the
finite stiffness of the slave and also the backlash present in
the slave’s gearhead, the accuracy of h22 = −Xs/Fe|Xm=0

estimates is less than that of the rest of the hybrid parameters.
As can be seen in Figure 6, with the the PEB architecture,
there are vibrations in the master and slave positions and
forces in the contact mode. It was also observed that the
magnitudes of these vibrations increase with time delay.
While stability in the wave-based time delay compensation
approach is guaranteed in theory regardless of the time delay,
in practice and consistent with previous studies [5], [6], such
vibrations exist and may be due to implementation reasons
such as discretization or limited controller bandwidth. As can
be seen in Figure 8, these vibrations affect the h12 parameter
of the PEB teleoperation architecture. However, as shown in
the force profile of Figure 7 and the h12 spectrum of Figure 8,
force tracking is much less subjected to unwanted vibrations
in the case of the direct force reflection architecture. These
results are indicative of the fact that transparency is improved
by providing slave force sensor data to the bilateral control
algorithm.

Figure 9 shows the master and the slave positions and
torque tracking profiles for a 4CH wave-based architecture
based on the ideal transparency criteria (6), (16), and (17)
with single-way time delay T = 100 ms, C2 = C3 = 0.5,
b = 8, Cm = 40Mm(10 + s) (PD position controller), Cs =
40Ms(10 + s), and fcut = 1 Hz. Figure 10 shows the same
results for an 3CH wave-base architecture with only the unity
local force feedback at the slave side (no master local force
feedback). All the other parameters are identical. The reason
for choosing this type of 3CH architecture is that in our setup,
the slave manipulator is sensorized to measure its interaction
force with the environment, while in the absence of a force
sensor the master uses a system observer for contact force
estimation. The results in these two figures indicate that the
3CH architecture is better suited for our setup in comparison
with the 4CH architecture. The magnitudes of the hybrid
parameters of the wave-based 4CH and 3CH teleoperation

architectures are shown in Figure 11. The force and position
tracking performances (reflected in the h12 and h21 spectra
of Figure 11) in the case of the 3CH architecture is almost
perfect. The superiority of performance in the case of the
3CH architecture can be attributed to the higher gain of the
slave local feedback, which allows for a lower level of master
force feedforward and consequently, less contribution from
the master side force observer. Unlike the case of the 2CH
position error based architecture, 4CH and 3CH architectures
do not show any sign of vibrations under contact conditions.

In terms of transparency, 3CH architecture can be con-
sidered the best among the four teleoperation control ar-
chitectures under study. Direct force reflection is showing
very good transparency, bearing in mind that it only needs
the minimum requirement in terms of the communication
channel bandwidth. Also, considering the fact that 3CH and
4CH architectures work under ideal transparency conditions
(6), (16), and (17), they are more sensitive to system para-
meter variations in comparison to a more robust controller
architecture such as 2CH direct force reflection. With respect
to position tracking under contact conditions, which is not
reflected in any of the hybrid parameter spectra, it can be
concluded from Figures 6, 7, 9, and 10 that the 3CH and
4CH architectures outperform both of the 2CH architectures.
This can be attributed to the fact that the 2CH architectures
use only one PD controller at the master side, while a 4CH
architecture has a second position controller at the master
side. The role of this controller becomes more pronounced
when Fe is non-zero.

VI. CONCLUSION

In this paper, we quantitatively compared the perfor-
mance of two different approaches for wave-based time-
delay compensation in a master-slave system. The first
approach is based upon the traditional 2CH bilateral wave-
based teleoperation control architecture, in which the system
is made robust against communication channel latencies
through the introduction of wave transformers. We have
effectively improved the transparency of this system by
making use of direct force sensing data at the slave side
without imposing additional costs on the stability of the
system. In the second approach, we have extended the use of
wave theory for time-delay compensation to a 4CH control
architecture. This control architecture is capable of achieving
ideal transparency under delay-free conditions and we have
shown that this property is maintained in our proposed
4CH wave-based architecture. The experimental performance
comparison of the four teleoperation control architectures
indicates that while the 3CH wave-based architecture has
the best performance, the 2CH direct force reflection control
architecture can offer a comparable performance with less
implementation complexity and better stability robustness.
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