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Abstract

This paper presents a systematic matrix-based lumped-element analysis of CMOS distributed amplifiers (DAs). Since transmission

lines (TLs) of the DAs are artificially constructed from a ladder of a finite number of inductors and capacitors, the conventional TL-

based analysis of microwave DAs can not be accurately applied to CMOS DAs. The proposed lumped-analysis method is also more

intuitive for analog circuit designers than the TL analysis adapted from microwave amplifiers analysis because it provides the

performance characteristics of the amplifiers as functions of circuit elements values, and not the TL characteristics. The image impedance

technique is used for the design of input/output terminating networks. A new image impudence matrix is defined to accommodate the

extension of the theory from two- to four-port networks, and a practical realization of the image impedance matrix is presented using the

available circuit elements in CMOS technology. The simulation results clearly indicate an improved voltage gain and a better gain

uniformity over the bandwidth of the proposed DA design terminated at its image impedance compared with the amplifier terminated at

its nominal TL characteristics impedance.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The distributed amplification technique is extensively used for the design of broadband amplifiers in conventional
microwave technologies [1,2]. Since distributed amplifiers (DAs), unlike other amplifier topologies, have no
gain–bandwidth tradeoff, they can provide the wideband amplification needed for broadband wireline and wireless
communication networks. The introduction of deep sub-micron NMOS devices with cutoff frequencies of about 100GHz
enables CMOS technology to be considered as an alternative for high-speed compound semiconductor technologies like
GaAs and SiGe. CMOS exhibits two major advantages over currently-used compound semiconductor technologies: a
lower cost of fabrication and a higher level of integration. The main challenge of implementation of high speed
communication circuits in CMOS technology is its highly conductive silicon substrate (compared with GaAs) that lowers
the quality factor of the on-chip inductors, and increases the cross-coupling and substrate noise. Despite this challenge,
several successful implementations of DAs in CMOS technology have recently been reported [3–7]. These DA designs are
distinguished from each other by different implementations of on-chip inductors of artificial transmission lines (TLs)
(spiral on-chip inductor, bondwire inductors, and coplanar waveguides) and different gain cell topologies (common-source
single transistor, differential pairs, Darlington and cascode circuit topologies).

The conventional microwave common-source field effect transistors (FET) DAs are constructed out of two TLs that connect
drains and gates of FETs, as shown in Fig. 1(a). In this topology, the gate–source and drain–source capacitance of the
transistors are absorbed into the TLs. Therefore, the parasitic capacitance of the transistor no longer limits the bandwidth, and
e front matter r 2006 Elsevier Ltd. All rights reserved.
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Fig. 1. (a) Schematic diagram of a uniform microwave distributed amplifier, and (b) schematic diagram of a uniform CMOS distributed amplifier

constructed of artificial LC transmission lines.
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instead introduces delay (latency) in the time domain response of the circuit. Bringing the distributed amplification technique
to CMOS technology requires making essential changes in both analysis and design—changes which are justified below. The
wavelength–frequency relation of electromagnetic waves traveling in the interconnects is given by

lf ¼
cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�r;effective
p , (1)

where l is the wavelength, f is the frequency, c is the speed of light in free space (3� 108m/s), and er, effective is the effective
relative permittivity of the silicon dioxide (3.9). Using the above relation, the wavelength is calculated to be 3.8mm at 40GHz.
This implies that CMOS interconnects with lengths of up to 380mm (one tenth of the wavelength) are not considered
distributed elements at frequencies less than 40GHz. This is the reason that TLs, which are essential to the operation of
distributed amplifiers, are realized by a ladder of inductors and capacitors in CMOS technology, as depicted in Fig. 1(b).

In this paper, a new matrix-based lumped-element analysis for CMOS DAs is developed to provide the accuracy for the
analysis of the DAs constructed of artificial TLs (LC ladders). Based on the new modeling of DAs, the amplifier voltage
and current gains, input and output impedance, as well as amplifier’s S parameters can be obtained as functions of the
circuit components’ values. These functions are more intuitive for analog circuit designers than the TL analysis adapted
from microwave amplifiers analysis since they provides closed-form transfer function of the DA, where the system’s zeros
and poles can be easily located. Section 2.1 of the paper presents a definition of a four-port definition of ABCD matrices to
facilitate the calculation of the overall ABCD matrix for a multi-stage CMOS DA. In Section 2.2, the final two-port ABCD
matrix of the DA is calculated as a function of the elements of a four-port ABCD matrix. The application of the image
impedance technique to DAs is discussed in Section 3, and an image impedance matrix (IIM) is defined and then calculated
to extend image impedance theory from the two-port networks to the four-port networks. A practical realization of IIM is
presented in Section 3.2. Finally, to prove that the new approach is superior to the conventional design, both DA circuits
terminated with image impedances and nominal TL characteristic impedances are simulated, with the results compared in
Section 4.

2. Lumped-element DA analysis

2.1. ABCD transmission matrix and properties

A schematic diagram of stage K of a uniform N-stage DA is depicted in Fig. 2. An ABCD transmission matrix is an
effective representation for the analysis of cascaded networks since the overall ABCD matrix of the network can be readily
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Fig. 2. Stage k of a uniform N-stage CMOS DA.
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computed by multiplying the ABCD matrices of the cascaded stages. An ABCD transmission matrix for the stage K of a
DA is defined as follows:
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where the voltages and currents are denoted in Fig. 2. The DA ABCD matrix can be rewritten as a product of the following
two ABCD transmission matrices as follows [8]:

D ¼ A1A2A1, (3)

where

A1 ¼

1 1
2YID12

0 0

0 1 0 0

0 0 1 1
2YIG12

0 0 0 1

2
6664

3
7775, (4)

and

A2 ¼

1 0 0 0

YT22 þ Y D þ YID11 þ YID22 1 YT21 0

0 0 1 0

YT12 0 YT11 þ Y G þ YIG11 þ YIG22 1

2
6664

3
7775, (5)

where YID11, YID12, YID21, and YID22 are the elements of the drain line’s on-chip inductors admittance matrix, YIG11,
YIG12, YIG21, and YIG22 are the elements of gate line’s on-chip inductors admittance matrix, and Y11, Y12, Y21, and Y22 are
the elements of the transistor’s admittance matrix. The Y parameter of the on-chip inductors is assumed to be symmetrical
in the above derivation, where YID12 ¼ YID21 and YIG12 ¼ YIG21.

The most important properties of the ABCD matrix stem from the fact that the amplifier network is reciprocal if
regarded as a four-port network. If the directions of the currents in the ABCD matrix are modified toward the network, the
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inverse of the resulting ABCD matrix should be equal to itself, or, in other words, the inverse of the ABCD matrix is
equal to

D11 D12 D13 D14

D21 D22 D23 D24

D31 D32 D33 D34

D41 D42 D43 D44

2
6664

3
7775
�1

¼

D11 �D12 D13 �D14

D21 �D22 D23 �D24

D31 �D32 D33 �D34

D41 �D42 D43 �D44

2
6664

3
7775, (6)

where D is the ABCD matrix of an N-stage DA and equal to D(1)D(2)
yD(N) in general, and where the DA, if uniform, is

equal to (D(k))N for any k ¼ 1::N. Furthermore, the reciprocity condition implies that the amplifier’s impedance,
admittance, and scattering matrices are symmetric; that is, Z ¼ Zt, Y ¼ Y t, and S ¼ St.

2.2. Final two-port network

The next step is to calculate the 2� 2 ABCD matrix of the amplifier from the G0 port to the DN port, whereas the other
two ports, GN and D0, are terminated in the YGT and YDT admittances as shown in Fig. 3. To obtain the ABCD matrix of
the other two ports, ID0 and IGN are replaced in the following matrix:

V D0

�Y DT VD0

VG0

IG0

2
6664

3
7775 ¼

D11 D12 D13 D14
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3
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2
6664

3
7775, (7)

If the fist line is multiplied YDT, and added to the second line, the dimension of the matrix is reduced to 3� 4 as follows:

0
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3
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The dimension of the matrix can be further reduced to 3� 3 by simple algebraic manipulations as follows:

0

VG0

IG0

2
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3
75 ¼

D21 þD11Y DT D22 þD12Y DT D23 þD13Y DT þD24Y GT þD14Y DT Y GT
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3
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2
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3
75. (9)
Fig. 3. Schematic diagram of a final two-port DA.
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Then, from the first line of the above matrix, the VGN can be obtained as a function of VDN and IDN. By replacing VGN in
the previous matrix, the final ABCD matrix of the DA two-port network can be simplified to the following equation:

VG0

IG0

" #
¼

D31 � ðD21 þD11Y DT ÞðD33 þD34Y GT Þ=T D32 � ðD22 þD12Y DT ÞðD33 þD34Y GT Þ=T

D41 � ðD21 þD11Y DT ÞðD43 þD44Y GT Þ=T D42 � ðD22 þD12Y DT ÞðD43 þD44Y GT Þ=T

" #
�

V DN

IGN

" #
,

(10)

where T ¼ D23+D13YDT+D24YGT+D14YDTYGT.
Based on the above final two-port network ABCD matrix (10), designers are able to calculate the closed form

equations for the amplifier’s parameters, such as voltage gain, current gain, and S parameters, as functions of the circuit’s
elemental values. This enables a more intuitive circuit design by having a closed-form formula for amplifier transfer
function by locating the zeros and poles of the system. From microwave design perspective, the final S parameters of the
amplifier network can be obtained as a function of the S parameters (or Y parameters) of the inductors and transistors.
This will lead to a very highly accurate design of the DAs, since the EM-simulated/measured S parameters of each
individual component can directly be plugged in the DA model. Since there in no computationally extensive mathematical
task involved in the calculation of the final two-port network characteristics, this modeling technique is extremely time
efficient.

3. Image impedance termination

3.1. Definition and calculation of image impedance matrix

The image impedance method is used for the analysis and design of the periodical structure filters in [10]. This method
can be applied to DAs because of their periodical structure. Based on the definition of image impedance for a two-port
network, the image impedance at the input port, ZIIN, is the input impedance at the input port when the output port is
terminated in ZIOUT, and the image impedance at the output port, ZIOUT, is the input impedance at the output port when
the input port is terminated with ZIIN as illustrated in Fig. 4(a). In this case, both ports are matched when terminated in
their image impedances. To extend the image impedance theory to four-port networks, an IIM is defined instead of scalar
image impedances. As shown in Fig. 4(b), the IIM ZL is the input impedance matrix of the left ports when the right ports
are terminated in their IIM ZR, and vice versa. Because of the reciprocity of the network, the two image impedance
matrices are equal (ZR ¼ ZL ¼ Z). It easily can be concluded from its definition that the IIM of the one-stage amplifier is
equal to that of the N-stage amplifier. To calculate the IIM of a uniform DA with a given four-port ABCD matrix for its
Fig. 4. Schematic diagrams of: (a) a scalar image impedances definition; and (b) an image impedance matrix (IIM) definition.
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stage k, these three sets of equations must be solved simultaneously:
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There are eight unknown voltages and currents and four unknown impedances in the above set of equations. Since there
are eight equations in the set, all voltages and currents can be eliminated in order to end up with a relationship between the
element of the IIM and the elements of the four-port ABCD of stage k of the DA.

The IIM of a simple DA network is calculated in this section. For the cell gain topology, a simple transconductance gain
(gm) is selected. The parasitic capacitance of transistors and inductors and the drain and gate line’s capacitors are merged
and denoted as Cd and Cg. The inductance of the drain and gate line’s spiral inductors are denoted as Ld and Lg, whereas
the parasitic series resistance of these inductors is ignored in this calculation. By solving the equation set (11), the elements
of the IIM of a single-stage amplifier for the simple amplifier cell gain can be computed as follows:

Z11 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ld � w2L2

dCd

Cd

s
, (12)

Z22 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lg � w2L2

gCg

Cg

s
, (13)

Z21 ¼ 0 (14)

and Z12 can be calculated as function of Z11 and Z22 as follows:

Z12 ¼ gm½Z11Z22 þ jwLdZ22 þ jwLgZ11 � w2LdLg�=

½wðwCdCgZ11Z22 � jCgZ22 � jCdZ11 þ jw2Z22LdCdCg þ jw2Z11LgCdCg þ wLgCg þ wLdCd � w3LdLgCdCgÞ�. ð15Þ

It is noteworthy to mention that the elements of a single-stage DA image matrix are equal to those of a uniform multi-
stage DA. Simulation results for 1-stage, 3-satge, and 5-stage DAs terminated in its image impedance matrix network are
shown in Fig. 5(a). This amplifier network exhibits unstable behavior at DC frequencies and at its cutoff frequency. Except
at these frequencies, the IIM-terminated DA provides a flat gain over the entire bandwidth.

3.2. Realization of image impedance matrix

Since the analysis provided in previous sections is merely mathematical, exploring the possibility of a realization of the
IIM network using available circuit components in CMOS technology is logical. In this section, we seek a practical
realization of the IIM network while trying to eliminate the instability condition of the amplifier at DC and cutoff
frequencies. Since the computed Z21 is 0 in the unilateral case, the IIM network appears to be a unilateral structure as well.
Therefore, the solution appears to be the same circuit as that of one cell found in the amplifier, and terminated in the scalar
impedances. Writing the equations to obtain the image impedance results in an unsolvable set of equations, and indicates
that such a network is not feasible. Although the arrangement is not the only configuration that can be examined for
realizing the IIM network, any answer to the question would result in a highly complicated network.

As the infinite magnitude of Z12 causes the instability of the amplifier at DC frequency, one solution to this problem is to
ignore the IMM matrix component Z12. In this case, the realization of a unilateral two-port network is also simplified to
the realization of scalar image impedances Z11 and Z22. It is important to know how the voltage gain of the amplifier
changes if Z12 is neglected; therefore, the distributed amplifier circuit is simulated using the model developed in Section 2.2.
The simulation results, presented in Fig. 5(b), imply that there are no significant changes in the voltage gain of the DA over
the entire bandwidth except at very low frequencies. At such frequencies, the gain overshoot is removed in the new
amplifier configuration, resulting in a better gain-flatness and stability.
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impedance Z11 and Z22 (Z12 is ignored); and (c) fitted RLC image impedances.
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The task of realization of the IIM network is now simplified to the realization of Z11 and Z22 scalar impedances. As
depicted in Fig. 6, Z11 is a pure ohmic impedance within the bandwidth of the amplifier and a pure imaginary impedance
outside the bandwidth. Since Z11 is a mathematically computed impedance with no physical base for the realization, the
solution is to fit a linear network of impedances to Z11, which is a pure ohmic impedance at DC frequency, which scales
down to zero at cutoff frequency. The best circuit to model the behavior in this region is a resistor in parallel with a
capacitor. To model the behavior of Z11 outside of the band, adding an inductor, in series, to the previous model is
necessary.

To find the values of R, L, and C in such a way as to obtain the circuit model closest to Z11, a direct search method
optimization algorithm [9] is used to minimize the difference between the magnitudes of Z11 and the RLC model. The
optimization algorithm converges to the following points:

L ¼ 0:397Ld; C ¼ 0:5118Cd; and

R ¼ 1:0232
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ld=Cd

p
. ð16Þ

The simulation results for the fitted RLC model are demonstrated in Fig. 5(c). Replacing Z11 with the linear RLC
impedance, the other gain overshoots at cutoff frequency are also omitted because the magnitude of the Z11 is not zero at
this frequency anymore. This also improves the stability of the amplifier.

4. Simulation results and comparison

In this section, the voltage gain of a DA terminated at a fitted RLC circuit is compared with that of the conventional DA

design terminated at nominal characteristic impedances of artificial TLs, which are
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ld=Cd

p
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lg

�
Cg

q
, respectively.

Based on the modeling methodology developed in this paper, these two circuits with one, three, and five-stage gain cells are
simulated, with the results shown in Fig. 7. These simulation results show the improvements in gain and gain uniformity

achieved by the image impedance technique. The bandwidths of the gate and drain lines are given by 1
� ffiffiffiffiffiffiffiffiffiffiffiffi

LdCd

p
and

1
� ffiffiffiffiffiffiffiffiffiffiffi

LgCg

p
, respectively. The upper limit of the amplifier bandwidth is determined by the minimum of the gate and drain line

bandwidths which are equal if LdCd ¼ LgCg. As a design guide, the product of Ld and Cd (and proportionally the product of

Ld and Cd) must be minimized to achieve the largest possible bandwidth if the frequency response of the amplifier outside the
bandwidth has no importance for the system specification. However, the minimum values of Cd and Cg are limited to the
intrinsic capacitance of the transistors. The simulation results also indicate that the gain and the filtering behavior of the DA
are improved by increasing the number of amplifier stages at the cost of using a greater die area.

5. Conclusions

In this paper, a novel matrix-based lumped-element analysis method is developed for CMOS DAs. The lumped-element
modeling of DAs provides the final two-port network characteristics as functions of the circuit elements which is more
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intuitive for analog circuit designers. S parameters of the overall DA network can also been obtained if the S parameters of
each circuit component are provided by the means of the measurements or EM simulation. The image impedance technique
is extended to accommodate the four-port definition of a DA, and the defined IIM is computed for a DA with a simple gain
cell element. The mathematically-computed IIM is realized using available circuit components (RLC circuit) which results
in a higher voltage gain and a better gain uniformity than the conventional design using the transmission line matching
method.
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Appendix

If the transistor is assumed to be unilateral, that is, if Y 21 ¼ 0, then the following conditions must be met to render the
above matrix equal to its reverse:

D31 ¼ D32 ¼ D41 ¼ D42 ¼ 0,

D11 ¼ D22;D33 ¼ D44,

D21 ¼ ðD
2
11 � 1Þ=D12,

D34 ¼ ðD
2
33 � 1Þ=D43,

D13 ¼ ð�D11D14 þD12D24 þD14D33Þ=D34,

D23 ¼ ðD14 �D2
11D14 þD12D24D33

þD11D12D24Þ=D12D34. ð17Þ

It is evident that the elements of the DA ABCD matrix are not independent. In the derivation of the previous conditions,
D11, D12, D14, D24, D33, and D34 are considered independent variables, and the other matrix elements are calculated as the
functions of these independent variables.
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