'.) Check for updates

International Journal of Circuit Theory and Applications

WILEY

| orIGINAL ARTICLE

VLPPLAS: Variable Latency Parallel Prefix Ling Adders

Yonggiang Zhang! @ | Yili Yuan! @ | Jie Han? | Xin Cheng! | Guangjun Xie!

School of Microelectronics, Hefei University of Technology, Hefei, China | 2Department of Electrical and Computer Engineering, University of Alberta,
Edmonton, Alberta, Canada

Correspondence: Guangjun Xie (gjxie8005@hfut.edu.cn)
Received: 29 May 2025 | Revised: 30 June 2025 | Accepted: 21 October 2025

Funding: This work was supported in part by the National Natural Science Foundation of China under Grant 62404067, in part by the Fundamental
Research Funds for the Central Universities under Grant JZ2025HGTB0231, and in part by the Natural Sciences and Engineering Research Council
(NSERC) of Canada under Grant RES0048688.

Keywords: energy | error rate | latency | Ling adder | parallel prefix adder

ABSTRACT

Adders are ubiquitous in computer systems. Parallel prefix adders (PPAs) provide a way to speed up the addition. To further
increase the performance, variable latency parallel prefix Ling adders (VLPPLAs) are proposed based on Ling adders in this
work, respectively, using Brent-Kung, Beaumont Smith, Knowles, Kogge-Stone, and Sklansky topologies. The parallel prefix
processing stage is designed to generate correct sums for most input operands. The Ling carries of these operands propagate for
no more than a predetermined maximum carry chain length. The results of the remaining cases are speculated and detected
through an overall error detection signal (OEDS) and then may be corrected using exact circuits if it is asserted in the next clock
cycle. The OEDS is divided into several block error detection signals (BEDSs), for which the error rates are computed to estimate
the computing accuracy of the designed VLPPLAs. Simulation and experimental results indicate that the proposed VLPPLAs
achieve reductions in error rates by up to 96.50%, and energy performance with respect to average latency by about 15.68% for

64-bit designs on average, respectively, compared with previous variable latency parallel prefix adders (VLPPAs).

1 | Introduction

Addition is of importance in computer arithmetic, which dom-
inates the computation speed of systems. Techniques for high-
speed adders have been put forward, such as carry select adders
(CSAs), carry look-ahead adders (CLAs), and parallel prefix
adders (PPAs). In particular, adders using parallel prefix pro-
cessing topologies, such as Brent-Kung [1], Beaumont Smith [2],
Knowles [3], Kogge-Stone [4], Sklansky [5], and Ladner Fisher
[6], can realize various performance enhancements concerning
latency, area, fan-out, fan-in, logic depth, and wiring complex-
ity. However, the latency of exact n-bit PPAs designed using
these topologies is still limited by O (log(n)) [7].

Adders for applications with resilience to errors can be loosely
designed to speed up the addition. The latency of adders
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designed in such an approximate way is about sublogarithmic
by sacrificing computing accuracy. In this case, inexact adders
aimed at exploiting the tradeoff between computing accuracy
and hardware costs, especially latency, have been extensively
investigated at transistor, gate, logic, and algorithm levels,
such as imprecise adders and carbon nanotube field-effect
transistor-based adders [8, 9], lower-part OR adders (LOAs) and
reconfigurable approximate carry look-ahead (RAP-CLA) ad-
ders [10-12], generic accuracy configurable (GeAr) adders, dual
subadders based low latency adders (DSLLAS), approximate
parallel prefix adders (AxPPAs), and block-based carry specula-
tive approximate adders [13-16], and multiobjective Cartesian
genetic programming (CGP) based adders [17]. If the generated
results significantly deviate from the exact ones, an error cor-
rection module can be embedded into these inexact adders to
alleviate such issues [14, 16].
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Besides, variable latency adders (VLAs) show advantages in bal-
ancing computing accuracy and latency [18]. Previous works have
shown that the average latency of an exact n-bit adder is log(n)
for uniformly distributed unsigned input operands [18]. That
is, each output generally depends on only previous log(n) bits,
whereas unsigned inputs with a latency longer than log(n) are
rare cases. Thus, the ideas behind VLAs are to generate correct
results through approximate circuits for most input operands with
a carry chain shorter than a predefined maximum length in one
clock cycle. The results for other cases are speculated, where er-
rors may occur. These results are detected using an overall error
detection signal (OEDS) and can then be corrected using exact cir-
cuits if the OEDS is asserted in the next clock cycle. This concept
has been applied to adders using various parallel prefix processing
topologies [19-23], multipliers [24], and even dividers [25].

In [26], a 32-bit VLA based on a Ling adder detects the erroneously
speculated results using a derived OEDS for it, as in other designs
[19-23]. Experimental results show that the VLA based on a Ling
adder surpasses conventional VLAs in latency since it achieves a
smaller average latency than previous designs. However, the logic
expression of the OEDS in [26] is redundant, and it corrects too
many results, containing some correctly speculated ones. Thus,
this VLA incurs large error rates. This work is a thorough exten-
sion and optimization of the design in [26] using different parallel
prefix processing topologies, named variable latency parallel pre-
fix Ling adder (VLPPLASs). A 64-bit VLPPLA using Brent-Kung
topology is realized by removing specific rows from the original
structure. It is analyzed in detail to derive an OEDS to check the
speculated results. The OEDS is divided into several block error
detection signals (BEDSs) to compute the error rate of each block
and estimate the computing accuracy of the VLPPLA using inde-
pendently and uniformly distributed unsigned operands.

The main contributions of this work are summarized as follows.
(1) The general expression for the Ling carry is derived through
the defined intermediate signals. (2) The OEDSs are derived
from the truth tables of the proposed VLPPLAs using Brent-
Kung, Beaumont Smith, Knowles, Kogge-Stone, and Sklansky
topologies to check the correctness of speculated results. (3) A
general architecture for the VLPPLAS is designed. (4) Various
64-bit VLPPLAs with different maximum carry chain lengths
using these topologies are presented to validate the proposed de-
sign and analysis method.

This paper proceeds as follows. Section 2 introduces conven-
tional PPAs, variable latency parallel prefix adders (VLPPAs),
and Ling adders. Section 3 illustrates the proposed VLPPLAs.
Section 4 provides the experimental results, including error rate
and hardware costs. Section 5 concludes this work.

2 | Background
21 | PPAs

The addition of two n-bit unsigned binary operands
A=a,_,a,, - aapand B=>b,_;b,_, -+ b;b,generates an n-bit
sum S =s, 5, , - ;5 and a 1-bit carry-out ¢, _; in a final re-
sulte,_15,_1S,_ -+ $1So- A PPA computes in three stages: prepro-
cessing, parallel prefix processing, and postprocessing [7].

In the preprocessing stage, the generate g, and propagate p, for
each bit are defined as

g=a;-b;
p;=a;®b; W

where 0 < i <n — 1, the symbols - and @ respectively denote the
logic AND and XOR, and the symbol - is omitted later for con-
venience. Thus, the sum s, and carry-out ¢, for each bit are com-
puted using g, and p, as

5;=p;®ciy

C;=8+DiCi @

where the symbol + denotes the logic OR and ¢ _, is the carry-in
of an adder. So, the carry-out ¢, can be iteratively expanded as
€;=8;+Di8i-1+PiPi-18i—2F =+ +PiPi-1 " P1&o

3
+PiPi—1 " P1PoC-1

By modifying the definition of g, from xyy, to xy,+ (x®y,)c
or assuming c_; = 0, the carry-out c, for each bit becomes

¢; =8 tDi8i-1 +PiPi-18i-2+ - +PiPi-1 - P18o @
For brevity, in the parallel prefix processing stage, the block gen-

erate G and block propagate P from the jth bit to the ith bit,
are respectively defined as

-1

G = { & =
Grim + Pl G mory)  iZmM>]

P = { " - N
P[i:m]P[m—l:j]

can be written as

i>m>j

Ifj=0, Giigl

Giio) =8 +Pi8i-1 + PiPi18i—2 + -+ +DiPi1 - Pi& (6)

According to (4) and (6), one has

¢ = Gyig) ™
The computation of Gy, is realized in the parallel prefix pro-
cessing stage, where a Boolean operator® is introduced to com-
pute the carry-outs as

(G,P)o(é,?) - (G+P6‘,PF) ®)
The operator is associative and idempotent, so

(¢ ~) = (Griopr ~) = (8:P:) © (8i_1-Piz1) © =+ ©(&1:P1) © (80> Po)
©

In the postprocessing stage, the sum s, for each bit and carry-out

¢,_, are respectively computed as

5;=p;®G;_,

10
€1 =G (10

The key to a PPA is the parallel prefix processing stage, which

computes the block generate G[i:j ! and block propagate Py Since

the associativity of the operator in (8), different combinations
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of the generate and propagate pairs bring forth various parallel
prefix processing topologies, such as Brent-Kung [1], Beaumont
Smith [2], Knowles [3], Kogge-Stone [4], Sklansky [5], and
Ladner Fisher [6]. Ladner Fisher topology searches for a design
for PPAs: The one with a minimal logic depth shares the same
topology with Sklansky. All these PPAs are designed to balance
the logic level, latency, area, fan-in, fan-out, and overall wiring.

Figure 1a shows the parallel prefix processing stage of a 64-bit PPA
using Brent-Kung topology (PPA ;. ), where the white squares in
the top row are used to produce the generate g, and propagate p,
according to (1), the black nodes represent the associative opera-
tors, the white nodes are buffers, and the black connection means
that the result of an operator is put into the next one in the next
row. It has a total of nine rows to compute the carry-outs.

2.2 | VLPPAs

In [21, 23], VLPPAs using parallel prefix processing topologies are
studied to save the addition time for most input operands. The op-
erands with a carry chain length shorter than a predefined max-
imum length are accurately computed, whereas the carry-outs
of other operands are speculated, detected, and corrected if the
OEDS is true. The maximum length can be realized by remov-
ing specific rows in the original structure of a PPA. For example,
Figure 1b shows the speculative parallel prefix processing stage
of a 64-bit VLPPA using the Brent-Kung topology (VLPPA .., -)
by deleting seven rows in the red-dotted rectangle in Figure 1a to

X

Ga G Gay O G Gse Goy G Ges Gu Gay G Gy Goo Gan Gas G Gae Gus G G G Gay Gao Gy Goa Gis Gia Gys G G Gy Gy G
\ u \ J

realize the maximum carry chain length of L=7. For example,
the computation of ¢; (i=6, 10, 14, 18, 22, 26, 30, 34, 38, 42, 46, 50,
54, 58, and 62) from g; (j=0,4,8,12, 16, 20, 24, 28, 32, 36, 40, 44,
48, 52, 56, and 60) involves 7 bits, respectively. Thus, the carry-
outs of the less significant 7bits (c,~c,) are accurately computed,
but they are speculated for the most significant 57bits (c,~c,,).

The speculated carry-out ¢} for each bit of the VLPPAy, , s
Giio) <6
Gay 7<i<10
Gug 11<i<14

Giizy) 35<i<38 v

2
Lével

0
Level
11

.
e N
\

G Gox Gy G Gis Gioa Gy Gy Gy Gie Gy Gie Gy G Gys G G Gy Gy Ghe G Ge Gy Ge Ge Ga Gy Gy Gy Gy
J J J

Block 16 Block 15 Block 14 Block I3 Block 12 Block 11 Block 10 Block9  Block 8

(b)

Block7  Block6  BlockS  Block4  Block3  Block2 Block |

FIGURE1 | The parallel prefix processing stage of 64-bit adders using Brent-Kung topology. (a) The original structure. (b) The speculative paral-

lel prefix processing stage by deleting seven rows in the red-dotted rectangle.
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With these 16 divided blocks, the accurately computed carry-
outs ¢;= G[m] (0 <i<63)in (7) can be written as

Giro 0<i<6
Gliay+Ppia) Gz 75110
Giig) +Piig1 Gy 1151<14

Giiay +Pliag Gy 15<i<18
Giing +PiineiOpisoy 195022
Glizo) +Pria0)Griogy  23<1<26
Giioay +PioaGosoy 27 <1 <30
oo ] Glizsy + Pring) Gpazey  31<i<34 12)
Gliza) +Prisz Gpargy  35<i<38
Giig) +Piissi Gz 39 <i<42
Gliao) + Priag) Gpaogy  43<1<46
Giragy+PioasGrasey 47 <1 <50
Gliag) T Pliag)Glazgy 515054
Gliso) + PpiisyOps1o) 95 <i<58
Gise) T Pliiss) Opss.o) 99 <i<62

L Gli:o01 T Plizso; Gso:0) =63

where the block generate Gy;;) = 1 and block propagate Pp;;) = 1
are mutually exclusive. Comparing (11) with (12), the OEDS for

the VLPPA 47 is

63 62 s8
E= i=%3 Pii:60)Giso:01 + i=Lé9 Pii.s61Giss:0) + .M Piis2Gs10)

54 50 46
+l.=951 Pii.451Glaz0) .y Pi.441Glas) +i=Lths Pii:401G30.0)
42 38 34 (13)
+i=L§9 Pii36)Gss0) +i=%5 Pi321Gs10) +1.=L§1 Pi51G270)
30 26 22
+i=%7 Pii241G230) +i=%3 Pi201G19:0) +l.=U19 Pii16Gps0)

18 14 10
+i=L{ SP 1112101101 +i=L{1 Pyi.g1Gir +il=J7 Pi41Gis)

where the symbol U represents the logic OR. If the OEDS
E is detected as a 1, it means that at least one of the specu-
lated carry-outs is different from the exact one for the input
operands.

Considering the last term in (13) and (5), we have

10
Y PiiyGiz0 = (P 17:41 T Ps:81P17:4) + Pro:g) P74y + Praos P [7:4])6[3:0]

=P[7:4JG[3:0J
14

Because ¢}, = Pp1o4)Gpz0p €5 = Pro.aiGraop €5 = PisaiGaop and
¢; = P;.41Gp3,0) have the same parent node ¢} as marked in green
in Figure 1b, this simplification is obvious. The OEDS for the

VLPPA,, ,is simplified as

E = Pi3:601G1s9:01 + Pis9:561 Grss:01 T Pissis21 Grsicor T Prsiiag) Grazon
+Py7.441Ga3:0 T Praza0) Grz0:0 T Prao36) O s
+ Pp35:321Gi31:0) + Pi31:28) G 27:01 + Pl27:241 G230 15)
+P33:20 G io:01 + Prioais) Onisio + Prisazi Oy
+P1:81G17.01 T Pr7.41 Gz

Furthermore, considering the last two terms in (15) and (5),
we obtain

Pyy1:81Gp7:01 + P74 G0y = Praisy (Gizay + Piz:ai Gz ) + Pirai Gpaao
=P11:8/G17.41 + P17.41 G301
1e)

Finally, the OEDS for the VLPPA can be written as

BK64_7

E = Pi3:601G1s9:561 T Prso:s61 Opss:s2y T Prssis2) Opsnuasy T Prsiag) Orazaaq
+ Pl47.421Gla3:40) + Pl43:40)G30:36) T P139:36) G35:32) T P135:321 G318
+ P31281Gpa7:241 T Pr27:241G23:20) T Pr23:201Graosne + Priosie) Caszyg
+P15121G 18y T Pru1s1 Grray + P71 Gay

a7

If the OEDS is asserted, the erroneously speculated carry-outs
are corrected by restoring the removed rows to the original
structure in the next clock cycle [21, 23]. Thus, the average la-
tency T, of a VLPPA is computed as

Tog = (1= Pogps) Tk + Poeps2Tax = (1 + Pogps) Tax ~ (18)

where P is the probability of an OEDS being asserted and
T, is the clock period.

2.3 | Ling Adders

Different from the PPAs above, the generate g;, propagate p;, and
half-sum d, for each bit are respectively defined in a Ling adder
[27] as

gi=a;b,
pi=a;+b; (19)
d;=a,®b,

where 0 <i < n — 1. These definitions are critical to compute
8P = aibi(ai + bi) =ab; =g (20)
In contrast to the PPAs, a Ling adder uses the Ling carry H, in-

stead of the carry-out c, for each bit in the parallel prefix process-
ing stage, which is defined as

Hi=¢+c, (1)

According to (2) and (4), it can be expanded as
H; =8 +8_1+Di18i2 +Pis1Pi28i-3+ - +PiiPiz = P18

(22)
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Consider the first six terms H ~H as

Hy=g,
Hy=g,+8&
H,=g,+8 +&
(23)
Hy=g;+8,+D,81 +P2P18o
H,=84+83+D38,+P3P281 +D3P2P18o
Hs=g5+84+ D483+ P4P38> +DaD3D281 +PaP3P2P180
Since g,p,=g;, (23) can be rewritten as
Hy= (go +8, )
H,=(g,+8)
H,= (gz +g1) +P1Po (go +g,1) (24)

Hy= (83 +g2) +P2D, (gl +g0)
H,= (84 +g3) +D3P> (gz +81) +P3P2P1Po (go +g—1)
Hs=(85+84) +PsP3(83+82) +PsPsPaP1 (81 +80)

where g_,=0. Thus, the Ling carry H, can be classified into
even and odd bits as

Hy = (gzk +g2k—1) +P2k-1P2—2 (gzk—z +g2k—3) + -
+Da_1Pak—2 =+ P1Po (80 +8-1) Hars1 = (8as1 + 82k (25)
+PokPok-1(82-1 +8ax—2) +PakPak—1 ** PaP1 (81 +80)

where 0 <k <n/2 -1 Define two intermediate signals «; and
$3; for each bit as

;=8 +8i1

26
Bi=DiPi1 26

where p_, =0. The Ling carries H,, and H for even and odd

2k+1
bits are respectively represented as
Hy =g + Pox1%ok—a + Pog—1Pok—3%k—a+ -+ + Pok_1Pak—3 = P1ag
Ho1 = 0gp1 + P @y + Bor Pok—20ak—3+ -+ + BorcPok—z - By

@7

Taking the associative operator [28] into consideration, (27)
becomes

(sz’ N) = (azkvﬂzk—l)o(azk—zvﬂzk—a)o °(’10’ﬁ—1)

(28)
(H2k+1’ N) = (azk+1’ﬂzk)°(azk—1’ﬁ2k—z)° °(“1s ﬁo)
where §_; =0.

In the postprocessing stage of a Ling adder, the sum for each bit
and carry-out ¢, _, are respectively computed as

5;=d;® (pi—lHi—l)

Cpo1=DPp-1Hy4

29

where s,=d @ c_, is computed as a special case.

3 | The Proposed VLPPLAs

A VLPPLA operates in three stages, including preprocessing,
parallel prefix processing, and postprocessing, with error detec-
tion and error correction modules [26].

3.1 | Preprocessing Stage

The preprocessing stage in a VLPPLA generates the intermedi-
ate signals o; and 3; defined in (26).

3.2 | Speculative Parallel Prefix Processing Stage

In this subsection, different speculative parallel prefix pro-
cessing stages in the VLPPLAs with various maximum carry
chain lengths are respectively designed using Brent-Kung
[1], Beaumont Smith [2], Knowles [3], Kogge—Stone [4], and
Sklansky [5] topologies. The following definitions for the inter-
mediate signals «; and §3; are made to simplify the formulation as

A2k2(-)] =

{ Ao Jj=0
A ak2k-m)] F P[2k-1:20-m)-1] ¥ [2k-m-1)2k—p)]  else

B [2k:2(k=)] =

{ Bk Jj=0
B [2k:2(k—m)) B [2(k—=m—1):2(k—j)] else (30)

X2k+120k—j)+1] =

{ Xok+1 Jj=0
X 2k+1:2(k—m)+1] +p [2k:2(k—m)] ¥[2(k—m)—1:2(k—j)+1] else

ﬂ[2k+1:2(k—j)+1] =

{ Pokt Jj=0
Blaks1:20c-my+1] P l2tk—m)-1:20k—p+1] else

where 0 <m<j<k<n/2-1 The expressions for the Ling
carries Hy, and H. for even and odd bits in (28) can be writ-
ten as

2k+1

Hyp = a0

Hop1 = opc411] D
In what follows, we detail the parallel prefix Ling adders
(PPLAs) and then derive the VLPPLAS from them. A 64-bit Ling
adder using the Brent-Kung topology (PPLA,.,) is presented
in detail to illustrate the proposed design and analysis method.
Figure 2a shows the parallel prefix processing stage of the
PPLA ¢4, Where the white squares in the top row are used to
generate the intermediate signals «; and 8, according to (26), the
black nodes represent the associative operators [28], the white
nodes are buffers, and the black connection means that the re-
sult of an operator is connected to the next one in the next row.
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FIGURE2 | The parallel prefix processing stages of 64-bit Ling adders using Brent-Kung topology. (a) The original structure. (b) The speculative

parallel prefix processing stage with a maximum carry chain length of 7. (c)
chain length of 15.

The adder has a total of eight rows to compute the Ling carries,
where the even and odd bits share the same connectivity.

As corroborated in 23, the maximum carry chain length for 64-
bit unsigned inputs is mostly less than 7. The maximum carry
chain length is therefore set to L=7 in the speculative paral-
lel prefix processing stage of the 64-bit VLPPLA using Brent-
Kung topology (VLPPLA ., ). The speculative parallel prefix
processing stage can be constructed, as shown in Figure 2b,
by removing five rows in the blue-dotted rectangle from the
PPLA, in Figure 2a. This structure results in three rows
to compute the Ling carries, where the less significant 14 bits
(H,~H,,) are accurately generated and the most significant 50
bits (H,,~ H,) are speculated. It can be observed that the maxi-
mum carry chain length is 7, such as the carry chain lengths of
H,,, H,, H,), H,, Hy, and H,,. In addition, the speculative par-
allel prefix processing stage of the VLPPLA, ., , presents the
same connectivity for even and odd bits, as that of the PPLA .-

3.3 | Error Detection

According to (31), the speculated Ling carry H;' for each bit of

the VLPPLA,, , is computed as

The speculative parallel prefix processing stage with a maximum carry

¥k 0<k<6 ki) 0<k<6
apks]  7<k<10 Uprrs]  7<k<10
Upprs) 11<k<14 A7) 11<k<14
H = Aope] 15<k<18 o Aakirns] 15<k<18
Uapzy] 19<k <22 Aopirzz] 195k <22
¥oka0] 23 26 Aopira1] 235k <26
Xorag] 27 30 Aakirae] 27 <k <30
®[2k:56) k=31 X[ 2k+1:57] k=31
(32)

It is shown that the speculative parallel prefix processing
stage of the VLPPLA, ., , is divided into eight blocks for
even and odd bits, including Block 1 (from H, to H,,), Block
2 (from H,, to H,,), Block 3 (from H,, to H,,), Block 4 (from
H,, to H,,), and so on, respectively, as shown in Figure 2b.
The Ling carries in Block 1 are accurately computed, while
they are speculated in Blocks 2, 3, 4, 5, 6, 7, and 8. With these
divided eight blocks, the exact Ling carry H, for each bit of the
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PPLA in Figure 2a can be respectively written for even

BK64
and odd bits as
(
a[zk:o] 0 < k < 6
Aaks] tPlok-17) %oy 7<k<10
A[ak16] T P2k-115] a0y 11<k<14
Ho =) @[2k24] T Pl2k-123]¥220p 15 <k <18
%=
¥ok:32] T Pl2k-131]¥pz00) 19 <k <22
A[aica0] + Blak-1:39] X380y 23 <k <26
¥[2k:48] T Pl2k-1:47]¥pasco) 27 <k <30
k=31 ©3)
[2k:56] T Pl2k-1:55]¥[540) =
*[2k+11] 0<k<6
¥oks19] +Blaks) @7y T<k<10
Aokr117]) FBlaka6) ¥y 1<k <14
Aokr125]) + Blak24] ¥z 15<k <18
Hyjey1 =1

¥ok41:33] FPlak] Xy 195k <22
Aaesra] +Paka0] X a0y 23<k <26

¥[o41:49] + P2keas] Xazny 27 <k <30

@[ ak+1:57] T Pl2k:56] ¥isse1) k=31

By comparing (32) with (33), it is observed that the exact
Ling carry H, for each bit is truncated and speculated by the
Ling carry H. Among them, the speculated Ling carries

TABLE1 | Thetruthtableofs},s, H ,and H,_, for the VLPPLA

-1 BK64_7"
d, D, o Ba Hi’“_1 H,_, s;“ s;
0 0 0 0 0 0 0 0
0 0 0 1 0 (%) 1 0w) 0
0 0 1 0 1 1 0 0
0 0 1 1 1 1 0 0
0 1 0 0 0 0 0 0
0 1 0 1 0 (%) 1 0 (x) 1
0 1 1 0 1 1 1 1
0 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0
1 0 0 1 0 (%) 1 ov) 0
1 0 1 0 1 1 0 0
1 0 1 1 1 1 0 0
1 1 0 0 0 0 1 1
1 1 0 1 0 (%) 1 1 0
1 1 1 0 1 1 0 0
1 1 1 1 1 1 0 0

Hj, and Hj, | (0<k<6) in Block 1 are always equal to H,,
and H,, ,, respectively, since they are accurate. For Blocks
2,3,4,5,6,7 and 8, an error may occur, for which the error
detection is different from that of the VLPPAs simply using

PG in (17).

According to (29), Table 1 lists the truth table of speculated
sum s}, accurate sum si, speculated Ling carry H;,, and ac-
curate Ling carry H,_, for the VLPPLA, ., ,, where the sub-
scripts of a and Sa are omitted for simplicity and can be seen
in (33). If the error correction is made for H;, according to
the values of a and Sa, four erroneously speculated cases have
to be done among these 16 conditions as marked using (x),
as in the previous work [26]. This leads to large error rates.
On the other hand, the Ling carries are not the final goal of
a VLPPLA. Thus, the error correction is made for s} directly
instead of H;" , for the proposed VLPPLAs in this work, leading
to two erroneously speculated cases marked using (x) among
16 conditions in Table 1.

With these analyses, the OEDS E for the speculated sums of the

VLPPLA ., , i

E =De3%163:5718162:561 %5511 T Pe2¥162:561 P [61:551¥[54:0]
30
+ k£27P2k+1“[2k+1:49]ﬁ[zk:4s]a[47:1]
30
+ Y, Pak k48] Blak-1:47]%146:0]
26
t Y Pakr1¥2k+1:41] Pl2k:40] %3011

26

+ k£23p2ka[2k:40]ﬁ[2k—1:39] ®[38:0]
2

+ Y yPan @[ 2k4+1:33] P[2k:32] X311

22
+ kglgpzk“[zk:sz]ﬂ[zk—lsl] ®[30:0] . (39)
18
+ kglspzkﬂa[zkﬂ:zs]ﬁ[zk:24]a[23:11
18
+ U P24 Plak-1:23]%22:0)
14 .
+ kgup2k+1a[2k+1:17]ﬁ[zk:lﬁ]a[ls:l]
14
+ kgupzka[zk:m]ﬁ[zk—l:ls] X140)
10
+ kL=J7P2k+1“[2k+1:9]ﬁ[2k:s] ®[7.1

10
T Y Po¥[aks) Blak-1:7] %601

Since
g&pi=d; (35)
considering (30) and the last term in (34), we have

10 14
2 P [2k:8] P[2k-1:7] ¥16:0] = 0 diPs6:0) (36)

where the symbol N represents the logic AND. Thus, (34) is sim-
plified as
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63 62
E= .7n . dj7P550‘[55:1J + i7QSS di7P540‘[54:01

=5
55 J 54 p

+ N a; a7+ N d; A6
fIAN i Pa7@47:1) a7 is P46 % [46:0]
47 p 46 p

+ N a; U391+ N a; Aag.
o i P39®[39:1] 3 i, P38%[38:0]

39 38 (37)

+j4932 dj4p31a[31:lj + 1;,931 di4p300‘[30:01-

31 30

+j 924 d; Pr3 31 +i 023 d; P20
3T 37
2 2

+j 916 djzplsa[lszl] +i 015 di2P14“[14:0]
2= 2=

15 14
+j1r:18 d; P70+ i127 d; Ps%6:0)

Although the logic expression is complex, it shares the same el-
ements with the Ling carries H,, and H,, , in (33) or sums in
(29). The error detection module needs only several AND gates

more than the exact circuits to compute the OEDS.

3.4 | BEDS

For the VLPPAs and VLPPLAs, the BEDS is introduced in this
subsection.

VLPPApy,, + By separately considering the elements in the
OEDS E for the VLPPAy, (, , in (17), we have E,, E,, ..., E, E.,

E,, E;, E,, and E| for Blocks 16, 15, ..., 2, and 1 in Figure 2b as

E6 = Pis3:60)Grs9:561» E15 = Prso:561Otss:521» E14 = Prss:s21Cys1.48»
E\3=Pi51.481G47:441 E12 = Praz.a41Gpazeaoy» E11 = Praouner Opisaay»
Eo=Pi30:36)Gy35:321 Eo = P35:32) G 3128 28
Eg = Pp31.981G127.041» E7 = Ppa7.041Gpa300) 9
E¢=Pi3300Gpgu1ep Es = Pioi1s) Opisazy

E, =P[15:121G[11:8J’E3 =P[11:SJG[7:4J’E2 =P[7:4JG[3:0]’E1 =0

where E| is 0 since the carry-outs in Block 1 are accurately
computed. We name these eight elements the BEDSs of the
VLPPA ¢, -in this work. Thus, the OEDS E of the VLPPA
equals the ORed results of these BEDSs as

BK64_7

E ) E
X Error detection

> Sllfl 0

sing
g

Post processin

EN
B =p >

Pre-processin,
Speculative prefix processing

Su»l 2L

MUX tree

Error correction >

FIGURE 3 | The architecture for n-bit VLPPLAs with a maximum
carry chain length L.

E=E+E+E,+E;+E,+E+E+Ey+E;

39
+E,+Eg+Es+E,+E;+E,+E, (39)

VLPPLA ., ,» By separately considering the elements in the

OEDS E in (37), we obtain Eg, ..., E,, E;, E,, and E; for bits in

Blocks 8, ..., 3,2, and 1 of the VLPPLABK&L7 as

63 62
Ei= N d pesttissyy+ N d; PsyQsaons
871 5% j Ps5®[s5:1] 1055 i,P54%[54:0]

55 54
E;= 0 di pyr0p7. +i 947 di6P460‘[46:0p
=

Jo=48 J6

47 d 46 p
E.= n d; A0+ N d; ®30.015
6=, Cio L P39®[39:1) A i.P38%[38:0]

38 (40)

39
Es= N d; pya+ N d; Dyo®000
5750 L D31%(31:1 i i,P30%[30:0]

31 30
E,= N d;, prpai+ N di Por®r0s
a=, 0 i P23 %231 i i,P22®122:0]

22

23
E;= n d; pisaps+ N d; P1aQia01
37,506 L P15%)15:1) 10 i,P14%[14:01

15 14
E, =j Qs dj1P7‘x[7:1] + ; Q7 di1p6a[6:0]’ E,=0
1= 1=

where E| is 0 since the sums for the bits in Block 1 are accurately

computed. Thus, the OEDS E of the VLPPLA, ., , equals the
ORed results of these BEDSs as
E=Eg+E,+E,+E;+E,+E,+E,+E, (41)

3.5 | Error Correction

Error correction for the speculated sums is made if the OEDS
is asserted, as in previous works [21, 23], by using the removed
rows to compute the exact Ling carries and sums.

3.6 | Postprocessing Stage

With the computed Ling carries, propagate p,, and half-sum d,, the
speculated and exact results can be computed according to (29).

From the analyses above, it can be concluded that the less sig-
nificant 2L sums are correctly computed, whereas the most sig-
nificant n-2L sums are speculated, for an n-bit VLPPLA with a
maximum carry chain length L. Figure 3 shows the architecture
for the designed VLPPLAs, where the speculated sums s;_, .,
accurate sums s,_;.,;, and OEDS E are computed. If the OEDS
E of a VLPPLA is 0, the multiplexer (MUX) tree will select the

speculated sums or the exact sums in the next clock cycle.

4 | Experimental Results

The error rates of the VLPPAs and VLPPLAs are evaluated by
computing the probabilities of BEDSs being asserted, assuming
independent unsigned input operands. One million Monte Carlo
trials are carried out for each design to validate the computations.
In VS Code, Verilog hardware description language is used for
programming PPAs, PPLAs, VLPPAs, and previous designs [23].
Additionally, in Vivado, the simulation chip XC7A35TFGG4841
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from the Artix-7 series is used to conduct simulations and verify
logic correctness. Besides, they are synthesized by the Synopsys
Design Compiler with a TSMC 65-nm standard library at the
typical corner [29] according to the same timing constraints.
The command “set_multicycle_path” is employed to mark non-
speculative outputs of a speculative adder, aiming to find the
minimum tclk for comparing the performance of different ad-
ders. Finally, MATLAB is used to verify the correctness of the
simulation results and compute the error rates of these adders.

4.1 | Simulation Results

From the simulation results shown in Figure 4, it can be ob-
served that the design presented in this paper has fully achieved
the intended objectives: When E =0 (indicating no error), the re-
sult is generated within the current clock cycle; when E=1, the
modified and accurate result is produced in the next clock cycle.
Additionally, a flag signal has been incorporated to verify the
correctness of the adder's outputs.

4.2 | Error Rate

This subsection is to illustrate the error rates of the VLPPAs and
VLPPLASs using different parallel prefix processing topologies.
The probabilities of the bits a; and b, being 1 of the independent
input operands A =a,_,a,_, - a,a, and B=b,_;b,_, --- b} b,
are respectively

) =P, 42)
VLPPA 4, - The probabilities of the generate g; and propagate

p; being 1 for a VLPPA are respectively

P(g;=1)=P, =P(q;b;=1) =P, P,

43
P(pizl)=Pp,~=P(ai€Bbi=1)=Pai+Pb,~_2Paini ( )

Take the BEDS E in the VLPPA
According to (5),

BKe4 7 &S an example as follows.

P(Elﬁ = 1) =P(P63P62P61P60G[59:56] = 1)

= H(sz) (P(G[59:56] = 1))

i=60

44

where p, D, Pg1» Por a0 Gisg:56 AT€ independent to each other.
Note that

P(g+pi=1)=P(g=1)+P(p;=1) (45)
The last term in (44),

P(G[27:24] = 1) = P(g27 + P27G26:24) = 1) = sz7 + sz7P(G[26:24] = 1)

(46)
Thus,
Pgse +PP59

63 P, +P

P(E=1) = H (Ppl-) b P 47)
i=60 (Pg57 +PP57)

(Pgss)

VLPPLA., ,» The probabilities of the generate g;, propagate p,,

and half-sum d, being 1 for a VLPPLA are respectively

P(gl =1) =Pgi =P(aibi =1) =Paini
P(p;=1)=P, =P(a;+b;=1)=P, +P, —P, P,  (48)
P(dlzl) =Pdi=P(ai®bi=1) =Pai+Pbi_2Paini

Thus, the probabilities of the intermediate signals «; and propa-
gate 8, being 1 are respectively
P(ai = 1) =Pai =P(gi +8-1= 1) =Pgi +Pgi—1 _Pgini—l
P(ﬂl =1) =Pﬂi =P(pipi—1 = 1) =PP1PPH
(49)

With these probabilities, the BEDSs for each block can be com-
puted respectively as follows by taking the BEDS E, of Block 4 in

the VLPPLA,., ,as an example.

63 62
P(Es = 1) =P( N d; pssass.q)+ N _d; Psy@syo =1
Jj7=56 i;=55

63 62

=F <J7956 dj Pssss:) = 1> +P<i7955 d;, Psa®(s4.0) = 1) -+ (50)
63 62

-P j7956 dj7P55“[55:1] i7955 di7p54a[54:0] =1

Name Value 60, 670. 000 ns 60, 680. 000 ns 60, 690. 000 ns 60, 700. 000 ns
-y

Welk 0

1 rst 1 \

41x[63:0] b19f692315b17d46  4...] a0601be6872dcA7f 7e54£c969f283eab 31c09d5ce926c10f )
1y[63:0] 2043f6e6dda1082b [ 453b0ce3elel59%eb d6899414046aacfe 582522b116£0a887 )
w5 out[64:0] 0d1e36009f3528571 1 | 0eb9b28cab90f1eba 154de90aaa392eba3 089e5c00d80176996x 089e5c00e001 76996)
' out_ture[64:0] 0d1e36009f3528571 1...! 0e59b28cab690fleba! 154de90aaa392eba3 089e5c00e00176996 )
Ye 0

1% flag 0

FIGURE4 | Simulation results of the VLPPLA in Vivado.
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Each of the elements in (50) is computed as

63 Pgss/Pss+
P( nSﬁd] Pssfiissan = 1) - H <Pdf7) Pos | P P, o, *
J7 =56 D p
(Pg,)
(51
62 62 P854/P54+
TERISER (8 A o
b= Po
(Pg,)
(52)
63
P i N, &, Pssssay n S 8i,Psatsa0) =1
(53)

63 Pg54 /Psa +

=l_5!(Pdi) Pl (P (Pgl/pl+))
) "\ ()

where P, means the probability of g being 1 under the condi-
tion that p is 1.

Figure 5 shows the sums of simulated and computed probabil-
ities of the BEDSs for 32- and 64-bit VLPPAs and VLPPLAs.
The computed results match the simulated ones well. These
data show that the probabilities of the BEDSs for 32- and 64-bit
VLPPLASs are smaller than those for VLPPAs by more than an

[ VLPPAs simulated VLPPAs computed
I VLPPLAs simulated =+ VLPPLAs computed

e o
—_—

Probability

A % h) ® h)
7

v v/ v v/ v/
» » ] > »
X % @“ & &
Topology
()
FIGURE 5 | The sum of simulated and computed probabilities of the
VLPPLAs.
[ vLPPAs [T VLPPLAS
882
0.03

o

;;

=]

2

o

02 : 02 a2 3:
‘8{:) Q’g,") ‘(34 “5‘: “-j‘"‘)
Topology
(a)

FIGUREG6 |

order of magnitude. That is, the probability of errors occurring in
VLPPLAs issignificantly lower than that of VLPPAs. In detail, the
probabilities are respectively lowered by up to 98.31% and 98.96%
for 32- and 64-bit designs on average. Indeed, VLPPLA \(, ¢
and VLPPLA (., ;,get0BEDS errors in one million Monte Carlo
trials, whereas their counterparts have about 195 BEDS errors on
average. In addition, VLPPA, ., -, VLPPA (., o, VLPPA ., o,
VLPPA ¢ o VLPPA ¢, 48 and VLPPA, 4+ g generate larger
error rates than others.

Figure 6 shows the simulated probabilities of the OEDSs for 32-
and 64-bit VLPPAs and VLPPLAs. The error probabilities of 32-
and 64-bit VLPPLAs are reduced by about 96.37% and 96.50%
on average compared with those of VLPPAs. For example,
VLPPABKHJ, VLPPABS3278, and VLPPASK3278 realize error prob-
abilities of about 0.062, 0.086, and 0.086, whereas the error prob-
abilities of VLPPLA ., ., VLPPLA ., o, and VLPPLAg., .
are 0.0087, 0.00148, and 0.00148, respectively. Note that the
error probabilities of VLPPLA ,, s and VLPPLA ., . are only
6.40x107° on average, and VLPPLA, ,,and VLPPLA
produce no error in one million Monte Carlo trials.

KS64_16

Figure 7 shows the differences between the summed probabilities
of the BEDSs and the probabilities of the OEDSs for 32- and 64-bit

VLPPAs and VLPPLAs. Take the VLPPAy, ,, , as an example.

P(E=1)
=P(E,+E;+E,+E =1)
=1)+P(E;=1)+P(E,=1)+P(E, =1)

(4
<P(E,

[ VLPPAs simulated -©- VLPPAs computed
[ VLPPLAs simulated -8 VLPPLAs computed
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BEDSs for (a) 32-bit VLPPAs and VLPPLAs and (b) 64-bit VLPPAs and
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The simulated probabilities of the OEDSs for (a) 32-bit VLPPAs and VLPPLAs and (b) 64-bit VLPPAs and VLPPLAs.
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Thus, the probability of the OEDS E in the VLPPA,., , is
smaller than the summed probabilities of the BEDSs E,, E;, E,,
and E,. The difference between them indicates the dependence
between the divided blocks. The larger the difference is, the
higher the dependence becomes for a VLPPA or VLPPLA. That
is, the predefined maximum carry chain length is too small for
most input operands, which will increase the error rates and
probabilities of error correction. For example, VLPPA,, ., .
and VLPPA, ., , with a carry chain length of 7bits generate
large error probabilities. The error probabilities can be lowered
by about 93.35% and 99.92% by increasing the maximum carry
chain length from 7 (or 8) to 15 (or 16) for 64-bit VLPPAs and
VLPPLAs. Besides, VLPPA,, o, VLPPAg ., o VLPPA (., o
and VLPPA, ., . are inferior designs since they generate large
error rates if considering computing accuracy only.

4.3 | Hardware Costs

Figure 8 shows the hardware costs of the considered 64-bit
VLPPAs [23] and VLPPLAS in terms of area, power, and EDang
versus average latency, where the average latency is computed

using (18) and simulated error probabilities of the OEDSs above.

The EDavgP is given as

© VLPPAs & VLPPLAs

ED,,,P=energy-T,,

55

energy =power- T, 3

For 64-bit designs, VLPPLA, ., VLPPLA\,,., VLPPLA .,
VLPPLAg,, and VLPPLA ., provide shorter operation time

at the cost of smaller area and certain power consumption com-
pared with their corresponding original structures. In particu-
lar, VLPPLA, ., and VLPPLA ¢, also have a certain reduction
in power consumption. Specifically, in terms of latency, the im-
provements of VLPPLA ., and VLPPLA, are the most sig-
nificant, with an increase of approximately over 20%, whereas
the improvements of the other three structures are relatively
weak, only around 10%. Additionally, in terms of EDanP, nearly
all topological structures have been improved. Particularly for
VLPPLAg, ., and VLPPLA 4, there is an improvement of ap-
proximately 23% application.

All the data in Figure 9, the area, power, and EDavgP versus
average latency for (a), (b), and (c) 64-bit VLPPLA, VLPPA,
PPLA, PPA, CLA, CSA, and RCA, are obtained through sim-
ulation tests using the 65-nm process library with the same
timing constraints. The VLPPLA structure proposed in this
paper exhibits the lowest latency among all the architectures.
However, it also incurs higher costs in terms of area and power

© VLPPAs & VLPPLAs
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TABLE 2 | The average latency of the five topological structures for
VLPPLAs, VLPPAs, PPLAs, and PPAs.

— BS64 BK64 SK64 KN64 KS64
VLPPLA — 0.89 0.85 0.84 0.85 0.83
VLPPA — 0.98 0.90 0.90 1.07 1.06
PPLA — 0.99 1.19 0.92 0.86 0.84
PPA — 1.36 1.4 1.29 1.04 0.98
CLA 5.1 — — — — —
CSA 5.4 — — — — —
RCA 5.4 — — — — —

consumption compared with other structures. Therefore, the
design presented in this paper is suitable for applications with
extremely high latency requirements. In addition, since the
hardware costs of topological structures such as BS and KN
are relatively close to that of the BK structure, comparing them
in the same graph would confuse the originally obvious con-
clusions. Therefore, other topological structures are not added
to the graph for comparison here. The delay of other topologi-
cal structures can be found in Table 2. The average latency of
the five topological structures for VLPPLAs, VLPPAs, PPLAs,
and PPAs.

Table 2 shows the average latency of five topological structures
of four adders: PPAs, PPLAs, VLPPAs, and the VLPPLAs de-
signed in this paper, as well as the average latency of classic ad-
ders CLA, CSA, and RCA. It can be easily seen from the table
that, in terms of average latency, after using the Ling structure,
variable latency processing, and optimizing the error detection
signal, the latency of the VLPPLAs designed has been opti-
mized. This makes it achieve the shortest latency under var-
ious topological structures, demonstrating the extensibility of
the method proposed in this paper. Moreover, under the same
simulation conditions, compared with the CLA, CSA, and RCA
structures in existing literature, the latency has been signifi-
cantly improved.

From the analyses above, the OEDS of VLPPLA derived
through truth tables significantly reduces the error rate com-
pared with VLPPA, which significantly reduces the error

rate. Moreover, compared with the existing designs, because
of the reduced error rate and the structural advantages of the
VLPPLAs itself, the average latency is reduced. Although
area and power consumption are sacrificed, the overall en-
ergy metrics are optimized. And because of the lower error
rate, it can be well applied to 2's complement, which gives it
certain practical value. Implementation results confirm that,
as pointed out in [21], VLAs can be useful when the highest
speed is required; otherwise, the standard, nonspeculative ad-
ders remain the best choice.

5 | Conclusion

In this work, VLPPLAs are designed based on Ling adders,
using Brent-Kung, Beaumont Smith, Knowles, Kogge-Stone,
and Sklansky topologies, respectively. The OEDS and BEDSs
are derived from the truth table to evaluate the error rates of
these VLPPLAs. Computing and simulation results demonstrate
that the VLPPLAS realize significantly lower error rates than
conventional VLPPAs. Physically synthesized results show that
the VLPPLAs in this paper are superior to VLPPAs in energy
performance and average latency.
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