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Abstract 

While parallel prefix adders (PPAs) optimize data path through prefix operators, 
Ling adders show exceptional computing performance. Compared to traditional 
adders, however, Ling adders require additional components for generating Ling 
carries, so they are more complex. This paper proposes an architecture for 
approximate Ling adders based on parallel prefix topologies, referred to as 
approximate parallel prefix Ling adders (AxPPLAs). It is realized by using 
approximate prefix operators (AxPOs) to simplify the exact function of Ling 
carries for some less significant bits. The more significant bits are accurately 
computed. Various parallel prefix topologies and approximate processing bits are 
implemented to balance hardware costs and computing accuracy. The proposed 
AxPPLAs are compared with state-of-the-art designs in terms of hardware cost, 
accuracy, and other figures of merits. Experimental results show that the proposed 
16-bit AxPPLAs improve hardware efficiency by significantly reducing delay and 
energy by up to 38.51% and 19.46%, on average, respectively, while maintaining 
competitive accuracy. 
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1  ｜ I N T RO DU C TIO N 

Approximate computing (AxC) is considered promising to save area and power through a slight loss of computing accuracy1. 
Applications such as image, video and audio processing, wireless communication, data mining, and identification are 
inherently fault-tolerant and have the ability to withstand small errors in computing results. Approximate adders (AxAs) are 
one of the fundamental components in building inexact systems for these applications2,3,4. In addition, AxAs can also be used in 
more complex arithmetic units to achieve cross-level approximation, such as multipliers5,6,7, dividers8,9,10, and squarers11,12,13. 

Previous studies have proposed various AxAs, such as approximate parallel prefix adders (AxPPAs)14, lower-part OR 
adders (LOAs)15, error-tolerant adders (ETAs)16, error reduced carry prediction approximate adders (ERCPAAs)17, dual 
sub-adder based low latency adder (DSLLA)2, low error and area efficient approximate adder (LEADx)18, area and power 
efficient approximate adder (APEx)18, approximate mirror adder 5 (AMA5)19, and variable latency parallel prefix adders 
(VLPPAs)20,21. AxPPAs approximate results for less significant bits by simplifying prefix operations to reduce the number of 
logic gates required for generating carry-outs14. LOAs approximate several less significant bits using OR gates to reduce power 
consumption15. ETAs are a type of fault-tolerant adders that incorporate an error-correcting XOR. If an error detection signal in 
the ith bit is active, i-1 less significant bits are set to 1 to alleviate the strict precision constraints and save energy16. ERCPAAs 
utilize a carry prediction signal to reduce errors in approximated bits by setting them to a constant, such as 0 or 117. DSLLA 
splits an accurate adder into two parts to reduce delay. Its approximate part supports various approximation methods. An error 
recovery technique is used to check if there is a difference between the carry predicted by a lower significance adder (LSA) and 
the actual carry. If there is a difference, different actions are taken based on the least significant bit (LSB) of an upper 
significance adder (USA). When the LSB is 0, the carry of LSA is combined with the LSB of USA through an OR operation to 



 

correct errors; when the LSB is 1, all output bits of LSA are set to 1 to make results closer to the correct values2. LEADx is a 
low-error and area efficient approximate adder. In its approximate part with K bits, the two most significant sums are computed 
by an AAd1, and the remaining bits are computed by (K-2)/2 AAd2s. The carry of the exact part is obtained from AAd1. AAd1 
adopts a high-precision approximate addition. AAd2 works as follows: set the carry Cout of the i-th group as the input Ai+1 of 
this group. Compute Si and Si+1 according to the predicted Cout. If the prediction is correct, perform an accurate output using the 
standard 2-bit addition. If the prediction is wrong and the predicted value of Cout is 0, set both sum outputs to 1. If the 
prediction is wrong and the predicted value of Cout is 1, set both sum outputs to 0. To further reduce area and power 
consumption, APEx simplifies the approximate logic based on the design of LEADx. In the K-bit approximate unit of APEx, 
the two most significant sums are accurately computed by the AAd1 module, while the remaining bits are directly set to logic 
118. AMA5 achieves a low-power design by using a mirroring operation (i.e., copying inputs directly to outputs) in its 
approximate part, setting Si=Bi and Cout=Ai

19. VLPPAs generate correct results for less significant bits while speculating results 
for more significant bits through an error detection network20,21. All these designs aim to balance hardware costs and 
computing accuracy to meet the requirements of various fault-tolerant applications. 

To speed up addition for saving energy, Ling adders generate Ling carries propagated from less significant bits to more 
significant bits, instead of the carry-outs in the aforementioned adders23. Although more components are required to generate 
Ling carries than those for carry-outs, a well-designed approximation can optimize area and power. Inspired by these 
motivations, we propose an approximate architecture for Ling adders using parallel prefix topologies (AxPPLAs). To this end, 
approximate prefix operators (AxPOs) are defined to optimize the exact logic expression for generating Ling carries for a part 
of less significant bits in AxPPLAs, while more significant bits are accurately computed. The key idea behind this method is 
the shorter critical path of the AxPOs compared to that of the exact one. This will trade some accuracy for improvements in 
terms of area, power, and energy. Six typical parallel prefix topologies, including Brent Kung24 (AxPPLABK), Kogge Stone25

 

(AxPPLAKS), Beaumont Smith26 (AxPPLABS), Han Carlson27 (AxPPLAHC), Knowles28 (AxPPLAKN), and Sklansky29 
(AxPPLASK), are implemented for different approximated less significant bits to study the balance between speed and 
accuracy. Experimental results show that the proposed 16-bit AxPPLAs reduce delay, energy, power-delay product 
(PDP)-normalized mean error distance (NMED), and energy-delay product (EDP)-NMED by up to 38.51%, 19.46%, 37.35%, 
and 59.27% on average compared to previous designs with the same number of approximated bits. 

The main contributions of this work are as follows: 
1) An architecture for approximate parallel prefix Ling adders (AxPPLAs) that achieves a balance between hardware 

efficiency and computing accuracy. 
2) AxPOs to synthesize less significant bits in AxPPLAs and to speed up operation and reduce energy. 
3) The implementation of various parallel prefix topologies, including Brent Kung, Kogge Stone, Beaumont Smith, Han 

Carlson, Knowles, and Sklansky. 
4) The evaluation of different approximated less significant bits in these designs in terms of error metrics, energy 

consumption, and other figures of metric (FoMs). 
This paper proceeds as follows. Section 2 briefly reviews related works. Section 3 provides the basics of parallel prefix Ling 

adders. Section 4 illustrates the proposed approximate prefix operator and architecture for approximate parallel prefix Ling 
adders. Section 5 shows the experimental results. Section 6 concludes this work. 

2  ｜RE LAT E D  WO RK S 

AxAs have garnered significant attention due to their potentials to save area, delay, and energy30,31,32. These architectures 
and techniques are briefly reviewed as follows. 

2.1 ｜Reduced Delay/Critical Path 
Several AxAs have been designed to shorten critical path to reduce delay and energy. Techniques such as gracefully 

degrading adders (GDAs)33 and generic accuracy configurable adders (GeArs)34 overlap multiple sub-adders to minimize 
critical path.  

2.2 ｜Reduced Energy Consumption 
Some AxAs aim to eliminate or simplify the generation of carry-outs to reduce power consumption. Examples include copy 

AxAs35, truncation AxAs (Trunc-0, Trunc-1)36, lower-part OR adders (LOAs)15, error reduced carry prediction approximate 
adders (ERCPAAs)17, and error-tolerant adder I (ETAI)16. These methods approximate less significant bits by using techniques 
such as copying inputs to results, setting results to constant values, performing bitwise OR operations, utilizing constant 
truncation, and applying XOR for error correction.  



 

2.3 ｜Accuracy-Configurable Approaches 
There are also accuracy-configurable approximate adders (ACAs)37 and variable latency carry selection adders 

(VLCSAs)38. These adders offer configurable error detection and correction to support both exact and approximate operations 
to balance accuracy and hardware costs. 

2.4 ｜Speculative Adders 
Speculative adders like variable latency parallel prefix adders (VLPPAs)20,21 generate exact results for less significant bits 

and predict results for more significant bits. These adders include preprocessing, speculative prefix processing, postprocessing, 
error detection, and error correction stages to effectively manage errors. 

Overall, AxAs focus on optimizing hardware costs by balancing the trade-offs between accuracy, speed, power, and area. 
These advancements are crucial for fault-tolerant applications ranging from embedded systems to high-performance 
computing, such as AI, machine learning, data mining, image processing, audio processing22. 

3  ｜BA SI C S 

Parallel prefix adders (PPAs) have been extensively studied in optimizing data paths for speeding up addition14. Ling 
adders are a type of faster adders because fewer steps are required23. Ling adders using parallel prefix topologies (PPLAs) 
compute in three stages: preprocessing, prefix computing, and postprocessing. Unlike PPAs, the generate gi, propagate pi, and 
half sum di of each bit in the preprocessing stage of an n-bit PPLA are defined as 
 i i ig a b= ⋅ , (1) 
 i i ip a b= + , (2) 

 
FIGURE  1     Examples of prefix processing stages using different parallel prefix topologies (a) Brent Kung, (b) Kogge 
Stone, (c) Beaumont Smith, (d) Sklansky, and (e) the generation of α and β. 

 



 

 i i id a b= ⊕ , (3) 
where 0≤i≤n-1, the symbols ·, +, and ⊕ denote AND, OR, and XOR operations respectively, and the symbol · is omitted later. 
The carry-out ci is then computed as 
 1i i i ic g p c −= + ⋅ . (4) 

Ling has devised a carry generation method, denoted as Ling carry H as23 
 1i i iH c c −= +  (5) 

Thus, it can be denoted as a recursive expression using (4) as 
 1 1 2 1 2 3 1 2 2 1 0i i i i i i i i i iH g g p g p p g p p p p g− − − − − − − −= + + + + ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ . (6) 

To simplify (6), two intermediate signals αi and βi for each bit in the preprocessing stage are defined as 
 1i i ig gα −= + , (7) 
 1i i ip pβ −= ⋅ , (8) 
where gi, pi, gi-1, and pi-1 are taken from the preprocessing stage and g-1=0 and p-1=0. They are combined in the prefix 
processing stage to compute Ling carries according to various parallel prefix topologies. Taking (7) and (8) into (6), Ling 
carries can be respectively divided into two expressions for even and odd bits as H2k and H2k+1 
 2 2 2 1 2 2 2 1 2 3 2 2 2 4 2 1 2 3 1 0k k k k k k k k k kH α β α β β α α β β β α− − − − − − − −= + + + ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ , (9) 
 2 1 2 1 2 2 1 2 2 2 2 1 2 3 2 2 2 2 1k k k k k k k k k kH α β α β β α α β β β α+ + − − − − −= + + + ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ , (10) 
where 0 2 1k n≤ ≤ − . To simplify the expressions of Ling carries, several definitions are given as 
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where 0 2 1m j k n≤ < ≤ ≤ − . The expressions for Ling carries H2k and H2k+1 for even and odd bits can be written as 
 [ ]2 2 :0k kH α= , (13) 
 [ ]2 1 2 1:1k kH α+ += . (14) 

To clarify the Ling carry formulations in (9)-(14), we expand two example carries. For an even bit position, the Ling carry H4 
can be written as H4=α[4:0]=α4+β3·α2+β3·β1·α0. For an odd bit position, the Ling carry H5 can be written as 
H5=α[5:1]=α5+β4·α3+β4·β2·α1. 

The postprocessing stage computes the sum and carry-out as 
 1 1 1n n nc p H− − −= ⋅ , (15) 
 1 1( )i i i is d p H− −= ⊕ ⋅ , (16) 

 
FIGURE  2     The proposed architecture for AxPPLAs. 

 



 

where s0=d0⊕c-1 is computed as a special case. (16) shows that the sum is computed by parallel bitwise XOR operations 
between ci-1 and di for all bits. 

FIGURE  1 shows four prefix processing architectures for PPLAs: 1) Brent Kung, 2) Kogge Stone, 3) Beaumont Smith, and 
4) Sklansky. A PPLA divides a prefix processing stage into odd and even bits to reduce logic levels and accelerate computing 
speed. A Brent Kung adder uses grouped 2 bits to compute prefixes for 4-bit groups, then for 8-bit groups iteratively. This 
topology undergoes 2log2(n)-3 logic levels, with less fan-in, fan-out, and wiring congestion, as shown in FIGURE  1(a). A 
Kogge Stone adder can independently compute each bit in a regular grid for efficiency and reducing the number of fan-outs, as 
shown in FIGURE  1(b). A Beaumont Smith adder is based on a low logic depth design with multiple fan-ins to reduce critical 
path or interconnect lengths, as shown in FIGURE  1(c). Sklansky adder, also known as a divide-and-conquer adder, optimizes 
the delay of intermediate prefix processing stages. However, this design doubles the number of fan-outs at each stage, which 
will lead to severe fan-out problems, as shown in FIGURE  1(d). FIGURE  1(e) gives the generation of intermediate signals α 
and β with one, two, three, and four inputs and the corresponding logic expressions are provided as well for them. 

4  ｜THE  P ROPO S ED D ES IGN S 

4.1 ｜Overall Architecture 
The proposed architecture for n-bit AxPPLAs is shown in FIGURE  2. The overall architecture consists of three stages: 

preprocessing for generating signals α and β, prefix processing for computing Ling carries, and postprocessing for outputting 
results. In the preprocessing stage, two n-bit binary numbers A and B are processed to generate intermediate signals α and β for 
all bits. This stage uses exact logic to provide reliable inputs for the next stage. Unlike the exact PPLAs, the architecture 
partitions the prefix processing stage into an exact unit and an approximate one using a parameter K. The n-K more significant 
bits are computed with exact logic to ensure the required accuracy, while the K less significant bits are approximated to 
improve hardware efficiency. These two units are connected through a Ling carry HK-1 or a carry-out cK-1 propagated from the 
approximate unit to the exact one. The exact prefix processing unit generates accurate Ling carries H2k and H2k+1, while the 
approximate Ling carries H2k and H2k+1 in the approximate unit are realized through approximate prefix operators (AxPOs) for 
even and odd bits, respectively as follows 
 2 2k kH α≈ , (17) 
 2 1 2 1k kH α+ +≈ . (18) 

The rationale behind the proposed AxPOs definitions is explained as follows. The approximation strategy adopted in this 
paper is not derived from arbitrary logic simplification, but directly deduced from the structural characteristics of the Ling 

TABLE  1     Truth table of the exact POs and proposed AxPOs 

Ai Bi Ai-1 Bi-1 Cin 
Exact Approximate 

ci ci-1 Si ci ci-1 Si 
0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 0 0 0 
0 0 0 1 1 0 1 1 0 1 1 
0 0 1 0 0 0 0 0 0 0 0 
0 0 1 0 1 0 1 1 0 1 1 
0 0 1 1 0 0 1 1 0 1 1 
0 0 1 1 1 0 1 1 0 1 1 
0 1 0 0 0 0 0 1 0 0 1 
0 1 0 0 1 0 0 1 0 0 1 
0 1 0 1 0 0 0 1 0 0 1 
0 1 0 1 1 1 1 0 0 (✗) 1 0 
0 1 1 0 0 0 0 1 0 0 1 
0 1 1 0 1 1 1 0 0 (✗) 1 0 
0 1 1 1 0 1 1 0 1 1 0 
0 1 1 1 1 1 1 0 1 1 0 
1 0 0 0 0 0 0 1 0 0 1 
1 0 0 0 1 0 0 1 0 0 1 
1 0 0 1 0 0 0 1 0 0 1 
1 0 0 1 1 1 1 0 0 (✗) 1 0 
1 0 1 0 0 0 0 1 0 0 1 
1 0 1 0 1 1 1 0 0 (✗) 1 0 
1 0 1 1 0 1 1 0 1 1 0 
1 0 1 1 1 1 1 0 1 1 0 
1 1 0 0 0 1 0 0 1 0 0 
1 1 0 0 1 1 0 0 1 0 0 
1 1 0 1 0 1 0 0 1 0 0 
1 1 0 1 1 1 1 1 1 1 1 
1 1 1 0 0 1 0 0 1 0 0 
1 1 1 0 1 1 1 1 1 0 (✗) 0 (✗) 
1 1 1 1 0 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 1 1 1 

 



 

adder. The proposed AxPOs simplify the generation of Ling carries in the approximated region by directly forwarding a single 
signal. Specifically, this wire-level approximation completely eliminates the AND and OR gates required in the exact 
post-processing logic. Thus, the critical path is significantly shortened, while the logic fan-in and routing complexity are also 
reduced accordingly. These advantages are particularly pronounced in grid-based parallel-prefix structures such as Kogge–
Stone and Han–Carlson. 

From the perspective of accuracy, selecting α as the approximation target is also well justified. According to Equation (7), 
αi=gi+gi-1 represents a generate-dominant condition. This signal can capture the strongest evidence of carry generation among 
adjacent bits. In contrast, βi=pi·pi-1 only describes the propagation behavior. If β is retained in the absence of a generate event, 
it may lead to spurious carry propagation and introduce systematic bias. Thus, approximating H with α can be regarded as a 
conservative replacement for the full carry logic. In this case, errors occur primarily in input patterns that rely on long 
propagation chains. These chains are intentionally omitted in the approximation process. The limited error patterns and their 
probability analysis results presented in Table 1 are consistent with the design expectations. 

It should be further noted that although the exact Ling carry can be expanded as (9) and (10), the design objective of AxPOs 
is not to truncate this numerical expression term by term. Its core goal is to structurally eliminate the cross-bit propagation 
dependency of carries. If any β-related term is retained in the approximation (e.g., Hi≈αi+βi-1 or Hi≈αi+βi-1·αi-1), it will 
inevitably require accessing the intermediate signals of adjacent or lower-order bits. This will reintroduce recursive 
dependencies and prefix computation logic, while undermining the advantages of AxPOs in terms of critical path and routing 
complexity. In contrast, retaining only α can completely eliminate cross-bit propagation dependencies while preserving the 
core semantics of carry generation. Since α represents a generate-dominant condition whereas β merely reflects the 
propagation behavior, the proposed AxPOs can be regarded as the only rational, low-risk approximation point naturally 
derived from the Ling carry structure, among all candidate approximations that simultaneously maintain locality and 
non-recursiveness. This scheme achieves a favorable balance between critical path optimization and error controllability, 
which is also supported by the theoretical error enumeration analysis and experimental results presented in this paper. 

In the postprocessing stage, the addition is completed using Ling carries generated in the prefix processing stage and the 
propagate signals from the preprocessing stage through (15) and (16). This stage also uses exact logic to ensure the accuracy of 
final results. 

In theory, the i-th bit carry within the approximation unit only depends on the inputs of i-th and (i-1)-th bits. This reduces the 
complexity of a carry generation. Table 1 shows the truth table of i-th bit carry and sum generated through exact POs and the 
proposed AxPOs, where error cases are marked with a cross. This results in an error probability of about 3.125% for sum (Si) 
and a 12.5% error probability for carry (ci). 

This analysis means that the AxPOs are used instead of exact Ling carries to approximate results by directly hardwiring the 
outputs from the preprocessing stage to the inputs of the postprocessing stage. This can also be seen in FIGURE 2. Thus, the 
approximate Ling carries H2k and H2k+1 are only related to the current intermediate signals through the proposed AxPOs and 
neglect them coming from less significant bits, which will cause some computing accuracy loss. For verifying the efficacy of 
this method, six parallel prefix topologies including Brent Kung (AxPPLABK), Kogge Stone (AxPPLAKS), Beaumont Smith 
(AxPPLABS), Han Carlson (AxPPLAHC), Knowles (AxPPLAKN), and Sklansky (AxPPLASK) will be implemented for different 
approximated bits to study the tradeoff between hardware costs and computing accuracy. 

Algorithm 1 Pseudo code for K-bit approximation of n-bit AxPPLAs 
 

1: Input: A, B, n, K 
2: Output S 
3:    for i=0 to n-1 do 
4:          p(i) ← A(i) OR B(i) 
5:          g(i) ← A(i) AND B(i) 
6:          d(i) ← A(i) XOR B(i) 
7:    end for 
8: if K>0 then [Approximate logic] 
9:    α(1,0) ← g(1,0) 

10:    β(1,0) ← 0 
11:    S(0) ← d(1,0) 
12:    for i=1 to K-1 do 
13:         α(1,i) ← g(i) OR g(i-1) 
14:         β(1,i) ← p(i) AND p(i-1) 
15:         S(i) ← d(i) XOR (α(1,i-1) AND p(1,i)) 
16:    end for 
17:    H(K-1) ← α(1,K-1) 
18:end if 
19:if (n-K) > 0 then [Exact logic] 
20:    α(1,K) ← g(1,K) 
21:    β(1,K) ← d(1,K) 
22:    for i=(K+1) to n-1 do 

 
22:    for i=(K+1) to n-1 do 
23:          α(1,i) ← g(i) OR g(i-1) 
24:          β(1,i) ← p(i) AND p(i-1) 
25:    end for 
26:    y ← 1 
27:    for i=1 to ( L ← logic levels in Fig. 1) do 
28:     for j=(K+y+1)/2 to (n/2-1) do 
29:       α(i+1,2j) ← α(i,2j) OR ( α(i,2j-y) AND 

β(i,2j-1)) 
30:       β(i+1,2j-1) ← β(i,2j-1) AND β(i,2j-1-y) 
31:        α(i+1,2j+1) ← α(i,2j+1) OR 

(α(i,2j+1-y) AND β(i,2j)) 
32:       β(i+1,2j) ← β(i,2j) AND β(i,2j-y) 
33:         end for 
34:      y ← 2i-1 
35:    end for 
36:    cin ← H(K-1) 
37:    for i=K+2 to (n-1) do  
38:         H(i) ← α(L+1, i) OR ( cin AND β(L+1,i-1)) 
39:         S(i) ← d(i) XOR (H(i) AND p(1,i)) 
40:    end for 
41:    S(n) ← H(n-1) AND p(1,n-1) 
42:end if 

 



 

4.2 ｜Operations of the Proposed AxPPLAs 
FIGURE  3 shows an example for illustrating the working principle of the AxPPLAs according to the proposed architecture. 

The Sklansky topology is employed; the adder size and approximated bits are set to n=16 and K=8. 
In FIGURE  3(a), the exact sum of 16-bit input operands A[15:0]=a15a14…a0=(49225)10 and B[15:0]=b15b14…b0=(61940)10 is 

S[16:0]=s16s15…s0=(111165)10, where subscript 10 is the radix. FIGURE  3(b) shows the circuit of AxPPLASK, where the 
preprocessing stage generates α, β, and d for each bit of operands according to (7), (8), and (3). The employed components in 
the preprocessing stage consist of simple AND, OR, and XOR gates, as shown in FIGURE  3(c). The approximate prefix 
processing unit passes the value of α in the preprocessing stage to the postprocessing stage through wires marked with light 
green cycles, approximating H0~H7 as α0~α7 using the AxPOs in FIGURE  3(f), for K=8 less significant bits. The AxPOs 
implement the structures defined in (17) and (18) to optimize the expressions of Ling carries by eliminating both an OR gate 
and an AND gate. Meanwhile, the approximate unit provides a one-bit Ling carry H7 for the exact unit, marked with orange 
cycles. FIGURE  3(d) and FIGURE  3(e) are used in the exact unit for generating n-K=16-8=8 more significant Ling carries 
H8~H15 using (13) and (14). The final sum is computed in the postprocessing stage by AND and XOR operations in FIGURE  
3(g), according to (15) and (16). With these steps, the sum bits s0~s7 are approximated, and bits s8~s16 are exactly computed. 
Based on these Ling carries, the AxPPLASK yields the same approximate sum. 

Algorithm 1 represents an n-bit AxPPLA with K approximate bits. It divides n bits into two independent units: a K-bit 
approximate logic (lines 8-18) and an n-K-bit exact logic (lines 29-42). This significantly reduces latency and hardware costs 
while ensuring the usability of computing results. When i ranges from 0 to K-1, approximate logic computes the sum (lines 
8-18), bypassing computing all prefix operators. The simplified intermediate signal α is approximated as Ling carry H. When i 
ranges from K to n-1, it switches to exact logic for an accurate sum (lines 19-42). In the prefix processing stage (lines 2-35), 

 
FIGURE  3     An example for the proposed AxPPLAs. (a) Inputs and outputs. (b) Sklansky topology for n=16 and K=8. (c) 
Preprocessing. (d) The generation of intermediate signals α and β. (e) Ling carry. (f) AxPO. (g) Postprocessing. 



 

based on the applied parallel prefix tree structure, Ling carry H is computed iteratively using intermediate signals α and β. In 
the post-processing stage (lines 36-42), the sum Si and the carry ci are output in parallel. To verify the efficacy of the AxPPLA 
algorithm, the designed AxPPLAs are applied to the Gaussian smoothing algorithm for image processing as a typical case to 
conduct a systematic test and analysis. 

5  ｜EX P E RIM E NTA L R E S ULT S 
 In this section, the performances of the proposed AxPPLAs are evaluated and compared with previous representative 

counterparts in terms of hardware costs and computing accuracy. In real applications, to control errors, the approximate bit 
number K of the 16-bit adder (n=16) is set to 2, 4, and 8, while that of the 32-bit adder (n=32) is set to 4, 8, and 16. The cases 
with excessively large K values that cause intolerable errors are excluded. All designs are programmed in Verilog hardware 
description language (HDL) and synthesized using Synopsys Design Compiler (DC) with a TSMC 40 nm CMOS standard 
library at the typical corner. The clock period is set to be 10 ns. The command ‘compile_ultra’ is used to ungroup all entities to 
automatically synthesize all adders. For fair comparison, all adders, including the proposed AxPPLAs and the reference 
designs, are synthesized under the same conditions described above. 

TABLE  2     MRED, MED and NMED of various approximate adders 
Parameters 

(n,K) Design MRED MED NMED Parameters 
(n,K) Design MRED MED NMED 

 AxPPA 1.04e-05 4.91e-01 3.76e-06  AxPPA 1.13e-09 3.52e+00 4.10e-10 
 AxPPLA 5.02e-06 2.50e-01 1.87e-06  AxPPLA 8.06e-10 2.50e+00 2.92e-10 
 ERCPPA 1.59e-05 7.49e-01 5.72e-06  ERCPPA 1.52e-09 4.71e+00 5.49e-10 
 LOA 1.33e-05 6.24e-01 4.77e-06  LOA 9.25e-10 2.86e+00 3.34e-10 

(16,2) ETA 1.47e-05 6.85e-01 5.24e-06 (32,4) ETA 1.01e-09 3.13e+00 3.66e-10 
 DSLLA 6.98e-05 3.26e+00 2.49e-05  DSLLA 8.10e-09 2.46e+01 2.87e-09 
 LEADx 6.66e-06 3.16e-01 2.41e-06  LEADx 2.21e-10 6.92e-01 8.08e-11 
 APEx 2.95e-05 1.37e+00 1.05e-05  APEx 3.99e-10 1.25e+00 1.45e-10 
 AMA5 2.13e-05 1.00e+00 7.67e-06  AMA5 1.28e-09 3.99e+00 4.65e-10 
 AxPPA 7.43e-05 3.48e+00 2.66e-05  AxPPA 2.03e-08 6.34e+01 7.40e-09 
 AxPPLA 5.34e-05 2.48e+00 1.89e-05  AxPPLA 1.50e-08 4.68e+01 5.46e-09 
 ERCPPA 5.53e-05 2.59e+00 1.98e-05  ERCPPA 9.69e-09 3.03e+01 3.53e-09 
 LOA 6.13e-05 2.88e+00 2.20e-05  LOA 1.53e-08 4.79e+01 5.58e-09 

(16,4) ETA 6.65e-05 3.14e+00 2.40e-05 (32,8) ETA 1.64e-08 5.12e+01 5.97e-09 
 DSLLA 1.72e-04 8.24e+00 6.30e-05  DSLLA 1.20e-07 3.79e+02 4.42e-08 
 LEADx 1.49e-05 6.90e-01 5.27e-06  LEADx 3.71e-08 1.15e+02 1.34e-08 
 APEx 2.68e-05 1.25e+00 9.55e-06  APEx 6.82e-09 2.13e+01 2.48e-09 
 AMA5 8.47e-05 3.98e+00 3.04e-05  AMA5 2.05e-08 6.40e+01 7.47e-09 
 AxPPA 9.97e-04 4.71e+01 3.60e-04  AxPPA 5.26e-06 1.64e+04 1.91e-06 
 AxPPLA 9.64e-04 4.66e+01 3.56e-04  AxPPLA 3.84e-06 1.20e+04 1.40e-06 
 ERCPPA 6.50e-04 3.07e+01 2.35e-04  ERCPPA 2.43e-06 7.57e+03 8.83e-07 
 LOA 1.01e-03 4.80e+01 3.67e-04  LOA 3.92e-06 1.23e+04 1.43e-06 

(16,8) ETA 1.08e-03 5.11e+01 3.91e-04 (32,16) ETA 4.17e-06 1.31e+04 1.53e-06 
 DSLLA 1.44e-03 6.93e+01 5.30e-04  DSLLA 3.14e-05 1.02e+05 1.18e-05 
 LEADx 2.70e-04 1.26e+01 9.61e-05  LEADx 1.04e-05 3.25e+04 3.79e-06 
 APEx 4.53e-04 2.13e+01 1.63e-04  APEx 5.26e-06 1.64e+04 1.91e-06 
 AMA5 1.36e-03 6.42e+01 4.91e-04  AMA5 5.26e-06 1.64e+04 1.91e-06 

 

 
FIGURE  4     Delay of various approximate adders. (a) Dealy at n=16 bits. (b) Delay at n=32 bits. 



 

A test set with 107 uniformly distributed random input pairs is produced in MATLAB for assessing the accuracy of 
considered adders. Error distance (ED) shows the arithmetic difference between approximate results M՛ and accurate results M 
and is computed as ED=|M՛-M|39 Relative error distance (RED) shows the difference relative to accurate results, computed as 
RED=|ED/M|. ED and RED reflect two key features of an approximate design. If two designs produce the same ED, the one 
with a larger RED is more accurate than the other one. Mean ED (MED) and mean relative ED (MRED) are the averages of all 
EDs and REDs and are computed as 

 ( )
1

N
MED ED P EDi ii

= ⋅∑
=

, (19) 

 ( )
1

N
MRED RED P REDi ii

= ⋅∑
=

, (20) 

where N is the total number of input pairs, EDi and REDi are the ED and RED of the ith input, respectively. P(EDi) and P(REDi) 
are the probabilities that EDi and REDi occur. Normalized mean error distance (NMED) is defined as the normalization of 
MED by the maximum result S of an accurate design. It is used to compare the error magnitudes of approximate designs with 
different sizes and is computed as 
 / ( )NMED MED MAX S= . (21) 
 

 

 
FIGURE  5     PDP versus MRED, MED, and NMED for various approximate adders. (a) MRED at n=16 bits. (b) MED at n=16 
bits. (c) NMED at n=16 bits. (c) MRED at n=32 bits. (b) MED at n=32 bits. (c) NMED at n=32 bits. 



 

5.1 ｜Accuracy 
Table 2 shows the MRED, MED, and NMED of considered AxAs with different approximated bits K. The data shows that 

the error performance of AxPPLAs significantly surpasses most designs. Its accuracy advantage stems from deep optimization 
of carry logic, rather than relying on additional error repair modules or dedicated low-error logic. For large values of K, the 
errors are slightly higher than those of low-error architectures using active prediction mechanisms (such as ERCPPAs), but 
these error-recovery designs have higher hardware costs. Take LEADx as an example. Its approximate unit controls errors 
through a high-precision unit (AAd1) for high-order bits and a grouped prediction unit (AAd2) for low-order bits, but the 
complex logic leads to increased latency. In contrast, AxPPLAs achieve low-order bit accuracy through global prefix logic 
optimization. For K=2, it only needs to handle carry approximation errors, thus significantly reducing overall errors. Compared 
with all previous AxAs, the MRED, MED, and NMED are reduced by 76.07%, 74.62%, and 75.09% for the case of K=2, 
respectively, with an average reduction of 31.05%, 30.25%, and 30.42% for three metrics for all values of K. 

For 32-bit adders, AxPPLAs continues and strengthens this advantage. For K=2, the average reductions in MRED, MED, 
and NMED reach 53.26%, 53.46%, and 53.46%, and the error reduction remains above 50% as K increases. This indicates that 
AxPPLAs maintain stable and excellent accuracy performance regardless of bit width or approximation bits. 

5.2 ｜Delay 

FIGURE  4 shows the delay of these AxAs with different numbers of approximated bits. The proposed AxPPLAs 

 

 
FIGURE  6     Normalized PDP-NMED products and EDP-NMED products for various approximate adders. (a) PDP-NMED at 
n=16 bits. (b) EDP-NMED at n=16 bits. (c) PDP-NMED at n=32 bits. (d) EDP-NMED at n=32 bits. 



 

consistently show smaller delays than AxPPAs with the same parallel prefix topology, for all values of K. Other AxAs like 
ETAs, ERCPAAs, and LOAs exhibit much larger delays across all values of K, ranging between approximately 0.8 ns and 1.5 
ns in FIGURE  4(a). In detail, the proposed AxPPLAs reduce delay by up to 14.79% and 38.51% for three cases K=2, 4, and 8 
on average, compared with AxPPAs and all mentioned AxAs, respectively. These data indicate that AxPPLAs achieve 
excellent performance in terms of computing speed, useful in accelerating addition in applications. In the case of 32-bit adders 
shown in FIGURE  4(b), AxPPLAs present the same advantage. The proposed AxPPLAs reduce delay by up to 59.65% for 
three cases K=4, 8, and 16 on average, compared with all mentioned AxAs, respectively. 
5.3  ｜Computing Accuracy Versus PDP 

Considering only computing accuracy for AxAs is biased, thus hardware costs are taken into consideration FIGURE  5 
compares MRED, MED, and NMED with respect to PDP consumption for the AxAs when n=16, K=2, 4, and 8, as well as 
when n=32, K =4, 8, and 16. For different values of K, these AxAs show the same trends in the relationship between accuracy 
and PDP. For example, as the value of K increases, energy and accuracy decrease at the same time. LOAs use OR gates to 
approximate less significant bits, while ETAs incorporate an error-correcting XOR gate to set less significant bits to 1 if an 
error detection signal is active, and AMA5s copy inputs directly to outputs, resulting in slightly lower energy consumption than 
AxPPLAs at K=8, but with noticeably lower accuracy. Although ERCPAAs offer better accuracy for K=8, their high energy 
consumption is a significant drawback. For APEXs, the two MSBs of the approximate unit are accurately computed by the 
low-error module, while the remaining bits are directly set to logic 1. This makes its performance slightly better than AxPPLAs 

 

 
FIGURE  7     FoMs of various approximate adders. (a) FoM1 at n=16 bits. (b) FoM2 at n=16 bits. (c) FoM1 at n=32 bits. (d) 
FoM2 at n=32 bits. 



 

when K=8. However, when extended to 32 bits, its performance is inferior to that of AxPPLAs. The performance curves of 
AxPPLAs are generally positioned in the lower-left region relative to those of other AxAs, which demonstrates that AxPPLAs 
have better accuracy and energy efficiency. That is, AxPPLAs generally offer higher accuracy for the same energy expenditure. 
Specifically, compared to AxPPAs, the energy of AxPPLAs is reduced by up to 14.92% on average. It is reduced by up to 
19.46% on average compared to all AxAs. When AxAs are extended to n=32 bits, the proposed AxPPLAs show greater 
advantages. Compared with all AxAs, the PDP is reduced by an average of up to 42.68%. 

From the analyses above, MRED, MED, and NMED show similar trends for the considered AxAs, as can be seen in 
FIGURE  5. Thus, NMED will be compared for simplicity in what follows. 

FIGURE  6 compares the values of PDP-NMED and EDP-NMED products for the AxAs. All these metrics are normalized 
using the corresponding values of LOAs. For the PDP-NMED product (in FIGURE  6(a)), AxPPLAs achieve a maximum 
reduction of up to 77.14%, compared to LOAs. For PPAs, these AxPPLAs exceed AxPPAs by up to 61.96% in terms of 
PDP-NMED product, especially pronounced at K=2. In contrast, ERCPAAs show the worst performance, with values far 
exceeding those of other AxAs. ETAs perform similarly to LOAs. APEx set-to-1 and AMA5 mirror operations reduce PDP 
effectively and slightly beat AxPPLAs at K=4 and 8. But when scaled to 32 bits proportionally, their advantage fades, and 
AxPPLAs perform better. Thus, the proposed AxPPLAs exhibit better tradeoffs compared to AxPPAs and other AxAs in 
PDP-NMED products at n=32 bits, regardless of the number of approximated bits (in FIGURE  6(c)). Similar trends are shown 
in EDP-NMED products for these AxAs (in FIGURE  6(b) and FIGURE  6(d)). For example, the most notable improvement is 
realized by the AxPPLAs when K=2 at n=16 bits, where the EDP-NMED product is reduced by 84.32% on average, compared 
to others. Specifically, under the two bit widths of n=16 bits and 32 bits, the proposed AxPPLAs reduce EDP-NMED by an 
average of 59.27% and 82.04%, respectively, compared with all mentioned AxAs. 
5.4 ｜FoMs of AxAs 

 The main goal of AxAs is to lower hardware costs, which inevitably leads to some loss in accuracy. Therefore, to make a 
reasonable and fair comparison, overall performance metrics have to be taken into consideration, such as FoMs. This work 
utilizes FoM1 and FoM2 to evaluate AxAs as 

 1
1

PDPFoM
NMED

=
−

, (22) 

 2FoM Energy Delay Area NMED= × × × . (23) 
FoM1 uses the PDP and NMED of a design to measure accuracy and hardware performance, respectively40. It is suitable for 

evaluating the ability of a design to optimize power consumption and delay while meeting accuracy requirements. FoM217 
comprehensively considers energy, delay, area, and accuracy (NMED), providing a holistic evaluation of multidimensional 
trade-offs. 

These metrics are based on the goal of AxC by sacrificing some accuracy to optimize other hardware performances. They 
assess designs from the perspectives of accuracy-energy trade-offs and multidimensional efficiency to guide design methods to 
meet the requirements of various scenarios. According to these FoMs, AxAs with higher energy efficiency, faster speed, 
smaller area, and better accuracy will result in smaller values for FoM1 and FoM2. 

FIGURE  7 compares the FoMs at different K to evaluate the overall performance of different AxAs in terms of hardware 
cost and accuracy. In the performance comparison of FIGURE  7(a) - FIGURE  7(b), AxPPLAs show significant advantages 
over most other adders (such as LEADxs, ERCPAAs, and LOAs), especially in scenarios with small values of K. Specifically, 
when the data bit width n=16 bits and K=2, the FoM1 and FoM2 of AxPPLAs are on average reduced by 31.32% and 80.04% 
compared to all the mentioned AxAs. Although AxPPLAs perform slightly worse than AMA5s and DSLLAs at K=8, when the 
data bit width is extended to n=32 bits, FIGURE  7(c) - FIGURE  7(d) show that AxPPLAs not only match the performance of 
other high-performance adders but even surpass them. These characteristics reveal that AxPPLAs exhibit strong adaptability 

 
FIGURE  8     PSNR and MSSIM of images processed using 16-bit AxAs. (a) PSNR. (b) MSSIM. 



 

and development potential in different computing scenarios. For n=32 bits, the performance curves of AxPPLAs generally lie 
in a lower region than other AxAs. Their FoM1 and FoM2 values are reduced by 43.47% and 67.85% on average compared to 
all AxAs. 
5.5 ｜Applications 

 The discussed AxAs with different approximated bits are applied in the Gaussian smoothing algorithm. Peak 
signal-to-noise ratio (PSNR) and mean structural similarity measure (MSSIM) are used to evaluate the image quality processed. 
PSNR is used to quantify the signal-to-noise ratio between exact and approximate results and is defined as41  
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where MAX denotes the maximum pixel value of an image processed, h and l denote the dimensions of an image, and I(i,j) and 
J(i,j) denote exact and approximate results. SSIM evaluates the structural similarity between exact and approximate images 
processed as42 
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where N is the number of windows in an image, x and y refer to the window sizes for exact and approximate images, µx and µy, 
σ2

x and σ2
y, and σxy are the mean, variance, and covariance of exact and approximate images, respectively. C1 and C2 are 

constants added to the formula to stabilize the division, especially when the denominator is close to zero. Higher PSNR and 
MSSIM values suggest better image quality and higher similarity between exact and approximate images. 

Five images from43, including houseRGB, treeRGB, house, woman, and jelly beansRGB, are smoothened through a 
Gaussian smoothing kernel as 
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These images are used to obtain the average PSNR and MSSIM values of smoothened images using the considered AxAs 
with different approximated bits (K=2, 4, and 8 at n=16 bits) as shown in FIGURE  8. When the number of approximated bits 
is small, the PSNR values of all AxAs are close to 60dB, and the MSSIM values are close to 1. It means that the processed 
image quality is almost the same as the exact one. As the number of approximated bits increases, the image quality of the 
proposed AxPPLAs drops slower than others, only slightly lower than low-error architectures like LEDx. For example, when 
K=8, the PSNR value remains at 27.49dB, and the MSSIM value is close to 0.87 for images smoothened using the proposed 
AxAs. The average PSNR value of images processed by AxPPLAs is 46.76dB and the average MSSIM value is 0.96. Compared 
to other AxAs, the PSNR value has increased by 27.74% and the MSSIM value ranks third among these AxAs. 

 
FIGURE  9     FoM3 of various 16-bit AxAs. 



 

In real applications, hardware cost also needs to be considered. To further enable a reasonable and fair comparison, this 
work employs FoM3 to evaluate the balance between application effects and hardware cost as44 

 3 PSNR MSSIMFoM
PDP
×

= . (27) 

FIGURE  9 compares FoM3 at K=2, 4, and 8 to evaluate the overall performance of different AxAs in terms of hardware cost 
and application effects. The performance curves of AxPPLAs are usually in a higher region than other AxAs. When K=8, they 
are slightly lower than APExs and AMA5s, ranking third among all AxAs. But overall, AxPPLAs show a more advantageous 
performance level under different approximated bits (K=2, 4, and 8). Their FoM3 values are 45.44% upper on average 
compared to all other AxAs. They maintain a good balance between application effects and hardware overhead as illustrated by 
FoM3, and demonstrate stronger adaptability and competitiveness in practical scenarios. 

FIGURE  10 shows examples of smoothened images using the AxAs with different approximated bits (K=2, 4, and 8). The 
differences between the exact image and images processed using AxAs at K=2 are minimal. Consequently, these images are 
difficult to distinguish visually. However, when K=8, the images processed using AxPPLAs retain more details than others, 
particularly performing better in edge and texture areas. In contrast, ERCPPAs and AMA5s exhibit inferior image quality at 
K=8. Furthermore, ETAs, DSLLAs, and AxPPAs produce darker images with noticeably reduced details, clearly visible to the 
naked eye. Although Gaussian smoothing is used as a representative application in this work, the error characteristics of the 
proposed AxPPLAs indicate that their applicability is not limited to a single use case. The approximation is applied only to the 
least-significant bit region, while the higher-order bits remain exact. As a result, the induced errors are mainly confined to the 
low-order bits and remain within a tolerable range. 

This type of error behavior is generally compatible with accumulation-oriented computations and limited-precision 
datapaths. Typical examples include digital signal processing (DSP) pipelines involving summation or averaging operations, 
as well as sensor data aggregation and preprocessing45. In these scenarios, input signals often contain inherent noise, and small 
perturbations in low-order bits have a limited impact on overall computational quality. Although the exact impact depends on 
the target application, this analysis suggests that the proposed AxPPLAs are not restricted to a single use case and are 
structurally aligned with a broader class of approximate computing applications. 

6  ｜CO N CL U SIO N 
This work proposes an approximate architecture for Ling adders based on parallel prefix topology (AxPPLAs). Less 

significant bits are computed through designed approximate prefix operators (AxPOs) to optimize the logic expressions of 
Ling carries, while more significant bits are exactly computed. Six typical parallel prefix topologies with various approximated 
bits are implemented with this design method to achieve a tradeoff between computing accuracy and hardware costs. 
Experimental results show that the proposed 16-bit AxPPLAs with the same number of approximated bits significantly reduce 
delay and energy consumption by up to 38.51% and 19.46% on average. The performance improvements become more 
remarkable when the bit width of AxAs scales to 32 bits. Overall analyses and comparisons indicate that the proposed 
AxPPLAs achieve a favorable trade-off between hardware efficiency and accuracy with other AxAs. 

Although the experimental results of this paper are mainly targeted at 16-bit and 32-bit adders, the proposed AxPPLA 
architecture is inherently scalable to larger word lengths (e.g., 64-bit). The approximation is only applied to a predefined 
lower-bit region and implemented by AxPOs, while the higher significant-bit section remains an accurate parallel-prefix Ling 
adder. Therefore, extending the adder bit width does not require modifying the overall architecture, nor will it affect the 

 
FIGURE  10    Examples of smoothened images(HouseRGB) using 16-bit AxAs. 



 

functional correctness of the accurate section. From a timing perspective, the shortened critical path achieved by simplifying 
prefix calculations and post-processing logic in the approximate region grows naturally as the bit width increases. Thus, the 
relative timing advantage brought by the proposed approximation method is expected to be sustained in adders with larger bit 
widths. In addition, the experimental results indicate that, under the same design methodology, the 32-bit adder 
implementations achieve overall performance trade-offs that are comparable to, and in some cases better than, those of the 
16-bit designs. This trend further demonstrates that the proposed AxPPLA approach is not limited to small word sizes and is 
applicable to wider adders required in modern processors and accelerators. 
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