
IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS 1

Opportunistic Adaptive Non-Orthogonal Multiple
Access in Multiuser Wireless Systems: Probabilistic

User Scheduling and Performance Analysis
Long Yang, Member, IEEE, Hai Jiang, Senior Member, IEEE, Qiang Ye, Member, IEEE,

Zhiguo Ding, Fellow, IEEE, Fang Fang, Member, IEEE, Jia Shi,
Jian Chen, Member, IEEE, and Xuan Xue, Member, IEEE

Abstract—This paper designs a novel opportunistic adaptive
non-orthogonal multiple access (OA-NOMA) strategy, where a
base station (BS) employs NOMA to serve a near user (NU)-
far user (FU) pair opportunistically scheduled from M NUs and
K FUs. In particular, the NOMA transmission to the scheduled
NU-FU pair adaptively operates in one of two modes: Direct
NOMA mode, in which the BS directly serves the scheduled
NU-FU pair with using NOMA; Cooperative NOMA mode, in
which the scheduled NU receives the messages intended by both
scheduled users from the BS, and then forwards the message
intended by the scheduled FU. For the OA-NOMA strategy,
a scheduling candidate acquisition method and a probabilistic
user pair scheduling scheme are proposed to guarantee the
transmission reliability and improve the scheduling fairness,
respectively. To evaluate the scheduling fairness, we develop
a max-min fairness criterion and show that the OA-NOMA
strategy approximately achieves max-min fairness. The reliability
of the OA-NOMA strategy is also evaluated in terms of outage
probability and diversity order. For the outage probability, we
derive an approximate expression and numerically verify its
tightness. For the diversity order, we show that the proposed
OA-NOMA strategy achieves a diversity order of M .
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outage probability, scheduling fairness, user scheduling.
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I. INTRODUCTION

Non-orthogonal multiple access (NOMA) has the potential
to resolve the spectral resource scarcity problem for the
upcoming fifth generation (5G) mobile networks [1]–[10]. By
exploiting superposition coding and successive interference
cancellation (SIC), NOMA is able to serve two or more users
simultaneously by using power-domain multiplexing. Com-
pared with conventional orthogonal multiple access (OMA),
NOMA can achieve higher spectral efficiency as well as better
connectivity to far users (FUs) which are distant from the
source.

Recently, cooperative communications have been introduced
into NOMA to further enhance the performance of FUs, which
is termed as cooperative NOMA [11]–[17]. Following the ratio-
nale of conventional cooperative communications [18], coop-
erative NOMA can be realized by deploying a dedicated relay
to help the FUs [11]–[13]. Further, for multiple-relay/antenna
NOMA systems, employing the relay/antenna selection can
enhance the performance of relay-aided cooperative NOMA
[14], [15]. On the other hand, according to the principles of
NOMA, near users (NUs), which are close to the source,
may obtain information of FUs during its SIC-based detection.
Thus, the NUs can naturally serve as relays for FUs, which
reduces the cost of deploying dedicated relays. Exploiting this
feature of NOMA, a cooperative NOMA scheme is proposed
in [16] for a two-user NOMA system, where the NU serves
as a relay for the FU in addition to decoding its own message.
In [17], a sophisticated cooperation scheme is proposed for a
multiuser NOMA system that can serve K users simultaneous-
ly. In this scheme, each user sequentially forwards other users’
messages decoded by itself. However, since (K − 1) phases
are required for the cooperation, this scheme achieves only
1/K spectral efficiency of non-cooperative NOMA, which
would become a bottleneck for practical systems with a large
amount of users. As indicated in [19], serving all users in a
single NOMA transmission may not be practical, because of
the strong co-channel interference in a NOMA transmission.
Instead, partitioning all the users to a number of groups and
then using NOMA within each group is a more promising way
to implement NOMA in practical systems.

To enhance the spectral efficiency and reduce the co-channel
interference, user scheduling has been integrated into coopera-
tive NOMA in some recent work [20]–[26]. Specifically, only
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the users that are scheduled can participate in the cooperative
NOMA transmissions, which is formally called opportunistic
cooperative NOMA. When only the distance information is
known, three user scheduling schemes are proposed in [20],
where the scheduled NU serves as a relay to help the scheduled
FU. It is demonstrated in [20] that the scheduled FU always
achieves a diversity order of two with all three schemes. On the
other hand, if instantaneous channel state information (CSI)
is available for user scheduling, the opportunistic cooperative
NOMA can provide a full diversity for both scheduled NU and
scheduled FU [21]–[23]. For the scenario that one of M NUs
and one of K FUs are opportunistically served by cooperative
NOMA, a best-near best-far (BNBF) user scheduling scheme
is proposed in [21], in which the NU and the FU that own
the respectively best downlink channels are scheduled prior
to each transmission. With using the BNBF scheme, diversity
orders of M and K are achieved by the scheduled NU and
the scheduled FU, respectively. Considering the same scenari-
o, the work in [22] designs an adaptive OMA/cooperative
NOMA strategy with using dynamic user scheduling. It is
demonstrated in [22] that by adaptively switching between
OMA and cooperative NOMA, the diversity order achieved
by the scheduled FU can be further improved to M + K.
Moreover, for a NOMA-assisted cooperative overlay cognitive
radio system, a CSI-based two-stage user scheduling scheme is
designed in [23], in order to provide the full diversity for both
primary and secondary transmissions. Note that these studies
[20]–[23] only focus on wireless unicast applications, where
all users require individually different information. When some
users demand the same data via wireless multicast, several
user scheduling schemes are proposed in [24]–[26]. In these
schemes, one of the users that have successfully decoded
the multicast messages is selected to forward all its decoded
messages.

We have the following observation for the existing s-
tudies on opportunistic cooperative NOMA [20]–[26]: With
the existing approaches on opportunistic cooperative NOMA,
user scheduling is based on the distance information [20] or
instantaneous CSI [21]–[26], resulting in a system that favors
the users with certain geographic locations/channel conditions.
In other words, unfair channel access is provided to the users.

Motivated by this observation, this paper focuses on the
design of dynamic direct/cooperative NOMA strategy with
novel user scheduling for enhancing fairness and reliability
simultaneously. To the best of authors’ knowledge, such an
issue remains uninvestigated to date. In particular, the main
contributions of this paper can be summarized as follows.

• We design a novel opportunistic adaptive NOMA (OA-
NOMA) strategy for a downlink NOMA system, where
the base station (BS) serves an NU-FU pair opportunisti-
cally scheduled from M NUs and K FUs. According to
the channel conditions of the scheduled NU-FU pair, the
downlink transmission adaptively operates in either the
direct NOMA mode or the cooperative NOMA mode,
where the power control is employed in each mode to
minimize the transmit power consumption.

• To guarantee the reliability of OA-NOMA strategy, we
first design a scheduling candidates acquisition (SCA)

gS,m

gS,k

gm,k

Base station  (BS)

F1

Fk

Far users (FUs)

FK

Nm

Near users (NUs)

NMN1

Fig. 1. System model under investigation.

method to find out the candidate NU-FU pairs for
scheduling. Then, with the candidate NU-FU pairs, a
probabilistic user pair scheduling (P-UPS) scheme that
schedules each candidate NU-FU pair with a certain
probability is then proposed to enhance the scheduling
fairness of the OA-NOMA strategy.

• Our scheduling scheme can approximately achieve max-
min fairness. Further, we theoretically prove that when
the system achieves max-min fairness, it also achieves
proportional fairness. Thus, our scheduling scheme also
approximately achieves proportional fairness.

• The reliability of the OA-NOMA strategy is evaluated
in terms of outage probability and diversity order. For
the outage probability, we derive an approximate expres-
sion and verify its tightness by simulations. Further, it
is demonstrated that the proposed OA-NOMA strategy
provides a diversity order of M for the scheduled NU-FU
pair, showing that the inherent diversity offered by NUs is
fully exploited. Thus, our work simultaneously achieves
reliability and fairness of dynamic direct/cooperative NO-
MA, which remains uninvestigated in the literature so far.

The rest of this paper is organized as follows. Section II
describes our system model. Section III proposes the OA-
NOMA strategy, in which the user pair scheduling is realized
by the proposed SCA method and P-UPS scheme. Section
IV presents the max-min fairness criterion for NU-FU pair
scheduling. Section V theoretically analyzes the reliability
of OA-NOMA strategy in terms of outage probability and
diversity order. The simulation results are provided in Section
VI, followed by Section VII concluding this paper.

Notations Explanation: The cumulative distribution function
(CDF) and probability density function (PDF) of random
variable (RV) X are denoted as FX(·) and fX(·), respectively.
The joint PDF of RVs X and Y is denoted as fX,Y (·, ·). Pr{·}
means probability of an event {·}. Boldface uppercase letters
are used to represent sets, while blackboard boldface uppercase
letters are used to represent events/conditions. When B ⊆ A,
notation A \ B means the difference of set A and B, i.e.,
A \B = {i|i ∈ A, i /∈ B}.

II. SYSTEM MODEL

As shown in Fig. 1, we consider a downlink wireless system
consisting of a BS denoted by S, a number M of NUs denoted
by Nm,m ∈ M , {1, ...,M} and a number K of FUs
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denoted by Fk, k ∈ K , {1, ...,K}. It is assumed that the
NUs are relatively close to the BS, whereas the FUs are
relatively distant from the BS, as in [20]–[22]. For example, for
downlink transmission from a BS to multiple users in a cell,
some users are located in the cell-center area, corresponding
to the NUs, while other users are located in the cell-edge area,
corresponding to the FUs. Prior to each downlink transmission,
user pair scheduling is carried out to pair an NU and an FU
dynamically scheduled from M NUs and K FUs, respectively.
For notational convenience, an NU-FU pair consisting of NU
Nm and FU Fk is denoted by [Nm, Fk]. Then, downlink
NOMA transmission is performed to serve the scheduled NU-
FU pair with predetermined target rates for both users1. More
specifically, the target rates for the scheduled NU and the
scheduled FU are denoted by rN and rF , respectively. The
transmit power control is employed to guarantee the reliability
of scheduled NU-FU pair with minimized power consumption.

In the considered system, each of the stations has only
one antenna, working in a half-duplex mode. The channel
coefficients of links S−Nm, S−Fk and Nm−Fk are denoted
by gS,m, gS,k and gm,k, respectively. Channels over all the
links experience independent but non-identically distributed
Rayleigh block-fading. Thus, channel gains |gS,m|2, |gS,k|2
and |gm,k|2 follow exponential distribution with mean values
GS,m, GS,k and Gm,k, respectively, and remain unchanged
within each transmission block (but may vary independently
over different transmission blocks). Channel reciprocity is also
assumed for our considered system. The maximal transmit
power of the BS is denoted by PS , while the maximal transmit
power of each NU is denoted by PN . The noise is modeled
as additive white Gaussian noise (AWGN) at each receiver
with an identical variance σ2. The transmit signal-to-noise
ratio (SNR) of the system is defined as ρ = PS/σ

2.

III. PROPOSED OPPORTUNISTIC ADAPTIVE NOMA
STRATEGY

Adaptive transmission portion

Candidates acquisition portion

User scheduling

t T

Fig. 2. The structure of a transmission block of OA-NOMA strategy.

This section proposes a novel downlink NOMA transmis-
sion strategy for the considered system. In this strategy, each
transmission block is partitioned into two portions: the candi-
dates acquisition portion with a duration t and the adaptive

1Theoretically, by using NOMA, even more than two users can be served
simultaneously. However, in this work, we consider that only an NU-FU pair
is served in each downlink transmission due to the following reasons: 1) As
the NUs and the FUs are expected to have very different downlink channel
quality, performing NOMA between an NU and an FU can fully utilize the
performance gain of NOMA over conventional OMA [19]; 2) Compared with
superposition coding over a large number of messages, the superposition
coding over two messages can reduce the complexity and error propagation
of SIC-based detection [27]. Therefore, two-message NOMA transmission to
a scheduled NU-FU pair can exploit the performance gain of NOMA over
conventional OMA while avoiding the high complexity and error propagation.

transmission portion with a duration T , as shown in Fig. 2.
During the candidates acquisition portion, an SCA method is
employed to acquire the necessary instantaneous CSI, with
which the power allocation (PA) coefficients of each NU-FU
pair are determined for transmit power minimization. Then,
with the obtained instantaneous CSI and PA coefficients, the
BS can find out the candidate NU-FU pairs for scheduling.
Finally, among all candidate NU-FU pairs, a P-UPS scheme
is performed to schedule one of them at the end of the can-
didates acquisition portion. During the adaptive transmission
portion, the downlink transmission to the scheduled NU-FU
pair adaptively operates in either the direct NOMA mode or
the cooperative NOMA mode. In particular, considering that
NU-FU pair [Nm, Fk] is scheduled, the purpose of the two
transmission modes can be briefly described as follows.

• Direct NOMA mode: When the direct link to FU Fk is
in a good channel condition, i.e., ρ|gS,k|2 is no less than
a predetermined threshold Ξ, the BS directly serves both
NU Nm and FU Fk by using NOMA, in order to avoid
unnecessary cooperation;

• Cooperative NOMA mode: When the direct link to FU
Fk is in a bad channel condition, i.e., ρ|gS,k|2 is less
than Ξ, the BS sends to NU Nm the messages intended
by both NU Nm and FU Fk, and then, recruits NU Nm as
a relay to forward message intended by FU Fk, in order
to improve the reception quality of FU Fk.

To sum up, in the adaptive transmission portion of each
transmission block, the BS opportunistically serves an NU-
FU pair scheduled from NUs and FUs, and the transmission
to the scheduled NU-FU pair adaptively switches between
the direct NOMA mode and the cooperative NOMA mode.
Thus, the proposed strategy is termed as OA-NOMA strategy.
In the following, for a better understanding of the OA-NOMA
strategy, we first detail the two NOMA transmission modes of
the adaptive transmission portion, and then present the SCA
method and the P-UPS scheme for the candidates acquisition
portion.

A. Adaptive Transmission Portion

This subsection presents the transmission procedure, the
power control approach and the reliability condition for both
the direct NOMA mode and the cooperative NOMA mode.
For the clarity of presentation, we assume that NU-FU pair
[Nm, Fk] is scheduled in the candidates acquisition portion.
The desired messages of NU Nm and FU Fk are denoted by
xN and xF , respectively.

1) Direct NOMA Mode: When ρ|gS,k|2 ≥ Ξ, i.e., the direct
link to Fk is in a relatively good condition, the downlink
transmission to NU-FU pair [Nm, Fk] operates in the direct
NOMA mode. In this mode, the BS sends superimposed
signals

√
PSαNxN +

√
PSαFxF to both scheduled users,

where αN and αF are the PA coefficients of messages xN
and xF , respectively. Since the power control is employed,
the BS may not need to fully use its available transmit power,
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indicating that αN +αF ≤ 1.2 Once the superimposed signals
are received, FU Fk tries to decode its desired message xF
with the signal-to-interference-plus-noise ratio (SINR) given
by

γdirS→Fk,xF
=

αF ρ|gS,k|2

αNρ|gS,k|2 + 1
, (1)

where the superscript “dir” indicates the direct NOMA mode.
Meanwhile, NU Nm sequentially detects messages xF and xN
from its received signals. First, NU Nm attempts to decode
message xF with an SINR shown as

γdirS→Nm,xF
=

αF ρ|gS,m|2

αNρ|gS,m|2 + 1
. (2)

If message xF has been correctly decoded, NU Nm removes
this message by using SIC and then tries to decode message
xN with an SNR given by

γdirS→Nm,xN
= αNρ|gS,m|2. (3)

Next, we present the power control approach that aims at
guaranteeing the reliability of the scheduled NU-FU pair with
minimized power consumption. Since target rates of messages
xN and xF are rN and rF , respectively, NU-FU pair [Nm, Fk]
can be reliably served in the direct NOMA mode if the
following inequalities hold simultaneouslymin

{
log
(
1 + γdirS→Fk,xF

)
, log

(
1 + γdirS→Nm,xF

)}
≥ rF ,

log
(
1 + γdirS→Nm,xN

)
≥ rN .

(4)
Here, the first inequality means that message xF is correctly
decoded by both users, while the second inequality means that
message xN is correctly decoded by NU Nm. Using (1), (2)
and (3) and with some algebraic manipulations, the inequalities
in (4) can be rewritten as

αF ≥ τF

(
αN +

1

min{ρ|gS,m|2, ρ|gS,k|2}

)
,

αN ≥ τN
ρ|gS,m|2

,

(5)

where τN , 2rN − 1 and τF , 2rF − 1. Apparently, the
minimal value for αN that ensures successful detection of xN
is given by

αN = φm , τN
ρ|gS,m|2

. (6)

Applying (6) into the first inequality of (5), the minimal value
for αF that ensures successful detection of xF is obtained as

αF = ξm,k , τF
min{ρ|gS,k|2, ρ|gS,m|2}

+
τF τN
ρ|gS,m|2

. (7)

Moreover, since the PA coefficients should satisfy αN +αF ≤
1, the minimized PA coefficients in (6) and (7) are feasible

2For many existing works, e.g. [14], [19]–[22], it is assumed that αN +
αF = 1, indicating that the available transmit power is always fully used.
However, in our system, to meet the target rates of scheduled users, fully
using all available transmit power may lead to the waste of transmit power,
since it is possible that the available transmit power may be very large in
practical wireless systems. Thus, in this paper, we consider a more general
setup αN + αF ≤ 1, and then choose αN and αF that can meet the target
rate requirements with minimal power consumption.

only when φm + ξm,k ≤ 1 holds. Therefore, in the direct
NOMA mode, when φm + ξm,k ≤ 1 holds, the BS should
employ (6) and (7) to minimize the power consumption
with guaranteeing the reliability requirement of NU-FU pair
[Nm, Fk]. Otherwise, when φm + ξm,k > 1, no feasible PA
is available to guarantee the reliability requirement of NU-FU
pair [Nm, Fk].

Recall that when ρ|gS,k|2 ≥ Ξ, the downlink transmission
to NU-FU pair [Nm, Fk] operates in the direct NOMA mode.
Therefore, when NU-FU pair [Nm, Fk] is scheduled, the
reliability condition of the direct NOMA mode, denoted by
Rdir

m,k, can be expressed as

Rdir
m,k,{ρ|gS,k|2 ≥ Ξ, φm + ξm,k ≤ 1}. (8)

2) Cooperative NOMA Mode: When ρ|gS,k|2 < Ξ, i.e.,
the direct link to Fk is in a relatively bad channel condition,
the downlink transmission to NU-FU pair [Nm, Fk] operates
in the cooperative NOMA mode. In this mode, the adaptive
transmission portion is divided into two phases, each with
duration T/2. During the first phase, the BS sends superim-
posed signals

√
PSβNxN +

√
PSβFxF to NU Nm, where βN

and βF represent the PA coefficient of messages xN and xF ,
respectively. Similar to the direct NOMA mode, as the transmit
power control is employed, the BS may not fully utilize its
transmit power, meaning that PA coefficients βN and βF
satisfy βN+βF ≤ 1. After receiving the superimposed signals,
NU Nm attempts to successively decode both messages by
using SIC. First, NU Nm tries to decode message xF with an
SINR given by

γcoopS→Nm,xF
=

βF ρ|gS,m|2

βNρ|gS,m|2 + 1
, (9)

where superscript “coop” represents cooperative NOMA mod-
e. If message xF has been correctly decoded, NU Nm per-
forms SIC and tries to decode message xN with an SNR:

γcoopS→Nm,xN
= βNρ|gS,m|2. (10)

If NU Nm has successfully decoded xF , it re-encodes and for-
wards3 message xF to FU Fk by sending a signal

√
θFPNxF ,

where θF is the PA coefficient for the forwarded message xF .
Since the power control is employed, the scheduled NU may
partially use its transmit power, implying that θF ≤ 1 holds.
Defining µ , PN/PS , the received SNR for FU Fk to decode
message xF is given by4

γcoopNm→Fk,xF
= θFµρ|gm,k|2. (11)

3In this work, we consider that the scheduled NU is always willing to act
as a relay and forward information to the scheduled FU in the cooperative
NOMA mode. The incentive for stimulating cooperation can be handled by
a higher-layer control mechanism. In particular, such user cooperation can
be encouraged by designing advanced rewarding and pricing strategies. For
example, a user which helps other users will be offered rewards, which will
be helpful to the user to get help from other users in the future. The design
of such rewarding and pricing strategies is an important direction for future
research, but will be out of the scope of this paper.

4For operational simplicity, signal combining is not considered at the
scheduled FU. Thus, the results in this paper can be viewed as a lower bound
on the system performance with signal combining. Note that this lower bound
becomes tighter when the links from the BS to FUs become weaker. When
the direct links from the BS to FUs do not exist (e.g., due to blockage), this
lower bound is exactly the performance achieved by the system.
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To guarantee the reliability of scheduled NU-FU pair with
minimized power consumption, the power control approach for
the cooperative NOMA mode is presented as follows. First,
with target rates rN and rF , guaranteeing the reliability of
NU-FU pair [Nm, Fk] requires that the following inequalities
hold simultaneously

1
2 log

(
1 + γcoopS→Nm,xF

)
≥ rF ,

1
2 log

(
1 + γcoopNm→Fk,xF

)
≥ rF ,

1
2 log

(
1 + γS→Nm,xN

)
≥ rN ,

(12)

where the first two inequalities represent that message xF
can be successfully decoded by the scheduled NU and the
scheduled FU, respectively, and the third inequality represents
that message xN can be successfully decoded by the scheduled
NU. Using (9), (10) and (11) with some algebraic manipula-
tions, the inequalities in (12) can be re-expressed as

βF ≥ λF

(
βN + 1

ρ|gS,m|2

)
,

θF ≥ λF

µρ|gm,k|2 ,

βN ≥ λN

ρ|gS,m|2 ,

(13)

where λN , 22rN − 1 and λF , 22rF − 1. As known from
the second and third inequalities of (13), the minimal values
for θF and βN are given by

θF = ωm,k , λF
µρ|gm,k|2

, (14)

βN = ψm , λN
ρ|gS,m|2

. (15)

Further, substituting (15) into the first inequality of (13), the
minimal value for βF is obtained as

βF = κm , λFλN + λF
ρ|gS,m|2

. (16)

Recall that the PA coefficients should satisfy βN + βF ≤ 1
and θF ≤ 1. Thus, the minimized PA coefficients shown in
(14), (15) and (16) are feasible only when ψm + κm ≤ 1
and ωm,k ≤ 1 hold simultaneously. Or in other words, when
both ψm + κm ≤ 1 and ωm,k ≤ 1 hold, the minimized PA
coefficients in (14), (15) and (16) can guarantee the reliability
of NU-FU pair [Nm, Fk] in the cooperative NOMA mode.
Otherwise, when either ψm + κm > 1 or ωm,k > 1 holds, no
feasible PA is available to guarantee the reliability of NU-FU
pair [Nm, Fk] in the cooperative NOMA mode.

Recall that when ρ|gS,k|2 < Ξ, the downlink transmission
to NU-FU pair [Nm, Fk] operates in the cooperative NOMA
mode. Therefore, when NU-FU pair [Nm, Fk] is scheduled, the
reliability condition of the cooperative NOMA mode, denoted
by Rcoop

m,k , can be derived as follows

Rcoop
m,k ,{ρ|gS,k|2 < Ξ, ψm + κm ≤ 1, ωm,k ≤ 1}. (17)

B. Candidates Acquisition Portion

This subsection presents the detailed procedure of the SCA
method, and then, proposes the P-UPS scheme for NU-FU pair

Algorithm 1 Scheduling Candidates Acquisition Method
Step 1 In mini-slot k (k ∈ K), FU Fk broadcasts a flag to

the BS and all NUs. By reception of this flag, the
BS estimates channel gain |gS,k|2, while NU Nm

(m ∈ M) estimates channel gain |gm,k|2.
Step 2 At the end of mini-slot K, each NU, say Nm,

computes the values of ωm,k for k ∈ K by
applying channel gain |gm,k|2 into (14). Then, NU
Nm generates K bits feedback information, where
the kth bit is 1 if ωm,k ≤ 1 holds, or 0 otherwise.

Step 3 In mini-slot K +m (m ∈ M), NU Nm sends its
feedback information to the BS. Upon receiving
this feedback information, the BS measures the
reception to estimate channel gain |gS,m|2. Then,
by further decoding this information, the BS can
know whether ωm,k ≤ 1 holds for k ∈ K.

Step 4 At the end of mini-slot K+M , the BS has known
channel gains |gS,k|2 for k ∈ K (from Step 1) and
|gS,m|2 for m ∈ M (from Step 3). Applying these
channel gains into (6), (7), (15) and (16), the BS
computes the values of φm, ξm,k, ψm and κm for
m ∈ M and k ∈ K. Then, combining these values
with the decoded feedback information from each
NU, the BS further obtains P by using (18).

scheduling.
1) SCA Method: Recall that the downlink transmission

intends to serve the scheduled NU-FU pair with predetermined
target rates rN and rF . Thus, to guarantee the reliability, an
NU-FU pair is eligible for being scheduled only when both
users can be reliably served in either the direct NOMA mode
or the cooperative NOMA mode, referred to as a candidate
NU-FU pair. Based on reliability conditions in (8) and (17),
the indices set of candidate NU-FU pairs can be expressed as

P,
{
[m, k]|Rdir

m,k ∪ Rcoop
m,k ,m ∈ M, k ∈ K

}
(18)

=
{
[m, k]

∣∣∣{ρ|gS,k|2 ≥ Ξ, φm + ξm,k ≤ 1} ∪

{ρ|gS,k|2 < Ξ, ψm + κm ≤ 1, ωm,k ≤ 1},

m ∈ M, k ∈ K
}
.

To find out all candidate NU-FU pairs for scheduling, the BS
should acquire the information of set P during the candidate
acquisition portion, which can be realized by the SCA method
shown in Algorithm 1. In the SCA method, the candidate
acquisition portion is divided into (K+M) mini-slots5, where

5As seen in Algorithm 1, the SCA method requires M + K mini-slots
to determine the candidate NU-FU pairs for the scheduling over a certain
resource block. Thus, the number of mini-slots required by the SCA method
increases with the number of users. Note that we consider the NU-FU pair
scheduling over a single resource block. Actually, a practical system could
have multiple resource blocks. To implement our proposed scheme in such a
practical system, we first should partition all users in the system into multiple
groups, and a resource block is assigned to each group (similar to the hybrid
NOMA scheme shown in [19]). Then our scheme can work in each group.
In this setting, each group has a moderate number of users and thereby the
number of mini-slots required by the proposed method can be controlled to
an acceptable level.
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the duration of each mini-slot is t/(K+M). Since very limited
information is exchanged in every mini-slot, strong channel
coding can be used to improve the robustness of information
exchange. Thus, it is reasonable to assume that the information
exchange is error-free in the SCA method.

Note that with the SCA method, the BS can determine
the PA coefficients αF = ξm,k, αN = φm, βN = ψm and
βF = κm (in Step 4) for m ∈ M and k ∈ K, while each NU
Nm(m ∈ M) can determine the PA coefficients θF = ωm,k

for k ∈ K (in Step 2). Therefore, the power control can
be realized for any candidate NU-FU pair. Moreover, as the
BS acquires channel gains |gS,k|2, k ∈ K in Step 1, it can
adaptively determine the NOMA transmission mode (direct or
cooperative) for the scheduled NU-FU pair during the adaptive
transmission portion.

Computational complexity and communication overhead:
As shown in Algorithm 1, each NU Nm (m ∈ M) needs
to calculate the value of ωm,k for k ∈ K in Step 2, while
the BS needs to calculate the values of φm, ξm,k, ψm and
κm for m ∈ M and k ∈ K in Step 4. Therefore, the overall
computational complexity is O(MK). On the other hand, each
FU needs to broadcast a flag in Step 1, while each NU sends
its feedback information only once in Step 3, indicating that
the overall communication overhead is K +M .

2) P-UPS Scheme: At the end of the candidates acquisition
portion, the user pair scheduling is performed among all
candidate NU-FU pairs. In the following, we will propose a
P-UPS scheme for condition {P ̸= ∅}, aiming at improving
the scheduling fairness.

When {P ̸= ∅} happens, the BS assigns a scheduling
probability for each candidate NU-FU pair. More specifically,
by introducing a fairness exponent η(> 1), the scheduling
probability for candidate NU-FU [Nm, Fk] is defined as

SPm,k(P) ,
CP−η

m,k∑
[i,j]∈P CP

−η
i,j

, ∀[m, k] ∈ P, (19)

with CPm,k , Pr{Rdir
m,k ∪ Rcoop

m,k }. Here, CPm,k represents
the probability that [Nm, Fk] becomes a candidate NU-FU pair
in a long term, called candidate probability of NU-FU pair
[Nm, Fk]. Further, since the global statistical CSI is available
at the BS, the candidate probabilities of all NU-FU pairs can
be numerically computed by the BS by using the derivations in
Appendix A. Then, with the assigned scheduling probability of
each candidate NU-FU pair, the BS probabilistically schedules
one of candidate NU-FU pairs such that candidate NU-FU
pair {Nm, Fk} is scheduled with probability SPm,k(P), for
[m, k] ∈ P.

The rationale of the above P-UPS scheme is as follows. As
observed from (19), the scheduling probability of an NU-FU
pair is monotonically decreasing with its candidate probability.
Thus, in a certain transmission block, a candidate NU-FU pair
is scheduled with a low probability if it has a high chance to
become a candidate for scheduling in a long term, and vice
versa. Therefore, the proposed P-UPS scheme can improve the
long-term scheduling fairness among all NU-FU pairs.

Additionally, if no candidate NU-FU user pair exists, i.e.,
{P = ∅} happens, no NU-FU pair can be reliably served

in either the direct NOMA mode or the cooperative NOMA
mode. In this condition, the user pair scheduling will be
cancelled, and then, an outage will be declared6.

IV. MAX-MIN FAIRNESS CRITERION

This section investigates the scheduling fairness of proposed
OA-NOMA strategy from the perspective of successful serving
probability (SSP) of each NU-FU pair. Here, the SSP of
NU-FU pair [Nm, Fk] refers to the probability that NU-FU
pair [Nm, Fk] is successfully served, denoted by SSPm,k.
Note that the sum SSP of all NU-FU pairs should satisfy∑M

m=1

∑K
k=1 SSPm,k = 1−Pout, where Pout = Pr {P = ∅}

represents the outage probability of OA-NOMA strategy and
will be theoretically evaluated in Section V-A. Further, recall
that with the P-UPS scheme, an NU-FU pair has chance
to be successfully served only when this NU-FU pair is a
candidate NU-FU pair in the current transmission block. Thus,
the SSP of NU-FU pair [Nm, Fk] is bounded by its candidate
probability, i.e., SSPm,k ≤ CPm,k.

According to the definition of max-min fairness [31], [32],
the max-min fairness for NU-FU pair scheduling in terms of
SSP can be defined as follows: Let us treat 1 − Pout as the
resource and treat the SSPs of NU-FU pairs as a feasible
allocation of 1 − Pout among all NU-FU pairs. The SSPs
of NU-FU pairs are max-min fair, if and only if for every
NU-FU pair [Ni, Fj ], SSPi,j can only be increased (while
remaining SSPi,j ≤ CPi,j) at the expense of decreasing
SSPi′,j′(≤ SSPi,j , [i

′j′] ̸= [i, j]).
Theorem 1 (Max-min fairness criterion): When the SSPs

of NU-FU pairs are max-min fair, the SSP of NU-FU pair
[Nm, Fk] can be expressed as SSPmax-min

m,k = min{ζ, CPm,k}
for m ∈ M and k ∈ K, where ζ is a positive constant
satisfying

∑M
m=1

∑K
k=1 min{ζ, CPm,k} = 1− Pout.

Proof: We use the proof by contradiction. Consider a
feasible allocation with SSPmax-min

m,k = min{ζ, CPm,k}, for
m ∈ M, k ∈ K. Assume this allocation is not max-
min fair. Then there exist [i, j] and [i′, j′] ([i, j] ̸= [i′, j′])
such that SSPmax-min

i,j can be increased to SSPmax-min
i,j +

δ1 (while keeping SSPmax-min
i,j + δ1 ≤ CPi,j) at the ex-

pense of decreasing SSPmax-min
i′,j′ to SSPmax-min

i′,j′ − δ2, where
SSPmax-min

i′,j′ > SSPmax-min
i,j holds, δ1 and δ2 are sufficiently

small positive constants. Since SSPmax-min
i,j = min{ζ, CPi,j}

and SSPmax-min
i,j + δ1 ≤ CPi,j , it is obtained SSPmax-min

i,j = ζ.
Further, as SSPmax-min

i′,j′ = min{ζ, CPi′,j′} holds, we know
SSPmax-min

i′,j′ ≤ ζ = SSPmax-min
i,j . This contradicts the fact

SSPmax-min
i′,j′ > SSPmax-min

i,j . This completes the proof.
It can be observed that the value of

∑M
m=1

∑K
k=1 min

{ζ, CPm,k} is monotonically non-decreasing with ζ. Thus,
based on the fact

∑M
m=1

∑K
k=1 min{ζ, CPm,k} = 1 − Pout,

the value of ζ can be determined by a bisection search, with
which the max-min fair SSP of each NU-FU pair is obtained.
Moreover, the max-min fairness criterion given in Theorem 1

6When {P = ∅} happens, the system can still schedule one NU or one FU
for conventional OMA transmission. However, the user scheduling of OMA
systems has been extensively studied in existing literature, such as [28]–[30].
Therefore, in this work, we do not consider the OMA user scheduling and
performance analysis for this condition.
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will be used as a benchmark for numerically evaluating the
scheduling fairness in Section VI.

On the other hand, the proportional fairness is another
widely adopted fairness metric for user scheduling. Differing
from the max-min fairness that purely focuses on fairness, the
proportional fairness can achieve a good tradeoff between the
performance and fairness. Fortunately, as demonstrated in [33],
the max-min fairness may become proportional fairness under
certain conditions. In particular, for the considered NOMA
system that uses SSP to evaluate the scheduling fairness,
the developed max-min fairness criterion is equivalent to
the proportional fairness criterion, as shown in the following
Lemma.

Lemma 1: For the considered system, the max-min fair
SSPs shown in Theorem 1 are also proportionally fair.

Proof: Please refer to Appendix B.

V. PERFORMANCE ANALYSIS

In this section, the reliability of the proposed OA-NOMA s-
trategy is theoretically evaluated in terms of outage probability
and diversity order.

A. Outage Probability

Recall that an outage is declared when no candidate NU-FU
pair exists, i.e., P = ∅. To proceed the analysis, we introduce
an indices set FΞ , {k|ρ|gS,k|2 ≥ Ξ, k ∈ K}, which is the
set of FUs with relatively good channel conditions from the
BS. Thus, based on Total Probability Theorem, the outage
probability can be expressed as

Pout = Pr {P = ∅} = Pr

{
K∩

k=1

E1,k,FΞ = ∅

}
︸ ︷︷ ︸

,Pout(∅)

(20)

+

K∑
i=1

∑
Ai⊆K,|Ai|=i

Pr

 ∩
k∈K\Ai

E1,k,
∩

k∈Ai

E2,k,FΞ = Ai

︸ ︷︷ ︸
,Pout(Ai)

,

with E1,k and E2,k defined as

E1,k,
{

M∩
m=1

[(ψm + κm > 1) ∪ (ωm,k > 1)]

}
(21)

(i)
=

{
M∩

m=1

[( Λ

ρ|gS,m|2
> 1
)
∪
( λF
µρ|gm,k|2

> 1
)]}

,

E2,k ,
{

M∩
m=1

φm + ξm,k > 1

}
(22)

(ii)
=

{
M∩

m=1

max
{ Υ

ρ|gS,m|2
,

τ

ρ|gS,m|2
+

τF
ρ|gS,k|2

}
> 1

}
,

where Ai represents a subset of K with cardinality |Ai| = i,
terms Λ, Υ and τ have been defined in Appendix A. Note
that step (i) uses (14), (15) and (16), while step (ii) uses (6)
and (7).

In the outage probability expression in (20), the term
Pout(∅) refers to the case when all FUs have relatively bad
channel conditions from the BS, and E1,k means that FU Fk

(which has a relatively bad channel condition) cannot form a
candidate NU-FU pair with any NU by using the cooperative
NOMA mode. The term Pout(Ai) refers to the case when
FUs in set Ai have relatively good channel conditions from
the BS, and other FUs have relatively bad channel conditions.
E2,k means that FU Fk (which has a relatively good channel
condition) cannot form a candidate NU-FU pair with any NU
by using the direct NOMA mode.

Lemma 2: A closed-form expression for Pout(∅) is given
by

Pout(∅)=
M∏

m=1

[(
1− e

− Λ
ρGS,m

)
+ e

− Λ
ρGS,m (23)

×
K∏

k=1

(
1− e

− λF
ρGm,k

)] K∏
k=1

(
1− e

− Ξ
ρGS,k

)
,

while Pout(Ai) can be expressed as

Pout(Ai) (24)

=Φ1 +
M∑
j=1

∑
Bj⊆M,|Bj |=j

j∑
l=0

∑
Cl⊆Bj ,|Cl|=l

Φ2 (Φ3 − Φ4 · χ) ,

with Φ1, Φ2, Φ3, Φ4 and χ 7 being given by

Φ1=e
−

∑
k∈Ai

Ξ
ρGS,k

∏
k∈K\Ai

(
1− e

− Ξ
ρGS,k

)

×
M∏

m=1

(
1− e

− Υ
ρGS,m

)
, (25)

Φ2 =
∏

k∈K\Ai

[ ∏
m∈Cl

(
1− e

− λF
µρGm,k

)]
, (26)

Φ3=e
−

∑
k∈Ai

Ξ
ρGS,k

−
∑

m∈Cl

Λ
ρGS,m

∏
k∈K\Ai

(
1− e

− Ξ
ρGS,k

)

×

[ ∏
m∈Bj\Cl

(
e
− Υ

ρGS,m − e
− Λ

ρGS,m

)

×
∏

m∈M\Bj

(
1− e

− Υ
ρGS,m

)]
, (27)

Φ4 =
∏

m∈M\Bj

(
1− e

− Υ
ρGS,m

) ∏
k∈K\Ai

(
1− e

− Ξ
ρGS,k

)
,

(28)

χ, Pr

{
τ

max
m∈Bj

ρ|gS,m|2
+

τF
max
k∈Ai

ρ|gS,k|2
≤ 1,

∩
k∈Ai

ρ|gS,k|2 ≥ Ξ,
∩

m∈Cl

ρ|gS,m|2 ≥ Λ,

7For presentation simplicity, for notation χ, we omit its variables i, j, l.
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∩
m∈Bj\Cl

Υ ≤ ρ|gS,m|2 < Λ

}
, (29)

where Bj represents a subset of M with cardinality |Bj | = j,
and Cl represents a subset of Bj with cardinality |Cl| = l.

Proof: Please refer to Appendix C.

As seen from (29), the events inside Pr{·} are highly cor-
related. Thus, it is very challenging to further derive χ in
closed form. Alternatively, a tight approximation for χ will be
provided as follows.

First, the probability denoted by χ can be re-expressed in
the following lemma.

Lemma 3: Considering different combinations of {i, j, l},
the probability denoted by χ can be re-expressed in eight cases
shown in (30) (at the top of the next page), with ϱj,l being
defined as

ϱj,l ,
∏

m∈Bj\Cl

[e−Υ/(ρGS,m) − e−Λ/(ρGS,m)], (31)

where RVs X1, X2, Y1, Y2, Z1 and Z2 are defined as

X1 , min
m∈Bj

ρ|gS,m|2, X2 , max
m∈Bj

ρ|gS,m|2,

Y1 , min
k∈Ai

ρ|gS,k|2, Y2 , max
k∈Ai

ρ|gS,k|2,

Z1 , min
m∈Cl

ρ|gS,m|2, Z2 , max
m∈Cl

ρ|gS,m|2,

(32)

and RVs X0, Y0, and Z0 are defined as follows. If j = 1,
Bj only has one element, denoted by m1, and then we define
X0 , ρ|gS,m1 |2. If i = 1, Ai only has one element, denoted
by k1, and then we define Y0 , ρ|gS,k1 |2. If l = 1, Cl only
has one element, denoted by m′

1, and then we define Z0 ,
ρ|gS,m′

1
|2.

Proof: Please refer to Appendix D.

Next, we focus on deriving the PDFs involved in (30).
Recall that channel gains |gS,m|2 and |gS,k|2 are exponentially
distributed with mean values GS,m and GS,k, respectively.
Thus, we have

fX0(x0) =
1

ρGS,m1
e
− x0

ρGS,m1 ,

fY0(y0) =
1

ρGS,k1
e
− y0

ρGS,k1 ,

fZ0(z0) =
1

ρGS,m′
1

e
− z0

ρG
S,m′

1 .

(33)

On the other hand, for the joint PDFs fX1,X2
(x1, x2), fY1,Y2

(y1, y2) and fZ1,Z2(z1, z2), we have the following lemma.

Lemma 4: The joint PDFs of {X1, X2}, {Y1, Y2} and
{Z1, Z2} can be expressed as follows

fX1,X2(x1, x2)=
∑

m⋆
1∈Bj

∑
m⋆

2∈Bj\{m⋆
1}

e
− 1

ρ

(
x1

GS,m⋆
1

+
x2

GS,m⋆
2

)
ρ2GS,m⋆

1
GS,m⋆

2

×
∏

m∈Bj\{m⋆
1 ,m

⋆
2}

(
e
− x1

ρGS,m − e
− x2

ρGS,m

)
,

(34)

fY1,Y2(y1, y2)=
∑

k⋆
1∈Ai

∑
k⋆
2∈Ai\{k⋆

1}

e
− 1

ρ

(
y1

GS,k⋆
1

+
y2

GS,k⋆
2

)
ρ2GS,k⋆

1
GS,k⋆

2

×
∏

k∈Ai\{k⋆
1 ,k

⋆
2}

(
e
− y1

ρGS,k − e
− y2

ρGS,k

)
,

(35)

fZ1,Z2(z1, z2)=
∑

m⋆
1∈Cl

∑
m⋆

2∈Cl\{m∗
1}

e
− 1

ρ

(
z1

GS,m⋆
1

+
z2

GS,m⋆
2

)
ρ2GS,m⋆

1
GS,m⋆

2

×
∏

m∈Cl\{m⋆
1 ,m

⋆
2}

(
e
− z1

ρGS,m − e
− z2

ρGS,m

)
,

(36)

where x1 ≤ x2, y1 ≤ y2 and z1 ≤ z2 should hold for (34),
(35) and (36), respectively. Note that for x1 > x2, y1 > y2
and z1 > z2, we have fX1,X2(x1, x2) = 0, fY1,Y2(y1, y2) = 0
and fZ1,Z2(z1, z2) = 0, respectively.

Proof: Please refer to Appendix E.
Finally, applying (33), (34), (35) and (36) into (30) and then

using the mathematical derivations in Appendix F, a closed-
form approximation for χ can be obtained as shown in (37) (on
the next page), where Q is a positive integer that can be used
to control the accuracy of approximation, Bq , min{1/Ξ,
(1/τF )[1− τ(1/Λ + (q/Q)[(1/Υ)− (1/Λ)])]}, and Dq ,
min{1/Ξ, (1/τF )[1− (qτ/QΛ)]}, q ∈ {0, 1, ..., Q}. Note that
for terms ϱj,l, I1(·), J1,q, I2(·), J2,q, J3,q and J4,q involved in
(37), closed-form expressions have been derived in (31), (F.4),
(F.5), (F.7), (F.8), (F.9) and (F.10), respectively.

Overall, substituting (37) into (24) and then combining the
results with (23), an approximate expression for the outage
probability can be obtained. The tightness of obtained approx-
imate expression will be verified by simulations in Section VI.

The computation complexity of evaluating χ given in
(37) is O(Q). Accordingly, the computational complexity for
Pout(Ai) in (24) is O(22MQ). Thus, based on (20), the
computational complexity of evaluating the outage probability
is O(22M+KQ).

B. Diversity Order

We know that e−x/ρ ≃ 1− (x/ρ) holds for ρ→ ∞, where
x represents any positive constant [36, eq. (1.211.1)]. By using
this asymptotic expression in (23) while ignoring high-order
infinitesimals, we have

Pout(∅)
ρ→∞
≃ 1

ρM+K

( M∏
m=1

Λ

GS,m

)( K∏
k=1

Ξ

GS,k

)
. (38)

However, since no closed-form expression is available for
Pout(Ai), its high-SNR asymptotic expression cannot be
derived directly. To facilitate the analysis, we provide an
asymptotic upper bound for Pout(Ai) in the following lemma.

Lemma 5: When ρ → ∞, Pout(Ai) is asymptotically
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χ=



∫ ∫ ∫ ∫
y1≥Ξ,x1≥Υ,x2<Λ,
τ/x2+τF /y2≤1

fX1,X2(x1, x2)fY1,Y2(y1, y2)dy1dx1dy2dx2, l = 0, i ≥ 2, j ≥ 2;

∫ ∫ ∫
y0≥Ξ,x1≥Υ,x2<Λ
τ/x2+τF /y0≤1

fX1,X2(x1, x2)fY0(y0)dy0dx1dx2, l = 0, i = 1, j ≥ 2;

∫ ∫ ∫
y1≥Ξ,Υ≤x0<Λ
τ/x0+τF /y2≤1

fX0(x0)fY1,Y2(y1, y2)dy1dy2dx0, l = 0, i ≥ 2, j = 1;

∫ ∫
y0≥Ξ,Υ≤x0<Λ
τ/x0+τF /y0≤1

fX0(x0)fY0(y0)dy0dx0, l = 0, i = 1, j = 1;

ϱj,l ·
∫ ∫ ∫

y1≥Ξ,z0≥Λ
τ/z0+τF /y2≤1

fZ0(z0)fY1,Y2(y1, y2)dy1dy2dz0, l = 1, i ≥ 2, j ≥ l;

ϱj,l ·
∫ ∫

y0≥Ξ,z0≥Λ
τ/z0+τF /y0≤1

fZ0(z0)fY0(y0)dy0dz0, l = 1, i = 1, j ≥ l;

ϱj,l ·
∫ ∫ ∫ ∫

y1≥Ξ,z1≥Λ,
τ/z2+τF /y2≤1

fZ1,Z2(z1, z2)fY1,Y2(y1, y2)dy1dz1dy2dz2, l ≥ 2, i ≥ 2; j ≥ l;

ϱj,l ·
∫ ∫ ∫

y0≥Ξ,z1≥Λ
τ/z2+τF /y0≤1

fZ1,Z2(z1, z2)fY0(y0)dy0dz1dz2, l ≥ 2, i = 1, j ≥ l.

(30)

χ ≈



1
2

∑Q
q=1[I1(Bq) + I1(Bq−1)]J1,q, l = 0, i ≥ 2, j ≥ 2;

1
2

∑Q
q=1[I2(Bq) + I2(Bq−1)]J1,q, l = 0, i = 1, j ≥ 2;

1
2

∑Q
q=1[I1(Bq) + I1(Bq−1)]J2,q, l = 0, i ≥ 2, j = 1;

1
2

∑Q
q=1[I2(Bq) + I2(Bq−1)]J2,q, l = 0, i = 1, j = 1;

ϱj,l

2

∑Q
q=1[I1(Dq) + I1(Dq−1)]J3,q, l = 1, i ≥ 2, j ≥ l;

ϱj,l

2

∑Q
q=1[I2(Dq) + I2(Dq−1)]J3,q, l = 1, i = 1, j ≥ l;

ϱj,l

2

∑Q
q=1[I1(Dq) + I1(Dq−1)]J4,q, l ≥ 2, i ≥ 2, j ≥ l;

ϱj,l

2

∑Q
q=1[I2(Dq) + I2(Dq−1)]J4,q, l ≥ 2, i = 1, j ≥ l.

(37)

upper bounded by

Pout(Ai)
ρ→∞
<

1

ρM+K−i

( M∏
m=1

min{Λ,max(2τ,Υ)}
GS,m

)
×
( ∏

k∈K\Ai

Ξ

GS,k

)
, ∀i ∈ K. (39)

Proof: Please refer to Appendix G.
Applying (38) and (39) into (20), we have

Pout

ρ→∞
<

1

ρM+K

( M∏
m=1

Λ

GS,m

)( K∏
k=1

Ξ

GS,k

)

+

K∑
i=1

∑
Ai⊆K,|Ai|=i

1

ρM+K−i

×

(
M∏

m=1

min{Λ, 2Υ}
GS,m

) ∏
k∈K\Ai

Ξ

GS,k



ρ→∞
≃ 1

ρM

M∏
m=1

min{Λ, 2Υ}
GS,m

. (40)

As observed from (40), when ρ → ∞, the upper bound
of outage probability is proportional to ρ−M . Therefore, the
proposed OA-NOMA strategy can achieve at least a diversity
order of M , implying that the inherent diversity offered by all
NUs is fully exploited.

VI. NUMERICAL RESULTS

In our simulation, we consider the BS is located at the
center of two concentric circles with radius being 80 and 150,
respectively. The locations of NUs are randomly generated
within the circle with radius of 80, while the locations of FUs
are randomly generated between these two concentric circles.
We model path loss attenuation from node i to node j as
1/[1+(di,j/d0)

ν ], where di,j denotes the distance between the
two nodes, d0 denotes the reference distance, and ν denotes
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the path loss exponent. Following the standard parameters for
urban cellular networks [37], we set d0 = 5 and ν = 3.2
in our simulation. The fairness exponent of the proposed P-
UPS scheme is set to η = 2, and the accuracy-controlling
parameter for computing the approximation in (37) is set to
Q = 7. By using a one-dimensional search, we adopt the
optimal value of Ξ, which minimizes the derived approximate
outage probability. The other parameters of our simulation are
given by µ = PN/PS = 1 and σ2 = 1. All simulated values
are averaged over 1× 109 independent transmission blocks.
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M = 4, K = 4

M = 4, K = 2

M = 2, K = 2

Fig. 3. Approximate and simulated outage probabilities, where rN = 5
bps/Hz, rF = 1 bps/Hz, {M,K} = {2, 2}, {4, 2}, {4, 4}.

Figs. 3 shows the theoretically approximate and numerically
simulated outage probabilities, where rN = 5 bps/Hz, rF = 1
bps/Hz and {M,K} = {2, 2}, {4, 2}, {4, 4}. As shown in
Fig. 3, the simulated outage probability coincides with the
derived approximate outage probability, which verifies the
tightness of the derived approximate outage probability. Fur-
ther, by comparing the outage probability curves with different
combinations of M and K, it can be known that the outage
probability decreases with both M and K. This observation
can be explained as follows. When more NUs or more FUs are
available for NU-FU pair scheduling, the number of candidate
NU-FU pairs will increase in average, thereby the probability
of no candidate NU-FU pair existing decreases significantly.
Furthermore, by comparing the reference lines 1×1011×ρ−2

and 1 × 1021 × ρ−4 with the curves of outage probability
in high-SNR regime, it can be observed that the outage
probability with {M,K} = {2, 2} decays at the same rate with
reference line 1×1011×ρ−2, whereas the outage probabilities
with {M,K} = {4, 2} and {M,K} = {4, 4} decay at the
same rate with reference line 1×1021×ρ−4. Therefore, it can
be concluded that the achieved diversity order is equal to the
number of NUs, which complies with our theoretical analysis
in Section V-B.

Next, we compare the outage probability, the power con-
sumption and the scheduling fairness of the proposed OA-
NOMA strategy and its counterpart strategies that use the
following scheduling schemes.

1) Random scheduling (RS): If P ̸= ∅, one of candidate
NU-FU pairs will be randomly scheduled. Otherwise,

the scheduling and downlink transmission will be can-
celled.

2) Two-stage scheduling (TSS): This two-stage scheme
follows the idea of the user selection scheme in [22].
In the first stage, the FU owning the highest channel
gain from the BS is scheduled out of all FUs, i.e.,
k∗ = argmaxk∈K |gS,k|2. In the second stage, the qual-
ified NUs which satisfy ρ|gS,m|2 ≥ Λ will participate
in the scheduling. If Q , {m

∣∣ρ|gS,m|2 ≥ Λ} ≠ ∅,
the scheduled NU will be m∗ = argmaxm∈Q |gm,k∗ |2;
otherwise, no NU will be scheduled and the transmission
will be cancelled.

3) One-stage scheduling (OSS): Inspired by the work in
[20], we consider three different one-stage scheduling
criteria: 1) Best FU best NU (BFBN): the FU with the
best channel quality from the BS and the NU with
the best channel quality from the BS are scheduled,
i.e., k∗ = argmaxk∈K |gS,k|2, m∗ = argmaxm∈M

|gS,m|2; 2) Worst FU best NU (WFBN): the FU with
the worst channel quality from the BS and the NU with
the best channel quality from the BS are scheduled, i.e.,
k∗ = argmink∈K |gS,k|2, m∗ = argmaxm∈M |gS,m|2;
3) Random FU and random NU (RFRN): an FU and an
NU are randomly scheduled from all FUs and all NUs,
respectively.

We call those strategies as the RS strategy, the TSS strategy,
and the OSS strategy, respectively. Similar to the proposed
OA-NOMA strategy, the above three strategies also adaptively
serve the scheduled NU-FU pair in either direct NOMA mode
or cooperative NOMA mode. Further, the RS strategy employs
the same power control approaches as those in the proposed
OA-NOMA strategy. On the other hand, since the fixed PA
was used in [20] and [22], we consider that the TSS strategy
and OSS strategy employ the following approximately optimal
fixed PA [22, eq. (18)]:

Direct NOMA

{
αF = τF τN+τF

Υ ,

αN = 1− αF ,

Cooperative NOMA


βF = λFλN+λF

Λ ,

βN = 1− βF ,

θF = 1.

(41)

Fig. 4 shows the simulated outage probability of the pro-
posed OA-NOMA strategy, the RS strategy, the TSS strategy
and the OSS strategy, where M = 3, K = 3, rN = 4 bps/Hz
andrF = 1 bps/Hz. Since both the OA-NOMA strategy and
the RS strategy perform NU-FU pair scheduling among all
candidate NU-FU pairs obtained from the SCA method, they
are expected to have the same outage performance, as shown
in this figure. It can also be observed that the proposed OA-
NOMA strategy achieves better outage performance than the
TSS strategy. When the OSS strategy employs the WFBN
or RFRN criterion, the achieved outage probability is much
higher than the proposed one. Further, when BFBN criterion
is employed in the OSS strategy, the outage performance is
significantly improved, but still worse than the proposed OA-
NOMA strategy. This is because none of these criteria for the
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Fig. 4. Simulated outage probability of the proposed strategy, the RS strategy,
the TSS strategy and the OSS strategy, where M = 3, K = 3, rN = 4
bps/Hz and rF = 1 bps/Hz.
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Fig. 5. Simulated power consumption of the proposed strategy, the RS
strategy, the TSS strategy and the OSS strategy, where M = 3, K = 3,
rN = 4 bps/Hz and rF = 1 bps/Hz.

OSS strategy considers the quality of links between the FUs
and NUs.

Fig. 5 provides the simulated power consumption of the pro-
posed OA-NOMA strategy, the RS strategy, the TSS strategy
and the OSS strategy, where M = 3, K = 3, rN = 4 bps/Hz
and rF = 1 bps/Hz. For each strategy, the simulated power
consumption is averaged over 1 × 109 independent transmis-
sion blocks, where the power consumed in every transmission
block is computed as follows: 1) When the transmission to
the scheduled NU-FU pair operates in the direct NOMA
mode, the power consumption is (αF + αN )PS ; 2) When
the transmission to the scheduled NU-FU pair operates in the
cooperative NOMA mode, the power consumption is 1

2 (βN +
βF )PS + 1

2θFPN , where 1/2 accounts for each phase with
1/2 duration of the adaptive transmission portion; 3) When
no transmission happens due to the cancelled user scheduling,
the power consumption is zero. As observed from this figure,
the OA-NOMA strategy and the RS strategy consume the same
amount of transmit power. This is because the RS strategy uses
the same power control approaches as those in the OA-NOMA

strategy. On the other hand, since the fixed PA shown in (41)
always fully utilizes the transmit power of the BS and the
scheduled NU, the OSS strategy with BFBN/WFBN/RFRN
criterion incurs much higher power consumption than the
proposed OA-NOMA strategy. Interestingly, although the TSS
strategy also employs the fixed PA (41), its power consumption
is much less than the proposed one when ρ < 60 dB. This
observation can be explained as follows. Recall that if no
qualified NU exists, i.e., Q = {m|ρ|gS,m|2 ≥ Λ} = ∅, the
transmission of the TSS strategy will be cancelled. Thus, when
ρ < 60 dB, some power savings can be achieved by the TSS
strategy due to the cancelled transmission. Furthermore, when
ρ ≥ 60 dB, the TSS strategy consumes the similar amount of
transmit power to that of the OSS strategy, since Q is almost
always non-empty.
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Fig. 6. System topology used for evaluating SSP of each NU-FU pair, where
M = 2 and K = 2.
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Fig. 7. Simulated SSP of each NU-FU pair, where M = 2, K = 2, rN = 2
bps/Hz, rF = 1 bps/Hz and ρ = 50 dB.

Considering the system topology shown in Fig. 6, Fig. 7
compares the scheduling fairness among the proposed OA-
NOMA strategy, the RS strategy, the TSS strategy and the
OSS strategy, where M = 2, K = 2, rN = 2 bps/Hz, rF =
1 bps/Hz and ρ = 50 dB. The max-min fair SSPs given in
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Theorem 1 are also plotted as dashed line in Fig. 7 to provide
a max-min fairness benchmark. As seen from Fig. 7, the SSP
achieved by the OA-NOMA strategy is very close to the max-
min fairness benchmark at each NU-FU pair, indicating that
the OA-NOMA strategy can approximately achieve the max-
min fairness. Further, when the RS strategy is employed, the
SSP of NU-FU pair [N1, F1] is far below the max-min fairness
benchmark, whereas the SSP of NU-FU pair [N2, F2] is much
higher than the max-min fairness benchmark. This fact means
that the RS strategy achieves worse scheduling fairness than
the proposed OA-NOMA strategy. Moreover, when the TSS
strategy or the OSS strategy is employed, the fairness among
NU-FU pairs is even worse than its counterpart in the RS
strategy.
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Fig. 8. System topology used for evaluating SSP of each NU-FU pair, where
M = 3 and K = 3.

Moreover, we also demonstrate the scheduling fairness
when more NU-FU pairs are available. Considering the system
topology shown in Fig. 8, Fig. 9 compares the scheduling fair-
ness among the proposed OA-NOMA strategy, the RS strategy,
the TSS strategy and the OSS strategy, where M = 3, K = 3,
rN = rF = 1 bps/Hz and ρ = 50 dB. Note that the max-
min fairness benchmark in Fig. 9 also comes from Theorem
1. As seen from Fig. 9, the proposed OA-NOMA strategy still
approximately achieves max-min fairness, which is similar to
the observation from Fig. 7. When employing the RS strategy,
the SSPs of NU-FU pairs [N1, F2], [N2, F1], [N2, F2] and
[N2, F3] fluctuate around the max-min fairness benchmark.
Thus, the proposed OA-NOMA strategy still achieves better
fairness than the RS strategy for M = 3 and K = 3.
Furthermore, when employing the TSS strategy or the OSS
strategy using BFBN/WFBN/RFRN criterion, the scheduling
fairness among NU-FU pairs is even worse than its counterpart
in the RS strategy.

VII. CONCLUSION

In this paper, we have designed an OA-NOMA strategy for
a multiuser downlink NOMA system to serve an NU-FU pair
opportunistically scheduled from M NUs and K FUs. For
this NOMA strategy, an SCA method and a P-UPS scheme
have been proposed to improve the reliability and scheduling
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Fig. 9. Simulated SSP of each NU-FU pair, where M = 3, K = 3,
rN = rF = 1 bps/Hz and ρ = 50 dB.

fairness, respectively. To evaluate the scheduling fairness, we
have developed a max-min fairness criterion, with which
we have shown that the OA-NOMA strategy achieves the
approximate max-min fairness. Further, the reliability of OA-
NOMA strategy has also been investigated in terms of outage
probability and diversity order. For the outage probability, we
have derived an approximate expression and demonstrated its
tightness by simulations. Then, by carrying out the high-SNR
asymptotic analysis, we have shown that the proposed OA-
NOMA strategy can achieve a diversity order of M , indicating
that the inherent diversity of NUs can be fully exploited.

APPENDIX A
DERIVATIONS OF CANDIDATE PROBABILITY

As observed from (8) and (17), Rdir
m,k and Rcoop

m,k are mu-
tually exclusive. Based on this fact, CPm,k can be further
expressed as CPm,k = ϑm,k,1 + ϑm,k,2, where ϑm,k,1 and
ϑm,k,2 are given by

ϑm,k,1,Pr
{
Rdir

m,k

}
(A.1)

=Pr{ρ|gS,k|2 ≥ Ξ, φm + ξm,k ≤ 1},

ϑm,k,2,Pr
{
Rcoop

m,k

}
(A.2)

=Pr{ρ|gS,k|2 < Ξ, ψm + κm ≤ 1, ωm,k ≤ 1}.

Applying (6) and (7) into (A.1) with letting X , 1/(ρ|gS,m|2)
and Y , 1/(ρ|gS,k|2), ϑm,k,1 can be expressed as

ϑm,k,1=Pr {1/Y ≥ Ξ, τX + τFY ≤ 1,ΥX ≤ 1}

=

∫ ∫
0≤x≤1/Υ,

0≤y≤min{1/Ξ,(1−τx)/τF }

fX(x)fY (y)dxdy, (A.3)

where τ , τN + τNτF and Υ , τN + τF + τNτF ,
fX(x) = 1

ρGS,mx2 e
− 1

ρGS,mx and fY (y) = 1
ρGS,ky2 e

− 1
ρGS,ky .

Then, following the derivations in [25, Appendix E], a tight
approximate expression for ϑm,k,1 can be obtained as

ϑm,k,1=
1

2

L∑
l=1

(
e
− 1

ρGS,mxl − e
− 1

ρGS,mxl−1

)
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×
(
e
− 1

ρGS,kyl + e
− 1

ρGS,kyl−1

)
,

where xl , l
LΥ and yl = min{ 1

Ξ ,
1
τF

(1 − τl
LΥ )} for l =

1, · · · , L with L being a positive integer. As demonstrated in
[25], the tightness of the approximation is guaranteed for L ≥
3. On the other hand, applying (14), (15) and (16) into (A.2)
with some algebraic manipulations, a closed-form expression
for ϑm,k,2 can be obtained as

ϑm,k,2 =
(
1− e

Ξ
ρGS,k

)
e
− 1

ρ

(
Λ

GS,m
+

λF
µGm,k

)
,

where Λ , λN +λF +λNλF . Combining the above obtained
ϑm,k,1 and ϑm,k,2 expressions, a tight approximation for
CPm,k is derived.

APPENDIX B
PROOF OF LEMMA 1

According to the definition of proportional fairness [34], the
max-min fair SSPs given in Theorem 1 are proportional fair,
if and only if for any other feasible SSPs of NU-FU pairs,
denoted as SSP ′

m,k for m ∈ M and K ∈ K, the aggregate
of proportional changes is zero or negative:

M∑
m=1

K∑
k=1

SSP ′
m,k − SSPmax-min

m,k

SSPmax-min
m,k

≤ 0. (B.1)

Here, the term “feasible SSPs of NU-FU pairs” means that
1) SSP ′

m,k ≤ CPm,k holds for m ∈ M and k ∈ K, 2)∑M
m=1

∑K
k=1 SSP

′
m,k = 1− Pout holds.

Next, we will prove that (B.1) always holds. Defining
δm,k , SSP ′

m,k − SSPmax-min
m,k , the aggregate of proportional

changes can be expressed as
M∑

m=1

K∑
k=1

SSP ′
m,k − SSPmax-min

m,k

SSPmax-min
m,k

=
M∑

m=1

K∑
k=1

δm,k

SSPmax-min
m,k

.

(B.2)
Then, by introducing indices sets D+ ,

{
[m, k]

∣∣δm,k >

0,m ∈ M, k ∈ K
}

and D− ,
{
[m, k]

∣∣δm,k ≤ 0,m ∈
M, k ∈ K

}
, (B.2) can be rewritten as

M∑
m=1

K∑
k=1

SSP ′
m,k − SSPmax-min

m,k

SSPmax-min
m,k

=
∑

[m,k]∈D+

δm,k

SSPmax-min
m,k

+
∑

[m,k]∈D−

δm,k

SSPmax-min
m,k

. (B.3)

Note that for [m, k] ∈ D+, we have δm,k = SSP ′
m,k −

SSPmax-min
m,k > 0, meaning that inequality SSPmax-min

m,k =
min{ζ, CPm,k} < SSP ′

m,k holds. Further, since SSP ′
m,k ≤

CPm,k holds for m ∈ M and k ∈ K, it can be conclud-
ed that for [m, k] ∈ D+, min{ζ, CPm,k} < SSP ′

m,k ≤
CPm,k always holds, indicating that ζ < CPm,k should hold
for [m, k] ∈ D+. Therefore, for [m, k] ∈ D+, we have
SSPmax-min

m,k = min{ζ, CPm,k} = ζ. Applying this fact into
(B.3), the aggregate of proportional changes can be further
expressed as

M∑
m=1

K∑
k=1

SSP ′
m,k − SSPmax-min

m,k

SSPmax-min
m,k

=
∑

[m,k]∈D+

δm,k

ζ
+

∑
[m,k]∈D−

δm,k

SSPmax-min
m,k

. (B.4)

On the other hand, as SSPmax-min
m,k = min{ζ, CPm,k} ≤ ζ,

we have 1/SSPmax-min
m,k ≥ 1/ζ holds. Based on this fact, it can

be further known that for [m, k] ∈ D−, δm,k/SSP
max-min
m,k ≤

δm,k/ζ holds due to δm,k ≤ 0. Applying this fact into the
right-hand side of (B.4), the following results can be obtained

M∑
m=1

K∑
k=1

SSP ′
m,k − SSPmax-min

m,k

SSPmax-min
m,k

≤
∑

[m,k]∈D+

δm,k

ζ
+

∑
[m,k]∈D−

δm,k

ζ

(b.1)
=

M∑
m=1

K∑
k=1

δm,k

ζ

(b.2)
=

1

ζ

(
M∑

m=1

K∑
k=1

SSP ′
m,k −

M∑
m=1

K∑
k=1

SSPmax-min
m,k

)
,(B.5)

where step (b.1) comes from the fact D+∪D− = {[m, k]|m ∈
M, k ∈ K}, step (b.2) comes from the fact δm,k =

SSP ′
m,k − SSPmax-min

m,k . Since
∑M

m=1

∑K
k=1 SSP

max-min
m,k =∑M

m=1

∑K
k=1 SSP

′
m,k = 1−Pout, it can be known that the last

line of (B.5) is equal to zero, meaning that (B.1) is obtained.
This completes the proof.

APPENDIX C
PROOF OF LEMMA 2

First, we prove the closed-form expression of Pout(∅) given
in (23). When FΞ = ∅, we have ρ|gS,k|2 < Ξ holds for k ∈ K.
Moreover, as known from (14), (15) and (16), ψm, κm and
ωm,k are independent from |gS,k|2 for k ∈ K. Thus, using (21)
with some algebraic manipulations, Pout(∅) can be expressed
as

Pout(∅)

=

M∏
m=1

Pr

{(
ρ|gS,m|2 < Λ

)∪( K∩
k=1

µρ|gm,k|2 < λF

)}
︸ ︷︷ ︸

,Ψm

×
K∏

k=1

Pr
{
ρ|gS,k|2 < Ξ

}
=

M∏
m=1

Ψm ·
K∏

k=1

(
1− e

− Ξ
ρGS,k

)
. (C.1)

Further, since Pr {A ∪ B} = Pr {A} + Pr{B} − Pr{A ∩ B}
holds for any two events A and B, Ψm can be derived as

Ψm=Pr
{
ρ|gS,m|2 < Λ

}
+ Pr

{
K∩

k=1

µρ|gm,k|2 < λF

}

−Pr

{
ρ|gS,m|2 < Λ,

K∩
k=1

µρ|gm,k|2 < λF

}
(C.2)

=
(
1− e

− Λ
ρGS,m

)
+ e

− Λ
ρGS,m

K∏
k=1

(
1− e

− λF
ρGm,k

)
.
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Substituting (C.2) into (C.1), Pout(∅) is derived into a closed-
form expression shown in (23).

Next, we prove the expression for Pout(Ai) given in
(24). To facilitate the proof, we introduce two indices set-
s NΥ , {m|ρ|gS,m|2 ≥ Υ,m ∈ M} and NΛ ,
{m|ρ|gS,m|2 ≥ Λ,m ∈ M}, where NΛ ⊆ NΥ due to
Λ > Υ. Since ρ|gS,m|2 < Λ always holds for m ∈ M \
NΛ, it can be known from (21) that {∩k∈K\Ai

E1,k} =

H1(Ai,NΛ) , ∩k∈K\Ai

{
∩m∈NΛµρ|gm,k|2 < λF

}
. Similar-

ly, since ρ|gS,m|2 < Υ always holds for m ∈ M \ NΥ, we
can know from (22) that {∩k∈AiE2,k} = H2(Ai,NΥ) ,{
∩k∈Ai

[
∩m∈NΥ

τ
ρ|gS,m|2 + τF

ρ|gS,k|2 > 1
]}

. Thus, applying
these facts into the expression of Pout(Ai) given in (20), we
further have

Pout(Ai) = Pr {H1(Ai,NΛ),H2(Ai,NΥ),FΞ = Ai}
(c.1)
= Pr {FΞ = Ai,NΥ = ∅}

+
M∑
j=1

∑
Bj⊆M,|Bj |=j

j∑
l=0

∑
Cl⊆Bj ,|Cl|=l

Pr {H1(Ai,Cl),H2(Ai,Bj), I(Ai,Bj ,Cl)}
(c.2)
= Pr {FΞ = Ai,NΥ = ∅}

+

M∑
j=1

∑
Bj⊆M,|Bj |=j

j∑
l=0

∑
Cl⊆Bj ,|Cl|=l

Pr {H1(Ai,Cl)}
(
Pr {I(Ai,Bj ,Cl)}

−Pr
{
H̄2(Ai,Bj), I(Ai,Bj ,Cl)

})
, (C.3)

with I(Ai,Bj ,Cl) defined as

I(Ai,Bj ,Cl),{FΞ = Ai,NΥ = Bj ,NΛ = Cl}, (C.4)

where step (c.1) comes from the Total Probability Theorem,
step (c.2) uses the fact that H1(Ai,Cl) is independent from
H2(Ai,Bj) and I(Ai,Bj ,Cl), and H̄2(Ai,Bj) represents
the complementary event of H2(Ai,Bj). With some math-
ematical derivations, it can be obtained

Pr {FΞ = Ai,NΥ = ∅} = Φ1,

Pr {H1(Ai,Cl)} = Φ2,

Pr {I(Ai,Bj ,Cl)} = Φ3,

where closed-form expressions for Φ1, Φ2 and Φ3 have
been given in (25), (26) and (27), respectively. On the other
hand, as H2(Ai,Bj) =

{
∩k∈Ai

[
∩m∈Bj τ/(ρ|gS,m|2) +

τF /(ρ|gS,k|2) > 1
]}

, its complementary event can be ex-
pressed as

H̄2(Ai,Bj)=

{ ∪
k∈Ai

( ∪
m∈Bj

τ

ρ|gS,m|2
+

τF
ρ|gS,k|2

≤ 1

)}

=

{
τ

max
m∈Bj

ρ|gS,m|2
+

τF
max
k∈Ai

ρ|gS,k|2
≤ 1

}
. (C.5)

Then, combining (C.4) and (C.5) with some algebraic manipu-
lations, Pr

{
H̄2(Ai,Bj), I(Ai,Bj ,Cl)

}
can be expressed as

Pr
{
H̄2(Ai,Bj), I(Ai,Bj ,Cl)

}
= Φ4 · χ, where Φ4 and χ

have been given in (28) and (29). This completes the proof.

APPENDIX D
PROOF OF LEMMA 3

According to (29), when l = 0, i ≥ 2 and j ≥ 2, χ can be
expressed as

χ = Pr

{
τ

X2
+
τF
Y2

≤ 1, Y1 ≥ Ξ, X1 ≥ Υ, X2 < Λ

}
.

(D.1)
Denoting the joint PDFs of RVs X1 and X2 as fX1,X2(x1, x2)
and the joint PDF of RVs Y1 and Y2 as fY1,Y2(y1, y2), (D.1)
can be rewritten as an integral form shown at the first case
of (30). With the same rationale, the expressions for cases
{l = 0, i = 1, j ≥ 2}, {l = 0, i ≥ 2, j = 1} and {l = 0, i =
1, j = 1} can also be obtained as shown at the second, third
and fourth cases in (30), respectively.

On the other hand, when l ≥ 2, i ≥ 2 and j ≥ l, χ can be
re-expressed as

χ = Pr

{
τ

X2
+
τF
Y2

≤ 1, Y1 ≥ Ξ, Z1 ≥ Λ,

∩
m∈Bj\Cl

Υ ≤ ρ|gS,m|2 < Λ

}
(d.1)
= Pr

{ τ

Z2
+
τF
Y2

≤ 1, Y1 ≥ Ξ, Z1 ≥ Λ
}

×
∏

m∈Bj\Cl

Pr
{
Υ ≤ ρ|gS,m|2 < Λ

}
, (D.2)

where step (d.1) uses the fact that X2 = maxm∈Bj ρ|gS,m|2 =
maxm∈Cl

ρ|gS,m|2 = Z2. Then, applying the joint PDFs
fY1,Y2(y1, y2) and fZ1,Z2(z1, z2) into (D.2) with some alge-
braic manipulations, an expression for χ is obtained as shown
at the seventh case of (30). Following the same rationale, the
expressions for {l = 1, i ≥ 2, j ≥ l}, {l = 1, i = 1, j ≥ l}
and {l ≥ 2, i = 1, j ≥ l} can also be obtained as shown at
the fifth, sixth and eighth cases of (30), respectively.

APPENDIX E
PROOF OF LEMMA 4

Suppose that a number n of independent but non-identically
distributed RVs W1,W2, ...,Wn are ranked into an ascending
order as W(1) < W(2) < · · · < W(n). Then, according to
[35, eq.(5.2.8)], the joint PDF of W(1) = mini=1,...,nWi and
W(n) = maxi=1,...,nWi can be expressed as

fW(1),W(n)
(x, y)=

n∑
i=1

n∑
j=1,j ̸=i

fWi(x)fWj (y)

×
n∏

r=1,r ̸=i,j

[FWr (y)− FWr (x)] , (E.1)

for x ≤ y or fW(1),W(n)
(x, y) = 0 otherwise.

Following the above results, for X1 = minm∈Bj ρ|gS,m|2
and X2 = maxm∈Bj ρ|gS,m|2, we have

fX1,X2(x1, x2)=
∑

m⋆
1∈Bj

∑
m⋆

2∈Bj\{m⋆
1}

fρ|gS,m⋆
1
|2(x1)
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×fρ|gS,m⋆
2
|2(x2)

∏
m∈Bj\{m⋆

1 ,m
⋆
2}[

Fρ|gS,m|2(x2)− Fρ|gS,m|2(x1)
]
. (E.2)

Since |gS,m|2 is exponentially distributed with mean val-
ues GS,m, the CDF and PDF of ρ|gS,m|2 are given by
Fρ|gS,m|2(x) = 1 − e−x/(ρGS,m) and fρ|gS,m|2 = (1/

ρGS,m)e−x/(ρGS,m), respectively. Applying these results into
(E.2), fX1,X2(x1, x2) can be derived as shown in (34). Fol-
lowing the above derivations, fY1,Y2

(y1, y2) and fZ1,Z2
(z1, z2)

can also be obtained as shown in (35) and (36), respectively.

APPENDIX F
DERIVATIONS OF APPROXIMATION IN (37)

Fig. 10. An upper and lower bound of the integral region R(u2, v2).

We first derive an approximation for the case {l = 0, i ≥
2, j ≥ 2}. Recall fX1,X2(x1, x2) = 0 for x1 ≥ x2 and
fY1,Y2(y1, y2) = 0 for y1 ≥ y2. Thus, for the case {l = 0, i ≥
2, j ≥ 2}, the corresponding integral expression in (30) can
be equivalently written as

χ=

∫ ∫ ∫ ∫
y2>y1≥Ξ,Υ≤x1<x2<Λ,

τ/x2+τF /y2≤1

fX1,X2(x1, x2) (F.1)

×fY1,Y2(y1, y2)dy1dx1dy2dx2.

Then, denoting u1 = 1/x1, u2 = 1/x2, v1 = 1/y1 and v2 =
1/y2, we have

χ=

∫ ∫
R(u2,v2)

∫ 1/Ξ

v2

∫ 1/Υ

u2

1

u21u
2
2v

2
1v

2
2

fX1,X2

(
1

u1
,
1

u2

)
(F.2)

fY1,Y2

(
1

v1
,
1

v2

)
du1dv1du2dv2,

with integral region R(u2, v2) , {1/Λ < u2 ≤ 1/Υ, 0 <
v2 ≤ min{1/Ξ, (1−τu2)/τF }}. As shown in Fig. 10, integral
region R(u2, v2) (the shadowed area) is included in the combi-
nation of Q rectangles denoted by {R1, ..., RQ}, and includes
the combination of Q rectangles denoted by {R′

1, ..., R
′
Q}.

All the rectangles have the same bottom edge size, i.e.,
Aq−Aq−1 = 1

Q ( 1
Υ− 1

Λ ) for q = 1, ..., Q. Since A0 = 1/Λ and
AQ = 1/Υ, we have Aq = 1

Λ + q
Q ( 1

Υ − 1
Λ ) for q = 0, ..., Q.

Further, by observing Fig. 10, we have Rq = {Aq−1 <
u2 < Aq, 0 < v2 ≤ Bq−1} and R′

q = {Aq−1 < u2 <

Aq, 0 < v2 ≤ Bq}, where Bq , min{ 1
Ξ ,

1
τF

(1− τAq)} =

min{ 1
Ξ ,

1
τF

(1− τ [ 1Λ + q
Q ( 1

Υ − 1
Λ )])} for q = 0, ..., Q. Thus,

for case {l = 0, i ≥ 2, j ≥ 2}, we can get a lower bound and
an upper bound of χ shown in the following

Q∑
q=1

∫ Bq

0

∫ 1/Ξ

v2

1

v21v
2
2

fY1,Y2

(
1

v1
,
1

v2

)
dv1dv2︸ ︷︷ ︸

,I1(Bq)

×
∫ Aq

Aq−1

∫ 1/Υ

u2

1

u21u
2
2

fX1,X2

(
1

u1
,
1

u2

)
du1du2︸ ︷︷ ︸

,J1,q

≤ χ ≤
Q∑

q=1

I1(Bq−1)J1,q. (F.3)

Using the joint PDFs in (34) and (35) with letting x1 = 1/u1,
x2 = 1/u2, y1 = 1/v1 and y2 = 1/v2, closed-form
expressions for I1(a) and J1,q can be derived as follows

I1(a)=
∑

k⋆
1∈Ai

∑
k⋆
2∈Ai\{k⋆

1}

i−2∑
r=0

∑
Âr⊆Ai\{k⋆

1 ,k
⋆
2}

|Âr|=r

(−1)r (F.4)

×

(
e−

1
ρ (ΞΩ1+

Ω2
a )

GS,k⋆
1
GS,k⋆

2
Ω1Ω2

− e−
Ω1+Ω2

ρa

GS,k⋆
1
GS,k⋆

2
Ω1(Ω1 +Ω2)

)
,

J1,q=
∑

m⋆
1∈Bj

∑
m⋆

2∈Bj\{m⋆
1}

j−2∑
s=0

∑
B̂s⊆Bj\{m⋆

1 ,m
⋆
2}

|B̂s|=s

(−1)s

×

(
e
− 1

ρ

(
ΥΘ1+

Θ2
Aq

)
− e

− 1
ρ

(
ΥΘ1+

Θ2
Aq−1

)
GS,m⋆

1
GS,m⋆

2
Θ1Θ2

− e
−Θ1+Θ2

ρAq − e
−Θ1+Θ2

ρAq−1

GS,m⋆
1
GS,m⋆

2
Θ1(Θ1 +Θ2)

)
, (F.5)

where Ω1 , 1
GS,k⋆

1

+
∑

k∈Ai\({k⋆
1 ,k

⋆
2}∪Âr)

1
GS,k

, Ω2 , 1
GS,k⋆

2

+∑
k∈Âr

1
GS,k

, Θ1 , 1
GS,m⋆

1

+
∑

m∈Bj\({m⋆
1 ,m

⋆
2}∪B̂s)

1
GS,m

and

Θ2 , 1
GS,m⋆

2

+
∑

m∈B̂s

1
GS,m

. Finally, we approximate χ as
the average of the lower and upper bounds shown in (F.3), and
we get the approximate expression as shown in the first case
of (37).

By following the above rationale with letting x0 = 1/u0,
y0 = 1/v0, wn = 1/zn (n = 0, 1, 2), the upper and lower
bounds of χ for the other seven cases of (30) can be expressed
as shown in (F.6) (at the top of the next page), with I2(a),
J2,q, J3,q and J4,q being defined as

I2(a) ,
∫ a

0
1
v2
0
fY0

(
1
v0

)
dv0,

J2,q ,
∫ Aq

Aq−1

1
u2
0
fX0

(
1
u0

)
du0,

J3,q ,
∫ Cq

Cq−1

1
w2

0
fZ0

(
1
w0

)
dw0,

J4,q ,
∫ Cq

Cq−1

∫ 1/Λ

w2

1
w1

1w
2
2
fZ1,Z2

(
1
w1
, 1
w2

)
dw1dw2,
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

∑Q
q=1 I2(Bq)J1,q ≤ χ ≤

∑Q
q=1 I2(Bq−1)J1,q, l = 0, i = 1, j ≥ 2;∑Q

q=1 I1(Bq)J2,q ≤ χ ≤
∑Q

q=1 I1(Bq−1)J2,q, l = 0, i ≥ 2, j = 1;∑Q
q=1 I2(Bq)J2,q ≤ χ ≤

∑Q
q=1 I2(Bq−1)J2,q, l = 0, i = 1, j = 1;

ϱj,l ·
∑Q

q=1 I1(Dq)J3,q ≤ χ ≤ ϱj,l ·
∑Q

q=1 I1(Dq−1)J3,q, l = 1, i ≥ 2, j ≥ l;

ϱj,l ·
∑Q

q=1 I2(Dq)J3,q ≤ χ ≤ ϱj,l ·
∑Q

q=1 I2(Dq−1)J3,q, l = 1, i = 1, j ≥ l;

ϱj,l ·
∑Q

q=1 I1(Dq)J4,q ≤ χ ≤ ϱj,l ·
∑Q

q=1 I1(Dq−1)J4,q, l ≥ 2, i ≥ 2, j ≥ l;

ϱj,l ·
∑Q

q=1 I2(Dq)J4,q ≤ χ ≤ ϱj,l ·
∑Q

q=1 I2(Dq−1)J4,q, l ≥ 2, i = 1, j ≥ l.

(F.6)

where Cq , q
QΛ and Dq , min

{
1
Ξ ,

1
τF

(
1− qτ

QΛ

)}
. Using

derived PDFs in (33) with letting x0 = 1/u0, y0 = 1/v0 and
z0 = 1/w0, I2(a), J2,q and J3,q can be derived as follows

I2(a) = e
− 1

ρGS,k1
a , (F.7)

J2,q = e
− 1

ρGS,m1
Aq − e

− 1
ρGS,m1

Aq−1 , (F.8)

J3,q = e
− 1

ρG
S,m′

1
Cq − e

− 1
ρG

S,m′
1
Cq−1 . (F.9)

Further, applying the joint PDF given in (36) with letting z1 =
1/w1 and z2 = 1/w2, J4,q is obtained as

J4,q=
∑

m⋆
1∈Cl

∑
m⋆

2∈Cl\{m∗
1}

l−2∑
t=0

∑
Ĉt⊆Cl\{m⋆

1 ,m
⋆
2}

|Ĉt|=t

(−1)t

×

(
e
− 1

ρ

(
Λ∆1+

∆2
Cq

)
− e

− 1
ρ

(
Λ∆1+

∆2
Cq−1

)
GS,m⋆

1
GS,m⋆

2
∆1∆2

− e
−∆1+∆2

ρCq − e
−∆1+∆2

ρCq−1

GS,m⋆
1
GS,m⋆

2
∆1(∆1 +∆2)

)
, (F.10)

where ∆1 , 1
GS,m⋆

1

+
∑

m∈Cl\({m⋆
1 ,m

⋆
2}∪Ĉt)

1
GS,m

and ∆2 ,
1

GS,m⋆
2

+
∑

m∈Ĉt

1
GS,m

. Overall, for the cases in (F.6), by using
the average of the lower and upper bounds in each case, the
approximate expressions of χ are derived as shown in the
second to the eighth cases of (37).

APPENDIX G
PROOF OF LEMMA 5

According to (20) and (22), probability Pout(Ai) can be
expressed as shown in (G.1) (at the top of the next page),
where step (g.1) uses the fact that τ

ρ|gS,m|2 + τF
ρ|gS,k|2 <

2 ·max{ τ
ρ|gS,m|2 ,

τF
ρ|gS,k|2 }. Then, with some algebraic manip-

ulations, (G.1) can be further rewritten as shown in (G.2) (on
the next page), where step (g.2) uses the fact Pr {A ∪ B} =
Pr {A}+ Pr{B} − Pr{A ∩ B} holds for any A and B.

With some mathematical derivations, we have

Pr
{
Ê1, Ê2,FΞ = Ai

}
=

M∏
m=1

[(
1− e

−min{Λ,max(2τ,Υ)}
ρGS,m

)
+

(
1− e

−max(2τ,Υ)
ρGS,m

)

×
∏

k∈K\Ai

(
1− e

− τF
µρGm,k

)
−
(
1− e

−min{Λ,max(2τ,Υ)}
ρGS,m

)

×
∏

k∈K\Ai

(
1− e

− τF
µρGm,k

)]
e
−

∑
k∈Ai

Ξ
ρGS,k

×
∏

k∈K\Ai

(
1− e

− Ξ
ρGS,k

)
. (G.3)

Then, applying the series representation of exponential func-
tion into (G.3) and ignoring the high-order infinitesimals, a
high-SNR asymptotic expression is obtained as follows

Pr
{
Ê1, Ê2,FΞ = Ai

}
ρ→∞
≃ 1

ρM+K−i

×
( M∏

m=1

min{Λ,max(2τ,Υ)}
GS,m

)
×
( ∏

k∈K\Ai

Ξ

GS,k

)
∝ 1

ρM+K−i
. (G.4)

Following the above derivations, it can also be shown that
if 2τF > Ξ, both Pr{Ê1, Ê3,FΞ = Ai} and Pr{Ê1, Ê2, Ê3,
FΞ = Ai} are proportional to 1/ρM+K (≪ 1/ρM+K−i for
i ∈ K) in high-SNR regime; otherwise, they both are equal
to zero. Applying this fact and (G.4) into (G.2), this lemma is
obtained.
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