IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY

Dynamic Pricing over Multiple Rounds of Spectrum
Leasing in Cognitive Radio

Rongfei Fan, Yu Zheng, Jianping AMember, IEEE Hai Jiang,Senior Member, IEEE

and Xiangming L

Abstract—In this paper, the problem of dynamic pricing over
multiple rounds of spectrum leasing is investigated. One pmary
network is considered, which is the spectrum seller and wodllike
to lease its unused channels to secondary users. To accomratel
different arrival instants of secondary users’ spectrum rejuests,
spectrum leasing is performed in multiple rounds (stages)and
in each stage, a separate spectrum price is set. First we cader
the case that, for each specific price value, the spectrum demd
(the number of channels requested by secondary users) is a
random variable. An optimization problem is formulated to
set up the spectrum prices in the multiple stages, with the
purpose of maximizing the total revenue of the primary netwak.
The solving method of the formulated optimization problem
is presented. Additionally, some interesting properties D the
optimal solution are also presented, such as monotonicity ral
convexity of the maximal total revenue with respect to stage
index, and lower/upper bounds of the maximal total revenue.
Further, we consider the case that, for a specific price valuehe
spectrum demand is non-random, and can be solely determined
by the price. An incremental algorithm is given to find out
the optimal price values at the stages. We also demonstrate
the monotonicity of the optimal price value with respect to he
stage index. Numerical results are provided to verify the reearch
findings and compare with existing work.

Index Terms—Cognitive radio, spectrum leasing, dynamic
pricing.

I. INTRODUCTION

i,Member, IEEE

spectrum usage, referred to sgectrum leasingln specific,

for a primary network, if its primary users do not use the
spectrum for a while, the primary network will announce its
spectrum price, and secondary users can decide whethet or no
to lease the spectrum.

In spectrum leasing, the spectrum price is the most impor-
tant design parameter [4], which directly affects the priyna
network’s revenue as well as the willingness of secondary
users to lease the spectrum. Spectrum leasing has been inves
tigated in the literature, with two major settings: mongpol
spectrum leasing and oligopoly spectrum leasing.

In monopoly spectrum leasing, there is one single primary
network (or broker), targeting at revenue maximizationhef t
primary network (or broker) [5]-[7]. A broker is considered
in [5], which first decides on the spectrum amount that will
be purchased from primary networks, and then sets spectrum
leasing price for secondary users to purchase. The research
problem, i.e., to maximize the revenue of the broker, is
formulated as a Stackelberg game. Authors of [6] take a
similar model, but consider that secondary users’ spectrum
demand is random. In [7], a primary licence holder sets the
spectrum price to achieve the optimal balance between the
earned revenue and the cost due to extra interference\eekcei
from secondary transmissions) and reduced coverage ayea (b
letting secondary users access the spectrum).

We are currently experiencing spectrum shortage since|n gligopoly spectrum leasing, there are multiple primary
almost all wireless spectrum has been allocated to existiRgnyorks (or brokers) that lease spectrum to secondang.user

wireless applications for the exclusive use of the licenseg,

users. On the other hand, it has been shown by measurem
of the wireless spectrum usage [1], [2] that licensed spattr
is actually not fully utilized by licensed users (referreml t
as primary user} for a large portion of time. Accordingly,

the spectrum price is also affected by the competition
ﬁm%ng primary networks (or brokers), and one major research
focus in the literature is to achieve equilibrium among @iy
networks (or brokers) [8]-[12]. The work in [8] considersotw
brokers, and uses a three-stage game. In Stage one, the two

cognitive radio. ha§ the potential to solve the above twg ProBrokers purchase spectrum from primary networks; In Stage
lems, by allowing idle spectrum to be accessed by unlicensgg, the two brokers set and announce their spectrum prices;

users (referred to asecondary use)s[3]. Secondary users

In Stage three, secondary users decide on their spectrum

pay the primary network a certain amount of payment fQfemand from one broker. The work in [9] also considers two
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brokers. Each broker has a common spectrum band to be
shared by secondary users. So multiple secondary users that
lease spectrum from the same broker will generate interéere

to each other. Potential interference is considered inrstany
users’ strategies. In [10], there are multiple primary rovks

and multiple secondary users. When secondary users make
purchase, they are unaware of the spectrum price or spectrum
bandwidth that will be allocated. The purchasing process of
secondary users is formulated as an evolutionary gamelln [1
there are multiple primary networks, one broker and mutipl
secondary users. The utility function of a primary network
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reflects both the revenue earned and quality-of-servicedas do not use them. So secondary users need to sense the

to leasing some spectrum to secondary users. In [12], niltip  channels first, and access the channels if the channels are

primary networks compete with each other by price setting, sensed free.

while each secondary user may have a unique criterion one Exclusive channel access of secondary users: Primary

whether or not to lease the spectrum. In all these works, Nash users do not use the channels that are leased to secondary

equilibrium among primary networks (or brokers) is achgkve users. So if a secondary user leases a channel, it can
All the research efforts mentioned above focus on the static exclusively use the channel during the leasing period.

decision making (i.e., the price of a primary network or B0k compared to exclusive channel access, the opportunistic
is fixed, and secondary users have spectrum requests atdgnnel access has the following drawbacks: there may be
same time). However, for spectrum leasing in a long terpossible interference between primary users and secondary
secondary users may have spectrum demand at different tiags (due to imperfect spectrum sensing); sensing eqaipme
moments, and thus, the stock of available spectrum showd vg required at secondary users; there is no guarantee for
with time. In [13], a pricing strategy for dynamic 009”iti"equality—of-service of secondary users; and the primaryagk
networks in monopoly spectrum leasing is investigated. Thgeqs to have realtime monitoring of the channel usage of
primary network decides on spectrum price dynamically tQcondary users. Therefore, in this paper, the primaryartw
maximize the average revenue over an infinite time duratiogyos exclusive channel access of secondary users over the
In this paper, we investigate dynamic pricing for monopolisaseqd channels. A similar setting is also adopted in [LCI].[
spectrum leasing with one primary network that leases SPECAccordingly, the primary network can partition its charsel
trum to secondary users. We consider spectrum leasing fofy wvo sets: theprimary setof channels that can be used
a finite time duration, in which a number of channels caﬁy primary users only, and thgecondary sebf channels to
be leased to secondary users. The time duration for spectiflieased to secondary users. To maximize its own revenue,
leasing is equally divided into multiple stages, and in €aGfje primary network should use as few channels as possible
stage a spectrum price is set. The spectrum demand in egfthe primary set, conditioned on that primary users can be
stage depends on the spectrum price. Our target is 10 Sglyed with quality-of-service. To achieve this, the priyna
spectrum prices in the stages dynamically such that thé tgfaork should use dynamic channel assignment for primary
revenue qf th_e primary network over all stages is maximizegsqarg (i.e., the primary network assigns channels to a pyima
The contributions of this paper are: user when the primary user has packets to transmit, and takes
+ When the spectrum demand is random for a given sp&gack the channels when the transmission is complete). The
trum price, we formulate a revenue maximization prolprimary network should also estimate the number of channels
lem, and give the method to solve it. We also demonstratethe primary set that are sufficient to serve primary uséits w
interesting properties of the optimal solution includinguality-of-service guarantee. Although the estimatiorthod
monotonicity and COﬂVEXity of the maximal total revenugs out of scope of this paper, some factors that should be
with respect to stage index as well as lower/upper bounggnsidered in the estimation are listed below:
of the maximal total revenue.
o When the spectrum demand is non-random for a given
spectrum price, we provide an incremental algorithm
to find the optimal price in each stage, and we also

o Population of primary users and call arrival rate of
primary users: Higher population and higher call arrival
rate result in a larger size of the primary set;

demonstrate the monotonicity of the ontimal brice with * Durations and data rates of primary users’ calls: Longer
y P P call duration and higher data rates lead to a larger size

respect to the stage index. of the primary set:

The rest of this paper is organized as follows. Section Il | channel quality of primary users: Better channel quality

gives the system model. Section Ill formulates the revenue 1 eans that higher transmission rates can be achieved, and
maximization problem, gives the method to solve the problem s a smaller primary set is needed.

and demonstrates properties of the optimal solution. Sedtt h timati f th . ¢ size is d th
discusses the case when the spectrum demand is non—randor(f?.nce € estimation of the primary Set size 1S done, the

Section V presents numerical results, and after that, we h&y'mary networl_< can dete_rmme the size Of. the s_econdary
conclusions in Section VI. set. Note that since the primary user population, primatly ca

arrival rate, primary call duration, and primary data rateym
vary with time, a new estimation should be done after an
interval T' (defined as a duration that the above factors do not
Consider one primary network with a number of channelsave big changes). The interval is called a leasing period.
In the primary network, the primary users do not use all th&o for each leasing peridH, the size of the secondary set is
channels at all time, and thus, the primary network can leafged, and the size may change in the next leasing period. This
unused channels to secondary users. The primary network mayer targets at the pricing strategy of the primary netviork
allow secondary users to opportunistically or exclusivede a leasing period with a given secondary set\éfchannels.
the leased channels. As the secondary users may have spectrum access requests
« Opportunistic channel access of secondary users: the @i-different time instants, it is reasonable for the primary
mary users have priority to use the channels. Secondamstwork to perform spectrum leasing once for a while. For
users can access the channels only when primary ussraplicity of presentation, the whole duratidh is equally

Il. SYSTEM MODEL
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divided into N stages, indexed as Stagd§ N — 1,...,2,1, pu.m; V(0,m) =0,¥Ym e M £ {1,2,..., M}; andV (n,0) =
respectively (in other words, the first stage is called Stagevn €¢ N 2 {1,2,..., N}.

N, and the last stage is called Stage 1). At the beginning ofUsing the formula in Eqn. (1)V (n,m) can be calculated
each stage, the primary network first announces a spectritenatively starting froml/(n,0),vn € N/ andV (0, m),Vm €
leasing price. Then the secondary users who can accept e by using dynamic programming, and the optimal price
announced price make a contract with the primary networ, ., for n € ', m € M, denoted ag}, ,,,, can be determined

Once a channel is leased to a secondary user, the lease
last until the end of the spectrum leasing peribdThis rule

adgttordingly.
Next we present some properties of the dynamic pricing

is easier for the primary network to manage its spectruptoblem.
leasing. If a secondary user leases a channel and finishes aRroperty 1: The functionV'(n,m) is an increasing function
its transmissions before the end of the spectrum leasiriggperwith respect ton, Vm € M.

T, it can rent out the channel until the end of the spectru
leasing periodl’ in a secondary market.

Ill. PROBLEM FORMULATION, SOLVING METHOD, AND

PROPERTIES

Denotep, ., as the price at Stage when there aren
available channels (i.emn channels remain un-leased). Her

m Proof: We use mathematical induction for proving. The
proof consists of two steps.

In the first step, we should provE(1,m) — V(0,m) >
0,Vm € M. SinceV(1,m) > 0 andV (0, m) = 0, apparently
we haveV (1, m) —V(0,m) > 0.

In the second step, we should prove thdt {fn, m)—V (n—
1,m)>0,Ym € M, thenV(n+1,m)—V(n,m) > 0,Vm €

1. SupposeV (n,m) — V(n — 1,m) > 0,¥Ym € M holds,

we assume that the price is taken from a finite set of discrqf.pen based on (1), we have

values. For a given price value the spectrum demand (i.e.,

the number of requested channels by secondary users) is a

random variable (with integer values), and we dengtg x)
as the probability mass function of the demand vajug.e.,
some secondary users agree on the priaed requesy chan-
nels). If the number of requested channels is more than t
number of available channelsj, the primary network only
accepts totallyn channels’ requests. Therefore, for a give

price valuez, the probability mass function of the accepted

demand valugy when there aren available channels is given
by: f(y;2) = g(y;2) it y < m; fly;2) = 302, 9(is )
if y=m; fi(y;2) =01if y > m.

DenoteV (n,m) as the maximum attainable revenue of th
primary network from Stage with m available channels to
the last stage (i.e., Stage 1). Then, we have

(fm(ml;pn,m)
X [pn,m-n-m'—i-V(n—l,m—m’)])

V(n,m) = max i

Pn,m =0

1)

in which the termp,, ., - n - m’ represents the revenue th
primary network can collect from Stage until Stage 1 by
leasingm’ channels to secondary users at Stagat price

IHere whether or not a secondary user agrees on a price iseindept
of the channel quality of the secondary user. The followischow to also
consider channel quality of the secondary user. The secpns@r’s channel
may experience path loss, shadowing, and fading. Sincepxtrsm leasing
period is normally much longer than the time scale of the eathy and
fading, the average channel quality of the secondary user avchannel
during the spectrum leasing period can be approximated bycamsidering
path loss. For a secondary user, if its average channeltyusliabove a
threshold (or equivalently, its path loss attenuation &s lthan a threshold),
its channel quality is considered as acceptable; othentlisechannel quality
is considered as unacceptable and the secondary user doescept any
price. Based on this, from the location distribution of setary users, we
can calculate the probability of having acceptable chagoality, denoted as
n. Therefore, ifg(y; z) is the probability thaty channels are requested by
secondary users with a given prigewithout considering secondary channel
quality, then when secondary channel quality is considegéd; =) is the

V(n+1,m)—V(n,m)
Zofm(m/;p:H»l,m) [perrl,m : (n + 1) -m’
+ V(n,m—m')]

he = 3 fn(msp}, ) [P -1
m’=0
n . +V(n—1,m—m)]
m’=0 (2)
+V(n,m—m)]
- ZO fm(m/;p:,,m) [p:,m -n-m!
¢ +V(n—1,m-—m)]
= X fu(msp) ) [P+ V(n,m —m)
m’/=0
~V(n—1,m—m')|
> 0.

In (2), the last inequality comes frofi(n,l) — V(n—1,1) >
0,Vl € M, and the first inequality is due to the following fact:

Recall thatp;, ., ,,, is the optimal price at Stage + 1 when

there arem available channels. So at Staget+ 1 with m
available channels, if we change the optimal pnige ; ,, to
any other price value, such a3 ,,, then the revenue should
not increase. Thus, we have

m
> S 5051 ) [Pham - (R 1) -0/

m’=0
+V(n,m—m)]

m’=0

+V(n,m—m')].

This completes the proof. |
Property 2: The functionV (n,m) is an increasing function

with respect tam, ¥n € N.

Proof: We can use mathematical induction for proving,

probability thatny channels are requested by secondary users with a givhich includes two steps.

price z. So, if secondary channel quality is also considered, wg pekd to
replaceg(y; x) with ¢’(y; x) in our paper, where the values gf(y; ) are
given asig’(y; ) = g(y/m; @).

In the first step, it is apparent th&t(0, m+1) —V (0, m) >
0,Vm € {0,1,2, ..., M —1}.
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In the second step, we should prove thaVifn,m + 1) — Property 3. According to (1), we have

V(n,m)>0,¥Ym e {0,1,2,..., M — 1}, then we havéd/ (n + Vin,m)
I,m+1)—V(n+1,m)>0,Yme{0,1,2,.... M —1}. We "
have = Z fm(ml;prz,m) [p;kl,m nem’

m’=0

+V(n—1,m—m)]
> 3 fm(mspi ) [Pl nem! 4
m’=0

- + Vin—-1 )

V(n—|—1,m+1) V(n l,m) . + (n .m m)}
m—+41 % * > § f (ml,ps{m) . p’{m cn-m!
Z/ OJ7’L+1(m/§pn+1,m+1) [pn+1,m+1 : (n + 1) -m/ m—=0 v ] )

=nV(1l,m
+V(n,m+1—m’)] ( ) . _
m L. . , where the first inequality comes from the fact th4t,, is
= X fmlipi ) [P (1) m the optimal price at Stage when there arem available

m’=0

+V(n,m— m/)} channels (similar to the reasoning for the first inequality i
(2)), and the last equality comes from the fact thdt, m) =
Z fm(ml7pim) ’ me -1-m' based on (1) and’(oa l) =0
m’=0
m / ) forl e {1,2,.... M}.
- Z S (5051 ) [Phiim - (R +1) -m Next we prove the right-handside inequality in Property 3.
m’=0 +V(nym —m)] Still according to (1), we have

m—+1
> Z;O ferl(m/;p;;Jrl,m) [perrl.,m : (n + 1) -m/

+V(n,m+1-m)]

(@) * *
2 S g P (1) vin,m)
m'= = fm m/;p;m p:;mnm/
N +V(n,m+1—m)] 2 Fm(mip ) [, |
S g D) [P (D) Y +Vin=tm—m)
m’=m+1 * *
x (m+1)+ V(n,0)] S 2 Jm(mpn ) [P -+ V(n—1,m)]
_mZ;Og(m/;prlJrl,m) [p:lJer ’ (n+ 1) -m/ (i) [ Zofm(ml;p;kz,m) P;,m nm’]—l—V(n—l,m)
+V(n,m-— m’)} (e) "
oo . § < nV(l,m)+V(n—1,m)
- /_z: 1g(m ;pn-i-l,m) [pn-l—l,m : (n + 1) -m (5)
m/=m-+ +V(n,0)] in which (¢) follows from Property 2,(d) comes from the
m ’ fact m(m/spt ) = 1, and (e) is due toV(1,m) =
— Zog(m/;p:-i—l,m)[v(nam'i_l_m/) mZ;of ( p R ) ( ) ( )
o —V(n,m —m)] max S fm(m';p1m) - p1m - 1-m/. Accordingly,
%) s/ =0
=+ [ Z g(m/;pz-i—l,m)] 'p:;-i—l,m ' (n + 1) n
®) m=m+1 Vin,m) =V(I,m)+ > (V(n',m)—V(n —1,m))
Z 0 n’n:2
(3) <V(1,m)+ > n'V(1,m)
in which the first inequality comes from the fact thgt, ; ., n(nt1) =2
is the optimal price at Stage+ 1 when there aren+1 avail- =5 V({m)

(6)

able channels (similar to the reasoning for the first inegual
in (2)), (a) comes from expression of,,(y; z) given at the
beginning of Section 1, andb) comes from the assumption
thatV(n,l+1)—V(n,l) >0,Vl € {0,1,2,..., M — 1}. This
completes the proof.

where the inequality comes from (5).
This completes the proof. [ |
Remark: Property 3 gives the performance limit, i.e., a
lower bound and an upper bound, for the maximal attainable
revenuelV (n, m). Specifically, whem = N andm = M, the
quality in Property 3 becomeSV (1, M) < V(N,M) <

Remark: From Property 1 and Property 2, it can be seen tf h _
V(n,m) grows with the increase of andm. In other words, (2 + 1)/2)NV (1, M). In this inequality, the tern¥'(1, M)

when there is more time or channels left for spectrum leasirly "€ maximal attainable revenue if the spectrum leasing is

the maximum attainable revenue of the primary network Rerformed over one stage. S8V (1, M) means the revenue
larger. for N stages if the spectrum leasing is performed only in

the first stage and all leased channels continue to be used
Property 3: nV(1,m) < V(n,m) < by secondary users in the subsequ&nt 1 stages (in other

(n(n+1)/2)V(1,m), Vm € M,n e_j\/, words, the price is “hon-dynamic” over stages). Inequality
NV (1,M) < V(N, M) means that the revenue achieved by
Proof: First, we prove the left-handside inequality irsetting up dynamic pricing values over the stages is larger
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than the revenue achieved in the non-dynamic pricing case. IV. WHEN SPECTRUMDEMAND IS NON-RANDOM
On the other hand, the inequality(N, M) < ((N +1)/2) -
NV (1, M) shows that the ratio oV (N, M) to NV (1, M),
which represents the benefit of dynamic pricing over the no
dynamic pricing, is upper bounded BW + 1)/2.

In Section Ill, given a price value, the spectrum demand
&.e., the number of requested channels by secondary users)
, a random variable. In this section, we consider the case
that the spectrum demand for a given price value is non-
Property 4: Vi(n,m) = V(n —1,m) < V(n+1,m) = an4om, and can be solely determined by the price value.
V(n,m),ym e M,n e N\{N}. _ _ Before we investigate the case, we first give an example for
Proof: We use mathematical induction for proving. Thng case In Section Il the primary network needs to know
proof consists of two steps. In the first step, it should b&@ao o hopanility mass function of the spectrum demand for a
that the property holds for = 1, i.e., given price. However, it is also likely that for a given pritiee
V(1,m)— V(0,m) < V(2,m)—V(l,m),Yme M. (7) primary network does not know the probability mass function
of the spectrum demand, but only knows the mean value of
From Property 3, we haveV (1,m) < V(2,m),Vm € M. the spectrum demand. So for a given price value, the primary
Together with the fact that’ (0, m) = 0, it can be seen that network has to estimate the spectrum demand by using the
inequality (7) holds. known mean value. Thus, for the primary network to find the
In the second step, we need to prove that optimal pricing strategy, the spectrum demand is viewed as
non-random, and takes the mean value of the actually random
V(nm)=V(n—1m)<V(n+1m)=V(nm),Yym € M (8) spectrum demand for a given price.
holds if Next we investigate the non-random spectrum demand case.
For price p, the spectrum demand (i.e., the number of
V(n—1,m)=V(n—2,m)<V(n,m)-V(n—1,m),¥m € M. requested channels) can be expressedlas D(p).?> As
(9) d e T whereZ means the set of non-negative integei%p)
We have (10) on top of the next page. In (10), the inequality i§ a piecewise function mapping intervals of price into non-
(10Db) is obtained by moviny (n—2,m) to the right-handside negative integers. In Stage, denotep, as the price, and
and movingV (n — 1, m) to the left-handside; then inequalityq,, = D(p,) as the demand for the number of channels.
in (10c) holds sinc&V (n — 1,m —m/) < [V(n,m —m’) + The achieved revenue of the leased channels in Stagen
V(n—2,m—m/)] from (10b); inequality (10d) is achieved bybe expressed as,d,n. So the total revenue over all the

. m _ N N
adding term 3 f.(m'; p;, ,,,) 2Py, - -m’ ON both sides of stages is Y p,d,n, i.e., 3. p.D(p,)n. Then the revenue

. m’=0 e . . n=1 n=1
(10c); inequality (10e) comes from splitting the right-iaitle - maximization problem can be formulated as
of (10d) to two terms; inequality (10f) comes from two facts problem 1:
(similar to the reasoning for the first inequality in (2)):

N
" max > paD(pn)n
Z S (s pi )[p* (n+1)m' +V(n m—m/)} e nﬁl
= yPn,m n,m ) s.t. ZlD(pn) S M;
< o * ) o o Pn>0,n€N;
< 3 bl o] Bttt
and For the ease of analysis, by definidg(d) = Dr??xdpﬁ
p =
m Problem 1 can be reformulated as
Z fm(m/;pflym) [p;;m(n - 1)m' +V(n-2,m-— m')} Problem 2:
=0
m max d,P(d,)n
<D I ipi s ) [P e (=L Y (=2, mem)]; ey % )
m'=0 s.t. S>do<M; d,>0,d,€Z,neN.
inequality in (10g) holds by following the definition in (1). n=1
This completes the proof. u For the price function with respect to demar®{d), three

Remark: Recall that Property 1 shows tha{n,m) in- characteristics are assumed and justified in the following.
creases ifi increases (i.e., the primary network has more time
for leasing the channels). In Propertytd(n, m)—V (n—1,m)
is the revenue increase when the number of stages increases
fromn —1ton, andV(n +1,m)— V(n,m) is the revenue
increase when the number of stages increases frono 2Here we assume that, for any demand value {0, 1,2,..., M}, there
n—+ 1. So Property 4 implies that, when the number of stagessts at least a pricg such thatD(p) = d.
increases, the primary network has a higher revenue inereas The conceptional meaning oP(-) is the inverse function ofD(:).

. . . ince D(-) is a piecewise function, its inverse function does not exist
rate. In other wordsy/ (n, m) is an increasing convex-shapeci\

) . athematically. ThereforeP(d) is defined as the maximal price such that
function with respect to. D(P(d)) = d, rather thanD~1(d).

o P(d) is a decreasing function with respect to demand
d. This assumption is in concordance with the fact that
when the announced price is higher, the spectrum for
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Vin—1,m)—=V(n—-2,m) <V(n,m)—V(n—1,m), Yme M (10a)
& 2V(n—1,m) <V(n,m)+V(n—2,m), Vm € M (10b)
= io fm(m’;p;:,m) [QV(n —1,m-— m')}
< i Jm (M5 05 1) [V(n, m—m')+V(n—-2m-— m’)} (10c)
m’=0
= 5 Fn s ) (2051 2V (0~ L — )]
m/=0
< i fm(mlvp;;m) [2p;;m nem’ + V(?’L, m — m/) =+ V(TL - 27 m— m/)] (10d)
m/’=0
g i fm(mlvp;;m) [2p;kl,m nm/+2V(n— 17m_m/)]
m/=0
< (8 Fulmsp) [P - (04 1) 10+ Vn,m )]
5 S Wi (2= 1)+ V(= 2,m = )] ) (10€)
m’=0
= 2 3 fa 00515 ) [P+ V= L = )]
m’=0
< (S Fnlm' D) P~ (04 1) 1 £V n,m ')
i fm( 7pn 1m) [p:;fl,m ! (n_ 1) -m/+V(n—2,m—m’)]) (10f)
& 2V(n,m) <V(n+1,m)+V(n—1,m) (109)
& Vin,m)—V(n—1,m) <V(n+1,m)—V(n,m). (10h)

leasing is less attractive to secondary users, and therelis Problem 2 has the following features: the objective func-
less demand. tion is separable and “concave”, all the constraints arealin

« d-P(d) is an increasing function with respect to demandnd all the variable coefficients in the constraints areTlsis,
d. This assumption is reasonable as the total revenueRibblem 2 can be solved by using an incremental algorithm
the primary network should be more if more channels af&5]. The procedure is given by the following Algorithm 1.
leased.

« d- P(d) is “concave”, which mean$(d + 1)P(d + 1) — Algorithm 1 Incremental Algorithm solving Problem 2.
dP(d)] < [dP(d)—(d—1)P(d—1)],Vd > 0,d € Z. This 7. Setd =0,neN.
assumption conforms to thiaw of diminishing returns
[14] in economics: the increase of revenue slows dowr? 'f Z dn < M, findn* = T ars X ((dn+1)P(dn+1)n—

as the sale volume grows. d P(d )n), and proceed 0 Step 3; Otherwise, proceed to

For Problem 2, the following lemma is in order. Step 4.

Lemma 1:When the maximal value of the objectlve func- 3 dn+ = dn- + 1, proceed to Step 2. _ .
4: Output {d,,,n € N}, which is the optimal solution of
tion Z d,P(d,)n is achieved, we should havg d, = M. Problem 2.

Proof We use proof by contrad|ct|on Accordmg to
the second assumption oi(d), the objective function pgased on the procedure of Algorithm 1, the following
Z d,P(d,)n is an increasing function with respect toheorem can be proved.

Theorem 1:d} increases whem increases, ang; de-
creases whem increases, wherd;, and p; are optimald,,
Z di = M' < M, then the objective function in Problem 2andp,, respectively, for Problem 2.

Proof: To prove thatd; increases when increases, we
use proof by contradiction.

Suppose there exist;,ny € N such thatn; > ny and
dy,, < d;,. According to Algorithm 1, there aré/ rounds
of search. In each round, the = arg njzfax ((dn +1)P(dy +

ne
1)n — d,P(d,)n) is found. Before the first roundi,, =

dn,n € N. Define the optimald,, as d;,,n € N. Suppose

n=1

can be further increased by increasifigto df + M — M/,
which contradicts the assumption thit n € A is the optimal
solution.

This completes the proof.

After substituting the constralnz d, < M with Z dn =

n=1
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dn, = 0. After the last roundd;, < d;, . Then there should m=10
exist a round such that: before the round we haye= d,,.,, 180 ‘ ‘
and after the roundd,,, is increased by 1. In other words, 160k [ —+—nv(r,m)
before this round we have ivmm)
[(dny + 1)P(dp, +1) — dn, P(dy,) ] 1) 140f 1/2x0(n+1<V(1,m)
< [(dny 4+ 1) P(dpy + 1) = dny P(dpy, )| no. 120t
Since we havel,,, = d,, before this round, the inequality — 1001
in (11) is equivalent ton; < ns, which contradicts the é
assumption that; > n.. So we havel;, > di_, Vni > no, > 8o f
i.e., d’ increases with respect te. 60l
As p! = P(d}), the functionP(-) is a decreasing function,
andd;, increases when increases, it is easy to conclude that 4o I
p;, decreases when increases. 20l
This completes the proof. [ |
Remark: According to Theorem 1, as the time approaches the 4 5 4 A 5 10
end of the spectrum leasing peridd the primary network n

should set the price higher, while in early stages, the pyma
network should set lower prices to attract more spectrufg- 1. V(n,m) versusn with
demand. This leads to a suggestion to secondary users: If a

secondary user wants to access the spectrum at a lower unit m=20
price, it is better to accept the announced price earliegrdh 250 ‘ ‘
fore, based on our findings in Theorem 1, an interesting éutur

research problem is to investigate the interaction betwken sool | V)
primary network and secondary users. The result in Theorem ivm,m)

1 also shares some similarity with pricing strategy in flight 12 pd.m)
ticket booking: long before the flight departure date, thghtli 1500
ticket price is low which can attract more bookings, while as
the flight departure date is approaching, the flight tickétepr
goes higher. 100f

m = 10.

V(n,m)

V. NUMERICAL RESULTS
A. Verification of Properties 1-4 and Theorem 1 * +

We first verify Properties 1—4. In the numerical exampVe,
is setas 10 and/ is set as 50. Sef(y; ) as a discrete uniform

distribution over{mg, mo+1, ..., mo+4} wheremg = |1/22] n
(here|-] is the floor function), i.e.,
Fig. 2. V(n,m) versusn with m = 20.
g9(y; ) ={0.2,0.2,0.2,0.2,0.2} (12)
for Yy = {mo,mo + 1,mg + 2,mg + 3,mo + 4} The m=30
spectrum price in a stage is selected from a discrete set of 300 ; ;

100 values that are evenly spaced between 0.1474 and 1.001.
Here 0.1474 is the minimum selectable price because among 2501 +{‘/V(1vm)

its five demand valuegi6, 47, 48,49, 50}, the largest demand o e
value is M = 50; and 1.001 is the maximum selectable
price because among its five demand val{ed, 2, 3,4}, the

smallest demand value s = |

€
Fig. 1, Fig. 2, and Fig. 3 show (n,m) and its lower £ %
and upper bounds;V(1,m) and (n(n +1)/2)V(1,m), as
n grows from 1 toN whenm = 10, m = 20, andm = 30, 100f

respectively. It can be seen thui(n,m) increases whem
or m increases, as indicated in Property 1 and Property 2. In
addition, V(n,m) lies between the lower bound and upper
bound, which is consistent with the conclusion in Property
3. And V(n,m) is convex-shaped witln, as indicated by 0 2 4 6 8 10
Property 4. "

Next we verify Theorem 1. For non-random spectru
demand,N is set as 10, the functioR(d) is set to bel /v/d,

50

rEig. 3. V(n,m) versusn with m = 30.
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Fig. 4. The optimal price. Fig. 6. Comparison of the achieved revenue in random spacttemand
case (when the probability mass function of spectrum denfand given
120 ‘ ‘ price is known) and in non-random spectrum demand case (whinthe
—— M=100 mean value of the spectrum demand for a given price is known).
—<— M=200
—S— M=400

100
probability mass function of the spectrum demand, given as

in (12)) is shown in Fig. 3. Now suppose the primary network
knows only mean value of the spectrum demand for a given
price, i.e., the expected demand for price valuis given as
6o} ] |1/22%] + 2. Based on this demand function, we use Algorithm
1 to find out the optimal price for each stage. Then using those
price values at the stages, we carry out computer simukation
to find out the achieved revenue. In the simulations, we use th
e real random spectrum demand at each stage for the calculated
20¢ ] optimal price. In other words, for a stage, if the optimakpri
at Stage: calculated from Algorithm 1 isp}, then in the
i L ‘ stage, the simulated spectrum demand is a random variable,
) taking values from{u*, u* + 1,u* + 2, u* + 3, u* + 4} with
probability {0.2,0.2,0.2,0.2,0.2}. Hereu* = |1/(p;)?]. The
Fig. 5. The optimal demand. simulated revenue (averaged over 500 simulation runs) is
shown in Fig. 6. As a comparison, the achieved revenue of the
random spectrum demand case is also shown in this figure.
From the figure, it is clear that the non-random spectrum
demand case achieves less revenue than the random spectrum
demand case. This is reasonable, due to the lack of digtibut
information of the real spectrum demand in the non-random
spectrum demand case.

80

401

Optimal Demand (# of channels)

which satisfies the three assumptions®fu) in Section IV.

In Fig. 4 and Fig. 5, the optimal prigg; and optimal demand
d: are plotted, respectively, whel = 100, M = 200, and

M = 400. It can be seen that the optimal pripg decreases
with n, and the optimal demand;, grows withn. This result

matches Theorem 1.

B. Comparison of Random Spectrum Demand Case and N&nh-Comparison with Existing Work
Random Spectrum Demand Case In the following, we compare our dynamic pricing strategy

Recall that in random spectrum demand case consideléf? the dynamic pricing strategy in [13], which also corest!
in Section Ill, the primary network knows the probabilit)Pne seller and multiple buyers, bgt fpr |_nf|n|te durau_on._We
mass function of spectrum demand for a given price, while lse the same spectrum demand distribution as used in Figs. 1-

example for the non-random spectrum demand case considetedVe simulate the dynamic pricing strategy in [13] with

in Section IV is that the primary network knows only the meafi®™eé modifications to fit with our considered multiple-stage

value of spectrum demand for a given price. Accordingly, Rricing problem. The simulation result is shown in Fig. 7.
comparison of the random spectrum demand case and the NORrpe price in our work is for the unit of a channel, while thecpriin
random spectrum demand case is interesting. [13] is for the unit of a packet transmission. Therefore, wiraplementing
We take the same spectrum demand distribution as usedhgdynamic pricing strategy of [13] in our S|mu|at|on§ withultiple stages,
. . . the channels are treated as packets as in [13], and in eagh ste use the
Figs. 1-3. Considef/ = 30. The achieved revenue of the ran'pricing strategy proposed in [13] to determine the pricetha simulations,

dom spectrum demand case (when the primary network knoiws parametef” in [13] is set to be 200.
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Fig. 7. Comparison between the proposed dynamic priciragegfy and the
dynamic pricing strategy in [13].

[10]

As a comparison, the achieved revenue of our method is also
shown. It can be seen that, when implemented in our pricing
problem with a finite duration, the achieved revenue by usir{ijgl]
the dynamic pricing strategy of [13] is less than the revenue
by our proposed dynamic pricing strategy. [12]

VI. CONCLUSIONS [13]

In this paper, we have investigated the problem of dynamic
pricing over multiple stages of spectrum leasing. We ha\{ﬁ,']
formulated optimization problems that find the optimal pric
in each stage so as to maximize the total revenue of thél
primary network. We have presented the solving methods for
the optimization problems, as well as properties of thenoati
solutions, such as monotonicity and convexity of the makima
total revenue with respect to stage index, and lower/upper
bounds of the maximal total revenue in the random spectrum
demand case, and monotonicity of the optimal price with
respect to stage index in the non-random spectrum demand
case. This research should provide helpful insights fazipgi
strategy design in spectrum leasing.

In this research, there is only one primary network that
leases channels to secondary users. Another interesting re
search topic is to investigate the case when there are feultip
primary networks performing the dynamic pricing. Thus, a
primary network should consider the dynamic pricing with
time (stage) as well as the price competition with other
primary networks in each stage. To investigate the research
problem, the first step could be to study dynamic pricing
with two primary networks. This problem can be formulated
as a differential game, which usually includes two players
having conflicting goals in a dynamic system with multiple
stages. It would be interesting to investigate the exigenc
and uniqueness of Nash equilibrium between the two primary
networks.
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