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Successive Two-Way Relaying for Full-Duplex
Users With Generalized Self-Interference Mitigation

Chao Ren"', Member, IEEE, Haijun Zhang ™, Senior Member, IEEE, Jinming Wen"™,

Jian Chen

Abstract—In this paper, we propose a novel successive two-way
relaying (STWR) system that uses a pair of conventional
half-duplex (HD) relays to mimic a full-duplex two-way relay
(FD-TWR). Although classical FD-TWR is spectral efficient
and expands cell coverage, the proposed STWR utilizes the
existing HD infrastructure to boost the FD implementation
and offers bi-directional data exchange and low-complexity
residual self-interference (RSI) mitigation. To formulate STWR,
we develop a unified signal model to facilitate the mitiga-
tion of the generalized self-interference (GSI). GSI consists of
back-propagating interference due to two-way relaying, RSI of
FD sources and inter-relay interference caused by the pairs of
HD relays. Because the GSI channel matrix has a distinct row
linearity, we propose an efficient digital approach to remove the
GSI and design two low-complexity algorithms. These algorithms
avoid RSI channel estimation, full-rank matrix, and complex
matrix computation. Our analysis and simulations show that:
1) the proposed STWR achieves the multiplexing gain of the
true FD-TWR; 2) the distance between the two HD relays
should be optimized to achieve the highest spectral efficiency;
and 3) the STWR system with two algorithms can achieve a
diversity order of one or two, respectively. Therefore, the STWR
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concept achieves a flexible tradeoff between performance and
complexity, potentially enabling large-scale relay deployments.

Index Terms—Full-duplex, residual self-interference can-
cellation, two-way relaying, successive relaying, cooperative
communication.

I. INTRODUCTION

HE tremendous growth in global mobile traffic calls for

speedy development of fifth generation (5G) wireless
networks. Thus, 5G performance targets include data rate
increase by 1000+ times, end-to-end latency below 100 ms,
network cost reductions by 50%, and availability to increase
to 95% in locations with bad coverage [1], [2]. Among many
emerging technologies for 5G, full-duplex (FD) radio and
two-way relaying (TWR) promise to boost the spectral effi-
ciency, enable bi-directional communication, extend coverage,
and mitigate congestion problems. Combining these two cre-
ates a full-duplex two-way relaying (FD-TWR) system which
consists of two FD sources and an FD relay. This system
allows the two sources to communicate bi-directionally using
just two time slots. This is because the relay can receive
two source messages simultaneously and forward the superim-
posed signal to both sources. Clearly, this will compress the
four distinct phase required by half-duplex (HD) relay [3].
FD-TWR thus requires fewer channel uses, achieves the
highest spectral efficiency among existing cooperative relaying
protocols and can outperform fourth generation (4G) HD
unidirectional relaying [4].

FD-TWR has been preliminarily studied without the consid-
eration of self-interference (SI) [5], [6]. However, FD-TWR
system realizations depend on the development of interfer-
ence cancellation and the reduction of hardware/software
complexity [7]. Implementation complexity of FD-TWR can
be high due to the need for interference cancellation [4]
because the sources and relay need to suppress SI created
by the co-channel FD signals and the back-propagating inter-
ference (BPI) due to the TWR protocol. In fact, even in
plain FD radio, the SI leakage from the local transmitter
to the local receiver is as high as 100 dB, which cannot be
eliminated completely for the current FD radios and resid-
ual self-interference (RSI) mitigation must also be used for
FD-TWR [8], [9]. Thus, FD-TWR faces stringent technical
challenges in practice.

A. Practical Issues in FD SI Cancellation
The input signal to the analog-to-digital converter (ADC)
consists of multipath RSI echoes and SI leakages due
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to imperfect hardware. They prevent passive and analog
approaches from completely removing SI [10], [11]. With the
ADC output signal, the receiver typically proceeds with digital
or spatial cancellation [12], [13] to take advantage of digital
signal processing to overcome key bottlenecks, including lim-
ited ADC dynamic range [14], inaccurate channel state infor-
mation (CSI) of SI channel [7] and computational complexity'
[7] and others [14].

Although judicious application of these techniques can
yield approximate 90 dB SI suppression, RSI is still a major
concern [14]. To further improve the FD performance, we will
look for efficient methods completely eliminating the RSI
leftover after joint passive-analog-digital/spatial cancellation,
which is the removal of ‘last” RSI. Future wireless will
benefit if ‘last” RSI mitigation is feasible with low-complexity
algorithms, which reduces additional burden on existing
FD software/hardware, i.e., dispensing with SI/RSI CSI,
additional hardware and complex software in FD signal
processing [8], [11], [16].

B. Related Works

1) FD-TWR Systems: The RSI is modeled as a fraction of
transmitted signal propagating over a linear RSI channel, and
FD-TWR performance is shown tremendously dependent on
the power of RSI or the accuracy of RSI CSI. Reference [9] is
an early attempt to incorporate RSI effect in basic FD-TWR
system, while [4] and [17]-[20] consider RSI in more complex
scenarios (multi-relay, massive MIMO and sum secrecy rate).
However, these works do not consider RSI mitigation methods.

To mitigate RSI, a FD-TWR scheme based on Dempster-
Shafter evidence theory is explored [21], while their assump-
tion of perfect RSI CSI may not be practical. Although
the CSI in HD TWR network has been well estimated in
pioneering works [22]-[24], the characterization of the CSI of
RSI channel in FD-TWR networks is sparse [25].> A single-
block training scheme has been proposed to increase the
accuracy of RSI CSI estimation in FD-TWR system [25].
However, CSI estimation error is still inevitable due to limited
ADC dynamic range, hardware imperfectness and practical
issues. Because the complete removal of RSI is impossible,
some works have tried to turn the disadvantage into an
advantage. Thus, RSI may be exploited to achieve cooperative
diversity in FD-TWR by a self-coded distributed space-time
coding scheme [26]. Similarly, for conventional FD one-way
relaying, reference [27] uses imperfect RSI CSI to precode
for RSI cancellation, but approximately 10% performance loss
occurred compared with perfect RSI CSI scenarios.

To the best of our knowledge, finding both practical and
efficient RSI mitigation algorithms for FD-TWR remains a
challenging open problem.

'Due to complexity constraint or due to space limitation, spatial cancellation
may not eliminate all of the SI [11], [15].

zAccording to [25], the estimation error of diffuse part of SI channel
typically results in RSI. Due to complex features in propagation-domain and
analog-circuit domain and all linear and non-linear distortions as well as
transmitter noise, it is challenging to perfectly estimate the RSI channel after
the pre-stage of SI channel estimation [11].

Fig. 1. Successive two-way relaying: two full-duplex source nodes and two
half-duplex (HD) relays. Solid and dashed lines depict wireless links in even
and odd time slots, respectively.

2) Legacy Option: Instead of hardware based FDR,
near FD spectral efficiency may be achieved by virtual
full-duplex (VFD) signaling [28], [29], which may circumvent
the key bottlenecks (SI channel) in true FDR [7], [11], [14].

The VFD relaying system involves two HD relays. While
one of them receives new data from the source, the other
relay transmits the received data in the previous phase to the
destination. In the next phase, the relays swap their roles.
In this way, the source successively sends new messages as if
a true FDR is employed [11]. Our previous work [30] showed
that VFD achieves both near FD rate and full-diversity. The
VED concept has also been applied to two HD base stations to
mimic one FD base station [31], [32]. In this system, multiple
base stations can cooperate over wired backhaul links and can
thus perfectly cancel the SI. However, this paper treats the
case of wireless connectivity only. Efficient mitigation of the
inter-relay interference (IRI) without additional links is critical
in VFD relaying design.’

Notably, the deployment of HD relaying devices has been
scheduled to extend 4G cellular coverage [30] and directly
improve the performance by bringing antennas close to
end users. Until complexity of SI mitigation and hardware
cost become acceptable, this legacy option may also help
ultra-dense FD-based wireless networks [33].

C. Contributions

The main motivation for successive two-way relaying
(STWR) (Fig. 1) is that since the RSI may not be completely
canceled in FD-TWR, a VFD TWR system can thus be
formed to provide exactly similar services. STWR, which uses
two distributed HD relays to help FD sources successively
exchange data, can be defined as an updated version of VFD
supporting two-way transmission or a virtual alternative using
‘4G legacy’ for true FD-TWR. Consequently, the STWR
concept relieves the high burden of estimating RSI channel.

The distinctive features and contributions of this paper are
as follows:

1) Generalized self-interference (GSI) formulation for
interference mitigation. We manage to treat BPI, IRI
and RSI* as the output of a GSI channel, which
simply comprises an ISI channel matrix and additive

3In contrast to other VFD relaying/BS systems, our proposed model enables
two FD users exchange information bidirectionally, which needs to mitigate
IRIL, BPI and RSI

4When we refer to RSI, it always means RSI occurring at the FD sources.

Authorized licensed use limited to: UNIVERSITY OF ALBERTA. Downloaded on August 05,2020 at 23:30:51 UTC from IEEE Xplore. Restrictions apply.



REN et al.: STWR FOR FULL-DUPLEX USERS WITH GSI MITIGATION

65

TABLE I
IMPORTANT NOTATIONS

Notation Explanation

Bold upper case letters, e.g., H;
H(i,j); H"/H": bold lower case
letters, e.g., h; h(i); diag{h}; L,,,;
0;,;; tr(H); A\;[H]; E[n]

Matrices; entry of matrix H in the ¢-th row and j-th column; transpose and conjugate
transpose of the matrix H; vectors; ¢-th elements of vector h; Diagonal matrix defined
by the vector h; m x m unity matrix; ¢ X j all zero matrix; trace of a matrix H; i-th
eigenvalue of matrix H; statistical expectation of n.

gy by T A =9 —ag, by =9 —
b, T =3 — 1,1 € {1,2}

At time sllot k: the indexes of the transmitting antennas of F'IN 4, F'Ng and R;(R5),
where ay, € {3,6},b;, € {4,5}; the indexes of the receiving antennas of these nodes.

:171]2\, :L”fg, xffk (yffl, yjkg, Yre ) n’j,, The signals transmitted (received) by F'N4, FFNp and Ro(R;); the additive Gaussian
nk, ng, white noise (AWGN) at these nodes.

ha,7, and hy, 7,5 ha,r, and hgmc

The channels from sources’ transmitting antennas to relays’ receiving antennas; the
channels from relays’ transmitting antennas to sources’ receiving antennas.

interference plus noise terms. The GSI channel has a
beneficial special structure, which benefits interference
mitigation.

2) Complete and simple self-interference mitigation
without RSI CSI. A simple GSI mitigation method is
proposed by exploiting the structure of GSI channel,
which does not require RSI CSI and is a conversion
with only a matrix multiplication and a matrix addition.
However, this method requires the condition of full-rank
matrix.

3) Low-complexity GSI mitigation algorithms. We pro-
pose two algorithms, namely GSIM1 and GSIM2, that
dispense the need for the full-rank condition. These
algorithms avoid solving for eigenvalues of a matrix or
matrix-variable convex optimization problems. Hence,
they offer the benefits of low computational complexity.

4) Multi-sided performance enhancements. We use per-
formance analysis and simulation results to verify
that STWR has the following threefold performance
improvements: a) efficiency - both the spectral-efficiency
and multiplexing gain of STWR approaches that of
true FD relay in each one-way relaying communication;
b) deployment - the distance between two distributed
relays can be optimally designed to achieve the high-
est spectral-efficiency; and c) reliability - STWR with
GSIMI can achieve a diversity order of one while STWR
with GSIM2 can recover the diversity order to two.

II. SYSTEM MODEL
A. System Model of STWR

The STWR system model (Fig. 1) employs two HD relays
(Ry and Rs) to connect two FD sources (FFN4 and F'Np).
Each source node has one antenna for transmission and one
antenna for reception, while the relay node has only one
antenna. The antennas of two relays are spatially distributed.
The STWR protocol is described in Fig. 1 and Table II
(where T, R and T}, denote transmitting, receiving and time
slot k respectively) with the antennas indexes rule (1).

jk :jk+27 J € {a,b,r,&,g, F}' (1)

Each of the two FD sources broadcasts and receives L
(assumed to be even) code words within L + 1 time slots.

TABLE II
THE PROTOCOL OF STWR

Nodes Tl Teven Todd TL TL +1
Sources | T T &R T &R T &R R
Ry - R T R T
Ry R T R T -

At each odd/even numbered time slot, R;/Ry processes and
broadcasts the signals to FD sources while Ry/R; keeps
receiving. To this end, from slots 2 to L, the simultaneous
virtual FD-TWR transmission between two sources on the
same band is achieved. To implement the aforementioned
protocol, we assume cell-level synchronization [30], [34].

We focus on mitigating the RSI after possible SI cancel-
lation (e.g., joint passive-analog-digital/spatial cancellation).
The channel coefficients of RSI channels (h4 and hp) are
assumed unknown, while the CSI of conventional wireless
channels can be known by connected nodes [16]. IRI channel
is denoted by hr. We assume a block-fading model where the
CSI is constant during L + 1 time slots, but varies indepen-
dently over different blocks [3]. No direct link between two
sources is assumed, due to transmit power limitation or severe
shadowing effect [19], [35].

B. Unified Signal Model and Generalized Self-Interference

At the k-th time slot, the transmitted symbols with power
P from FD sources are v/ Px% and v/ Pz%, where 2% and
o satisty |25]2 = |2%]? = 1 and 257" = 25T = 0. The

transmitted symbol from HD relay is
oy, = oyf @)

where 3711«1 =0, 2 < k < L+1, and « denotes the amplification
factor of the relays [36], [37].
At the k-th time slot, the signals received by F'N4, FNp
and Ry are
vh = haypat, + VPhaah +nf, 3)
y% = thrkxl:k + \/]_Dth]fg + nlj’g, 4)
yvljk = \/F(hakmxlix + hbkfkm%) + hpﬂ?l,fk + n% (%)
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Definition 1 (Unified Signal Model and GSI Channel): All
the receptions at F'N 4 can be formulated as a unified signal
model in (6), which also is the output of GSI channel (11)
with input x .

Using (2), (3) and (5) recursively, we have

Ya = VPMHuxp +HaXa + haxa) + Heng + 104, (6)

o102 L+19T ol 2 LT

where y4 = [ys va--ys | xp = [z 25 25],
ol 2 L+17T _ 1,2 LT _

X4 = [z a2 ), mp = [ng nz-ng]', ng =
[nl n124-~nfl+1]T are vectors, and Hg,, Hz, and H; are

(L + 1) x L matrices with entries
Ha(I,J) =Z(I = J)o' b " hae hoyryy ()
Hao(I,J) = Z(I = J)a" b7 hayr hayrys (8)
HA(I,J) =Z(I - J)a" 7 hl " ha,,, . 9)
Note that Z(¢) is an indicator determined by Z(¢) =
{1’ ©= 0. With generalized self-interference

Igsr = VPHaoXa + VPhaxs = VP(Haa + ha)xa  (10)

and equivalent noise ngs; = Hsnz+n4, the GSI interference
channel can be found from

Y4 = VPHuxp + Iass + ngs;. (11

Lemma 1 (Special Structure of GSI Channel):
Considering GSI channel (11) with ISI channel matrix
Hgy, parameters Jy, M € R* and « € {ab, 7}, the I,-th and
(I1 + M)-th entries in column Jy for H, satisfies a simple
rule

frnH (I + M, Jy) — g, +mH (11, J1)

0, otherwise, (12)

InH (I + M, J1), L <J <I1+ M,
where f1, = ha, ., and giip = &Mhiha, ey, 0 are
elements in (L—M+1) x 1 vectors f = [f1 fo -+ fr—ms1]"

and g = [g1+M Gornr -+ gr+1)! respectively.
Proof: Tt is straightforward to derive (12) from
(7) and (9). U
Remark 1 (Unified Signal Model and GSI Mitigation): We
further discuss the unified signal model formulation to better
understand GSI.

o Before unified signal model formulation, we observe
three types of interference in (3), (4) and (5): 1)
\/FhAx’j‘ and \/]_Dth%, the RSI of FD sources (under-
lined in (3), (6) and (10)); 2) \/]_Dhakka’jx, the BPI cre-
ated by TWR protocol; and 3) h Rmfk, the IRI induced by
the other relay’s transmission. Substantially, the recursion
in (2) worsens the interference mitigation problem by
introducing an;lQ VP(ha, 7, % +hy, 7 2. The uni-
fied signal model is expected to convert this time-domain
recursion to a condensed matrix form.

o After unified signal model formulation, recursive IRI
terms are converted to ISI terms, e.g. Hap(I, J)a:;é (I >
J + 1), which constitutes an ISI channel matrix Hgy.
Matrix Hg, should have a small number of non-zero

entries to control the distortion from unintended symbols.
SI of FD sources and BPI in (6) are defined as an additive
interference term Igsy in (11).

o The target of GSI mitigation is to reduce the number
of non-zero entires in ISI channel matrix as well as mit-
igating additive interference Igsj, i.e., to find a specific
conversion ygr, . = Q¥4 — Tar) that yields

Ysiay = HQatXp + 51, (13)

where Hgsa» is a new ISI matrix that has less non-zero
entries than Hgy,.

o Available knowledge to mitigate GSI can be own data,
local CSI except RSI channel and the CSI between two
relays.’

o Lemma 1 reveals the key information contained M. If J,
varies from 1 to L, the output of (12) constructs a vector,
of which the number of non-zero entries is no larger
than M + 1.

III. GENERALIZED SELF-INTERFERENCE MITIGATION

We next solve the problem of mitigating GSI by finding a
specific conversion yg7, = Qu(y4 — Tar) that yields (13),
where Ty = VPHgaX4 and Q, are given by (14) and (15)
from Theorem 1 and Lemma 2. In this conversion: 1) the CSI
of RSI channel is not needed; and 2) only local CSI and the
CSI between two relays are utilized [30], [34], [37], [38].

Theorem 1 (Generalized Self-Interference Mitigation):
Consider: 1) the target of GSI mitigation in Remark 1; 2)
L x (L + 1) matrices Q,; and G; 3) full-rank diagonal
matrix diag{f} based on vector f; and 4) vectors
vaf = ¥ gt v%{MH] = diag{f}~'g and

. _ T
vit =xa = [0 diag{v/ay o a i)

If G and Q,, satisfy

m Onis(n—ni+1)  Onixnm
Gv=0rx1, and QM_(;(ILH_{di;Sg{ng} )o(LfMJtl)xM ’

(14)

then conversionyg; . = @y (y 4 — VPHaox o) mitigates the
GSI and results in yg;,, = HQ%xB + HQZanF + Qyna,
where Ho« = GH,,, x € {ab,7} and H, has the structure
in (42).
Proof: The structure of GSI channel can be used to finish
the proof. Please see Appendix I. 0
Remark 2: The target of GSI mitigation is achieved by
Theorem 1. However, it is essential to determine G prior to
applying Theorem 1. If v4 is given, multiple solutions of G
satisfying Gv*4 = Onx1 can be found. Based on Remark 1
and HQ?u = GH;, G should be chosen by this rule: G converts
H', to H, without significant increase in the number of
non-zero entries. Based on Remark 1, the non-zero entries
in each row of Hqx is no larger than M + 1.

SDue to cooperation, we assume relays provided the information about
hp to sources in hand-shake phase. This is possible if relay selection and
deployment issues are needed to be solved before data exchange. The major
advantage of STWR over FD-TWR is inter-relay channel h i can be precisely
estimated as conventional wireless channel, while the RSI channel estimation
for true FD hardware requires considerable radio resources and the accuracy
is severely affected by various factors [16].
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Lemma 2: One example of G for Theorem I can be

G= Gleft - Gright; (15)

where G = [diag{[vg* ---
(0151 diag{[vi* - v ]}].
Proof: Based on Lemma 3 (Appendix II), we have

’Ugil]} 0L><1} and Gright =

Gv® G [UTA o UiA T G UfA 0
VA= Greg : — Grignt ca 11| = O0x1-
BT I (AR
Thus, G in (15) satisfies condition Gv*4 = 0p4; in
Theorem 1. i

Remark 3: With G from Lemma 2 and H', from Theorem 1,
the matrix form of Hqx can be easily derived by applying
Hg: = GH'. 1) It is straightforward to find that compared
with H;, HQ?u only adds one non-zero entry in each row, and
G is thus eligible for GSI mitigation. 2) In (42), the maximal
number of non-zero entries of the row in ISI channel Hgy  is
M + 1. Thus, considering the structure and affection of Hqy ,
parameter M is the maximal number of residual ISI terms in
each symbol after GSI mitigation.

IV. CASel: M =1

We now choose a minimal parameter M = 1 for GSI
mitigation. We give the model of GSI mitigation, design
a decomposed algorithm for M = 1 case, and analyze
the performance of STWR in terms of spectral efficiency,
multiplexing gain and diversity order.

A. Model for Generalized Self-Interference Mitigation
Based on Theorem 1 and Lemma 2, the result of GSIM1, is

Ysra, = \/ﬁHSIAle +Ng71,,, (16)

where Hgsr,, = Hga|u=1 (see (17)), nsp,

. _ 1 L 1T ark _
(HQ;\'JHF"‘QJ\IHA) |mM=1 = [N&;, -+ N&, |, N&, =
k+1 ATk k Ark+1 Eoo_ k _ k
XA1 NAl — XAlNAl R XA1 = va|M:1 = Ty —

ahrha; v k-1 ko k _ vk+lprk
h’a'k—lrk—le 4 HRl = hayr Moy _y7i_1> CT = XAl HRl’

DE = —xk HEL ONE = —qpmmltmophel oy

A —1Tk—1
aha,r, nfﬁ;_ll + nfz.

(D} 0 -~ 0 0 0]
c: D} - 0 0 0
0o Cc? .0 0 0

Hsp, = | ' ' . C.oam
0 0 ck=t pk=t o
L0 0 - 0 ct D

Equ. (16) clearly indicates that the GSI is converted to ISI.
Remark 4: From the model (16), we draw the following two
conclusions.

1) Based on (1), the equivalent channel coefficients corre-
sponding to LL'%_Q and x% satisfy

k
Cckt = pk = X,

o Ck’—i—l
k421 >
XA1

(18)

which helps us simplify the performance analysis.

67

Algorithm 1 GSIM1 for (k + 1)-th Time Slot

””Z*i] Sk = {x%] Sk41 = {:ch:} Vi=
— 9’ 9’ 9
Y Y Y

A A A A
R 0 }hR 0
Yag Ty

haj 1y b
VPha, i
ag Tkh/a,k h

Input: s = {

/ hR B .k)+1
I h’ak—lﬂc—lh—

A —1Tk—1
Output: Y,
1. for i =k to k+1do
2w =S; — ahairiVisi_l
3: end for

: 0—-1
4 YSr,,= U ([1 0 ] uk+1>

2) If M = 1, the two equivalent channel coefficients
corresponding to x%, Df = —XfthIkﬁrl and CF* =
XZTQHET{ are linearly dependent. Thus, only one esti-
mation of z¥ can be estimated from YsklA and Yff;l.
Accordingly, we make a conjecture that after GSIM1 the
STWR system only achieves a diversity order of one,
which will be proved in section IV-E.

B. Decomposed Algorithm

Although Theorem 1 (with Lemma 2) facilitates a GSIM
approach, matrix diag{f} must have full rank. Specifically,
if 3k € [1,L+1] = fir = ha,r, = 0, GSIM fails. Fortunately,
for each time slot, we have managed to decompose this
approach into individual segments (Algorithm 1), which has
the following advantages:

1) Algorithm 1 works for any (k+ 1)-th time slot provided

that hl_lkrk7hl_1k—1""k—1 7£ 0;

2) Algorithm 1 does not need the eigenvalues of a matrix or
matrix-variable convex optimization problems, and thus
has a low computational complexity.

GSIM1 is transparent to the relays and can be used with
any existing AF-based HD relays without using genuine FD
hardware. Moreover, STWR with GSIM1 offers the potential
of large-scale relay deployment with simple upgrade and
maintenance.

C. Detection Method Against ISI

After GSIM1, the ISI term in (16) must be addressed in
order to detect the original signals across two time slots.
To this end, we consider efficient data detection method
based on the structure of ISI channel Hgr,,. Assume
QPSK modulation is adopted for xp. Equ. (16) is first
transformed to a real linear model by letting yg;,, =

F{ysr, }} - P?{HSIA Y —=S{Hsr., )| -

1 H — 1 1

S{yor, } o S{Hs7,,} R{Hsp,} | "
R{x _ R{nss,,

%‘%xiﬂ JAgr, = %}nijﬁﬂ Then (16) can be con-

verted to the following model: yg;,, = vPHsp,,Xp +
ngr,,. Suppose that Hgy,, has QR factorization Hgy,, =
[Q Q.J[RO]", where [Q, Q,] € R™ ™ is an orthogo-

n m—n
nal matrix and R € R™ ™ is an upper triangular matrix.
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Denote yg;,, = Qlyy; ., and Babai point detector can thus
be simply applied [39], [40]. We could compute

2L
1
sic ~ sIC
(k) = Ysia (k)= )  R(k,p)rg~ (k) | and
R (7o 7 2

SIC _ —1,1f CSIC(k) <0
I'p (k) - { 1, if CSIC(k) >0
where k =2L,...,1 and 22 111 = 0. Finally, the decoding

result for QPSK symbol % is

ik = 23O (k) + j23IC(k + L).

D. Spectral Efficiency Analysis

To analyze the spectral efficiency, we consider the stan-
dard propagation model with small-scale Rayleigh fading and
distance-dependent path loss given by

19)

where * € {apry,bpry, R} (k = 1,2,--- L+ 1), r, is a
zero-mean, unit-variance complex Gaussian variable, dg; is
the distance between nodes a and b, and ~ is the path loss
factor We use 0’ to denote the variance for channel h,, and
use 02, (¥ € {A,B}) and 02,, (x** € {1,2}) to denote
the power of AWGN at sources (F'IN4 and F'Np) and relays
(Ry and R») respectively.

1) Spectral Efficiency: Define for the links “FNp —
{Ri1,R2} - FN4” and “FN4 — {R1,Re} — FNp” as Ra
and Rp respectively. From (16) and Appendix III, we have

1 R
R = L—logz[det(IL+PH§IA1<Q é) Q 5H51A1>]

log, (det (1, + PHg;,, Hs1,, ))

L—I—l
_logy (Mp—1) | Xmeq l0gs(Mm)
L+1 L+1 ’
where Q = E[HSIMHI;[AJ = diag{ei,eq, - ,ex},
L
My =1+ & 3 IDIP+ GIDI PIDER My =

m+3 5
L+ & X DR+ (IDPPIDY P + 1D P02 +
=m

D72 2|DP2[?) and eq = el.—a (er, and e4 are given
in (46) and (43).

Similarly, we can derive Rp, the spectral efficiency for the
link “FNA — {Rl, RQ} — FNB”Z

I Mg _ It M
Rp ~ 08 B,L 1) ZmEQ 0gs ( BM), (20)
L+1 L+1
where DFp = a(x%hgkﬂmﬂ — ks athWk)hak,:kz,
eg = elu=p (see 43), Mp, = L

€

B
(|D" | DY P +IDB 12 DY + | DY |Dm+3| ) +
—Bkz |DIB|2 +1land M1 =1+ a E

P isl* +

Fig. 2. Distance setting to facilitate the calculation and analysis. dy is the
fixed distance of direct link between two sources.

P2 |D
system is

'[2|DE,|2. Thus, the spectral efficiency of the whole

R~ R4+ Rp. 21)

Numerical spectral efficiency values (M = 1) are shown in
Section VI-A.

2) Deployment of the Relays: From Corollary 1
(Appendix III), we have g;A, 333 < 0. To reduce the
R R

accumulated noise power, we can increase the distance
between the two relays - dgr. However, dg is limited by the
laws of triangles and geometry. On the other hand, increasing
dp results in increasing two-hop total distance, which in turn
decreases the spectral efficiency. Thus, choosing optimal dg
for STWR is crucial.

To facilitate the analysis of general deployment issue,
we consider a simple symmetrical topology in Fig. 2 with
log-distance path loss and thus neglect the small-scale fading.
The power of AWGN is assumed to be unit. To analyze
the spectral efficiency for one-way link from the TWR sys-
tem, i.e. R4, we can define the equlvalent signal-to-noise
ratio (SNR) term as Sy := PleD’“ * Based on the definition
of Dy, Sk can be viewed as the SNR of equivalent signal
propagating itself by two co-channel paths ahg, 7, ho,r,
and —a? hrha,r, he, 7, and the power of equivalent AWGN
is ey (see (46)). Then, based on (43) we have

Po? (5 (d, +d7)) (1 +a%dy")

Sy = %) g,
Si= 24 a2 (%\/dfb"'d?%)
S = PaQ (% (dé%b + d%)) ’Y(]‘ + QQdE'Y)’ k # 17
Ns
(22)

where n, = o2 dg” (2042d1}7 +a?+ 2) +2a2 (1 + a? d;ﬂ)

(%\/dfb + d%) ! + 2. Increasing dp results in severer path
loss but lower noise level. To find the best dr with (22),
the spectral efficiency maximization problem can be formu-
lated as

logy(R1(S))  logy(1 + 451 + 357)
HcllaRX RA* L"‘l L+1 9

dr >0, S and S; are given in (22). (23)

If L is sufficiently large, the solution of (23) can be obtained by
solving Q(dr) = 0 in (44) (Appendix IV). Note that £ = 0
can not be solved in closed-form and we provide numerical
results in Section VI-C.
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3) Multiplexing Gain: Define Rfffg " as the rate R4 for high
SNR regime, which is dominated by terms with highest order
and given as

> logy (SNRy,)
Rh,igh, _ 10g2 (SNRl) + mes) i "
4 L+1 L+1 ’
where SNR, = L DIT'PIDE? and SNR,, =
A
2 mny

a (DPPIDT™ P + [DPRIDY TP + (DYDY,

Then, (25) is derived from (24) as £ is sufficiently high.

; L P
hzgh: 1 L
Ry 108 <€A>.

.. . high _ L
Similarly, we can derive Rp”" = 775 log, (

(24)

(25)

P

e :

Remark 5: From (25), we have the following conclusions.
1) According to the definition of multiplexing gain, r =

lim <25, the multiplexing gain for each separated
o INE plexing gain fc P

one-way communication is LLH approaching 1 (FD
multiplexing gain) as L is large enough. Thus, the multi-
plexing gain of the whole two-way communication system
approaches FD multiplexing gain if L is large enough.
2) The spectral efficiency at high SNR is dominated by R"'9"

=4 (log2 (%) +log, (é) .
E. Diversity Analysis

Based on (16), all the y%, ~ can be vectorized as
YSia, = VPXpihi + ngr,,, where hy = [D} C? D3
C} D3--- DETT Of DHT and

L 0 0 -0 0 0
0 b 2% 0 0 0
Xp1= . . . . . . (26)
0 0 25t 0 0 0
0 0 0 e xE? okt ok

Xp1 is a L x (2L — 1) matrix consisting of the transmitted
symbols and h; is the equivalent channel vector. Vector
nss,, is the correlated noise. To facilitate the analysis, we
assume ngz,, ~ CN(0,ng7,,n4; ) [37], [38]. The non-zero
elements of Xp; are given as

Xp1(B,26-1) = {Xfl(ﬁ +1,28) = o}, ;tlfrzvise,

Ty,
27)

We can view Xp; as the equivalent space time code for a:’j;j.
Supposing Xp; is transmitted, the Chernoff upper bound
of PEP, i.e., mistaking Xp; with X§31, can be derived as

e au(ngy )

P(Xp1 — Xp) <E

h;

(28)

HyH
_ PhleAXBAhI]
?

where Xpan = Xp — X3. To calculate (28), h; can be
expressed as hy = T;Cyvy, where Ty is a (20 — 1) X
(2L - 1) matrix T; = adiag{[h42 hao h41"-h41}
and C; is a (2L — 1) x 2 matrix C; =

69

~X4 X3, 0 =XET'XAT 0
0 0-X3-- 0 0 —Xk

T
] and vy =
[he2 hﬁl]T. Hence, (28) can be rewritten as

1 _ e \XpiaTicin
L+o0o
=E _det_1 (IN1 + PC?TI{IX%mxBlATlCl)}
Tu L 4tr(nSIA1)
- » , "
() (ewm) | @

where )y is the k-th non-zero eigenvalue of the matrix AAT
7 is the rank of AA™, and A = Xp51AT1C;y. Then, the diversity
gain can be derived as d; = minx,, , rank[Xp1AC1], as Ty is
full rank. To obtain the minimum rank, let us consider only one
codeword is different between Xp; and X'z;. The following
two cases are discussed.
1) Codeword z% (k=1,2,---,L — 1) is different.
In the equivalent space time code matrix (27), we have
two linearly independent columns in Xpg1a ((2k — 1)-th
and 2k-th). For example, if k = L — 1, we have

vl ]

XBiA = I : , (30)
Axg 0
0 0 Azk™t 0
where Azk™" = 2571 xg_l, and (2L — 3)-th and

(2L — 2)-th columns are linearly independent. However,
the two corresponding rows of Cy, i.e., the (2L — 3)-
th and (2L — 2)-th rows, are linearly dependent. Thus,
the Xp1aAC; has a limited rank of one.
2) Codeword z% is different.
In this case, we have Rank(Xpia) = 1 and 1 <
rank[Xp1aCi] < min{rank[Xpial],rank[Cy]} = 1.
Thus, the rank of X514 Cy is one.
The STWR with GSIM1 achieves diversity order of one for
all codewords xk,2%,--- ,z5. The conjecture in Remark 4
is now proved.

V. CASEIl: M =2

In this section, we increase the value of M from 1 to 2
for GSI mitigation. We give the result of GSI mitigation,
design a decomposed algorithm for M = 2, and analyze
the performance in three aspects - SE, multiplexing gain and
diversity order. In this case, STWR retrieves an additional copy
of intended signal and the diversity gain can be accordingly
recovered to 2.

A. Result for Generalized Self-Interference Mitigation
Based on Theorem 1 (with Lemma 2), the result of
GSIM2 is

Ysr., = VPHs1,,Xp + s, 31)
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Algorithm 2 Generalized Self-Interference Mitigation
(M = 2) for (k + 1)-th Time Slot
0o im0
Input: Vi, = Vi = hap 17— 1h\/_* hr » Sk—1 =
ahpr akrk\/ﬁhakrk
x’k;(; ok it k+
fo 7sk:|:§:|7sk+1_ xkA »sk+2_|:k+2‘|
k—2 ) k Y
A Ya
Output: Y,
1. fort=0to 1 do
2 i=k+2t
3: uizsi—\/l_%ﬂ hamthisi_l
4: end for
5 Ygr,, = u; 10 | Me+2
where Hgr,, = HQ%§|M:2 (see (32), shown at the top
of the next page) ngr,, = (Hszwnf—i—QMnA) =2 =
T k k
I:Né'IAQ NéIAJ NgIAz = XAJFINQQ - XQQNA;FI’
X,]ZQ = UI;A|]\4:2 = l’ﬁ —a2 h2 —2 HR2 = a2 hR

k _ yk+1 _ k+1
hﬁkrkhbkfk’ B2 - XA2 HRQ’ CQ - ahbk—lfk—1(XA2 hﬁw’k_
k 2 | — k k+1 k
X% 02 hghay vy ), Db = —X% HE and NE,

k+1 a7k k k+1
XA2 NA2 - XAQNAQ .

B. Decomposed Algorithm and Decoding

To relax the requirement of ‘full-rank diag{f}’, GSIM2 can
be decomposed into individual segments of algorithm (see
Algorithm 2), which can be implemented for V(k + 1)-
th time slots satisfying hg,r,,h # 0 with linear
computational complexity.

We can adopt the fast decoding method provided in
section IV-C because Hgr,, is a lower triangular matrix.

Ap—1TkK—1

C. SE and Multiplexing Gain

We adopt the same method in section IV-D to analyze the
SE and multiplexing gain.

1) Spectral Efficiency: The SE for direction “FNp —
{R1, RQ} — FNA” is

1 ~H ~
Ra= 1 o, (det (12 + PHg; Hsr,s ) ), 33)
~H
where by and Hg;,, is given in Appendix III and (32)
respectively.
Matrix Hgr,, can be divided into two kinds of blocks, i.e.,
Dy cytt Byt? !
0
ﬁ _ |V bm \Y4 m,+1 V bm+2
m — Dm,-i-l Cm,-i—Q Bm+3 )
0 2 2 2
L \/berl \/bm+2 \/bm+3
- pL-t
_ — 0
Hp = L : 34
1 cE Db (34)
L Vb, VL

where m € Q = {1,3,---,L — 3}. Using Corol-
lary 1 in Appendix III, we can estimate the deter-
minant as DETgr,, ~ M. r_ 1HmEQM** m. where
A, by, is given in (43), M**m 1s M** m =
2

= (M1—2M2)+,f’ Ms+1, My = |Bp+3|° \B”’”‘
|Bm+3| |C«m+1‘ +‘Bm+2‘ |Dm+1| +‘Bm+3‘ |Dm|

Xk =

o+ ? [og+2 P+ |c5 2 "Dy 41Dy | D+ |, My =
|Bm+2| |Cm+1‘ ‘CWH*Q‘ |Dm+1 , M3 _ |Bm+2‘
|Bm+3| + |Cm+1| + ‘C7r1+2| 4 |Dm| and

M** L1 1+b Z
R is

|Dk|2+ |D 2| D% |?. Thus, the SE

R = log,(det (DETsy,,))

1
L+1
logg (M**,Lfl) ZMEQ 108;2 (M**,m)
~ + . (35

L+1 L+1
The SE for the whole system is R = > Ry.. The
xx€{A,B}

numerical result of SE (M = 2) is shown in section VI-A.
2) Multiplexing Gain: Define RI9" (xx € {A, B}) as the

SE for high SNR regime, which is dominated by terms with

highest order. If ﬁ is sufficiently high, (35) can be derived as

P
RMoh = —— 1o : 36
T log (e) (36)
. . .. L . R
Remark 6: According to the definition r := ngg _SNR

the multiplexing gain for each separated one-way communi-
cation is LL_H approaching 1 (FD multiplexing gain) as L
is large enough. Thus, the multiplexing gain of the whole
two-way communication system approaches ideal FD-TWR.
Compared with GSIM1, GSIM?2 imposes no multiplexing loss
on STWR either.

D. Diversity Analysis

The derivation of PEP is similar to section IV-E, and we
thus only focus on the diversity analysis. Based on (31), all
the Y&, can be vectorized as yg;,, = VPXpohy +ngz,,,
where Xpo is a L X (3L — 3) matrix given in (37), shown at
the top of the next page, the equivalent channel vector hs is

h, = [D} C3 D} B} C3 D}---Bf Cf Df]', (38)
and ngy,, is the correlated noise. Similar to [37] and [38],
we assume ngy,, ~ CN(0,ngy,,n%; ).

Remark 7: The non-zero elements of Xpo are

° XBQ(]., 1) = XBQ(Q, 2) = X3’4,'

o Xpao(B+1,30-1)= Xpa(B+1,36-1) =Xp2 (342, 36+1) =
a2 if 3=2,,3,--,L—1;

° QC%, lfﬂ = L.

We can view Xpo as the equivalent space time code for x’g.

h, can be expressed as hy, = TyCyvy, where
T2 = adiag{[haz haz ha1]}, C2 is given in (39), shown at the
top of the next page, and vo = [hgo h61]T. Hence, we have
A = XpoaT2Ca, where Xpan = Xpo — X, is the space
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- bl ]
) : -2 0 0 0 0
Dy o 0 - 0 0 0 \/192_1 ,
c: D 0 - 0 0 0 & Dy 0 0
3 3 p3 Vb2 by
B D o0 B o ng _—
Hsr,,=| ¢ : ' o Hsr,= \/E \/E \/E (32)
0 0 0 DE? 0 0 S -
0 0 0 ck-t pI-t 0 0 0 2 0
L L L 2
0 0 0 BL  CF DI oo DE
i 0 O 0 ﬁ \/T_
zh 0 0 0 0 0 0 [0 0 0 0 0 0 0 0]
0 zb 2% 0 0 0 0 00 Azz 0 0 0 O 0
o, 00 0 0 Az 0 0 0
Xpo=|0 0 0 =2xp a3 0 01, Xg2a=|0 0 0 0 0 0 A2} 0 (37
I : 0
o0 0 0 0 T Tp oo o0 0 0 0 O 0)
X X3 ahgp X3 0 0 x4 ~x3 ... 01"
Co= K _y22 yv2 4 _y3 2 _vL|> (39)
0 0 X% ahg —X3, Xiohr —X%ahr 0O Xk

time code difference matrix. Then, the diversity gain can be
derived as [41]

do = min rank[Xpaa Co],
XB2a

(40)

as Ty is full rank. To obtain the minimum rank in (40),
let us consider only one code word is different between
Xp2 and X'55. The following three cases are discussed.

1) Codeword zk is different.

Two linearly independent rows can be found in the 1-th,
2-th and 4-th rows of Cy. Thus, the Xg2ACs has a rank
of two.

Codeword x% (k=2,3,---,L — 1) is different.

Two linearly independent rows can be found in the three
corresponding rows of Cs, i.e., the 3-th, 5-th and 7-th
rows. Thus, the XpoA Co has a rank of two.
Codeword % is different.

In this case, we have Rank(Xpaan) = 1 and 1
rank[XpoaCa] < min{rank[Xpoa], rank[Cs]} =
Thus, the rank of Xg24C> is one.

Thus, with GSIM2, the STWR achieves diversity order of

two for codewords x}3, e ,xg_l, and diversity order of one
for x%.

2)

3)
<
1.

VI. NUMERICAL RESULTS

In the following simulations, we set both the AWGN terms
and 7, in (19) with same variance o> = 1. Frame length is
L=32. BPSK modulation is adopted.

A. Spectral Efficiency With Fixed Relay Distance

The distance between source and relay is fixed d,, = 3,
while the relay distance is dr = 2.5. Path-loss factor is v = 3.
Ey, /Ny is defined as P/o?.

In Fig. 3(a), we compare the spectral efficiencies of
STWR (after GSMI), conventional SI cancellation achiev-
ing a 3 dB interference-to-noise ratio (INR) [16], the ideal
FD-TWR without SI, and conventional half-duplex two-
way relaying (HD-TWR) with perfect interference cancella-
tion. Importantly, note that the spectral efficiency of STWR
(dr 5) is very close (the gap is less than 3 bit/s/Hz)
to that of the ideal FD-TWR (free of SI), which validates
Remark 5. The spectral efficiency gap between STWR and
ideal FD-TWR is expected because the frame length (L = 32)
is not sufficiently large (Remark 5). On the other hand,
the spectral efficiency approximation, (21), is accurate at
high SNR. Moreover, STWR achieves twice the spectral
efficiency of HD-TWR, and it dramatically outperforms con-
ventional FD-TWR (with 3 dB SNR performance for SI
cancellation).

Fig. 3(b) shows that after GSIMI, the spectral effi-
ciency of STWR approaches ideal FD-TWR (the gap is less
than 4 bit/s/Hz). Although we showed that its multiplexing
gain is LLH GSIM2 loses spectral efficiency compared to
GSIM1 (less than 2 bit/s/Hz). This result is unsurprising
because GSIM2 is designed to cancel part of the inter-
ference where more accumulated noise term is retained
(Fig. 5(b)). However, GSIM2 achieves higher diversity order
than GSIM1.
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Fig. 3. (a) Spectral efficiencies of STWR, conventional HD-TWR, FD-TWR
(3 dB INR) and ideal FD-TWR without SI. (b) Spectral efficiency of STWR
with GSIM1 and GSIM2, and ideal FD-TWR without SI.

B. Bit Error Ratio Comparison in LTE Scenario
With Fixed Relay Distance

We now further evaluate the bit error ratio (BER) per-
formance in Long Term Evolution (LTE) scenario with key
parameters from [42] and [43]. Note that FD radio has not
been applied in realistic LTE systems, and thus we use sim-
ulation method to evaluate the FD-TWR by combining con-
ventional Rician fading RSI channel [44] with simultaneous
transmission and reception functionality of two antennas. The
Rician parameter K is chosen as 5dB [44]. In the simulations,
the fading channel is generated from 3GPP LTE Release
10 as EPA 5Hz 2 x 2 MIMO model. Path loss (dB) follows
Urban Macro (UMa) LOS as PL = 22.0log,,(d) + 28.0 +
20 x logyo(fc), where the carrier frequency fc for evaluation
(representative of IMT bands) is 2 GHz. The distances between
two HD relay nodes (for STWR) and antennas of each FD
transceiver are 10m and 10cm respectively, and the distance
between relay and source is 50m. The peak date rate over each
link is 38.7 Mb/s per antenna using QPSK modulation. Before
transmission, symbols are encoded by orthogonal space time
block coding (OSTBC) for a 2 x 2 MIMO scenario.

In Fig. 4, we use BER comparison ratio (10 log; BB]’EE 'RSI)
to show the performance gaps between STWR and conven—
tional SI cancellation achieving different RSI INR ratio (dB).
At the SNR of 0 dB, both GSIM1 and GSIM?2 perform better

BER Comparision in LTE Scenario: FD-TWR (with RSI) versus STWR
GSIM1: STWR (M=1) GSIM2: STWR (M=2)
6.52d8 @ 0.63dB

16

0.03dB -1.20dB
. 4 T~ 14t
) [53)
Z o 1 Z
k) o 127
T T
6]

o o
- p 10
a2 2 1 2
g . g 8
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S S 6 |
O -6 4 (&)
i ]
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Fig. 4. Bit error ratio (BER) comparison of STWR and FD-TWR (with

RSI from [3,1,-1,-11,-13]dB) in a LTE scenario with SNR from [0,10] dB.
BER comparison ratio is measured by BER-RSI/BER-m (dB) where BER-m
is the BER of STWR (m=1 or 2) and BER-RSI is the BER of FD-TWR with
different residual self-interference (bars with different colors).

than -13 dB RSI scheme, i.e., the proposed schemes could
achieve a RSI INR ratio lower than -13 dB in terms of BER.
At the SNR of 10 dB, GSIM2 could achieve better BER
performance than conventional SI cancellation with -13 dB
INR ratio, while the BER of GSIM1 is close to that of
conventional SI cancellation with -1 dB INR ratio.

C. Deployment Issue and Accumulated Noise
With Varying Relay Distance

We now vary the relay distance. Path-loss factor is set as
v = 2. The distances dr and d; are described in Fig. 2.

1) Relay Deployment Issue: Based on the analysis in
section IV-D and the numerical results in Fig. 5(a) (d. €
{4,7,9}), we find the following observations and conclusions.

e The value of P does not impact the solution of gi_i =0.
Thus, importantly, transmit power is not the key factor
to be considered in the optimal deployment (of relative
distance between two relays) for STWR. Fig. 5(a) verifies
that if d, is fixed, optimal dr does not change with P.

e [f P is fixed, Fig. 5(a) shows that the spectral efficiency
is not monotone decreasing with dr and larger d; results
in a larger value of optimal d . Thus, optimal deployment
depends on the the distance between the two source
nodes.

2) Accumulated Noise: To compare the accumulated noise
for GSIM2 and GSIMI1 (e; and by), we define G = ©
(Corollary 1, Appendix III) to measure the ratio of b to e.
The values of G is shown in Fig. 5(b), where the distance
between two sources is du, € {1,3,5,7,9} and f,—g is fixed
at 10dB.

If G is larger than one, GSIM2 accumulates more noise
than GSIM1 and vice versa. When transmit power P is fixed,
Fig. 5(b) shows that the minimum value of G is higher than 1.
However, we may choose the distances between two relays
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Fig. 5. (a) Spectral efficiency for different P, dr and d,p. (b) The value
of £, with different dr and dqy.

(dr) and between two sources (d,p) to reduce the negative
effect to some extent (G approaching 1 is possible).

VII. CONCLUSION

This paper has proposed a novel STWR system and
RSI mitigation method. This new system circumvents the
challenges of complex full-duplex hardware and instead
employs two half-duplex relays to mimic a FD-TWR. Effi-
cient, low-complexity RSI mitigation algorithms are also
designed. The theoretical and numerical results show that
STWR achieves:1) the same spectral efficiency as that of ideal
FD-TWR (free of SI) when the distance between the two relays
is optimally chosen, 2) a diversity order of two is achieved
with the second self-interference mitigation algorithm, and
3) higher data rates are achieved with the first self-interference
mitigation algorithm. Overall, these benefits may be translated
into cost savings and spectral efficiency gains. The STWR
concept may thus help the large-scale relay deployment in
future networks.
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APPENDIX I: PROOF OF THEOREM 1

Apply the GST mitigation: yg;, . =Q (Y 4—VPHgzux4) =
VPQy (Hapxp+haxa)+QyHrn: +Qpma. Based on (14),
Hg: is Hy: = Q,/H, = GH,, where the entries of H/, are
derived as

H(I,J)
H*(Ia J)v I§ Mv
=\ nHL+M ) 911+MH*(11,J1), I M
f1 fr
(4D

Then, (42), shown at the top of the next page, can be derived
from (41) and Lemma 1. Due to Gv*4 = 05«1 in (14),
we obtain

VPhaQpxa
0 - 0
= VPhaGxs—VPhaG | Mx(L-Mi1) Mx M X
AGxy A diag{v?'} 01 ari1yenr]

= VPhaGV'A = 0p1.

Then, we obtain yg;,, = Hgarxp + Hgr 07 + Qpna.

APPENDIX II: LEMMA 3

Lemma 3: If diag{a} = [a1 az--- an] and diag{b} =
[b1 by -+ bn]| are two vectors of the same length N, we have
diag{a}b = diag{b}a.

Proof: diag{a}b = diag{b}a can be easily derived
by diag{a}b = [a1 b1 a2 b3 --- anby]| and diag{b}a =
[a1 b1 a9 b3 aNbN]. [ |

APPENDIX III: DERIVATION OF (20)

In (20), Q = E [ns[mnglm] is a Hermitian symmetric
matrix given by

et fi 1 O 0
fi e fo g2 -+ 0
) . . ; (45)
0 0 0 fi_1 er

* *k+41
wheriek :;E_Q[N]‘;IAN]SCIA]’ fu=E [N’gIANSI: } and g, =
i [NSIANSIA B
Expanding e and using Lemma 4 and Lemma 5, ej, can
be simplified as

er = 20’% + azavgko—tgzwrﬂ“kﬂ’ k=1, (46)
E[NISC'IAN]SC‘?A]’ k7£1.

Similarly, we have f; = g = 0 . Following a same proce-
dure, we can derive b; in (32). Considering the normalized
channel matrix Hyg; = Q Y?Hg; .- the determinant can
be approximated [34, eq. (44)] as

~H ~
DETs;,, := det (IL n PHSIAlHSIAl)

~ det(lo+PHp_HY ) [[ldet (s +PH, HE)),
meQ)
47)
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0 0 0 0 0
H,(2,1) 0 0 0
;L : : - . :
o=l 11y H(M+1,2) H(M+1LM) - 0 “2)
0 0 H(L+1,L—M+1) H,(L+1,D)
20'**+0[ O’str’y, k: ]., (43)
Cax = o _ _
o?(o? +03) (1 + a?dy") dg,” + o2 (O‘Qde (2+0?) +2(1+ oz4dR27)) , k#£1
2 02 d2 drt? _
PR i (24 TP ) +e2Uatdy +0242) 2 g (44)
Q22+ (d2, + d2) " ? (a2dy” +1) + a2dyy” (2a2d57 + a242)+2 2dp"+1  di+dj,
where () = {T1,3, <+, L — 3} and H, = Corollary 1: If dayr, = dg,r, = dayyriiy = Aoy irpyy =
Dy crtt pi-! dsy, Vxx € {A,B} and k # 1, we can further simplify
Vem VDf,’jfll om+2 ,ﬁ[rl = veCLL—l Dr (46) as ey, = ept+1 1= €xs in (43), shown at the top of this
0 Jenn Ve e ver page. Following a same procedure, by, can be simplified as

Using (18) and Corollary 1 (to simplify the calculation,
we assume dg,,, = da,ﬂrlrk+1 dar), for Ym € Q
we have det(13 + PH;_ 1HL 1) = Mp_; and
det(Is + PH,HY) = M,,. Then, DETs;, can be
approximated as DFETgsr,, ~ M1 HmEQ M,,. Thus,
the SE is (20).

Lemma 4: if hy is given by (19),° we can have the fol-
lowing statistical expectations: E[hy] = E[h?w] = E[hﬁ] =
E[R[h3,]] = Elharlhar?] = E[hyy|har?] = 0, E[lhar|’] =
oh = daf Ellhl'] = E[In3, ] = 34,77, E[lh}, "] =
15d," and E[|h3,|?] = 24d,,”.

Proof: hy satisfies hy ~ CN(0,d,,), and we have
E[h]w] = 0, E[|h1\4|2] = 0'12\4 = dI\_/I’Y Expand h]w as hM =
p + qi, where p and ¢ are independent and satisfies p,q ~
N(0,%5). We have Elp?] = Elg?] = %4 E[p’] = Elg’] =
QE[1=EW]=&@,EWW=EW1=§%3

E[p®] = E[¢®] = %. Then, we derive that E[h3,] =

, and

Elp* — ¢* + 2qpi] = 0, E[h37] = E[p* — ¢* — 2qpi] = 0,
E[R{h3,]] = Elp® - ¢°] = 0. Elhar|ha ] = E[p® + pq® +
(P*q+¢°)i] = 0, E[hy,[har]?] :E[p3+pq —(PPq+q%)i] =
0, E[|n3,I?] = E[p4+q +2p%¢?] = 24,77, E[h3,?] =

E[pS +3 p' ¢* + 3 p? q+q1—6%ﬁ:mdmm %]
E[p® +4 p° ¢ +6 p! ¢ +4 p? 8 + ¢°] = 24d;,

Lemma 5: We have E[z%]|> = 1 and E[xA] =
E[z*Fa"™™] = 0, if the transmitted symbol ¥, satisfies four
conditions: 1) each =¥ has unit power; 2) z% is chosen from
points in constellation © with equal probability; 3) =¥ and

2™ are considered independent if integer |m| > 2; 4) the
topology of constellation © is central symmetry.

Proof: From condition 1), we have E[|z%]|> =

m

= 1. Expand

zk% as 2% = p + ¢i. From conditions 2) and 4), for any
zk we could find a symmetric z 5 = —p — ¢i with equal

probability P, ,. Thus, we have E[z%] = 0. Similarly, consid-
ering condition 3), we can also have E[z*fz"™] =0. O

%Here we use M to replace * in (19) in case of confusing index with
conjugate.

bk = bb+1 = b**
Proof: According to Lemma 4 and referring to (1), (46)
can be rewritten as (43) easily. O

APPENDIX IV: SOLUTION OF (23)
If L is large enough, (23) is equivalent to

10g2<(1+35+52) (1+45+352) _>
(5)=

L+1 ’
(48)

max Ra
dr
s.t. dp > 0, S is given in (22).

Due to the monotonicity of R 4(S), the solution of (48) can
be obtained by solving (49).

max S,
dr

s.t. dg > 0. (49)
By solving gd—i =0, i.e. Q(dr) = 0 in (44), shown at the top
of this page, the maximal SE can be achieved with optimal
dg.
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