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Abstract— Some of the existing ergodic capacity approxima-
tions for the low signal-to-noise ratio (SNR) region may lack
accuracy. To overcome this, we derive two simple yet accurate
Padé approximations for the low-SNR ergodic capacity. These
approximations utilize the channel moments, which need not
be updated for each distinct SNR value. The moments can
be derived from the probability density function or from the
moment generating function. For instance, we derive the general
expressions for the moments of multiple input single output
and multiple input multiple output channels. Numerical results
demonstrate the superior accuracy of our approximations over
some of the existing approximations. Moreover, we demonstrate
how our approximations can be efficiently used to analyze several
types of wireless links.

Index Terms—Ergodic capacity, low-SNR, padé approxima-
tion, MIMO channels, wireless relaying.

I. INTRODUCTION

HE proliferation of low-power wireless devices such as

Internet-of-Things (IoT) results in wireless links oper-
ating at the low signal-to-noise ratio (SNR) region. Hence,
this region is becoming important in terms of characterizing
the performance of modern wireless networks. Among all
performance measures, perhaps the most important one is the
ergodic capacity, which refers to the rate at which information
can be reliably transmitted over a wireless channel [1]. The
ergodic capacity is defined as

E[C(p)] = E[logy(1 + pX)], ey

where p is the average SNR, E[-] is the expectation, and X is
a non-negative random variable characterizing the randomness
of the link [2], [3].

Efficient capacity approximations can be utilized for optimal
power allocation, network design and other purposes [4].
However, to the best of our knowledge, low-SNR capacity
approximations that are simple, tight and that do not require
the exact probability density function (PDF) of the channel
are not readily available.

To characterize the low-SNR capacity, Verdd in his sem-
inal letter introduced the concept of wideband slope [1].
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TABLE I
CAPACITY (bps/Hz) FOR 5 ANTENNA MRC

Exact [5]
0.76 0.70

(61, {71 | (8]
0.70 0.93

[9] (7 terms)
0.86

Thereafter, further approximations were developed in [S]-[11].
The most common ones are based on the Taylor series
expansion (TSE) of f(x) = log(l 4+ x) around x = 0. The
accuracy can be improved when f(x) is expanded around
x = E[X] [6], [7]. Although such approximations [5]-[7]
are suitable for single antenna systems, and do not require
the exact PDF of the SNR, they are inaccurate for use in
multiple input multiple output (MIMO) systems. To overcome
this, [8] developed two curve-fitting approaches for MIMO
channels by letting f(x) &~ a/x and f(x) ~ ax?, where a
and b are determined numerically using p and the exact PDF
of X. However, these methods are less accurate than the TSE
approximations [5]-[7] but may be more suitable for power
allocation problems. Reference [9] derived a truncated infinite
series for the ergodic capacity. However, truncation analysis
is cumbersome and oscillating nature of this series affects
the accuracy. To study the MIMO multiple access channel
capacity, [10] used the wideband slope method in [1].

Table I compares the relative accuracy levels of several
existing capacity approximations [5]-[9]. Results are gener-
ated for maximal ratio combining (MRC) in Rayleigh fading
at p = —5 dB. Note that the absolute error can be as
high as 22% (for [8]), which suggests that [8] might not
be effective as a generic approximation. Moreover, Table I
shows that the approximation [9] is less accurate than the TSE
approximations with a fewer number of terms.

Hence, in this letter we aim to find new approximations
for ergodic capacity in the low-SNR region that 1) are tight,
2) require statistical moments, which do not require updating
for each SNR value, and 3) facilitate simple analysis of
wireless systems.

The main contributions are as follows:

1) We derive two simple yet accurate low-SNR ergodic
capacity approximations, utilizing first two or four
moments of X. The moments are used in the form of
a PA. The PA [p/qln of function A(x) is a rational
function, with a numerator of degree at most p and
a denominator of degree at most g, and whose power
series expansion matches the Macalurin series of A (x)
up to the degree p + ¢. It turns out that PA of f(x)
is accurate even for |x| > 1, while the TSE of f(x) is
divergent for |x| > 1 [12]. Previously, PAs were used
to develop the moment generating function (MGF) in
error performance analysis [3], [13]. To the best of our
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knowledge, this is the first letter to use PA technique for
capacity approximation.

2) We derive the general expressions for the moments of x
for multiple input single output (MISO), single input
multiple output (SIMO) and MIMO output channels.
Since the moments of X are invariant of the SNR, they
are computed only once. Moreover, they can be derived
from the PDF or MGF of X, which is typically available
for many diversity receiver structures and propagation
channels [2], [3].

3) Finally, we provide numerical results to compare the
relative accuracy of several approximations and establish
the high accuracy of the two proposed approximations.

II. NEwW ERGODIC CAPACITY APPROXIMATIONS

We now provide Theorem 1 to express the ergodic capacity
approximations:

Theorem 1: At low SNR, the ergodic capacity given in (1)
can be approximated as:

E[X]/In2
App. 1: E[C(p)] = % + Ri(p), (2)
I+ 5u2
) _ pE[X] 1+oaip
App. 2: E[C(p)] = ™ [1+a2p+a3p2} + Ra(p),

3)

where Ri(p), j € {1,2}, are error terms that vanish as
(18 pa—24 o349 12°) _ (8ua—12puop3)
) 24 3 —18 ur? ’ T 24uz—18u?
% and uy = E[XX/E[X].
Proof: App. 1 (App. 2) is obtained using the PA of [1/1]
and [2/2] order respectively (see Appendix A). The error
terms, R;(p), j = 1,2, can be bounded. The details of error
bound related analysis are given in Appendix B. (]
Remarks:
1) It is known that the PA of f(x) is accurate far beyond
the radius of convergence of the Taylor series [12].
The radius of convergence of a TSE of any function
g(x) around point x¢ depends on the distance of closest
singularity of g(x) from xg [14]. Thus, the TSE of
fx) =log(l+x) = >, %xk around x = 0
has a maximum radius of convergence of one. Thus, the
TSE is accurate only for |x| < 1. In contrast, a PA for
f(x) can be accurate for |x| < 10 [12]. This example
shows that the conversion from the TSE to the Padé form
usually allows good accuracy even outside the radius of
convergence of the TSE. Moreover, the poles of PA in
App. 1 and 2 lie on the negative real axis [15, Eq. (8.3)].
These reasons suggest that App. 1 and App. 2 may
outperform the TSE approximations for the capacity.
2) The TSE of App. 1 (cf. (2)) around zero gives identical
expression till two (four) terms of the TSE of E[C(p)]
around zero, and some additional terms. These addi-
tional terms help PA to provide a tighter error bound
than TSE approximations [5]-[7].
3) Similar approximations can be developed using more
than four moments. App. 2 is more accurate than App. 1
since it utilizes more moments. However, the latter is

p — 0, o =

az =

simpler and useful for cases where derivation of higher
order channel moments are tedious, such as [16].

III. APPLICATIONS OF CAPACITY APPROXIMATIONS
A. Applications in MIMO Channels

To apply Theorem 1 to multi-antenna channels, we need
E[X*]. We thus derive these for several important cases next.
The list is by no means exhaustive. In all cases, the number
of transmit and receive antennas are N; and N, respectively.

1) MRC With SIMO and MISO Channels: In a cellular
network with a multiple antenna base station and single
antenna user terminals, the MISO (SIMO) channel resem-
bles the reception (transmit) diversity in downlink (uplink)
transmission. We consider MRC reception with N diversity
branches of correlated and non-identical Nakagami-m fading
channels. The capacity of MISO (SIMO) channel is given
by (1) with X = Zflzl Xi(a, B,) where X;’s are Gamma
distributed with shape and rate parameter o and f,. MGF
of X is given in [17]. Thereafter, applying Leibniz rule over
the MGF, k-th moment of X follows,

E[X*]

N z (il, k

AU
i1+-+in=k N

) [T (@), k=o.1,...

I<j<N
“)

where ;s are the eigenvalues of the matrix DC, where D is
the N x N diagonal matrix with entries $, and C is the N x N
correlation matrix. This result (4) covers many systems. The
details are omitted for brevity.

2) MIMO With N; > N,: We consider a MIMO case where
N; > N, as the use of massive arrays has been recently
promoted for example use in 5G. When N, represents users
with single antennas, it can be considered as a massive MIMO
system. The ergodic capacity for MIMO channel is given by
C = Ellog,(det(I + pW))], where W is the Wishart matrix
associated with the MIMO channel. Hence, to use Theorem 1
to compute this capacity, we need E[Tr(W¥)], where Tr(-) is
the trace operator. The trace of W can be expanded as a series
of Laguerre polynomials [18]. Using that expansion, we derive
a closed-form expression as follows:

E[Tr(W*)]
N,—1 | 1
SPPHICT
=0 i=0 j=0
L DN NG+ + N = Ne k4 D)
(L =) — HUN; — Ny +D)U(N; — N, + )il

where k = 0,1,2,... and T'(x) = fooo t*~le=tdr is the
gamma function. One important aspect of MIMO is precoder
design and optimization. Using the moments from (5) and
App. 1 or App. 2, the low-SNR ergodic capacity can be
expressed as a function of precoder matrix entries, which
enables the optimization.

)

B. Applications in Multi-User Channels

We now consider decode-and-forward (DF) relaying
[19, p. 386] where optimal power allocation is performed



358

TABLE 11
EXISTING CAPACITY APPROXIMATIONS

Legend Capacity Approximation
o EVETD)
Tay2 (4) [6], [7] i (zijj} PFE[XF] - ]E[X]k)
Curve [8] VPE [\/Y]
Slope [11, (101, [11] (for MIMO) AR Togs ()

a=1,=2,N.=5

1.6
-©-Exact
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Fig. 1. Comparison of capacity approximations for MRC.

using the proposed capacity approximations. In this scheme,
the source (S) deploys superposition block Markov encoding
and transmits both its new information and the old information
sent in the previous block. The relay (%) decodes the new
information in one block and forwards it to the destination (D)
in next block. D performs backward decoding for § informa-
tion. Let § and K transmit with the same power (p). Then,
the achievable rate can be expressed as [19]:

R max min{/y, L}, 1 =E [log(l + gfsép)],
0<o<l1
L=E [log (1 +p (gﬁs + 87, + 28ds8ary/ (1 — 5)))], (6)

where g, (gqs) is the fading link from S to R (9) while
gdr 1s the link from R to D. S allocates part of its power
(0 € (0,1)) to the new information and 1 — ¢ to the old
information. The constraint /; (/») ensures reliable decoding
at ® (D). Since I increases with 6 while I, decreases, the
optimal power allocation (%) that maximizes R is obtained
by setting /1 = I,. Using App. 1 or App. 2 to approximate
I1 and I, we derive optimal 6* by solving I} = I>.

IV. PERFORMANCE EVALUATION

We compute low-SNR ergodic capacities using App. 1,
App. 2, exact numerical value and existing approximations.
These and the legends are shown in Table II. We use TSE
with central moments as the comparison benchmark.

Exact results in Fig. 1 and Fig. 3 are computed using
numerical integration of (1). Whereas exact result for Fig. 2 is
not available, thus we randomly generate 10* Wishart matrices
and compute the low-SNR ergodic capacity.
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Fig. 3. Optimal power allocation (6*) for DF relaying.

Fig. 1 shows the MISO ergodic capacity with MRC recep-
tion as given in Section III-A.1, with X;s are i.i.d Gamma
distributed. As mentioned earlier, TSE around zero has con-
vergence radius 1/p, thus it diverges when p is near 0 dB.
In contrast, TSE around E[X] with two (four) terms does not
diverge and perform similar to App. 1 (cf. (2)).

Fig. 2 illustrates the low-SNR ergodic capacity versus N;
for MIMO with fixed SNR p = 0 dB. This result depicts the
divergence of the TSE using the central moments. The MIMO
capacity is nearly flat when N, is much greater than N,, and we
observe that App. 1 and 2 outperform existing approximations.

Fig. 3 provides the optimal resource allocation (6*) for DF
relaying with inter-node distances (d,s, dgs, dg4r). Each link
is affected by Rayleigh fading and path loss exponent of
y = 2.4. We also observe method [8] is better than App.2
for p > —8 dB; however, this crossover depends on several
parameters and system details and thus it is difficult to make
general conclusions.

V. CONCLUSION

We have proposed two novel, low-SNR approximations
for the ergodic capacity. They are generic and require few
moments (invariant of the SNR value) only. The moments can
be readily derived from the PDF or MGF of X, or even from



BANERIJEE et al.: SIMPLE AND ACCURATE LOW SNR ERGODIC CAPACITY APPROXIMATIONS 359

simulations. Their derivation was illustrated for MISO and
MIMO channels. Moreover, we verified the high accuracy of
two approximations for MRC channels and MIMO channels.

APPENDIX A
PROOF OF THEOREM 1

Using the TSE of log,(1 + pX) around zero, we can
rewrite (1) as,

E[C(p)] = E [lﬁl %pkxk} . )

To develop the PA, we truncate the series (7) to a finite
number of terms. We then apply the Fubini-Tonelli theorem
to interchange the summation and expectation [20],

SR 5|
E[C(p)] = BEL > Iy pk. ®)
k=1

For App. 1 (cf. (2)) we consider first two (four) terms of (8)

to determine Cy1/1j(p) and Cj2/2)(p). Generally, PA of order

[m/n] can be expressed as,

E[X] 2jopjr’
Coefficients p; and ¢g; are derived by solving following

n + m + 1 linear equations,

C[m/n](ﬂ) = 7 + Rmn(p)- )

Po = ao
p1 = ai + aoqi

Pm = am +am-191+ -+ am—nqn
0=an1 +amq1+---+am—ni1qn

0 = amin + amin—191 + -+ amqn, (10)

where a; is the coefficient of p/ in the summation of (8).
For App I, m =1 and n = 1, and corresponding coefficients
are, ag = 0, a; = 1, and ap = —%,ug, respectively. Solving
the equations we obtain g; = %,uz, po = 0, and p; = 1.
Thereafter, replacing them in (9) we obtain App. 1. Similarly,

using ap = 0, a1 = 1, ap = —%,uz, a3 = %,ug, and
ay = —% a4 we obtain the coefficients for App. 2.
APPENDIX B

ERROR BOUND ANALYSIS

A general error bound for PA is given in [21], which,
however, is cumbersome to handle. Instead, we compare the
truncation errors of App. 1 and TSE approximations. Thus,
only considering the first two terms of (9), the truncation error
can be expressed as

ElX] < DM
R = . 11
rse(p) = 4 = ]; . HkP (an
Similarly, the truncation error for App. 1 is given by
E[X] (< (—DF! p
R =TS 2 )
R P L+ 3p2p

Therefore, the relative error can be written as

Rrse(p) — Ri(p)

_ B Py L
2 \ 1+ Lusp 2
E(x] 1 Tu2p?

= Suap® — 25— >0 (13)
In2 \2 I+ suap

Thus, the TSE approximation has a larger truncation error than
that of App. 1. Similarly, we can show that App. 2. has smaller
truncation error than TSE approximation with four terms.
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