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Performance Analysis of SDMA with Inter-tier
Interference Nulling in HetNets
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Abstract— The downlink performance of two-tier (macro/pico)
multi-antenna cellular heterogeneous networks employing space
division multiple access (SDMA) technique with zero-forcing
precoding is analyzed in this paper. The number of users
simultaneously served with SDMA by a base-station (BS) depends
on the number of active users in its cell, with the maximum
served users limited to Lyax. To protect the pico users from
severe macro-interference, part of the antennas at each macro
BS is proposed to be utilized toward interference nulling to
pico users. The partitioning of macro antenna resources to
serve macro-users and to null interference to pico users for
optimal performance is investigated in this paper. Biased-nearest-
distance-based user association scheme is proposed, where the
bias value accounts for the natural bias due to the differences
in multi-antenna transmission schemes across tiers, as well as
the artificial bias for load balancing. The signal-to-interference-
ratio coverage probability, rate distribution, and average rate of
a typical user are then derived. Our results demonstrate that
the proposed interference nulling scheme has strong potential
for improving performance if the macro antennas partitioning is
carefully done. The optimal L}, .. for both macro and pico-tier,
which maximize the average data rate, is also investigated and it
is found to outperform both single-user beamforming and full-
SDMA. Finally, the impact of imperfect channel state information
due to limited feedback is analyzed.

Index Terms— Heterogeneous networks (HetNets), interference
nulling, limited feedback, Poisson point process (PPP), space
division multiple access (SDMA), stochastic geometry.

I. INTRODUCTION

ETWORK densification (dense deployment of base-
Nstations (BSs)) and multi-antenna techniques are
well-known for their tremendous potential to increase spectral
efficiency of wireless networks. In a conventional macro only
cellular network, where the locations of high-power macro BSs
are strictly planned, adding more BSs can be very challenging
for dense urban areas due to extremely high site acquisition
cost. Thus, the cost-effective way of network densification
is to deploy a diverse set of low-power BSs within the areas
covered by macro cellular infrastructure [1]. The resulting
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network of mixed types of BSs is known as heterogeneous
network (HetNet). If the BSs are equipped with multiple
antennas, the additional degrees of freedom (DoF) in the
spatial dimension can be utilized in a number of ways, for
example, to improve the spectral efficiency, and to enhance the
link reliability. The diversity and spatial multiplexing gains
have been extensively studied in general for point-to-point
links without interference. Some examples of diversity tech-
niques are space-time coding [2], [3] and coherent processing
known as beamforming [4]. The spatial multiplexing which
utilizes the multiple antennas to transmit independent data
streams simultaneously over spatial sub-channels, has been
explored in [5]. Space division multiple access (SDMA)
which allows multiple users to be served simultaneously on
the same time-frequency resource has also been analyzed
[6], [7]. However, in interference-prone cellular networks,
for example, a dense deployed HetNet, where complex
interference scenarios may arise due to power disparities
between the BSs, the effectiveness of spatial multiplexing may
diminish [8]. Nevertheless, if the available spatial DoF are
intelligently utilized to suppress/mitigate interference as well
as to harvest diversity and multiplexing gain, the performance
of cellular networks can be improved. In this paper, we
develop a tractable framework to analyze the downlink
performance of zero-forcing (ZF) precoding based joint
SDMA and inter-tier interference-nulling scheme in HetNets.

A. Related Work and Contributions of the Paper

Although multiple antenna in wireless communications is
a mature technology, its incorporation into cellular networks,
traditional single tier, as well as HetNets, has received much
momentum both in academic research and standardization
efforts only recently with the introduction of massive-MIMO
concept [9]-[12]. By utilizing the stochastic geometry frame-
work which enables systematic modeling of interference,
several studies on the modeling and analysis of downlink
single-tier multi-antenna cellular networks have been reported
in the literature. For example, error probability analysis by
using the equivalent-in-distribution approach in [13], coverage
and rate analyses using the Gil-Pelaez inversion theorem
in [14], and a unified approach to error probability, outage
and rate analyses for different multi-antenna configurations
with retransmissions in [15]. Apart from single-tier networks,
stochastic geometric modeling of downlink multi-antenna Het-
Nets have been significantly explored as well. Reference [16]
compared the signal-to-interference-and-noise ratio (SINR)
coverage of SU-BF with that of ZF SDMA for a two-tier multi-
antenna HetNet by considering a single fixed-radius circular

1536-1276 © 2017 1IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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macro cell with multiple femto cells of fixed radii, distributed
according to a Poisson point process (PPP) within the macro
cell. However, since BS-user association and macro-tier inter-
ference are ignored, the insights in [16] may not be accurate
for practical HetNets. The coverage probability and average
link spectral efficiency of ZF precoding in multi-antenna Het-
Net, spatially averaged over a given cell of known radius and
guard region are derived in [17]. Unlike the spatial averaging
over a given cell in [17], system-wide spatial averaging is con-
sidered in [18] and the upper bounds on coverage probability
of ZF SDMA and SU-BF are derived. The ordering results
for the coverage probability and rate per user performance
of SDMA, SU-BF and single-antenna transmission are also
derived in [18] by using tools from stochastic orders. While
the analysis in [18] is based on maximum instantaneous SINR
based BS-user association, association rules intended to maxi-
mize the average receive SINR (and thus, the SINR coverage),
and biased association for optimal rate coverage are proposed
for multi-antenna HetNets in [19]. Closed form expressions
for the signal-to-interference ratio (SIR) of ZF SDMA and
SU-BF are derived in [20] for user association based on
the received power of the reference signal transmitted from
a single-antenna with total power. In all of these downlink
multi-antenna HetNet analyses [16]—[20], each cell of a tier is
assumed to be spatially multiplexing to the same number of
users, say L, and it can be any arbitrary integer in the interval
[1, K;], where K; is the number of antennas at a BS of the
ith tier. This assumption, however, is not suitable for cellular
networks because the number of users, which depends on user
distribution, is generally different from one cell to another. An
open-loop SDMA with each antenna serving an independent
data stream to its user with the limiting requirement that the
number of users in each cell must be at least equal to the
number of transmit antennas is analyzed in [21] for single-tier
cellular networks with ZF and MMSE receivers. In this paper,
we consider user-distribution dependent SDMA scheme, i.e.,
the number of users simultaneously served with SDMA in each
cell depends on the total number of users in that cell. If the
number of users in a cell is less than the maximum number of
users served per resource block (RB), say Lmax, all the users
are simultaneously served; otherwise only Lpyax users chosen
randomly are served.

One of the key challenges in downlink cellular HetNets
is inter-tier interference management. Due to large transmit
power disparities between macro and small-cell nodes such as
picos and femtos, and proactive user offloading from macro to
small cells, interference management between the macro and
pico/femto tiers is very important because the performance of
small-cell cell-edge users could be severely degraded. While
almost blank subframes (ABSF) [22], [23] and frequency-
domain resource partitioning [24], [25] can be used, inter-
tier interference can be more efficiently managed without
compromising time/frequency resources by using multiple
antennas. Inter-tier interference mitigation by using multiple
receive antennas at the user devices is analyzed in [26]. In this
paper, we analyze ZF-precoding based interference-nulling
method by using BS antennas to suppress the interference
from the macro tier to small-cell users. Compared to other
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potential techniques such as joint transmission [27] and trans-
mission point selection [28], which require both user data
and channel state information (CSI) to be shared between
the coordinating BSs, interference nulling requires only CSI
to be shared. Joint transmission with local precoding, which
requires no CSI exchange between the coordinating BSs, is
studied in [12]. However, it stills requires user data sharing,
which could be very challenging due to backhaul overhead.
In [29], interference nulling to U offloadedpico users by each
macro BS is analyzed, where the optimal U for maximum
rate coverage is also investigated. However, unlike [29] which
considers a single served user per RB in each cell, we consider
a user-distribution dependent SDMA scheme. SU-BF with
interference nulling to a fixed number of neighboring-cells
users at each BS of any tier for general multi-tier HetNets
is analyzed in [30], without specifying how these users are
selected. SU-BF with interference nulling in single-tier cellular
networks is studied in [31] and [32]. Although SU-BF with
interference nulling has been relatively well analyzed, to
the best of our knowledge, this paper is the first work to
analyze a user-distribution dependent SDMA scheme with
inter-tier interference nulling in cellular HetNets. The main
contributions of this paper are summarized as follows.

1) We develop a tractable framework to analyze a user-
distribution dependent SDMA scheme in a two-tier
(macro/pico) multi-antenna HetNet with ZF precoding,
in which the number of users simultaneously served
by a BS in an RB depends on the number of active
users in its cell. The framework also allows the analysis
of SU-BF and full-SDMA by setting the limit on the
number of users served per RB to one, and the total
number of transmit antennas, respectively.

2) To suppress the detrimental macro-to-pico interference,
interference-nulling precoding, jointly with user-
distribution dependent SDMA, is proposed. That is,
the precoding matrix at each macro BS is designed
to null interference to a set of activepico users while
spatially multiplexing the macro-users in the cell. In the
proposed interference-nulling scheme, the candidatepico
users for interference nulling from a macro BS, say b,
are the ones which have b as their nearest interfering
macro BS.

3) Considering the complexity of BS-user association in
multi-antenna HetNets, a simple biased-nearest-distance
based association rule is introduced, in which the bias
value accounts for the natural bias required for SINR
maximization in multi-antenna HetNets, as well as the
artificial bias for load balancing.

4) By considering interference limited scenario, we derive
analytical expressions for the SIR and rate distributions,
as well as the average rate of a typical user. We then
perform comprehensive analysis to investigate the
optimal association bias, and the inherent trade-off
between interference cancellation, signal power boosting
and spatial multiplexing. The following useful network
design insights are obtained from these analyses:

a) By optimizing the maximum number of users
simultaneously served per RB, SDMA can achieve
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significantly higher average data rate than both
SU-BF and full SDMA.

b) If the number of users in a typical cell is less than
the maximum number of users served per RB, say
Lyax, the optimal number of antennas towards
spatial multiplexing and signal power boosting of
local users is found to be L,,,.Thus, rather than
allocating additional antennas to these users, the
average data rate can be significantly increased if
the surplus antennas are used towards interference
nulling topico users.

c) The optimal number of antennas towards
interference nulling topico users increases with the
increase in pico cell density, as well as association
bias.

5) Finally, the impact of the CSI quantization error due
to limited feedback on interference nulling is also
investigated.

The paper is organized as follows. The system model and the
proposed multi-antenna technique are presented in Section II.
Section III derives the SIR distribution. The rate coverage and
the average rate are derived in Section IV. In Section V, the
impact of limited feedback is analyzed. The numerical results
are presented in Section VI, and the concluding remarks in
Section VII.

II. SYSTEM MODEL

We consider the downlink of a two-tier multi-antenna
HetNet comprising macro and pico BSs spatially distributed on
RR? plane as independent homogeneous PPPs ®,, with density
Am and @, with density 1,, respectively. The macro BSs are
equipped with K, transmit antennas, and the pico BSs with
K, antennas. Similarly, users are assumed to be distributed
according to an independent PPP @, with density 4,, and each
has a single receive antenna. The two network tiers share the
same spectrum with the universal frequency reuse.

The transmission scheme is SDMA with ZF precoding
applied at each BS to serve multiple users simultaneously in
each RB. We assume only one RB per time slot. As the BSs
and users are independently distributed on the R? plane, the
number of users varies across cells. Thus, in our proposed
SDMA scheme, a typical active macro cell with N, > 1
users serves M, = min(Ny, LY ) users simultaneously in
a given time slot, where LY "is the maximum number of
users it can serve. If Ny, > LM the BS choses LY, users
for service randomly, else, all N,, users are served. Similarly,
M, = min(N,, LE ) users are simultaneously served by a
typical active pico cell in a given time slot, which has N, > 1
users, and LP = is the maximum number the pico cell can
serve. The macro and pico BSs transmit to each of their users
with power P, and P, respectively.

A. User Association

According to the user association rule introduced in [19]
for average SINR maximization, a typical user at the origin
is associated with the nearest pico BS if P, AprpX;“ >
Pu/Aptn X%, and otherwise, is associated with the nearest

macro BS, where X,, = min ||x,| and X, = min |[|x,||
. xm.E Om Xm Eq)p .
are the distances from the origin to the nearest macro and pico

BSs, respectively. If associated with the macro tier, A,, is the
average desired channel gain from the nearest macro BS, and
7p is the average interference channel gain from the nearest
pico BS. Similarly, A, and t,, are the corresponding values,
if associated with the pico tier. These channel gains depend on
the number of users served with SDMA. This association rule
is thus not suitable for our proposed SDMA scheme, where the
number of users served with SDMA in each cell is a function
of the number of users in that cell. The number of users, on the
other hand, is determined by the association rule. The above
rule however can be equivalently expressed as follows: a user
is associated with the pico tier only if

1 1
=) () o
Pp Q
where g = 2’:2‘; . If we compare (1) with the popular
received power based association in HetNets [24], [33], p can
be interpreted as the natural bias required for average SINR
maximization in multi-antenna HetNets due to the differences
in transmission schemes. This coverage maximization bias,
however, may not always achieve optimum load balancing
for maximum rate. Thus, by further introducing an artificial
bias B for load balancing, the resultant condition for pico
tier association becomes X,, > p X, which can be perceived
as biased nearest distance association with bias value p =
(%% azi where 7 = Bp. We investigate the optimal value of
n for the average data rate in Section VI, which determines

the optimal p.

As X, and X, follow Rayleigh distributions with mean
(2vV7m)~" and (2,/2,)7", respectively [34], the probability
that a typical user at the origin is associated with the pico tier
is

(1

Ap

Ap =PXm = pXp) = m,
p m

)
and the probability that this user is associated with the macro
tier is A, = 1 — A). These tier association probabilities are
also valid for any randomly selected user. Thus, the total
set of users in the network, ®, can be divided into two
disjoint subsets: @' and (I)f,’ , the set of macro- and pico-users,
respectively. A, and A, can be interpreted as the average
fraction of users belonging to @' and @Y, respectively. As
we are interested in the number of users in a typical cell,
rather than the actual locations of the users, ®}' and Cl)g can
be equivalently modeled as independent PPPs with density
Ay and A4, respectively. Since each macro-user is always
associated with the nearest macro BS and each pico-userr
with the nearest pico BS, the network can be viewed as
a superposition of two independent Voronoi tessellations of
the macro and pico tiers. Let the number of users in a
randomly chosen macro and pico cell be denoted by U,
and U, respectively. Their approximate! probability mass

IThe PDF of the normalized Poisson-Voronoi cell area is approximated as
Gamma(3.5, 3.5) [35] while deriving the PMFs.
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function (PMFs) are given by [24, Lemma 2]

3.535T0 (3.5 4+ n)(Ajdu/ )" N
= n
I'(3.5)n!(Ajdy /A +3.5)n+35 " —

P(U; =n)

A BS without any user associated does not transmit at
all and is inactive. The PMFs of the number of users in a
randomly chosen active cell of the macro and pico tiers are
given by

PWU;=n)ln=>1)
pi

PN, =n) = , ¥Vl € {m, p}, 4
where p;, and p, are the probabilities that a typical BS of the
macro and pico tiers, respectively, is active, and are given by

A\
P1=1—P(U1=0)=1—(1+3.5‘#) ,
l

Vi € {m, p}. (5)

Let the sets of active macro and active pico BSs be denoted
by ¥,» and ¥, respectively. ¥, and ¥, are thinned versions
of the original PPPs @,, and ®,, respectively, and hence are
independent PPPs with densities p;, 4, and pj 4, respectively.

By using the PMFs in (4), the PMFs of the number of users
simultaneously served by a typical active BS of macro and pico

tiers in a given time slot for L/, > 1 can be obtained as

P(N; = n), l<n<lLL,
L1
P(M; = n) = Fian ‘
1= > PN =k), n=Lb,,.
k=1
vl € {m, p}. (6)

For the special case of Lmax =1,P(M; =1)=1,VI € {m, p}.

B. Interference Nulling

We assume K, to be typically much larger than K,. By
using the interference nulling strategy, the additional spatial
DoF of macro BSs can be utilized to suppress the strong macro
interference topico users. Thus, we propose that each served
pico-user requests its nearest active macro BS to perform
interference nulling. However, as nulling costs macro BSs
their available DoF for their own users, we assume that each
macro BS can handle at most K, — Tin requests only. This
limit ensures that each macro BS has at least Tpin > LM
antennas dedicated for serving its own users. Hence, if O,
requests are received by a typical active macro BS, it will
perform interference nulling to O = min(Q,, K — Tmin)pico
users. For Q,, > (K; — Tmin), the BS will randomly choose
K,y — Tinpico users.

The number of interference-nulling requests Q,, received by
a typical active macro BS is equal to the number of servedpico
users within a typical Voronoi cell Y of the tessellation formed
by ¥,,. Although the number ofpico users served by a typical
active pico BS cannot exceed L% ., Om is unbounded because
the number of active pico BSs within T is Poisson distributed
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with mean p,4,/(pmAn). To derive the PMF of Q,,, we first
derive E[M,] = Ap0,44/(ppip), where

12121)(71
9. — Lglaxppip . 3.5%3 °
P Apiy I'(3.5) —
I'G.54+n) (Apiu/ip)*~ '(Liax — k)
X )
n! (Aphu/dp +3.5)mH33

Note that for L5, = 1, Uy = Zii”
ofpico users requesting interference nulling by W/ . Because
we are only interested in the number of such users in a typical
Voronoi cell Y, and not their actual locations, and we know
that E[Qn] = ApPpdu/(Pmdm), ¥? can be assumed to be
a PPP with density A,9Y,4,. The PMF of Q,, can then be
obtained as

n
3.5350(3.5 + n) (M)

PmAm

P(Qn =n) =

n>0. (8)

I'(3.5)n! (A pUpiu 13 5)n+3.5 >

Due to the limited resources as discussed earlier, not all
interference-nulling requests received by an active macro
BS are satisfied. Let y denotes the set ofpico users whose
interference-nulling requests to their corresponding nearest
active macro BSs are satisfied. In the following lemma, we
derive the probability that a randomly chosen pico-user in
service belongs to y.

Lemma 1: The probability ¢ that the interference-nulling
request made by a randomly chosen pico-user to its nearest
active macro BS is fulfilled is given by

)—3.5)

1— (1+3.5—1M
Pmim

3 53.5 Kn—Twmin T'(3.5+n )(A UPM) (K —Tiin—n)
F(3.5)

_ (K — Tin) PmAm

A0 i

9 7 n+3.5
_ | [ ApUptu
o nt (A28 43.5)

©)

Proof: Let Q), denotes the number of other requests
received by the macro BS, which received nulling request from
a randomly chosen pico-user. Then, conditioned on Q/,, ¢ =1
if 0, +1 < Ky, — Tin; otherwise, 9 = (K — Tinin)/(Q,, +1).
Thus, ¢ can be expressed as

Kn—Tmin—1 oo K, — T
p= > PQ,=n+ > — 1 P, =n
n=0 n=K;, —Tin

o0
Ky — T
:Z%P(Q;n:n—l)

n=1

K —Tmi
m min K —T
- > (7" m‘“—1) P(Q,, =n—1).
n

n=1

(10)

By using the fact that the conditional probability density
function (PDF) f{, (y) of the area of a Voronoi cell given that
a randomly chosen user belongs to it is equal to cyfy(y),
where fy(y) is the unconditional PDF and c is a constant such
that fooo f)/, (»)dy = 1 [22], the PMF of Q), can be derived
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as P(Q), = n) = (n + DP(Qw = n + 1)/E[Qul, n = O.
Theorem 1 is then obtained by substituting the PMF of
Q,, in (10), and then using > 2 P(Q, = n) =
1 - P(Qm =0). n

C. Channel Model and Precoding Matrices

Assuming standard power law path-loss with exponent a,
linear precoding and frequency-flat fading, the received signal
Zm at a typical user u located at the origin if u € @] is given
by

a
-2
Zm = v/ PuDy, hzmjlwbmsbm

+ > VP D kgl TR, Wayse, + s

qe{m,p} xq€¥y\bi
(11)

where b, is the serving macro BS at a distance D,,,
which is serving M{n other users simultaneously; hyp, 1 ~
N (0k,,x1,1k,,) and 8,1 ™ CN(Oqul,IKq) are the desired
and interference complex Gaussian channel vectors from the
tagged BS b, and the interfering BS at x4, respectively, with
independent and identically distributed (i.i.d.) unit variance
components; n,, ~ CAN(0,0?) is complex Gaussian noise
with variance 2; sp, = [sp,.ili<i=m; +1 € CMu+Dx1 g
the complex-valued signal vector transmitted from b, to its
M, + 1 served users with the symbol sp, 1 intended for
u and Wy, = [Wp, ili<i<m,+1) € CKnx(M+1) s the
corresponding ZF precoding matrix.

Let the channel vectors from the tagged BS b, to its
M,, users other than u be represented by [hy,, ; lo<i<m’ 11,
and the interference channel vector from the tagged BS to
0 = min(Q, K,y — Tmin)pico users chosen for interfer-
ence nulling by F = [fi]i<j<o € CX»*9 Under the
perfect CSI assumption, the ZF precoding matrix Wy, =
[Wb,,.il1<i<(m,+1) i designed such that |hZ,,,,jWbm,j|2 is max-
imized for each j = 1,2,..., M, + 1, while satisfying the
orthogonality conditions th’ Woi = 0 for Vi # j and
fiwy,,; = 0,Vi = 1,2,...,0,¥j = 1,2,...,M,, + 1. It
can be achieved by choosing wj,, ; in the direction of the pro-
jection of hy, ; on Null([ hy,, ; ]151'5(/\/]’/"4_1)’]'#1-, [£; ]151'50).
The nullspace is K, — M,, — O dimensional and thus,
the desired channel power gain S5, = |hZ,,,,1Wbm, 1>~
Gamma(A,,, 1), where A,, = K,, — M,, — O [36]. Given
that an interfering macro BS at x,, is serving M, users
simultaneously, W, = [wy, ili<i<m, € CK»*Mn_ which
is designed independent of g, ;. Assuming that the pre-
coding matrix has linearly independent unit norm columns,
g 1 Wauls 8y (Wx,2, --os 8 W, M, are iid. complex
Gaussian random variables (RVs), and their squared norms are
i.i.d. exponential RVs. Thus, the interference channel power
gain ¢y, = ||g§m,1me [|> ~ Gamma(M,,, 1), as it is a sum of
M,, i.i.d. exponential RVs [18].

A feasible choice of the precoding matrix W,, =
[Wb,,.il1<i<(m; +1) is the pseudo inverse? of ﬁzm, ie.,

=T . .
Wy, = Hp, (H, Hp,)~" with normalized columns, where

Zpseudo inversion of the channel matrix is an easy choice of ZF
precoding [7].

Hy, = [hy, ilii<on41) € CEnXMtD by & = (I, —
F(F*F)~'F*)h,, ; being the projection of h,, ; on the
nullspace of F = [f; ]1<;<o [31], [36].

Similarly, the received signal z, at u when u € oL is

ip = PpD;th,,,lwbpsbp +¢

2 VR 2

q€{m,p} xq€¥g\{om;bp}

a
-4 x
[1xqll zgxq,lwxqsxq +np,

(12)
where

ifuey (13)

DIR

09

= _ _

Pﬂ’l Vm

b, is the serving pico BS at a distance D), which is serving
M;) other users simultaneously; n, ~ (0, 62) is complex
Gaussian noise, v, is the nearest active macro BS to u at
a distance V,,,, which receives an interference-nulling request
from u. The ZF precoding matrix Wy, = [Wbp,i]lgig(M;,H)

gzm,lwvmsvm; if u ¢ X5

is given by Hp, (HZPpr)‘1 with normalized columns, where

Hp, = [hy, ili<i<m)+1) € CKp*Mp+D) §s the channel matrix
from the tagged BS b, to its M; + 1 servedpico users.

The desired channel power gain ,b’bp = ||th,1wbp||2 =
|th’1Wb,,,1|2 ~ Gamma(Ap, 1), Where AP = Km —_ M;’zand
the interference channel power gain ¢y, = IIgIP,IprH ~

Gamma(M,, 1) given that the interfering pico BS at x, is
serving M, users simultaneously.

D. Distance to the Serving BS and the BS Receiving
Interference Nulling Request

The distance D; to the serving BS from a typical user
u € (Dlu is a RV, and the corresponding PDFs for each
| € {m, p} are derived in the following lemma.

Lemma 2: The PDF fp, (r) of the distance D,, between
the serving macro BS and a typical user u when u € ®}} is
given by

2z
Zom y exp(—1 (A + Ap/ pP)r),
A

and the PDF fp ,(r) of the distance D) between the serving
pico BS and a typical user u when u € ®F is given by

fp, (r) = (14)

27 Ap
Ap
Proof: Given that u € @', D,, is the distance to
the nearest macro BS from u. The cumulative distribution
function (CDF) Fp,, (r) = P(D,, <r) is thus given by
P(X;y <r,u e @)
Pu € om

fp, () = rexp(—7 (Amp® + Ap)r?).

15)

Fp,(r) = P(Xy <rlu e @) =

1 r y
=— [ P(x,> 2 dy.
) ( p > p)fxm(y) y

The PDF fp, (r) in (14) is obtained by differentiating (16)
with respect to r and then applying the probability distributions
of Rayleigh RVs X, and X,. The PDF fp,(r) is similarly
derived. [ ]

(16)
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Another quantity of interest is the distance V,, between a
typical pico-user in service and its nearest active macro BS
to which it requests interference nulling.

Lemma 3: The conditional PDF of the distance V,,, between
a typical user u € ®f and the macro BS to which it request
interference nulling, given that its distance to the serving pico
BS is D, =r, is given by

Fral0, (117) = 22 pnry €xp (=2 i 7 = p*r?))

ry > pr. )

Proof: Giventhatu € ®F v, is the distance to the nearest
active macro BS. The conditional complementary cumulative
distribution function (CCDF) of V,, is thus given by

Fy,p,(rilr) = P(Xly > rilu € ®, D, = 1)

= P(X;n > 7| Xy > P’”), (18)

where X:n = min [x,] is the distance from the origin to

Xm€Y¥m
the nearest active macro BS. The condition X,, > pr implies

that no points of ®,, are within a circle of radius pr. Thus, no
points of ¥, as well are within pr because ¥,, is the thinned
version of ®@,,. Thus, given that no active macro BS is closer
than pr, the probability of no active macro BS closer than
r1 is equal to the probability that no points of ¥, are within
an annulus centered at the origin with inner radius pr and
outer radius r;. The conditional CCDF va‘ pp(rilr) is thus
given by

va\Dp(rl |r) = exp (—7rpmﬂum(r12 — pzrz)). (19)

The conditional PDF of V), in (17) is obtained by differenti-
ating (19) with respect to r1. ]

III. SIR COVERAGE ANALYSIS

We consider interference-limited scenario, and thus derive
the SIR coverage probability in this section. The SIR coverage,
i.e., the probability that the SIR of a typical user is greater than
a given threshold y is defined as P(y) = P(SIR > y), where
SIR = Zle{m,p} 1(u € (Dlu) SIR;. From (11) and (12) and the
discussion that follows, the SIR of a typical user u at the origin
when it belongs to (I)lu can be expressed as

Pifjp, D,
Ibl,m + Ib],p

where Ip, ,, and Iy, , are the interference powers from the
macro and pico tiers, respectively when u € CD{,, [ € {m, p},

and are given by

Ip =Py D Gollxpll™

SIR; = . Ve (m,p), (20)

xpe¥p\bp
Py, z me”xm”_a ifuey
I _ Xm €V \vm
5m - — .
’ Pu D o llxmll™ ifu gy,
Xm €¥m
Ip,,.p = Pp Z Cepllxpll ™
xpe¥),
oy =P D CanllimlI ™% 1)

Xm€¥m \bm

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS

By using the law of total probability, the SIR coverage
probability of a typical user u is

P(y) =Pu(y)Am +Pp(y)A,,

where A} = P(u € CD{{), | € {m, p} is the tier association
probability, and P, (y) = P(SIR, > ylu € @), and
P,(y) =P@IR, > yu € ®%) are the conditional coverage
probabilities of the user u when associated with the macro
and pico tiers, respectively. To evaluate (22), we first derive the
Laplace transform (LT) of the total interference power received
by u.

Lemma 4: The LT Ly, (s) of the total interference power

(22)

Ip, = Ip,.m + Ip,,p received by u when u € @ conditional
on Dy, =r and V,, = ry is given by

21, 0) = (oL}, @O+ =05, ) L,,6, @3

where Ly, (s) is the LT of Ip,,p; L}b,,,m () = Li, , (slu €
x), and L%b m(s) = lep’m(slu ¢ x) are the LTs of Ip,m
conditional on u € x and u & y, respectively. These LTs are
given by (24)-(26), as shown at the top of the next page, where
2F1(a,b,c,z) is the Gauss Hypergeometric function [37].

Proof: The LT Ly, , (s) = E[e *ra], Vg € {m, p} can
be derived as

Ly, ) =g, [ Ee, [ exp(—sPycy, lxgl ™). @8)

x€¥y,

where ¥, = ¥,\bp, and ¥,, = ¥ \vw if u € y, else
V=¥, By performing the expectation over the distribution
of ¢y, ~ Gamma(My, 1) conditioned on My, and then apply-
ing the probability generating functional of PPP with density
DPglq [34], and finally taking the expectation over the PMF
of M,, we have

q
Lmax

L1, ,(5) = exp { - npqiqwﬁ,q( > P, =i)
i=1

2 -2 P
XzFll:ia__aa s T 4 S]_l)], (29)
a a wl‘}’q

where @), 4 is the lower bound on the distance to the closest
interferer from u in the tier ¢ € {m, p}. Thus, w, , =r, and
wpm =11 if u € x; otherwise, w, ,, = pr. |

Similarly, the LT of I, = I, m + Ip,,p conditional on
Dy, = r can be derived as £y, (s) = Ly, ,(5)Ly,, ,(s), where
Liy (s), g € {m, p} is given by (27) shown at the top of the
next page, with @y, , =r and @y, , =7r/p.

Having derived the LTs, we now evaluate P;(y) =
P (PByD;* > yIylu € @), VI € {m, p}. Conditional on
Dy=r,V, =r and A; = n, we have

n—1 (—S)l dl

Pl()’ |r9 r, Al = n) = z l‘ @ (L[I;/ (S)) ’S_}’;a ’ (30)
— : 1

which follows from the distribution Gamma(n, 1) of §j, for a
given A; = n, and the differentiation property of LT. Since the
LTs in (24)-(27) are composite functions, (30) requires evalu-
ating /th derivatives of composite functions. These derivatives
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Lﬂ‘l
1
L,hp!m (s) = exp

max

2
lep’m (s) = exp

Lmax
Ly, ,(s) = exp
i=1

L

Ll g (s) = exp

max 2 a_2 P s
—npmlmrlz(ZP(Mm:i)zFl[i,—;, .- m ]_1)]
— TPmAmp 2y (ZP(M,,, :i)zFl[i,——

—nppi r (ZP(Mp_z)zFl[z —E aa 2,—??]—1)]

(24)
1

2 a—2 Pys
: - a]—l)] (25)

a o per
(26)

2 -2 P,
— Tpgiq mq(Z]P’(Mq:i)zFl[i,_g,aa -4 s]_l)] 27)

m’q

are computed by using Faa di Bruno’s formula expressed in
terms of integer partition, which is introduced in the following
section.

A. Integer Partition and Faa di Bruno’s Formula

Integer partition is a partition of a positive integer n as a
sum of positive integers. The set of all possible partitions of
n is represented by €, with the number of partitions denoted
by ®(n). The integer 4, for example, can be partitioned as
Q4 = {{4}, {3, 1}, {2, 2}, {2, 1, 1}, {1, 1, 1}}. Thus, P(4) = 5.
Let ! denotes the number of elements in the ith partition
pi of n. Also, let ,u?j denotes the number of positive integer
Jj € {1,2,...,n} in that partition, and aj; denotes the kth
element (k € {1,2, ..., o!'}). Example: for the second partition
of integer 4 in Qq, i.e., p‘z1 = {3, 1}, we have a)‘z1 = 2,
ﬂgl =1, ﬂgz =0, ﬂga =1, u§4 =0, ag] = 3, agz = L
For any partition p7, we have the properties Z?:1 j /t?j =n
and Z;=1 ,ul’.’j =ol.

Faa di Bruno’s formula for the /th derivative of the com-
posite function y(#(s)) in terms of integer partition can be
expressed as

2())

/ !
W) =D e e TT (196) ™.
g=1

o=1

€1V

where
I

— i X
Wy 1 | 1 1
Hk:l Aok: Hq:l :uoq!

and yt(s) (z(s)) is the kth derivative of the function y(z(s))
with respect to #(s). Note that the integer partition version
has much lesser number of summations as compared to the set
partition version used in [21]. The complexity of the numerical
computation is thus significantly reduced.

Theorem 1: The SIR coverage probability of a typical pico-
user u is given by

P,(7) =0Ti(y) + (1 — 9)T2(y),

where Ti(y) = P(SIR, > ylu € O u e y)and To(y) =
P(SIR, > ylu € O u ¢ x) are the conditional coverage
probabilities of a typical pico-user u when u ¢ y and u € y,
respectively. These conditional probabilities can be computed

Q ~

(32)

by using (33) and (34), as shown at the top of the next page,
where 6 = Py, /Py, and the function Ef] (¢, k, &) is defined as

=l
E (K, 8) =
a 9

where (a)q is a Pochhammer symbol.
Proof: The proof is given in Appendix A. [ ]
Remark 1: The number of other users served by the BS
which is serving the typical user u € (I)lu is given by M| =
min(Uj, L., — 1), where U] is the number of other users in
the Voronoi cell to which the user u belongs. The PMF of U/
can be derived as P(U, = n) = (n+ DHPWU; = n+ 1)/E[U].
The PMF of M| for L,,,. > 1 is thus given by

P(U] = n), 0<n<Ll, —1
]
]P)(M/ — l’l) — Lmax 2
! 1= > PW=k), n=Ll, 1,
k=1
vl € {m, p}. (36)
For L', =1, P(M =0) =1,V € {m, p}.

Corollary 1: The coverage probability of a typical macro-
user Py, (y) is given by (37), as shown at the top of the next

page, where the PMF of A, conditional on M, = k for
Thin < Ky, is given by
P(A, =n|M), = k)
K —Tnin—1
_ |- ZO P(Qum =v), 1= Tin—k @8
L=l

P(Qm = Kn —k —n),

For the special case of Tmm = K, which implies no interfer-
ence nulling, Ay, = K, — thus P(Ay = Ky — k|IM), =
k)y=1.

Proof: P, (y) is derived in the same way as Ta(y).
However, since A,, = K,y — M, — min(Qm, Ky — Tmin) is
a function of the two RVs M, and Q,,, deconditioning with
respect to A, is achieved in two steps, first averaging over the

Twin—k+1<n<K,, —k.
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LP
By [F RSt
Ti(y) = 2pm/lmA_p/ |: Z ]P(Mp =

6=0 k=0

—k—
>k
+(1 = pm)mp0?+(1 —pmpez)%ﬂ)
Kp—k—1

1 P()

Lde

Ty = 22 $ por, — i > .Zc( DT (@) +1>H(””1$"‘§ = (6,%,y)+pp

pkO

1
X(Pplp Eg L Ly)+0 - PmMmP2 +(1 - Pp)ip + Pmﬂtmp2 581 (5, ;, V) )

i L’nr;axf1 Kmn—k

m
Am

Pu(y) =

k=0 n=Tmin—k

1
F(a)f)—i—Z) H (pm/lméq Egl (5, 0, y )+
q=1
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2(l)

[ —
B O (=) (P 2 6.6, 7) + pphpt” Ef (1, 1,7)

o=1

A Ko
sl Ly)) q}d@ (33)

/li)q
5,1, y))

(34)

—(),+1)

1 2(l)

A
P(M), =k) > P(Ay=n|M, —k)Z > (=)} +1)((1—pm>z =P

=0

'01

aqg—2

) !
im0 (1,1, )+ 22t g (L o ImEM™ (1,1 a2 (L K
DA =" ) 2 =0 5 s P H Pm m-—'q(, J’)"‘Ppp 51 4 5,/),)’ (37)

q=1

conditional PMF of A,, for the given M, , and then averaging
over the PMF of M, [ |
Remark 2: For the special case of L)) . = L. =1,
P,(y) = Pp(y M, =0)
= oTi(y M}, = 0) + (1 — )T2(y M), = 0), (39)

P, (y) = Pu(y M, =0), (40)
where for each | € {m, p},
- _ (1)g(=2)
2 (c,x,e) = Bglc,x,6) = ——24
(55)q
2 oa—2
x 2Fy 1+q,——+q,—+q,—c1€ €
(41

IV. RATE ANALYSIS

In this section, we analyze the achievable downlink rate of
a typical user. We derive the CCDF of downlink rate, also
defined as the rate coverage, and the average rate of a typical
user.

Assuming adaptive transmission scheme such that the
Shannon limit is achieved, and treating the interference as
noise, the data rate of a typical user u is given by

R= > S$iWlog,(1+SIR)1(u € D)),
Iefm, p)

(42)

where S; is the fraction of resources received by u# when
u € CDZM. For each | € {m, p}, given that U] is the number
of other users in the cell to which the user u belongs, the total
users in the tagged cell are U, +1. We assume one RB per time
slot with total bandwidth W, and at most L/ users served
simultaneously in each RB through spatial multiplexing. Thus,
if the total number of users in the tagged cell is less than

(i.e., Ul +1 < LL ), each user can utilize the entire

max max

bandwidth W without sharing; thus, S; = 1. However, if U/ | +1
is no less than LL, (e, U/ +1 > L. ), we assume that
the time-frequency resources are shared equally among the
total users; thus, S = L/ aX/ (U] + 1). Hence, the fraction of

resources received by u € (D can be expressed as

Ll
Sy =min{ —22 1.
U +1

Theorem 2: The CCDF of the downlink rate of a typical
user u, R(v) = P(R > v) can be expressed as R(v) =
AnRu(v) + ApRy, where Aj = P(u € @) and ®/(v) =
P(S;W log,(1+ SIR)) > v) is the rate distribution of u € ®,.
Ri(v) for each | € {m, p} is given by (43), as shown at the
top of the next page, where Pi(y |M] = k) is the conditional
SIR coverage probability of u € CD{, for given M| = k.

Proof: From (42),

P(R> )= D P(ue ®)PSWlog,(1+SIR)) > v)

le{m, p}

Ri(v)

where

Ri(v) = P(Wlog,(1 +SIR)) > v, U] < LL . —2)

max
1

L
—HP’(U W logy (1 -+ SIR) > 0, U] 2 Liy 1)
I
L{'HBX 2
= > PSR >2"Y - 11U/ = HPU] = k)
k=0
k+|)
+ > PSR > W th — 11U] = k)P(U] = k).
k>Lde 1
(44)

The conditional SIR coverage probabilities in (44) can be
condltloned on the given value of M, by using M; =
mln(Ul, max — 1) ]
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Lt -2

max U (k—+ll
Ri(v) = P (2°/Y —1|M] =k ) P(U] = k) + Pr(2" thax — 1M} = Ly — 1 )P/ =k)  (43)
f | [ — “max [
k=0 k>Lmax 1

w 00 1 Linaxf2

R = 3 1—|: P, (y‘MI/Zk)P(UI/Zk)‘i‘OlPZ (y’Ml _Lfnax_l)i|dy (46)
n 0 +vy k=0

k—1

iy -35\ 3535 LneI T(3.5 4 k) (AM“) Linax

0 = —“max”l (1 - (1 +3.5_1A1/1u//11) ) o “7)
Ally (3. 5) = k!( illu +3.5)3.5+k

For the special case of L/, = 1, the rate distribution of
u € @, further simplifies to

Ri(0) = > Py (204D

k>0

1) P(U] = k). (45)

After the rate coverage, we next derive the average data rate
of any randomly chosen user.
Theorem 3: The average rate R= E[R] of a typical user u

is given by R = A, Ry, +ApRp, where R = E[S;W log, (1 +
SIR;)] is the average rate ofu S (I)u, I € {m, p}. R is given by
(46), as shown at the top of this page, where Oy is computed
according to (47), shown at the top of this page.

Proof: From (42),

E[R]= ) P(ue @) E[S;W log,(1+SIR))],
le{m, p}

R
where

i
Lmax -2

=W D El[log,(1+SIR)|Uj = k] P(U] = k)
k=0

+Wz

k>L!

max

maXIE[logz(l+SIR1)|Ul = K|P(U/=k).

(48)

The computation of E[log,(1 + SIR;)] requires integrating
log, (1 + SIR;) with respect to the PDF of SIR;. However, the
integral can be transformed into 1/(In2) f7° Pi(y)(14+y) "' dy
by applying integration by parts, along with the fact that
PDF is the negative differentiation of CCDF. Also, we have
Mj = min(Uj, Ly, —1). Equation (48) thus can be simplified
to (46) where

max

l

L
o= > LR =6
k>leax1
OOLI leaxll
— max]P)U/:k_l_ maXPU/:k_l.

Equation (47) is obtained by substituting ]P’(Ul/ = k) =
(k+ DHP(U; = k + 1)/E[U;], k = 0 and further simplifying
by using > o2 P(U; =k) =1—P(U; =0). ]

For the special case of LL . =
u € @ simplifies to

_ P
Rl—O l(y)
1+y

1, the average data rate of

In2 “49)

V. IMPACT OF LIMITED FEEDBACK ON
INTERFERENCE NULLING

The results so far have been derived based on the perfect
CSI assumption. However, in practical systems, the CSI is
never perfectly accurate. In frequency division duplex systems,
the downlink CSI is fed back by the users to serving BSs. Due
to the limited feedback, the BSs receive quantized CSI. In
this section, we analyze the impact of the quantization error
due to limited feedback on the performance of interference
nulling. As the focus is on interference-nulling performance,
we consider L™ = L. = 1.

The feedback model is similar to the one used in
[31] and [32]. The quantized channel direction informa-
tion (CDI) is fed back by using a quantization codebook of
2B unit norm vectors, where B is the number of feedback
bits. The codebook is known at both the transmitter and the
receiver. Each user feeds back the index of the codeword
closest to its channel direction, measured by the inner product.
For example, a typical user, when it belongs to the macro tier,
uses the codebook G, = {ep,j 1 j =1,2,. .., 2Bm} of size

: . . =~ h
2Bm to quantize the channel direction hy, | = IIhim T

its serving maco BS b,,. The quantized channel direction is

from

~ %
hbm | = arg max hbm,lcm,j’-

Cn,j€ECn
Similarly, the typical user, when it belongs to the pico tier,
uses the codebook C, ={¢, ;j: j=1,2,..., 28») of size 28»
to quantize the channel direction from its serving pico BS b,
and the codebook Gy = {ep,j 1 j=1,2,..., 28} to quantize
the channel direction from its nearest active macro BS v,,.
Otherpico users which request v, for interference nulling,
as well as the user served by v,, also employ codebooks
of size 2Bm, but the codebooks differ from user to user
to avoid the possibility of receiving the same quantization
vector index from different users. The codebooks are generated
by using random vector quantization [38], [39], where each
vector ¢, j of Gy and ¢, ; of C, are independently chosen
from the isotropic distribution on the K,,— dimensional and
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q( Kp))

(53)

K ,— dimensional unit spheres, respectively. Since the precod-
ing vectors are now based on quantized CDlIs, for the typical
user u € @7 served by the macro BS by, the desired channel
power gain ﬁbm ~ Gamma(A,, k), where A,, = K, —
min(Qp, Kin — Tmin) and g, = 1 —2BnBeta(28n, Ko [31].
However, as the precoding vector of the interfering BS at
xg € Yy\bpu,q € {m, p} is independent of the channel to
the typical user u, the interference channel power gain gqu is
still distributed as Gamma(l, 1), i.e., Exp[1]. Similarly, for
the typical user u € ®! served by the pico BS by, the
desired channel power gain ﬁbp ~ Gamma(A ,, kp), where
Ap,=Kp,andk, = 1—28rBeta(25», KKfl ). The interference
channel power gain from each interfering BS other than v,
is distributed as Exp[l1]. If v, does not apply interference
nulling, the interference channel power gain from v, &)m
is also distributed as Exp[1]. However, if v,, applies nulling,
unlike the perfect CDI case, where the interference from vy,
is completely nulled, there will be residual interference due to
the quantization error. The interference channel power gain in
this case isBapproximated as an exponential RV with mean
ki = 2 w1 [31]. Thus, &, ~ Expll/x/], if u € y;
otherwise &)m ~ Exp[1]. The SIR of the typical user # can be
expressed as

P, By, D%
SIR; = ’ﬁb’il Vi € {m, p}, (50)
Ibl,m + Ibl,p
where
ib/,m = Py Z Ctxm”xm”_aa
Xim €W \by
Iip=Pp Do Copllxpll™. (51)
xpe¥p\by

Corollary 2: With limited feedback, the coverage probabil-
ity of a typical pico-user u in the interference-limited scenario
is given by

Porr(7) =TiLr(y)e + ToLr(y)(1 —9), (52)

where T1,Lr(y) is the coverage probability of u € y with
limited feedback, and is given by (53) shown at the top of this
page and To L r(y) = Ta (y /;cp) is the coverage probability
of u & x, expressed in terms of the corresponding probability
for the perfect CSI, Ty(-). Similarly, the coverage probability
of a typical macro-user u with limited feedback is given by
Pm,LF()’) =Py (y /5cm).

Proof: Due to the limited feedback, even when a typical
pico-user u belongs to y, it receives residual interference
Y = Pmém V,, ¢ from its nearest active macro BS, where
Em ~ Exp[1/x]. Thus, the LT of total macro tier interference

when u € y is given by

Li;, (sluey)= L}bp’m (s)E[e™7]
= L}b o )1+ stKIrl_a)fl,
where Ll (s) is the LT of the total macro tier interference

for the perfect CSI in (24). The LT of the total plCO tier
interference Lj, (s) is equal to Ly, , in (26). Since ﬁb ~

Gamma(K p, x,,ﬁ T1,.r(y) can then be derived in the same
way as Ty(y) in Theorem 1 with y replaced by y /x,. For
T2..r(y) and Py, 1 F(y ), since the LTs of interference powers
are the same as those of the perfect CSI case, T rr(y)
is given by (34) with y replaced by y /x,, and similarly
P,.r(y) by (37) with y replaced by y /x;,. [ ]

Note that T2, r(y) and Py, pr(y) reduce to Tp(y) and
P, (y), respectively, if k;, = x, = 1. Similarly, if x, = 1 and
k; = 0, by using 0° = 1, T1,.r(y) also reduces to Ti(y).
After deriving the coverage probabilities for limited feedback,
the rate coverage and average rate can be obtained by using
Theorem 2 and Theorem 3, respectively, with P;(-) replaced
by PLir(").

VI

In this section, we validate our analytical results via Monte
Carlo simulations on a square window of 20 x 20 Km? and
present numerical analysis to provide insights into impor-
tant design parameters. Unless otherwise stated, we set
d =22 =100, 2,y = 1BS/Km? and W = 1 MHz.

The average data rate (Theorem 3) for perfect CSI, and
the data rate distribution (Theorem 2) for both the perfect
CSI and limited feedback scenarios are validated via Monte
Carlo simulations for different system configurations in
Figure 1.a and Figure 1.b, respectively. The analytical and
simulation results match with each other quite well in these
figures. The PPP based assumptions of the thinned processes
®", ®F and W[ obtained from the parent process @,
hardly impact the probability distributions of the number
of users of corresponding sets in a typical cell. The small
gaps between the simulations and analytical curves are thus
mostly due to the approximation of cell area distribution by
Gamma. Note that the validation of Theorem 3 for perfect
CSI naturally validates the conditional SIR distributions

SIMULATION AND NUMERICAL RESULTS
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(a)
1 - . . .
B —g— Perfect CSI, A =6\
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(b)
Fig. 1. (a) Validation of the average user data rate (Theorem 3) with

perfect CSI for different values of 1p. 1 and (K, Lijax> Tmin> Kp, ngx);
(b) Validation of the rate coverage probability (Theorem 2) for both the perfect
CSI and limited feedback scenarios: K,y = 12, Kp =4, Lijx = Lffm =1,
Tmin = 2, Ay = 104y, a = 3.5, y = 15dB.

derived in Theorem 1 and Corollary 1, and the validation of
Theorem 2 for limited feedback validates the SIR distribution
in Corollary 2. In Figure 1.a, the average data rate decreases
with an increase in user density A, because of the increase in
interference and the decrease in users’ share of resources. The
interference power increases with an increase in user density
because not just more BSs become active, but the average
channel power gain from each interfering BS also increases
until the number of users associated with the BS exceeds L/, .

In Figure 2, we analyze the impact of interference nulling
on the SIR coverage probability, where Tinin = K, implies no
interference nulling employed. While the overall SIR coverage
of a typical user is plotted in Figure 2.a, the coverage proba-
bility conditioned that the user belongs to pico tier and always
gets the interference from its nearest active macro BS nulled,
Ti(y) is compared against that its no-nulling counterpart,
T2(y) in Figure 2.b. Figure 2.a reveals that with properly
chosen Tppn, the SIR coverage can be significantly improved
with interference nulling. For example, if the required SIR
level for a typical user to be under coverage is 0 dB, the
average fraction of users under coverage improves from 61%
to 70% with interference nulling for the 1, = 64,,, = 15 dB
case. In both Figure 2.a and Figure 2.b, the performance

SINR Coverage Probability P(v)

(@)

1 T T T
—e— )\ =6\ ,n=15dB
u m H

+)\u=10/\m,77=20d87

0.4

0.3

0.2

Conditional SINR Coverage Probability
o
b

0.1

SINR Threshold ~ (dB)

(b)

Fig. 2. Impact of interference nulling on the SIR coverage probability:
Ky =14, L =4, Kp =6, Lhax =4, 2p = 61y, a =3.5.

gain decreases with an increasing threshold. At smaller val-
ues of thresholds, as interference nulling improves the SIRs
of poor cell-edge pico-user lacking coverage due to strong
interference from their corresponding nearest active macro
BSs, the coverage probability of thepico users significantly
improves. On the other hand, we know that the SIR of a
typical macro-user degrades due to interference nulling as
it costs the user its available DoF. At lower values of SIR
thresholds, the degradation in SIR is, however, not significant
enough to impact its coverage probability. Thus, the overall
gain in coverage probability is high at smaller threshold levels.
However, at larger threshold values, the users under coverage
are basically those in the cell interior. Thus, interference
nulling may not significantly improve the already high SIR
of cell-interiorpico users, resulting in minimal improvement in
pico coverage probability. The SIR degradation of macro-users
due to interference nulling, which do not have any significance
on macro coverage probability at lower thresholds eventually
causes the coverage probability to degrade after certain level.
This degradation further reduces the overall gain in coverage
probability.

In Figure 2.a, the performance gain in the overall coverage
probability for 4, = 104,, n = 20 dB is relatively low
compared to the 4, = 64,, n = 15 dB case. However, in
Figure 2.b, given that the nulling is performed for each pico-

857

858

859

860

861

862

863

864

865

866

867

868

869

870

871

872

873

874

875

876

877

878

879

880

881



882

883

884

885

886

887

888

889

890

891

892

893

894

895

896

897

898

899

900

901

902

903

904

905

906

907

908

909

910

911

912

913

914

915

916

917

918

919

920

921

922

x10°
=
3.4 —©— Optimum T . d in = 8|
—#— Arbitrary Tmm P
3
—e—T =K
6\ 3.2 min m Tmin = 10 |
Q =
Tg Ap = 6Am
S 3
2
T
©
S
© 28
o
>
<
26
24
7 (dB)
Fig. 3. Effect of pico cell density 1, on the optimal choices of Ty, and

0 du =6k, Km =12, L =4, Kp =4, Liax =4, a = 4.

user, both cases have similar gains in pico coverage probability
due to nulling. Thus, the reason for the lower performance gain
for higher user density 4, and higher bias # is the lack of
sufficient resources for interference nulling. For the 1, = 64,
and n# = 15 dB case, with Tnyin = 6, interference to 83% of
thepico users from their corresponding nearest active macro
BSs are nulled. The fraction of interference nulledpico users
reduces to 53% for 1, = 104,, and n = 20 dB, with optimal
Tin of 7.

Next, we investigate the optimal value of # to maximize
the average user data rate. x controls the number of users
offloaded from the macro to the pico tier to obtain a balanced
distribution of the user load across tiers so that the radio
resources are better utilized in each tier. Meanwhile, since
Thin determines the spatial DoF available for serving the
macro-users, as well as the number of interference-nulledpico
users, Tmin must be tuned according to user offloading. The
joint tuning of Ty, and n for optimal average data rate is
investigated in Figure 3. The optimal pair (%, Tyyn) is found
to be (10dB, 8) and (11 dB, 6) for pico density 4, = 44,, and
Ap = 6, respectively. For the given user density, the optimal
Tmin decreases with the increase in pico density because the
number of interference-nulling requests received by a typical
active macro BS increases with the increase in pico density.
Thus, the allocated interference-nulling resources (K, — Tiin)
must be increased.

The variation in the average rate with Ty, for the given
value of # is plotted in Figure 4. The average rate of the macro-
users increases with an increasing T, due to the increase
in the spatial DoF available at each macro BS for serving
its own users. In contrast, the average pico rate decreases
with an increasing Tmin due to the decrease in the number
of interference nulledpico users. The net result is the initial
increase in the average rate with an increasing Tmi, and the
subsequent decrease beyond a certain value of Tpi,. The
optimal Ty, shifts towards the lower values as the value of
n increases. For example, the optimal Ty, of 7 for n =3 dB
decreases to 6 for = 11 dB and to 5 for # = 16 dB. With an
increasing 7, more users are offloaded to the pico tier. Thus,
allocating more antenna resources for interference nulling is
desirable.
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Fig. 4. Average rate vs. Ty, for different values of #: 4y = 64, Ap = 64,
Kp=12, LM =4, Kp =4, L =4 a=4.
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Fig. 5. Effect of interference nulling on cell-edge data rate: 1, = 64y,

Ky =12, L0 =4, Kp =4, Lhx =4, a =4

In Figure 5, the rate coverage corresponding to the optimal
pair (#, Tmin) Which maximized the average rate in Figure 3 for
Ap =4l and A, = 64, is plotted. Let the Sth percentile rate
Rogs, which corresponds to the 5th percentile of the users with
rate less than Ros (i.e., R (Rg5) = 0.95), be considered as the
cell-edge data rate. For 1, = 44, and n = 10 dB, Tijn = 8,
which maximized the average rate is found to improve the
cell-edge rate from 7.2 x 10* bits/sec to 1.12 x 10° bits/sec as
compared to that without interference nulling. Similarly, for
Ap = 6y, the cell-edge rate improves from 9.6 x 10* bits/sec
to 1.68 x 10° bits/sec if interference nulling with Tpin = 6 is
employed corresponding to # = 11 dB.

In Figure 6, the average data rate is assessed for different
values of L™ and Lk, with and without interference nulling.
The curve corresponding to the interference nulling employed
is plotted by computing the average rate with optimum Tp;n
for each corresponding value of L, and L}.x. As Figure 6
reveals, the average data rate can be significantly improved by
selecting a proper value of L~ compared to either SU-BF
or full-SDMA, and similarly a proper value of LP... For the
case with no interference nulling employed, in which all the
antennas at each macro BS are used for serving its own users,

the variation of L7, has little or no impact on the average

923

924

925

926

927

928

929

930

931

932

933

934

935

936

937

938

939

940

941

942

943

944

945



946

947

948

949

950

951

952

953

954

955

956

957

958

959

960

961

962

963

964

965

966

967

968

969

970

971

972

973

974

975

976

977

978

979

980

981

982

983

984

985

DHUNGANA AND TELLAMBURA: PERFORMANCE ANALYSIS OF SDMA WITH INTER-TIER INTERFERENCE NULLING IN HetNets 13

B B B = 3
~ﬂ< %f_*w,*__*__*, sKe— W —

*&

—6— Optimum T__ (L

min “max

—_-— = P H

e T min Km (Lmax 1)
—%— Optimum T__(LP

min “max

Average Rate (bits/sec)
w

=2
' —— P -

, 727 g *o-T =K (P =2)

J —&— Optimum T _(LP  =3)

=K _(LP —3)

min m " max

7 —8--T

1 2 3 4 5 6 7 é 9 10 " 12
Lm
max
Fig. 6.
Tmin and no interference nulling: 1,
n=12dB, a = 4.

Average rate vs. L., for different values of Lf,x with optimum
= 6)“}?11 /114 = 6lm, Km = 12, Kp =4,

rate from Lﬁ'mx =7to Lﬁ'mx = 12. This result can be observed
for each given value of L}, because beyond L™ = 7, the
number of users simultaneously served by a macro BS in each
time slot is limited by the number of users in that cell, rather
than L7 . This explanation is further corroborated by the
fact that with interference nulling employed, the optimal Tpip
beyond L7, = 7 is found to be the corresponding L7 itself,
which is the minimum possible value of Tp,;,. Since beyond

LT . = 7, the number of macro-users in a cell is typically
less than L7 . allocating more antenna resources than L7

would be wasting resources as those surplus resources can
be utilized for performance improvement through interference
nulling. For each possible value of L%, the optimal pair
(L7 x> Tmin) Which maximizes the average rate is found to
be (6,7) . The average rate slightly degrades for Lb., = 4 as
compared to L5, = 3 (not shown in the figure). Thus, the
optimal values of L . Twin, and L% for the given system
configuration are 6, 7, and 3, respectively.

After numerically analyzing the proposed SDMA scheme
with interference nulling for the perfect CSI, we now inves-
tigate the impact of limited feedback on the performance.
As explained in Section V, each macro-user feeds back By,
CSI bits to its home BS. In contrast, each pico-user feeds
back B, CSI bits to its home BS and B,, CSI bits to its
nearest active macro BS if the BS is performing interference
nulling to the user. In Figure 7, the impact of the number
of feedback bits B, and B, on the rate coverage with and
without interference nulling is investigated. As the number of
feedback bits increases, the performance approaches that of the
perfect CSI. Clearly, the impact of limited feedback bits B, on
the performance is higher for the interference-nulling scenario
than that without nulling. By, > 16, which is more than suffi-
cient for the non-coordination case, appears to be insufficient
for interference nulling case to reap the full benefits of nulling.
Nevertheless, nulling does improve performance even with
limited feedback as compared to the non-coordination case.
With no interference nulling employed, the feedback bits B,
are only required for signal power boosting to the single user
being served in the cell and such processing is found to be less
sensitive to CSI errors as compared to interference nulling. If

08 — — — - - — — — — — —
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e 3

< ©

& b
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——o&— Limited feedback: Optimum Tmm 0.66 —6— Limited feedback: Optimum Tmln
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————— Limited feedback: T =K —-—-— Limited feedback: T =K
min ~ “m min ~ "'m
0.66 0.62
4 10 16 22 28 34 40 4 10 16 22 28 34 40
B
B P
Fig. 7. Impact of number of feedback bits on the rate coverage performance:

Ap =6m, Ay = 104, Ky =12, K =4, LT, = LE, =1, n = 15dB,
o =3.5.

we observe the rate coverage curve against B, for the non-
coordination case, B, > 20 is near perfect. However, we can
observe a performance gap for interference nulling case even
beyond B, = 20 because of the limitation in B, which is
considered to be 40 in this case.

VII. CONCLUSION

We analyzed the downlink performance of multi-antenna
HetNets with SDMA, in which the ZF precoding matrix at
macro BS also considered interference nulling to certainpico
users. Further, the number of users served with SDMA in
each cell was a function of user distribution. Our results
showed that the SIR and rate coverage of victimpico users
(those suffering strong interference from macro BS) can be
significantly improved with the proposed interference nulling
scheme if Ty, is carefully chosen. The optimal choice of
Tinin for maximum data rate was found to be coupled with
association bias. The optimal values of L™, and Lk, which
maximize the average data rate was also investigated and were
found to outperform both SU-BF and full-SDMA. The impact
of CSI quantization error on the performance of interference
nulling due to limited feedback was also analyzed. It was
observed that interference nulling is highly sensitive to CSI
errors as the residual interference due to CSI imperfection
significantly degrades the performance. However, depending
on the degree of CSI imperfection, the performance may still
be better than that without interference nulling.

APPENDIX
A. Proof of Theorem 1
By substituting (23) into (30), followed by A, = K,
MI’), and then averaging over the joint PDF of D, and V,,,

expressed as fv,p,(r1) fp,(r), and the PMF of M}, we
get (32), where

Tl(y)—/rO/r pfi A

1

Kp—k—1

= k) Z

=1r" fvuiD, (r117) fp,(r) dry dr,
14
(54)

(= S)’

x%( Ihp,,,,( 5) 1,,W(s))

986

987

988

989

990

991

992

993

994

995

996

997

998

999

1000

1001

1002

1003

1004

1005

1006

1007

1008

1009

1010

1011

1012

1013

1014

1015

1016

1017

1018

1019

1020



1021

1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

1037

1038

1039

1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079
1080
1081
1082

and T2(y) is given by a similar expression with L}b (s)
p-m
replaced by L%h (s). However, since the LT in T2(y) is not a
P

function of r1, averaging over the PDF of D), only is required.
We thus derive Ty (y) first, as To(y ) then follows immediately.

Let y(s) = ¢, and 1(s) = putnr} 2 (1,1, 21s) +
1
pp}Lpr2 E(’)’ (1, I, %s). The LT in (53) can be expressed as

L} 5Ly, ,(5) = e PnAnritrrtor?) y(r(s)), the ith deriva-
pm ’

tive of which can be evaluated by applying Faa di Bruno’s
formula (31). While computing the /th derivative, we use

) (1(5)) = (—1)% exp(—1(s));

yt(s)
P\ _, P,
—) E 11,1, —s]),
( wza) q( o)

ﬂ:l 1.1 is _
dSq -0 s Ly w;x =
(55)

which follows from the property of the Gauss Hyperge-
ometric function; and the properties of integer partition
Zf}=1 q,uloq = [ and Zf}=1 ,uloq = o. The final expression
for Ty(y) in (33) is then obtained by changing the order of
integration, followed by substituting % — 6, r1 — ry, then
integrating with respect to r;.
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Abstract— The downlink performance of two-tier (macro/pico)
multi-antenna cellular heterogeneous networks employing space
division multiple access (SDMA) technique with zero-forcing
precoding is analyzed in this paper. The number of users
simultaneously served with SDMA by a base-station (BS) depends
on the number of active users in its cell, with the maximum
served users limited to Lyax. To protect the pico users from
severe macro-interference, part of the antennas at each macro
BS is proposed to be utilized toward interference nulling to
pico users. The partitioning of macro antenna resources to
serve macro-users and to null interference to pico users for
optimal performance is investigated in this paper. Biased-nearest-
distance-based user association scheme is proposed, where the
bias value accounts for the natural bias due to the differences
in multi-antenna transmission schemes across tiers, as well as
the artificial bias for load balancing. The signal-to-interference-
ratio coverage probability, rate distribution, and average rate of
a typical user are then derived. Our results demonstrate that
the proposed interference nulling scheme has strong potential
for improving performance if the macro antennas partitioning is
carefully done. The optimal L} .. for both macro and pico-tier,
which maximize the average data rate, is also investigated and it
is found to outperform both single-user beamforming and full-
SDMA. Finally, the impact of imperfect channel state information
due to limited feedback is analyzed.

Index Terms— Heterogeneous networks (HetNets), interference
nulling, limited feedback, Poisson point process (PPP), space
division multiple access (SDMA), stochastic geometry.

I. INTRODUCTION

ETWORK densification (dense deployment of base-

stations (BSs)) and multi-antenna techniques are
well-known for their tremendous potential to increase spectral
efficiency of wireless networks. In a conventional macro only
cellular network, where the locations of high-power macro BSs
are strictly planned, adding more BSs can be very challenging
for dense urban areas due to extremely high site acquisition
cost. Thus, the cost-effective way of network densification
is to deploy a diverse set of low-power BSs within the areas
covered by macro cellular infrastructure [1]. The resulting
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network of mixed types of BSs is known as heterogeneous
network (HetNet). If the BSs are equipped with multiple
antennas, the additional degrees of freedom (DoF) in the
spatial dimension can be utilized in a number of ways, for
example, to improve the spectral efficiency, and to enhance the
link reliability. The diversity and spatial multiplexing gains
have been extensively studied in general for point-to-point
links without interference. Some examples of diversity tech-
niques are space-time coding [2], [3] and coherent processing
known as beamforming [4]. The spatial multiplexing which
utilizes the multiple antennas to transmit independent data
streams simultaneously over spatial sub-channels, has been
explored in [5]. Space division multiple access (SDMA)
which allows multiple users to be served simultaneously on
the same time-frequency resource has also been analyzed
[6], [7]. However, in interference-prone cellular networks,
for example, a dense deployed HetNet, where complex
interference scenarios may arise due to power disparities
between the BSs, the effectiveness of spatial multiplexing may
diminish [8]. Nevertheless, if the available spatial DoF are
intelligently utilized to suppress/mitigate interference as well
as to harvest diversity and multiplexing gain, the performance
of cellular networks can be improved. In this paper, we
develop a tractable framework to analyze the downlink
performance of zero-forcing (ZF) precoding based joint
SDMA and inter-tier interference-nulling scheme in HetNets.

A. Related Work and Contributions of the Paper

Although multiple antenna in wireless communications is
a mature technology, its incorporation into cellular networks,
traditional single tier, as well as HetNets, has received much
momentum both in academic research and standardization
efforts only recently with the introduction of massive-MIMO
concept [9]-[12]. By utilizing the stochastic geometry frame-
work which enables systematic modeling of interference,
several studies on the modeling and analysis of downlink
single-tier multi-antenna cellular networks have been reported
in the literature. For example, error probability analysis by
using the equivalent-in-distribution approach in [13], coverage
and rate analyses using the Gil-Pelaez inversion theorem
in [14], and a unified approach to error probability, outage
and rate analyses for different multi-antenna configurations
with retransmissions in [15]. Apart from single-tier networks,
stochastic geometric modeling of downlink multi-antenna Het-
Nets have been significantly explored as well. Reference [16]
compared the signal-to-interference-and-noise ratio (SINR)
coverage of SU-BF with that of ZF SDMA for a two-tier multi-
antenna HetNet by considering a single fixed-radius circular

1536-1276 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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macro cell with multiple femto cells of fixed radii, distributed
according to a Poisson point process (PPP) within the macro
cell. However, since BS-user association and macro-tier inter-
ference are ignored, the insights in [16] may not be accurate
for practical HetNets. The coverage probability and average
link spectral efficiency of ZF precoding in multi-antenna Het-
Net, spatially averaged over a given cell of known radius and
guard region are derived in [17]. Unlike the spatial averaging
over a given cell in [17], system-wide spatial averaging is con-
sidered in [18] and the upper bounds on coverage probability
of ZF SDMA and SU-BF are derived. The ordering results
for the coverage probability and rate per user performance
of SDMA, SU-BF and single-antenna transmission are also
derived in [18] by using tools from stochastic orders. While
the analysis in [18] is based on maximum instantaneous SINR
based BS-user association, association rules intended to maxi-
mize the average receive SINR (and thus, the SINR coverage),
and biased association for optimal rate coverage are proposed
for multi-antenna HetNets in [19]. Closed form expressions
for the signal-to-interference ratio (SIR) of ZF SDMA and
SU-BF are derived in [20] for user association based on
the received power of the reference signal transmitted from
a single-antenna with total power. In all of these downlink
multi-antenna HetNet analyses [16]-[20], each cell of a tier is
assumed to be spatially multiplexing to the same number of
users, say L, and it can be any arbitrary integer in the interval
[1, K;], where K; is the number of antennas at a BS of the
ith tier. This assumption, however, is not suitable for cellular
networks because the number of users, which depends on user
distribution, is generally different from one cell to another. An
open-loop SDMA with each antenna serving an independent
data stream to its user with the limiting requirement that the
number of users in each cell must be at least equal to the
number of transmit antennas is analyzed in [21] for single-tier
cellular networks with ZF and MMSE receivers. In this paper,
we consider user-distribution dependent SDMA scheme, i.e.,
the number of users simultaneously served with SDMA in each
cell depends on the total number of users in that cell. If the
number of users in a cell is less than the maximum number of
users served per resource block (RB), say Lpax, all the users
are simultaneously served; otherwise only Lmax users chosen
randomly are served.

One of the key challenges in downlink cellular HetNets
is inter-tier interference management. Due to large transmit
power disparities between macro and small-cell nodes such as
picos and femtos, and proactive user offloading from macro to
small cells, interference management between the macro and
pico/femto tiers is very important because the performance of
small-cell cell-edge users could be severely degraded. While
almost blank subframes (ABSF) [22], [23] and frequency-
domain resource partitioning [24], [25] can be used, inter-
tier interference can be more efficiently managed without
compromising time/frequency resources by using multiple
antennas. Inter-tier interference mitigation by using multiple
receive antennas at the user devices is analyzed in [26]. In this
paper, we analyze ZF-precoding based interference-nulling
method by using BS antennas to suppress the interference
from the macro tier to small-cell users. Compared to other

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS

potential techniques such as joint transmission [27] and trans-
mission point selection [28], which require both user data
and channel state information (CSI) to be shared between
the coordinating BSs, interference nulling requires only CSI
to be shared. Joint transmission with local precoding, which
requires no CSI exchange between the coordinating BSs, is
studied in [12]. However, it stills requires user data sharing,
which could be very challenging due to backhaul overhead.
In [29], interference nulling to U offloadedpico users by each
macro BS is analyzed, where the optimal U for maximum
rate coverage is also investigated. However, unlike [29] which
considers a single served user per RB in each cell, we consider
a user-distribution dependent SDMA scheme. SU-BF with
interference nulling to a fixed number of neighboring-cells
users at each BS of any tier for general multi-tier HetNets
is analyzed in [30], without specifying how these users are
selected. SU-BF with interference nulling in single-tier cellular
networks is studied in [31] and [32]. Although SU-BF with
interference nulling has been relatively well analyzed, to
the best of our knowledge, this paper is the first work to
analyze a user-distribution dependent SDMA scheme with
inter-tier interference nulling in cellular HetNets. The main
contributions of this paper are summarized as follows.

1) We develop a tractable framework to analyze a user-
distribution dependent SDMA scheme in a two-tier
(macro/pico) multi-antenna HetNet with ZF precoding,
in which the number of users simultaneously served
by a BS in an RB depends on the number of active
users in its cell. The framework also allows the analysis
of SU-BF and full-SDMA by setting the limit on the
number of users served per RB to one, and the total
number of transmit antennas, respectively.

2) To suppress the detrimental macro-to-pico interference,
interference-nulling precoding, jointly with user-
distribution dependent SDMA, is proposed. That is,
the precoding matrix at each macro BS is designed
to null interference to a set of activepico users while
spatially multiplexing the macro-users in the cell. In the
proposed interference-nulling scheme, the candidatepico
users for interference nulling from a macro BS, say b,
are the ones which have b as their nearest interfering
macro BS.

3) Considering the complexity of BS-user association in
multi-antenna HetNets, a simple biased-nearest-distance
based association rule is introduced, in which the bias
value accounts for the natural bias required for SINR
maximization in multi-antenna HetNets, as well as the
artificial bias for load balancing.

4) By considering interference limited scenario, we derive
analytical expressions for the SIR and rate distributions,
as well as the average rate of a typical user. We then
perform comprehensive analysis to investigate the
optimal association bias, and the inherent trade-off
between interference cancellation, signal power boosting
and spatial multiplexing. The following useful network
design insights are obtained from these analyses:

a) By optimizing the maximum number of users
simultaneously served per RB, SDMA can achieve
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significantly higher average data rate than both
SU-BF and full SDMA.

b) If the number of users in a typical cell is less than
the maximum number of users served per RB, say
Lyax, the optimal number of antennas towards
spatial multiplexing and signal power boosting of
local users is found to be L,,,.Thus, rather than
allocating additional antennas to these users, the
average data rate can be significantly increased if
the surplus antennas are used towards interference
nulling topico users.

c) The optimal number of antennas towards
interference nulling topico users increases with the
increase in pico cell density, as well as association
bias.

5) Finally, the impact of the CSI quantization error due
to limited feedback on interference nulling is also
investigated.

The paper is organized as follows. The system model and the
proposed multi-antenna technique are presented in Section II.
Section III derives the SIR distribution. The rate coverage and
the average rate are derived in Section IV. In Section V, the
impact of limited feedback is analyzed. The numerical results
are presented in Section VI, and the concluding remarks in
Section VII.

II. SYSTEM MODEL

We consider the downlink of a two-tier multi-antenna
HetNet comprising macro and pico BSs spatially distributed on
R? plane as independent homogeneous PPPs ®,, with density
/m and @, with density 4,, respectively. The macro BSs are
equipped with K, transmit antennas, and the pico BSs with
K, antennas. Similarly, users are assumed to be distributed
according to an independent PPP @, with density 4,, and each
has a single receive antenna. The two network tiers share the
same spectrum with the universal frequency reuse.

The transmission scheme is SDMA with ZF precoding
applied at each BS to serve multiple users simultaneously in
each RB. We assume only one RB per time slot. As the BSs
and users are independently distributed on the R? plane, the
number of users varies across cells. Thus, in our proposed
SDMA scheme, a typical active macro cell with N, > 1
users serves M,; = min(Ny, LM ) users simultaneously in
a given time slot, where LY is the maximum number of
users it can serve. If Ny, > LM the BS choses LY users
for service randomly, else, all &V, users are served. Similarly,
M, = min(N,, LP ) users are simultaneously served by a
typical active pico cell in a given time slot, which has N, > 1
users, and LF is the maximum number the pico cell can
serve. The macro and pico BSs transmit to each of their users
with power P, and P,, respectively.

A. User Association

According to the user association rule introduced in [19]
for average SINR maximization, a typical user at the origin
is associated with the nearest pico BS if P, A,,rpX;“ >
P~/ Amtm X;,%, and otherwise, is associated with the nearest

macro BS, where X, = min |[|x,| and X, = min |[|x,]|
Xm €Dy, m€Dp

are the distances from the origin to the nearest macro and pico
BSs, respectively. If associated with the macro tier, A, is the
average desired channel gain from the nearest macro BS, and
7p is the average interference channel gain from the nearest
pico BS. Similarly, A, and t,, are the corresponding values,
if associated with the pico tier. These channel gains depend on
the number of users served with SDMA. This association rule
is thus not suitable for our proposed SDMA scheme, where the
number of users served with SDMA in each cell is a function
of the number of users in that cell. The number of users, on the
other hand, is determined by the association rule. The above
rule however can be equivalently expressed as follows: a user
is associated with the pico tier only if

1 1
=) (@)
P, 0
where p = ﬁz;’; . If we compare (1) with the popular
received power based association in HetNets [24], [33], ¢ can
be interpreted as the natural bias required for average SINR
maximization in multi-antenna HetNets due to the differences
in transmission schemes. This coverage maximization bias,
however, may not always achieve optimum load balancing
for maximum rate. Thus, by further introducing an artificial
bias B for load balancing, the resultant condition for pico
tier association becomes X;; > p X, which can be perceived
as biased nearest distance association with bias value p =
(%”7‘% al, where # = Bp. We investigate the optimal value of
n for the average data rate in Section VI, which determines

the optimal p.

As X, and X, follow Rayleigh distributions with mean
(2vV7m)~" and (2,/7,)7", respectively [34], the probability
that a typical user at the origin is associated with the pico tier
is

ey

Ap

Ap =PXm = pXp) = Tt a2
p m

)
and the probability that this user is associated with the macro
tier is A, = 1 — A). These tier association probabilities are
also valid for any randomly selected user. Thus, the total
set of users in the network, ®, can be divided into two
disjoint subsets: @7 and ®! | the set of macro- and pico-users,
respectively. A,, and A, can be interpreted as the average
fraction of users belonging to ®” and @, respectively. As
we are interested in the number of users in a typical cell,
rather than the actual locations of the users, ®” and ®} can
be equivalently modeled as independent PPPs with density
Ay and Ap4,, respectively. Since each macro-user is always
associated with the nearest macro BS and each pico-userr
with the nearest pico BS, the network can be viewed as
a superposition of two independent Voronoi tessellations of
the macro and pico tiers. Let the number of users in a
randomly chosen macro and pico cell be denoted by U,
and U, respectively. Their approximate' probability mass

IThe PDF of the normalized Poisson-Voronoi cell area is approximated as
Gamma(3.5, 3.5) [35] while deriving the PMFs.

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307



308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

function (PMFs) are given by [24, Lemma 2]

355G +m)(Ad/l)"
n

TG0 Ak /21 + 35735 =

Vi € {m, p}. 3)

P(U; =n) =

A BS without any user associated does not transmit at
all and is inactive. The PMFs of the number of users in a
randomly chosen active cell of the macro and pico tiers are
given by

_ P(U; =n)ln=>1)
B pi

P(N; = n) ,Vie{m,p}, (4
where p,, and p, are the probabilities that a typical BS of the
macro and pico tiers, respectively, is active, and are given by

Al -3.5
p=1 =0 = 1= (143571880
l
Vi e (m. p). )

Let the sets of active macro and active pico BSs be denoted
by ¥, and ¥, respectively. ¥, and ¥, are thinned versions
of the original PPPs @,, and ®,, respectively, and hence are
independent PPPs with densities p;;A,, and p, 4, respectively.

By using the PMFs in (4), the PMFs of the number of users
simultaneously served by a typical active BS of macro and pico

tiers in a given time slot for L/, > 1 can be obtained as

P(N; = n), L=n < Li
L ax—1
P(M; = n) = Fan :
1= > PWNi=k), n=Lh,,
k=1
Vi € {m, p}. (6)

For the special case of Ll =1,P(M;=1)=1,VI € {m, p}.

max

B. Interference Nulling

We assume K, to be typically much larger than K,. By
using the interference nulling strategy, the additional spatial
DoF of macro BSs can be utilized to suppress the strong macro
interference topico users. Thus, we propose that each served
pico-user requests its nearest active macro BS to perform
interference nulling. However, as nulling costs macro BSs
their available DoF for their own users, we assume that each
macro BS can handle at most K, — Tnin requests only. This
limit ensures that each macro BS has at least Ti,ijn > L%ax
antennas dedicated for serving its own users. Hence, if Oy,
requests are received by a typical active macro BS, it will
perform interference nulling to O = min(Q,,, Ky — Tmin)pico
users. For Q,, > (K;; — Tmin), the BS will randomly choose
K — Tminpico users.

The number of interference-nulling requests Q,, received by
a typical active macro BS is equal to the number of servedpico
users within a typical Voronoi cell Y of the tessellation formed
by ¥,,. Although the number ofpico users served by a typical
active pico BS cannot exceed LEax, O is unbounded because
the number of active pico BSs within Y is Poisson distributed
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with mean p,A,/(pmAm). To derive the PMF of Q,,, we first
derive E[M,] = A,0pA4/(pplp), where

¥y = LbaxPplp _ 3.5%2 P!
Apiy r(3.5) &
y [r(3.5 + 1) (Aptu/2p)" N (Lhax — k)} o
n! (Apiu/dp +3.5)mH35

Note that for L2, = 1, 9 p = %' Next, let us denote the set
ofpico users requesting interference nulling by ¥/ . Because
we are only interested in the number of such users in a typical
Voronoi cell T, and not their actual locations, and we know
that E[Qn] = ApVpdu/(Pmdm), P2 can be assumed to be
a PPP with density A,9¥,4,. The PMF of Q,, can then be
obtained as

, n
3.5350(3.5 + n) (M)

PmAm

P(Qm =n) = n>0. (8

TG3.5)n! (Alme;j " 3.5)"”'5
Due to the limited resources as discussed earlier, not all
interference-nulling requests received by an active macro
BS are satisfied. Let y denotes the set ofpico users whose
interference-nulling requests to their corresponding nearest
active macro BSs are satisfied. In the following lemma, we
derive the probability that a randomly chosen pico-user in
service belongs to y.

Lemma 1: The probability ¢ that the interference-nulling
request made by a randomly chosen pico-user to its nearest
active macro BS is fulfilled is given by

-3.5
_ (Kin — Tiin) PmAm 1 — (1 +3.5_1Ap19p/1u)
Ap'l?pj-u DPmAm
Appiy

n—1
3.535 Kn—Tmin F(35+VZ)<W) (Km—Tnin—n)
" T@3.5)

n+3.5
PmAm )

o nt (A28 435
©)

Proof: Let Q), denotes the number of other requests
received by the macro BS, which received nulling request from
a randomly chosen pico-user. Then, conditioned on an, p=1

if 0], +1 < Ky — Tinin; otherwise, ¢ = (K — Tmin)/(Q,, +1).
Thus, ¢ can be expressed as

Km—Tmin—1 [ele}

Ky — T
b= 2 PQ,=w+ 3 RO, =n)
n=0 n=K;, —Tin
o0
K — Tmi
=D " P(Q, =n—1)
n
n=1
K —Twin
Ky — T
- Z (u—1) P(Q,, =n—1). (10)
n
n=1

By using the fact that the conditional probability density
function (PDF) f)/, (y) of the area of a Voronoi cell given that
a randomly chosen user belongs to it is equal to cyfy(y),
where fy(y) is the unconditional PDF and c is a constant such
that fooo f{, (y)dy = 1 [22], the PMF of Q), can be derived
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as P(Q), = n) = (0 + DB(Qu = n + 1)/E[Qul, n > 0.
Theorem 1 is then obtained by substituting the PMF of
Q,, in (10), and then using > 2 P(Q, = n) =
1= P(Qn = 0). ]

C. Channel Model and Precoding Matrices

Assuming standard power law path-loss with exponent a,
linear precoding and frequency-flat fading, the received signal
Zm at a typical user u located at the origin if u € @I is given
by

_a
Im = PmDm zhzm’IWbmsbm

+ > VP D kgl R, Wase, + s

q€{m,p} Xq€¥Yq\bm

Y

where b, is the serving macro BS at a distance Dy,
which is serving M, other users simultaneously; hy, 1 ~
N0k, x1,1k,) and 8,1 ™ CN(0k, x1, Ik, ) are the desired
and interference complex Gaussian channel vectors from the
tagged BS b, and the interfering BS at x,, respectively, with
independent and identically distributed (i.i.d.) unit variance
components; n, ~ CN(O,az) is complex Gaussian noise
with variance o2; Sby = [Sb,.ili<ism+1 € CMyu+Dx1 g
the complex-valued signal vector transmitted from b, to its
M, + 1 served users with the symbol sp, 1 intended for
u and W, = [wbm,i]lsis(M,’,,Jrl) € CKmx(Mu+1) g the
corresponding ZF precoding matrix.

Let the channel vectors from the tagged BS b, to its
M), users other than u be represented by [hy,, ; ]ZSiSM,’n+17
and the interference channel vector from the tagged BS to
0 = min(Qy, Ky — Tmin)pico users chosen for interfer-
ence nulling by F = [fi]i<j<o € CX»*° Under the
perfect CSI assumption, the ZF precoding matrix Wb =
(W, ,]1<,<(M/ +1) is designed such that |hb Won, J| is max-
imized for each j = 1,2,..., M), + 1, whlle satisfying the
orthogonality conditions hzm’ iWhyi = 0 for Vi # j and
f'wp, ; = 0,Vi = 1,2,...,0,¥j = 1,2,..., M, + 1. Tt
can be achieved by choosing wy,, ; in the direction of the pro-
jection of hy, ; on Null([hbm,j ]151'5(11,1'/"4_1),]'#, [ £; ]15,'50).
The nullspace is K; — M,;1 — O dimensional and thus,
the desired channel power gain f;, = |hzm,1wbm,1|2 ~
Gamma(A,,, 1), where A,, = K,, — M), — O [36]. Given
that an interfering macro BS at x,, is serving M, users
simultaneously, Wy, = [wy, ili<i<pm, € CKn>*Mn_ which
is designed independent of g, ;. Assuming that the pre-
coding matrix has linearly independent unit norm columns,
g 1 W 1> 8y 1 Wx, 2, -5 8y 1 Wa, M, are iid. complex
Gaussian random variables (RVs), and their squared norms are
ii.d. exponential RVs Thus, the interference channel power
gain (x,, = ||gj W,,, [1> ~ Gamma(M,,, 1), as it is a sum of
M,, i.i.d. exponentlal RVs [18].

A feasible choice of the precoding matrix W,, =

(W, ,]1<,<(M/ +1) is the pseudo inverse? of Hb , le.,

Wy, = H;, (Hb H;, )~ I with normalized columns, where

2pseudo inversion of the channel matrix is an easy choice of ZF
precoding [7].

I:Ibm = [ﬁbm,i]ISiS(M,’,,Jrl) S (CK’”X(M;nJFl), ﬁbm,z = (IKm —
F(F*F)’lF*)hbm,i being the projection of hy,; on the
nullspace of F = [f; ]1<;<o [31], [36].

Similarly, the received signal z, at u when u € ®f is
2p = PpDp hy Wp,sp, +¢

HDIRIEEDY

q€{m,p} xq€¥y \{om,bp}

_a
[1xg ]l 2giq,1wxqsxq +np,

(12)
where
0, ifuey
‘= [JP_mvm%gzm,lwumsum, ifu ¢y

by is the serving pico BS at a distance D), which is serving
M;, other users simultaneously; n, ~ CA((0, o?) is complex
Gaussian noise, v, is the nearest active macro BS to u at
a distance V,,,, which receives an interference-nulling request
from u. The ZF precoding matrix Wb [w;,p ,]1<,<(M/+1)
is given by Hp, (Hb H,,)™ ! with normahzed columns, where

Hy, = [y, ili<i<m)+1) € CKr*M,+1) is the channel matrix
from the tagged BS b, to its M/ + 1 servedpico users.
The desired channel power gain ﬁ;, ||h* lWb > =
|hb 1V, 1|> ~ Gamma(A p, 1), where A,, = K — M, and
the interference channel power gain (y, = Ingp,lpr||2
Gamma(M),, 1) given that the interfering pico BS at x, is
serving M, users simultaneously.

13)

D. Distance to the Serving BS and the BS Receiving
Interference Nulling Request

The distance D; to the serving BS from a typical user
u € (Dfd is a RV, and the corresponding PDFs for each
| € {m, p} are derived in the following lemma.

Lemma 2: The PDF fp, (r) of the distance D,, between
the serving macro BS and a typical user u when u € O} is
given by

fp,(r) =

and the PDF fp ,(r) of the distance D) between the serving
pico BS and a typical user u when u € ®f is given by

“rexp(= (m + Ap/pP)rd),  (14)

Thp
rexp( n(/lmp —i—ip)r)
Ap

Proof: Given that u € @', D,, is the distance to
the nearest macro BS from u. The cumulative distribution
function (CDF) Fp,,(r) = P(D,, <r) is thus given by
P(X,, <r,u e ®))

P € @)

- i/or ]P’(Xp > f—))fxm(y)dy

The PDF fp, (r) in (14) is obtained by differentiating (16)
with respect to r and then applying the probability distributions
of Rayleigh RVs X, and X,. The PDF fp,(r) is similarly
derived. [ ]

Ip,(r )— 15)

Fp, (r) =P(Xp <rlued) =

(16)
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Another quantity of interest is the distance V,, between a
typical pico-user in service and its nearest active macro BS
to which it requests interference nulling.

Lemma 3: The conditional PDF of the distance V,, between
a typical user u € ®} and the macro BS to which it request
interference nulling, given that its distance to the serving pico
BS is D, =r, is given by

SV, (r1lr) = 27 pim Amri exp (—ﬂlvmim(rl2 - pzrz)) ,

ry > pr. (17)

Proof: Giventhatu € ®F |V, is the distance to the nearest
active macro BS. The conditional complementary cumulative
distribution function (CCDF) of V,, is thus given by

Fv,p,(r1lr) = P(X,, > rilu € ®}, D, =r)

= P(X;, = r11Xm > pr), (18)

mi\i‘l lxm |l is the distance from the origin to
Xm €W
the nearest active macro BS. The condition X,, > pr implies

that no points of ®,, are within a circle of radius pr. Thus, no
points of ¥, as well are within pr because ¥, is the thinned
version of ®,,. Thus, given that no active macro BS is closer
than pr, the probability of no active macro BS closer than
r1 is equal to the probability that no points of ¥, are within
an annulus centered at the origin with inner radius pr and
outer radius r;. The conditional CCDF va\ pp(rilr) is thus
given by

/ —_—
where X, =

Fuip,(11r) = exp (=2 pnln(r} = 7). (19)

The conditional PDF of V,, in (17) is obtained by differenti-
ating (19) with respect to ry. ]

III. SIR COVERAGE ANALYSIS

We consider interference-limited scenario, and thus derive
the SIR coverage probability in this section. The SIR coverage,
i.e., the probability that the SIR of a typical user is greater than
a given threshold y is defined as P(y) = P(SIR > y), where
SIR = >/c (. p) 1 € ®}) SIR;. From (11) and (12) and the
discussion that follows, the SIR of a typical user u at the origin
when it belongs to CDfl can be expressed as

Plﬁlefa

SIR; =
Ibl,m

,» Vil e{m,p}, (20)

+ Ibl, P

where Iy, ,, and I, , are the interference powers from the
macro and pico tiers, respectively when u € (I)L, l € {m, p},
and are given by

Ip =Py D Gollxpll™

xpe¥)\bp
Pu D Collml™ ifuey
Ib _ Xm €WV \vm
p, M _ .
' Pu D Collxmll™  ifu gy,
xm €Y
Inyp = Pp D Collxpll™®
xpe¥),
Iy = Pn D Conllxml ™% 1)

Xm€¥m \bm
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By using the law of total probability, the SIR coverage
probability of a typical user u is

P(y) =Pu(y)Am +Pp(V YAp,

where A; = P(u € d){t), l € {m, p} is the tier association
probability, and P,,(y) = P(SIR, > ylu € @), and
P,(y) =P@IR, > yu € ®!) are the conditional coverage
probabilities of the user u when associated with the macro
and pico tiers, respectively. To evaluate (22), we first derive the
Laplace transform (LT) of the total interference power received
by u.

Lemma 4: The LT Ly, (s) of the total interference power

(22)

Ip, = Ip,.m + I, p received by u when u € @Y conditional
on D, =r and V,,, =ry is given by

25, 6) = (o, )+ =0)2] ) £4,,,(),  (23)

where Ly, (s) is the LT of Ip,,p; L}bp’m () = Ly, (slu €
x), and L%b]m(s) = lep,m(SW ¢ x) are the LTs of Ip,m
conditional on u € x and u ¢ x, respectively. These LTs are
given by (24)-(26), as shown at the top of the next page, where
2Fi(a,b,c,z) is the Gauss Hypergeometric function [37].

Proof: The LT £, ,(s) = E[e~*"r4], Vg € {m, p} can
be derived as

Ly, ) =Eq [] ngq[exp(—qugxq||x,,||*a)], (28)

x1€¥,

where ‘i’p = ¥,\bp, and P = Wy\ow if u € y, else
¥ =¥, By performing the expectation over the distribution
of ¢y, ~ Gamma(M,, 1) conditioned on M, and then apply-
ing the probability generating functional of PPP with density
PqAq [34], and finally taking the expectation over the PMF
of M,, we have

q
Lmax

lelhq (S) = eXpI - ”Pq’lqwg,q( Z P(Mq = l)
i=1

2 a—2 P
xaFi[i, ==, 2=, - —Ls | - 1)] (29)
a o« oy,

where @), 4 is the lower bound on the distance to the closest
interferer from u in the tier ¢ € {m, p}. Thus, w, , =r, and
wpm =11 if u € x; otherwise, w, ,, = pr. |

Similarly, the LT of I, = I, m + Ip,,p conditional on
Dy, = r can be derived as £y, (s) = Ly, ,(s)Ly,, ,(s), where
Ly, ,(8),q € {m, p} is given by (27) shown at the top of the
next page, with @, =r and @y, , =r/p.

Having derived the LTs, we now evaluate Pj(y) =

P (PByD;* > y1Iylu € @), VI € {m, p}. Conditional on
Dy=vr,V,=r and A; = n, we have
n—1
(=)' d
PG I, A =m =3 g (4,6) | e GO)

which follows from the distribution Gamma(n, 1) of S, for a
given A; = n, and the differentiation property of LT. Since the
LTs in (24)-(27) are composite functions, (30) requires evalu-
ating Ith derivatives of composite functions. These derivatives
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Ly

max
1

lep!m (s) = exp

i=1

Lm

max

2
le,,,m (s) = exp

Linax
lep,p (S) = eXp
i=1

q
Linax

L) = exp
i=1

— TPm mrl(ZP(Mm—l)zFl[l —g, ; ’_l:’n;s]_l)]
1

— T PmAmp r (ZP(Mm—l)zFl[l ——

— T ppipr (ZP(MP_Z)zFl[l -2 I;’;s]—l)}

— npqxlqwm q( Z P(M,; =i)2F [z S

2 a—2 24)
2a {_Zi]_Q] 25)
o per
2 o —2 _ 26)
2 a-— 2,_ P, s]—l)] 27
a wa’q

are computed by using Faa di Bruno’s formula expressed in
terms of integer partition, which is introduced in the following
section.

A. Integer Partition and Faa di Bruno’s Formula

Integer partition is a partition of a positive integer n as a
sum of positive integers. The set of all possible partitions of
n is represented by €, with the number of partitions denoted
by P(n). The integer 4, for example, can be partitioned as
Q4 = {{4},{3,1},{2,2}, {2, 1, 1}, {1, 1, 1}}. Thus, 2(4) = 5.
Let ! denotes the number of elements in the ith partition
p; of n. Also, let ,u?j denotes the number of positive integer
j € {1,2,...,n} in that partition, and ai"k denotes the kth
element (k € {1,2, ..., o!}). Example: for the second partition
of integer 4 in Qq, ie., pg = {3, 1}, we have wg = 2,
p3 =1 u3y =0, 455 =1, w3y =0, a3y =3, a3 = 1.
For any partition p?, we have the properties Zl}:l Jj ,u?j =n
and >7%_, 1y = o,

Faa di Bruno’s formula for the /th derivative of the com-
posite function y(#(s)) in terms of integer partition can be
expressed as

2()

| L l
W) =D y@eon [T (#76)™, 6
o=1 qg=1

where
Al

wl 1 [ 1 >
[1;21 ag! Hq:l :uoq!
(k)

and y, ) (t(s)) is the kth derivative of the function y(z(s))
with respect to #(s). Note that the integer partition version
has much lesser number of summations as compared to the set
partition version used in [21]. The complexity of the numerical
computation is thus significantly reduced.

Theorem 1: The SIR coverage probability of a typical pico-
user u is given by

Py(y) =0Ti(y) + (1 —9)Ta(y),

where T1(y) = P(SIR, > ylu € O u e y) and Tr(y) =
P(SIR, > ylu € ®F u ¢ y) are the conditional coverage
probabilities of a typical pico-user u when u ¢ y and u € y,
respectively. These conditional probabilities can be computed

I _
c, =

(32)

by using (33) and (34), as shown at the top of the next page,
where 6 = Py, /Py, and the function Efl (¢, k, &) is defined as

L /s
(@D, -,

i=1

-
=l (e x,6) =

2 a—2
XZFl[l +q,——+q,7+q,—gx e]
(35)

where (a)q is a Pochhammer symbol.
Proof: The proof is given in Appendix A. [ ]
Remark 1: The number of other users served by the BS
which is serving the typical user u € (DL is given by M| =
min(Uj, L, — 1), where U] is the number of other users in
the Voronoi cell to which the user u belongs. The PMF of U,
can be derived as ]P’(U/ =n)=n+ 1HPWU; =n+ 1)/E[U]].
The PMF of M| for L,,,. > 1 is thus given by

P(U/ = n), O<n<lLl —1
1
P(M/ =n) = Liyax—2
! 1= > PWU =k, n=Ll, 1,
k=1
vl € {m, p}. 36)
For Ll =1, P(M] =0)=1,VI € {m, p}.

Corollary 1: The coverage probability of a typical macro-
user Pp (y) is given by (37), as shown at the top of the next

page, where the PMF of A,, conditional on M, = k for
Thin < Ky, is given by
P(An =n|M), =k)
K —Tmin—1
_ - Z_(j) P(Qu =0), 1= Tyin—k 38)

P(Qm = Kpm —k —n), Tpn—k+1<n<Ky—k.

For the special case of Tmin = K which implies no interfer-
ence nulling, Ay = Ky — M), thus P(Ay, = Ky — k|M), =
k)y=1.

Proof: P, (y) is derived in the same way as Ta(y).
However, since A,, = K,y — M, — min(Qpm, Ky — Tmin) is
a function of the two RVs M;% and Q,,, deconditioning with
respect to A, is achieved in two steps, first averaging over the
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2()

9a1+lz ( 1)60 (Pm m‘—‘O (5 0, y)~|—pp/1 9 -—0 (lala 7)

~@h42) _ A -
+(1—pm)zmp292+(1—p,,)z,,92) F(wf}+2)H(pmim5q:Z1(5,9,y) g;’ L P(1,1,y)) :|d9 (33)
q=1
) Lfr]lax Kp—k—1 IP(I) p /1 o4 1 /Ii)q
o) = 3 2 P(M,, = k) Z Z ACRINC +1)H( o E;"(a,p )+pp £ (L, l,y))
k=0 ’
_ 1 —(@)+1)
X(ppip BN (1,1, y)+ (A = pu)dmp® + (1= pp)p + PmAmp® Ef (5, >’ y) ) (34)
B L1 Kn—k lfP(l)
Pu(y) =5 D P(My, =k >, P(An=nlM, —k>Z > e ()T (@), + 1) ((1—pm>z +1- p,,)
m k=0 n=Thin—k 1=0 ! o=1
(1) 1 ag—2 l
_ DPplp _ 1 _ pri—= _,r1 Ho,
P (1,1, )+ ;2”:5 (5,,0,)’)) H(pmzm:';(1,1,y)+p,,z,,5—q:5(5,p,y)) " 37)

g=1

conditional PMF of A, for the given M, , and then averaging
over the PMF of M),. |
Remark 2: For the special case of L), = Lh. =1,

Pp(7) = Pp(y M), =0)
= oTi( 1M, = 0) + (1 — )Ta(y M), = 0), (39)
Py (y) = Pu(y M, =0), (40)
where for each | € {m, p},
( )q(__)q
£
X 2 Fp (1+q,—z+q,;2+q,—gk s)
(41)

—l —_
‘:‘q(gaxa 8) = ‘:‘q(gaxa )

IV. RATE ANALYSIS

In this section, we analyze the achievable downlink rate of
a typical user. We derive the CCDF of downlink rate, also
defined as the rate coverage, and the average rate of a typical
user.

Assuming adaptive transmission scheme such that the
Shannon limit is achieved, and treating the interference as
noise, the data rate of a typical user u is given by

R= > S$Wlogy(1+SIR)1(u € d)),
lem,p)

(42)

where S; is the fraction of resources received by u when
u e (Dfd. For each [ € {m, p}, given that U] is the number
of other users in the cell to which the user u belongs, the total
users in the tagged cell are U+ 1. We assume one RB per time
slot with total bandwidth W, and at most Linax users served
simultaneously in each RB through spatial multiplexing. Thus,
if the total number of users in the tagged cell is less than

(e, U +1 < LL ), each user can utilize the entire

max max

bandwidth W without sharing; thus, S; = 1. However, if U/ [ +1
is no less than LL (e, U/ +1 > LL ), we assume that
the time-frequency resources are shared equally among the
total users; thus, S; = Linax / (Ul’ + 1). Hence, the fraction of

resources received by u € (DL can be expressed as

L,
Sy =min{ —2 1.
U +1

Theorem 2: The CCDF of the downlink rate of a typical
user u, R(v) = P(R > v) can be expressed as R(v) =
AnRn(v) + ApRy, where Aj = P(u € @{{) and R (v) =
P(S1W log, (1 + SIR)) > v) is the rate distribution of u € (DL.
Ri(v) for each | € {m, p} is given by (43), as shown at the
top of the next page, where P;(y |M] = k) is the conditional
SIR coverage probability of u € d)lu for given M = k.

Proof: From (42),

P(R>v)= > Pued,)PSWlog(l+SIR) > v)
etm.r) R (0)

where

Ri(v) = P(Wlog,(1 +SIR)) > 0, U] < LL . —2)

l

L
—|—P<U,maxl W10g2(1 + SIR[) >, Ul = Linax - 1)
!
Lindx 2
= > PSR > 2"V —1|U] = bPU] = k)
k=0

1) (k+l

+ > PEIR; > 2"t — 1|U] = HP(U] = k).

k>LL, —1
(44)

The conditional SIR coverage probabilities in (44) can be
conditioned on the given value of M, by using M; =
min(Uj, L, — D). ]
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Lf'ﬂdx 2 M
R(v) = Z P; (20/W_1|Ml’:k)]P’(Ul’:k)+ Z P, (2 Lhax _1‘Ml max—l)]}D(U;:k) 43)
k:0 k>L{"ﬂdX 1
L -2
_ W o0 1 max
R=—] — P (v |M = k)P(U, = k) + O P ‘M_Ll —1) |4 46
! In2 0 1+y|: P l(y| l ) (l )+ / l(y 1 max ) y (46)
L -35 3535 Lux=1 T'(3.5 + k) (AL_M)F L
o= =2 (1 — (14357 a/u) ) - = - — (47)
Ardy r@s) ~ k!(Ai*_f” 1 3.5)35+k

For the special case of L/, = 1, the rate distribution of
u € @, further simplifies to

R(v) = Zpl (2%(k+1) _

k>0

1) P(U] = k). (45)

After the rate coverage, we next derive the average data rate
of any randomly chosen user.

Theorem 3: The average rate R= E[R] of a typical user u
is given by R = A, Ry, +ApR),, where R, = E[S;W log,(1+
SIR)|)] is the average rate ofu € (Di, I € {m, p}. Ry is given by
(46), as shown at the top of this page, where O is computed
according to (47), shown at the top of this page.

Proof: From (42),
E[R] = Z P(u e d)il) E[S;W log, (1 + SIR))],
le{m,p}

R

E [log, (1 + SIR)|U; = k| P(U] = k)

+W2

k>L!

max

max]Elog2(1~|—SIR1)|U, = JP(U}=k).

(48)

The computation of E[log,(1 + SIR;)] requires integrating
log, (1 + SIR;) with respect to the PDF of SIR;. However, the
integral can be transformed into 1/(In 2) fooo P(y)(1+y)~'dy
by applying integration by parts, along with the fact that
PDF is the negative differentiation of CCDF. Also, we have
M, = ' =min(U/, L [ —1). Equation (48) thus can be simplified
to (46) where

max

l

L
o= > ki“’iP(U[:k)
kzLinaX 1
o0 L[ Linax 1 l
=D P =k—1) - > “EEPU=k-1).
k=1 k k=1 k

Equation (47) is obtained by substituting P(U, l/ = k) =
(k+ DHP(U; = k + 1)/E[U;], k = 0 and further simplifying
by using > o2 P(U; =k) =1—-P(U; =0). ]

For the special case of L. . = 1, the average data rate of
u € @, simplifies to

_ w
R = Oj—
"= "2

°°P1(J’)d

4
1+y “49)

V. IMPACT OF LIMITED FEEDBACK ON
INTERFERENCE NULLING

The results so far have been derived based on the perfect
CSI assumption. However, in practical systems, the CSI is
never perfectly accurate. In frequency division duplex systems,
the downlink CSI is fed back by the users to serving BSs. Due
to the limited feedback, the BSs receive quantized CSI. In
this section, we analyze the impact of the quantization error
due to limited feedback on the performance of interference
nulling. As the focus is on interference-nulling performance,
we consider L™ = Lh, = 1.

The feedback model is similar to the one used in
[31] and [32]. The quantized channel direction informa-
tion (CDI) is fed back by using a quantization codebook of
2B unit norm vectors, where B is the number of feedback
bits. The codebook is known at both the transmitter and the
receiver. Each user feeds back the index of the codeword
closest to its channel direction, measured by the inner product.
For example, a typical user, when it belongs to the macro tier,
uses the codebook G, = {ep,j 1 j = 1,2,. 23'"} of size

2Bm 1o quantize the channel direction hbm 1 = ||h || from

its serving maco BS b,,. The quantized channel d1rect10n 1s

hy, 1 = arg max ‘hb lcm/‘

Cn,j €Cn
Similarly, the typical user, when it belongs to the pico tier,
uses the codebook €, ={¢p j:j=1,2,..., 231’} of size 28»
to quantize the channel direction from its serving pico BS b,
and the codebook G, ={ep,j 1 j=1,2,..., 2Bn} to quantize
the channel direction from its nearest active macro BS v,,.
Otherpico users which request v, for interference nulling,
as well as the user served by v,, also employ codebooks
of size 28m, but the codebooks differ from user to user
to avoid the possibility of receiving the same quantization
vector index from different users. The codebooks are generated
by using random vector quantization [38], [39], where each
vector ¢, ; of Gn and ¢, ; of C, are independently chosen
from the isotropic distribution on the K,;— dimensional and
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T1LF() = 2pmin jé

0 =0

al+1 > o )
_1 01" 2
( ) Z l)'(l ~|—5kj]y/k; ga)l v+1 OZ:;CO( ) (wo +2)

— () +2)
(pm mE0 (5 0, ) + Pp;LpezEO (1, 1, KL) + (1 - [7m)/1m/7292 + (- p[’)/{pez)
P 14

Pphp

l
= v
X l_Il (pmiméq Eq (5, 0, a) + gug 2
q:

Y Hog
1,1, — do
q( Kp))

(53)

K ,— dimensional unit spheres, respectively. Since the precod-
ing vectors are now based on quantized CDIs, for the typical
user u € @} served by the macro BS b,,, the desired channel
power gain ﬁbm ~ Gamma(A,,, k), where A, = K, —
min(Qpm, Ky — Timin) and &, = 1 —2BnBeta(2Bm, K{jg o) 311
However, as the precoding vector of the interfering BS at
xq € Wy\bm,q € {m, p} is independent of the channel to
the typical user u, the interference channel power gain &q is
still distributed as Gamma(l, 1), i.e., Exp[1]. Similarly, for
the typical user u € ®) served by the pico BS by, the
desired channel power gain ﬁb], ~ Gamma(A ,, k), where
Ap=K,andk, = 1—28rBeta(257, KKfl). The interference
channel power gain from each interfering BS other than v,
is distributed as Exp[l]. If v, does not apply interference
nulling, the interference channel power gain from v, Q:Dm
is also distributed as Exp[1]. However, if v,, applies nulling,
unlike the perfect CDI case, where the interference from vy,
is completely nulled, there will be residual interference due to
the quantization error. The interference channel power gain in
this case isBapproximated as an exponential RV with mean
k; = 2 Fm-1 [31]. Thus, &, ~ Expll/x], if u € yx;
otherwise g: om ~ Exp[1]. The SIR of the typical user u can be
expressed as

P, By, D%
mm=7fi4—,WemmL (50)
Ibl,m + Ibl,p
where
ib/,m =3 Pm Z Cﬁxmnxm”_as
Xm €¥m\bi
Inp=Pp, D Collxpll™ (51)
xpe¥p\by

Corollary 2: With limited feedback, the coverage probabil-
ity of a typical pico-user u in the interference-limited scenario
is given by

Porr(y) =Tyr(y)e +To,Lr(y)(1 — 0), (52)

where T pr(y) is the coverage probability of u € y with
limited feedback, and is given by (53) shown at the top of this
page and T 1 r(y) = Ta (y /IC[,) is the coverage probability
of u & x, expressed in terms of the corresponding probability
for the perfect CSI, T,(-). Similarly, the coverage probability
of a typical macro-user u with limited feedback is given by

Pu,Lr(y) =Pu (y /5cm).

Proof: Due to the limited feedback, even when a typical
pico-user u# belongs to y, it receives residual interference
Y = ng:m V,,¢ from its nearest active macro BS, where
fm ~ Exp[1/xr]. Thus, the LT of total macro tier interference
when u € y is given by

1 —sY
L, Gluey) =z, (B
a ) -1 ,
where Ll (s) is the LT of the total macro tier interference

for the perfect CSI in (24). The LT of the total pico tier
interference LA p(s) is equal to Ly, ., in (26). Since ﬂb,

= L}b%m ()X + s Ppxcyr|

Gamma(K p, IC,,S T1,.r(y) can then be derived in the same
way as Ty(y) in Theorem 1 with y replaced by y /x,. For
Ts,.r(y) and Py, 1 (y), since the LTs of interference powers
are the same as those of the perfect CSI case, Tz rr(y)
is given by (34) with y replaced by y /x,, and similarly
Py, Lr(y) by (37) with y replaced by y /K. [ ]

Note that T r(y) and P, rr(y) reduce to To(y) and
P,.(y), respectively, if x,, = x, = 1. Similarly, if x, = 1 and
k; = 0, by using o0 =1, T1,.r(y) also reduces to Ti(y).
After deriving the coverage probabilities for limited feedback,
the rate coverage and average rate can be obtained by using
Theorem 2 and Theorem 3, respectively, with P;(-) replaced

by Prrr(:).

VI. SIMULATION AND NUMERICAL RESULTS

In this section, we validate our analytical results via Monte
Carlo simulations on a square window of 20 x 20 Km? and
present numerical analysis to provide insights into impor-
tant design parameters. Unless otherwise stated, we set
6= 2 =100, i, = IBS/Km? and W = 1 MHz.

The average data rate (Theorem 3) for perfect CSI, and
the data rate distribution (Theorem 2) for both the perfect
CSI and limited feedback scenarios are validated via Monte
Carlo simulations for different system configurations in
Figure 1.a and Figure 1.b, respectively. The analytical and
simulation results match with each other quite well in these
figures. The PPP based assumptions of the thinned processes
o, ®f and W! obtained from the parent process @,
hardly impact the probability distributions of the number
of users of corresponding sets in a typical cell. The small
gaps between the simulations and analytical curves are thus
mostly due to the approximation of cell area distribution by
Gamma. Note that the validation of Theorem 3 for perfect
CSI naturally validates the conditional SIR distributions
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(b)
Fig. 1. (a) Validation of the average user data rate (Theorem 3) with

perfect CSI for different values of 1, # and (K, Lijax> Tmins Kp, L&ax);
(b) Validation of the rate coverage probability (Theorem 2) for both the perfect
CSI and limited feedback scenarios: Ky, = 12, K =4, Lijl,x = Lfim =1,
Tin = 2, Au = 104y, a = 3.5, n = 15dB.

derived in Theorem 1 and Corollary 1, and the validation of
Theorem 2 for limited feedback validates the SIR distribution
in Corollary 2. In Figure 1.a, the average data rate decreases
with an increase in user density A, because of the increase in
interference and the decrease in users’ share of resources. The
interference power increases with an increase in user density
because not just more BSs become active, but the average
channel power gain from each interfering BS also increases
until the number of users associated with the BS exceeds L, ..

In Figure 2, we analyze the impact of interference nulling
on the SIR coverage probability, where Thin = K, implies no
interference nulling employed. While the overall SIR coverage
of a typical user is plotted in Figure 2.a, the coverage proba-
bility conditioned that the user belongs to pico tier and always
gets the interference from its nearest active macro BS nulled,
Ti(y) is compared against that its no-nulling counterpart,
T2(y) in Figure 2.b. Figure 2.a reveals that with properly
chosen Thn, the SIR coverage can be significantly improved
with interference nulling. For example, if the required SIR
level for a typical user to be under coverage is 0 dB, the
average fraction of users under coverage improves from 61%
to 70% with interference nulling for the 1, = 64,,, = 15 dB
case. In both Figure 2.a and Figure 2.b, the performance

SINR Coverage Probability P(v)

SINR Threshold ~ (dB)

(2)

1 T T T
—o—),=6)_,7=15dB ||

+/\U =10A_,7=20dB ||

0.4

0.3

Conditional SINR Coverage Probability
o
o

0.2

0.1

8 -4 0 4 8 12 16 20
SINR Threshold ~ (dB)
(b)

Fig. 2. Impact of interference nulling on the SIR coverage probability:
Km =14, L0 =4, Kp =6, Liax =4, 1p = 64, a0 = 3.5.

gain decreases with an increasing threshold. At smaller val-
ues of thresholds, as interference nulling improves the SIRs
of poor cell-edge pico-user lacking coverage due to strong
interference from their corresponding nearest active macro
BSs, the coverage probability of thepico users significantly
improves. On the other hand, we know that the SIR of a
typical macro-user degrades due to interference nulling as
it costs the user its available DoF. At lower values of SIR
thresholds, the degradation in SIR is, however, not significant
enough to impact its coverage probability. Thus, the overall
gain in coverage probability is high at smaller threshold levels.
However, at larger threshold values, the users under coverage
are basically those in the cell interior. Thus, interference
nulling may not significantly improve the already high SIR
of cell-interiorpico users, resulting in minimal improvement in
pico coverage probability. The SIR degradation of macro-users
due to interference nulling, which do not have any significance
on macro coverage probability at lower thresholds eventually
causes the coverage probability to degrade after certain level.
This degradation further reduces the overall gain in coverage
probability.

In Figure 2.a, the performance gain in the overall coverage
probability for 4, = 104,, = 20 dB is relatively low
compared to the 4, = 64,,, = 15 dB case. However, in
Figure 2.b, given that the nulling is performed for each pico-
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Fig. 3. Effect of pico cell density 1, on the optimal choices of Tiy;, and

0 Ay =6k, Ky =12, L% =4, K, =4, Lhyx =4, a = 4.

user, both cases have similar gains in pico coverage probability
due to nulling. Thus, the reason for the lower performance gain
for higher user density 4, and higher bias # is the lack of
sufficient resources for interference nulling. For the 1, = 64,
and n = 15 dB case, with Ty, = 6, interference to 83% of
thepico users from their corresponding nearest active macro
BSs are nulled. The fraction of interference nulledpico users
reduces to 53% for 1, = 104,, and n = 20 dB, with optimal
Tnin of 7.

Next, we investigate the optimal value of # to maximize
the average user data rate. # controls the number of users
offloaded from the macro to the pico tier to obtain a balanced
distribution of the user load across tiers so that the radio
resources are better utilized in each tier. Meanwhile, since
Tmin determines the spatial DoF available for serving the
macro-users, as well as the number of interference-nulledpico
users, Tmin must be tuned according to user offloading. The
joint tuning of T, and #n for optimal average data rate is
investigated in Figure 3. The optimal pair (#, Tin) is found
to be (10dB, 8) and (11 dB, 6) for pico density 1, = 44,, and
Ap = 64, respectively. For the given user density, the optimal
Tmin decreases with the increase in pico density because the
number of interference-nulling requests received by a typical
active macro BS increases with the increase in pico density.
Thus, the allocated interference-nulling resources (K, — Tin)
must be increased.

The variation in the average rate with Ty, for the given
value of # is plotted in Figure 4. The average rate of the macro-
users increases with an increasing Tpin due to the increase
in the spatial DoF available at each macro BS for serving
its own users. In contrast, the average pico rate decreases
with an increasing T, due to the decrease in the number
of interference nulledpico users. The net result is the initial
increase in the average rate with an increasing T, and the
subsequent decrease beyond a certain value of Tyn. The
optimal T, shifts towards the lower values as the value of
n increases. For example, the optimal T, of 7 for = 3 dB
decreases to 6 for 7 = 11 dB and to 5 for = 16 dB. With an
increasing 7, more users are offloaded to the pico tier. Thus,
allocating more antenna resources for interference nulling is
desirable.
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Fig. 4. Average rate vs. Ty, for different values of #: 4y = 64, Ap = 64,
Kp=12, LM =4, Kp=4, L, =4, a=4.
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Fig. 5. Effect of interference nulling on cell-edge data rate: 1, = 64y,

Km =12, L =4, Kp =4, Lhuy =4, a =4.

In Figure 5, the rate coverage corresponding to the optimal
pair (#, Tmin) Which maximized the average rate in Figure 3 for
Ap =44, and A, = 64, is plotted. Let the 5th percentile rate
Ros, which corresponds to the 5th percentile of the users with
rate less than Ros (i.e., R (Rgs5) = 0.95), be considered as the
cell-edge data rate. For 1, = 44, and # = 10 dB, Tin = 8,
which maximized the average rate is found to improve the
cell-edge rate from 7.2 x 10* bits/sec to 1.12 x 103 bits/sec as
compared to that without interference nulling. Similarly, for
Ap = 64, the cell-edge rate improves from 9.6 x 10* bits/sec
to 1.68 x 10° bits/sec if interference nulling with Tipip = 6 is
employed corresponding to # = 11 dB.

In Figure 6, the average data rate is assessed for different
values of L™ and Lh,x with and without interference nulling.
The curve corresponding to the interference nulling employed
is plotted by computing the average rate with optimum Ty
for each corresponding value of L™, and Lha.x. As Figure 6
reveals, the average data rate can be significantly improved by
selecting a proper value of L ~ compared to either SU-BF
or full-SDMA, and similarly a proper value of L%.x. For the
case with no interference nulling employed, in which all the
antennas at each macro BS are used for serving its own users,

the variation of LI, has little or no impact on the average
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Fig. 6. Average rate vs. Ly, for different values of Lpx with optimum

Tmin and no interference nulling: 1, = 6, Ay = 6Ay, Ky =12, Kp =4,
n=12dB, a = 4.

rate from L%, =7 to L% = 12. This result can be observed

for each given value of L%« because beyond L™ = 7, the

number of users simultaneously served by a macro BS in each
time slot is limited by the number of users in that cell, rather
than L)% .. This explanation is further corroborated by the
fact that with interference nulling employed, the optimal Tpin
beyond L%, = 7 is found to be the corresponding L7 - itself,
which is the minimum possible value of Tpn. Since beyond

L7, = 7, the number of macro-users in a cell is typically
less than L7 . allocating more antenna resources than L7

would be wasting resources as those surplus resources can
be utilized for performance improvement through interference
nulling. For each possible value of Lk.x, the optimal pair
(Limax> Tmin) which maximizes the average rate is found to
be (6,7) . The average rate slightly degrades for L}, = 4 as
compared to LE.« = 3 (not shown in the figure). Thus, the
optimal values of L}, Tmin, and LP.. for the given system
configuration are 6, 7, and 3, respectively.

After numerically analyzing the proposed SDMA scheme
with interference nulling for the perfect CSI, we now inves-
tigate the impact of limited feedback on the performance.
As explained in Section V, each macro-user feeds back B,,
CSI bits to its home BS. In contrast, each pico-user feeds
back B, CSI bits to its home BS and B, CSI bits to its
nearest active macro BS if the BS is performing interference
nulling to the user. In Figure 7, the impact of the number
of feedback bits B, and B, on the rate coverage with and
without interference nulling is investigated. As the number of
feedback bits increases, the performance approaches that of the
perfect CSI. Clearly, the impact of limited feedback bits B, on
the performance is higher for the interference-nulling scenario
than that without nulling. B, > 16, which is more than suffi-
cient for the non-coordination case, appears to be insufficient
for interference nulling case to reap the full benefits of nulling.
Nevertheless, nulling does improve performance even with
limited feedback as compared to the non-coordination case.
With no interference nulling employed, the feedback bits By,
are only required for signal power boosting to the single user
being served in the cell and such processing is found to be less
sensitive to CSI errors as compared to interference nulling. If
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Fig. 7. Impact of number of feedback bits on the rate coverage performance:

Ap =6m, Ay = 10k, Ky =12, K =4, LT = LE. =1, n =15dB,
o =3.5.

we observe the rate coverage curve against B, for the non-
coordination case, B, > 20 is near perfect. However, we can
observe a performance gap for interference nulling case even
beyond B, = 20 because of the limitation in B,,, which is
considered to be 40 in this case.

VII. CONCLUSION

We analyzed the downlink performance of multi-antenna
HetNets with SDMA, in which the ZF precoding matrix at
macro BS also considered interference nulling to certainpico
users. Further, the number of users served with SDMA in
each cell was a function of user distribution. Our results
showed that the SIR and rate coverage of victimpico users
(those suffering strong interference from macro BS) can be
significantly improved with the proposed interference nulling
scheme if T is carefully chosen. The optimal choice of
Tmin for maximum data rate was found to be coupled with
association bias. The optimal values of L™, and Lk, which
maximize the average data rate was also investigated and were
found to outperform both SU-BF and full-SDMA. The impact
of CSI quantization error on the performance of interference
nulling due to limited feedback was also analyzed. It was
observed that interference nulling is highly sensitive to CSI
errors as the residual interference due to CSI imperfection
significantly degrades the performance. However, depending
on the degree of CSI imperfection, the performance may still
be better than that without interference nulling.

APPENDIX
A. Proof of Theorem 1
By substituting (23) into (30), followed by A, = K, —
M 1’,, and then averaging over the joint PDF of D, and V,,,

expressed as fvm‘Dp(rl)po(r), and the PMF of M’, we
get (32), where

[
no =/ |
r=0Jri=pr
l

d
X I (L}bp’m (S)lep, » (s))
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Lﬂnax"

1
> P(M, =k
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(—s)’
Z 1!
=0
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and T,(y) is given by a similar expression with L}b (s)
psm
replaced by L%b (s). However, since the LT in T2(y ) is not a
pin

function of ry, averaging over the PDF of D), only is required.

We thus derive T (y) first, as T2 (y) then follows immediately.
Let y(s) = e ™, and t(s) = pm/lmrl2 Ey (1, 1, %’”s) +

ppiprt EY (1, 1, %s). The LT in (53) can be expressed as

L} 5Ly, ,(5) = € PnAnrirotor?) y(r(s)), the ith deriva-
p.m D>

tive of which can be evaluated by applying Faa di Bruno’s

formula (31). While computing the /th derivative, we use

yt(?;%)(t(s)) = (—n)‘”é exp(—7mt(s));

41 11&5 =
ds1 O\ " "o/ a

which follows from the property of the Gauss Hyperge-
ometric function; and the properties of integer partition
Zf,:l q,uf,q = [ and Zf{:l yf)q = o. The final expression
for T1(y) in (33) is then obtained by changing the order of
integration, followed by substituting ﬁ — 0, r; — rq, then
integrating with respect to rj.

(55)
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