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Abstract—We consider a wireless energy harvesting (EH)
relay network. Relays without embedded energy supply harvest
energy from the source node. Considering a time switching
protocol, performance measures such as average signal-to-noise
ratio (SNR), outage and throughput are analyzed. Subsequently,
optimal EH time is selected in order to maximize the throughput.
Then, a multiple-relay network is considered with relay selection,
which can achieve full diversity at any EH time. All theoretical
results are validated by numerical simulations.

Index Terms—Energy harvesting, relay selection, outage prob-
ability, throughput.

I. INTRODUCTION
Wireless energy-harvesting (EH) where devices collect en-

ergy from radio-frequency (RF) signals has recently received
a lot of attention. EH can be performed simultaneously with
information decoding, which has been considered in the orig-
inal works [1], [2]. Since this protocol has implementation
difficulties, a practically realizable protocol which processes
EH ahead of information decoding has been motivated [3]–[5].
In the literature, EH has been considered for point-to-point
communications [1]–[3] and cooperative relay communica-
tions [4], [6]–[13]. In relay networks, if additional relay nodes
have limited power accessibility (as they can be randomly
scattered mobile nodes in a network), EH can be a promising
technique to energize the relay nodes.
In relay networks, EH techniques have been studied for

decode-and-forward (DF) relaying in [6]–[10] and amplify-
and-forward (AF) relaying in [4], [11]–[13]. Source and relay
nodes may obtain energy from energy-harvesting resources.
There are three main EH methods: Method 1: source and
relay nodes harvest energy from external sources such as
solar, wind, or electromechanical energy [6], [7], [9], [11],
[13]; Method 2: source node(s) has own fixed power supply,
and relays are equipped with batteries which harvest energy
from RF signals of source(s) [4], [8]; and Method 3: source
and relay nodes have own fixed power supplies, and there is
a separate EH receiver which allows low-powered wireless
devices, e.g., in sensor networks, in its vicinity to utilize the
harvested energy [10], [12]. For EH and information decoding,
a receiver may have two sets of independent antennas or may
share the same antenna(s). The latter needs less hardware
complexity than the former, and can be implemented even
with single antenna. When the same antenna(s) is shared, the
time-switching architecture can be applied, in which a simpler
switch selects either EH or information receiving at a time.
While EH relay networks which are implemented with a

combination of the aforementioned techniques are analyzed
for different objectives [6]–[11], in this paper, we analyze the
EH Method 2 with an AF relaying network operated under a
time-switching architecture because this combination may be
a practically realizable setup. There is limited research work
on this setup (or closely related setups) e.g., [4]. However, this

setup results in a complicated end signal-to-noise ratio (SNR)
expression which makes performance analysis intractable. To
solve the problem, our paper provides the following contri-
butions. i) In [4], outage probability is derived in a closed-
form only for high-SNR. Our paper drives the average end-
SNR and outage probability in closed-forms for any SNR,
which are novel expressions, when source-to-relay and relay-
to-destination channels are Rayleigh and AWGN, respectively.
ii) The EH time in a time-switching protocol is important due
to its effect on the throughput. In [4], the optimal EH time
is calculated numerically due to analytical complexity of the
throughput expression. However, our throughput expression
helps to derive the optimal EH time analytically. iii) Since a
single-relay EH network may not achieve the performance of
a single non-EH network (or traditional relay network) even at
the optimal EH time, relay selection (RS) from multiple relays
has been motivated. Although some RS schemes are proposed
for simultaneous information transmission and power transfer
[14], [15], RS is rarely investigated for the setup considered in
this paper [16]. Thus, we propose an RS scheme that achieves
full diversity and achieves throughput of non-EH network with
properly selected EH time.
The rest of this paper is organized as follows. Section II

discusses the system model. Section III analyzes a single-relay
EH network. Section IV is for the analysis of RS in multiple-
relay networks. Section V presents numerical and simulation
results. Conclusion is given in Section VI.

II. SYSTEM MODEL
This section describes time-switching communications pro-

tocol, analytical model, and fading channels.
Time-Switching Protocol: Consider a wireless relay net-

work with a source (S) sending information to its destination
(D) via a relay (R), as shown in Fig. 1a. The source has a
single antenna with power budget denoted as P , while the
relay also has a single antenna with power budget denoted
as Q. Assume direct link does not exist between the source
and the destination. All channels are independent. For the
channels from the source to the relay and from the relay to
the destination, denote f and g as fading coefficients, respec-
tively.1 Communications take place in half-duplex mode. The
transmission block period is T . In contrast to the two-step
communications protocol of the traditional relay network, the
EH relay network follows three steps (which are also shown
in Fig. 1b):

• Step 1: the relay harvests energy from the source’s RF
signals for αT time duration, where 0 ≤ α ≤ 1;

1In this paper, while the fading is considered, the path loss effect is
neglected because we do not consider the effect of distance between nodes.
However, following analysis is still valid with the path loss effect.
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Fig. 1: (a) Single-relay network; (b) Three-step EH protocol.

• Step 2: the source communicates with the relay over (1−
α)T/2 time duration;

• Step 3: the relay communicates with the destination over
(1− α)T/2 time duration.

Analytical Model: Denote s as the source’s information
symbol, with unit average energy. This symbol is transmitted
for EH and for data transmission in the first and second steps,
respectively. Thus, the received signal at the relay can be
written as yr =

√
Pfs+nr, where nr is the additive noise at

the relay, which is assumed to be independent and identically
distributed (i.i.d.) following complex Gaussian with zero-mean
and N0 variance, i.e., nr ∼ CN (0, N0). The relay harvests
energy for αT time duration using the RF signal yr with the
rectification efficiency η, 0 < η < 1. Thus, the harvested
energy at the relay is

E = ηPαT |f |2 = ηPαTγf (1)

where γf = |f |2. By assuming that the relay utilizes all
harvested energy E during the third step, the average transmit
power of the relay can be given as Q =

2ηPαγf

1−α
. By assuming

that the relay has knowledge of instantaneous channel state
information (CSI) f , the coherent power coefficient of the AF
relay is G = 1

1+P |f |2 [17]. Thus, the received signal at the
destination is given as yd =

√
GQyrg + nd where nd is the

additive noise at the destination with nd ∼ CN (0, N0). Thus,
the end-to-end receive SNR, which is called end-SNR, can be
calculated as

γd =
βρ2γ2

fγg

βργfγg + ργf + 1
(2)

where β = 2ηα
1−α

, ρ = P
N0
, and γg = |g|2. Since P and N0 are

the average transmit power and noise power, respectively, we
name ρ as average SNR. In contrast to the end-SNR expression
of a traditional relay network, i.e., γd =

ρ2γfγg

ργf+ργg+1 , (2) has a
complicated form when γf and γg have random distributions
due to fading. Thus, it is important to use appropriate channel
models which can i) represent valid physical network scenar-
ios, and ii) help to develop an analytically tractable theoretical
framework.
Fading Channels: A relay network has two channels in two

hops, S−R and R−D, which may have similar impact on the
overall performance of a traditional relay network (non-EH).
However, in an EH relay network, the first-hop channel, S−R,
has a major impact on the network performance due to the

following reasons [18]: 1) As (1), the harvested energy level at
the relay depends only on the S−R channel f ; 2) The coherent
power coefficient G and average transmit power Q of the relay
depend only on f ; 3) EH is suitable for small scale networks,
especially when the relay operates at a near distance to the
destination. This is because, with EH method 2, we cannot
expect to harvest a larger amount of energy which is sufficient
for a larger distance and/or a longer time transmission. Further,
the relay can be a small node which may not be able to handle
a higher power level and/or may not have sufficient space.
Thus, it is reasonable to locate the relay close to the destination
in order to minimize the path loss/fading effect of the R−D
channel.
Based on these facts and analytical simplicity, we assume

that S − R and R − D channels are Rayleigh and AWGN,
respectively. Although the assumption of an unfaded R − D
link simplifies the analysis, the analytical results help us
discuss EH more deeply as shown in following sections2.

III. ANALYSIS OF A SINGLE-RELAY EH NETWORK
In this section, we analyze average end-SNR, outage proba-

bility, and throughput. Using these performance measures, we
then analyze the optimal EH time.

A. Performance Measures
1) Average end-SNR: The instantaneous end-SNR is given

in (2). With respect to (w.r.t.) the S−R channel f , the average
end-SNR γ̄d can be given as γ̄d =

∫∞
0 γdfγf

(γf )dγf (fγf
(·)

is the probability density function of γf ), leading to

γ̄d =
ργ̄fβγ̄g

(βγ̄g + 1)

[
1−

1

ργ̄f (βγ̄g + 1)

−
e

1
ργ̄f (βγ̄g+1)Ei

(
− 1

ργ̄f (βγ̄g+1)

)
[ργ̄f (βγ + 1)]2

] (3)

where Ei(·) is the exponential integral function [19]. Further,
γ̄g = E[|g|2] = |g|2 as R − D is AWGN, and E[·] is the
expectation operation. We omit the proof due to the space
limitation.
2) Outage probability: The outage probability, denoted as

Pout, is an important performance measure for communication
systems. An outage means the received SNR is less than
a predetermined threshold γth. Thus, Pout reflects the rate
of successful transmission. The outage probability of the
EH relay network, Pout = Prob [γd < γth] (Prob[·] means
probability), can be calculated as

Pout = 1− e
−

1
ργ̄f

(
γth(1+βγ̄g)+

√
γ2
th

(1+βγ̄g)2+4βγ̄gγth
2βγ̄g

)
(4)

where γ̄f = E[|f |2]. The proof is given in Appendix A.
3) Throughput: The throughput reflects the rate of success-

ful transmission and efficiency of data transmission, which can
be defined as [4]

τ =
R(1− α)(1 − Pout)

2
. (5)

We assume R = 1 bits/sec/Hz in the rest of the paper, and
thus, τ also means throughput efficiency.
2In [4], R −D is assumed to be Rayleigh fading. However, performance

is analyzed based on high-SNR assumption due to analytical difficulties.
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Fig. 2: Average end-SNR, outage and throughput efficiency
with α for ρ = γ̄f = γ̄g = γth = 0 dB and η = 1.

Fig. 2 shows average end-SNR, outage probability and
throughput w.r.t. α for ρ = γ̄f = γ̄g = γth = 0 dB and
η = 1. When α → 0, we have worse performance in terms of
all measures, i.e., γ̄d → 0, Pout → 1 and τ → 0, because no
communication between the relay and destination is possible
as no energy is harvested (E → 0). When α → 1, we have the
best average end-SNR (γ̄d → ργ̄f ≈ 1) and outage probability
(Pout → 1 − e

− γth
ργ̄f ≈ 0.6321). At the same time, when

α → 1, we have worse throughput because the relay harvests
energy over the whole block time duration T , and the signal is
forwarded to the destination with infinitely large power within
infinitesimal time. Since the data throughput is limited by
the channel bandwidth (which is not infinite), no data can
be transmitted in infinitesimal time. Therefore, the throughput
approaches 0 even though the end-SNR approaches to its
maximum. Unlike a traditional relay network, the throughput
efficiency in an EH relay network does not increase with end-
SNR. There is a maximum possible τ for a particular α, e.g.,
the maximum possible throughput efficiency is 42% when
α ≈ 0.55. This is the optimal α which maximizes τ . This
is discussed next in detail.

B. Optimal EH Time
The throughput is a function of α and Pout. When α

increases (decreases), Pout decreases (increases). Thus, as
from (5), we can find the maximum τ in α ∈ (0, 1). This
corresponding α is called the optimal α, and is denoted α∗.
Then the optimal EH time is α∗T .
The value α decides the harvested energy E at the relay. The

optimal value α∗ decides the energy level at the relay, which
maximizes the throughput irrespective of the power level Q at
the relay. For example, when the S −R channel is weak, the
energy harvester may take longer time to accumulate sufficient
energy for R − D communications in order to achieve the
maximum possible throughput. In this case, the relay utilizes
a higher power level during shorter transmission time. On
the other hand, when the S − R channel is stronger, the
energy harvester may take shorter time to accumulate sufficient
energy, and then the relay utilizes a lower power level for

longer data transmission time for maximum throughput. By
assuming that the relay can adjust it power level to any value,
the optimal value of α can be evaluated by using

α∗ = max
α

(1− α)(1 − Pout)

2
, where 0 < α < 1. (6)

An approximated value for the optimal α can be calculated as

α∗
k ≈ −1

3

(
b + ukC +

Δ0

ukC

)
, k ∈ 1, 2, 3 (7)

where u1 = 1, u2 = i
√
3−1
2 (i being imaginary unit), u3 =

−i
√
3−1
2 , C =

(
Δ1+

√
Δ2

1−4Δ3
0

2

) 1
3

, Δ0 = b2−3c, and Δ1 =

2b3 − 9bc + 27d. Further, b =
2η(1+γ̄fρ+γth)γ̄g−γth

2ηγ̄fργ̄g(2ηγ̄g−1) , c =
2γth−2η(1+γth)γ̄g

2ηγ̄fργ̄g(2ηγ̄g−1) , and d = γth

2ηγ̄fργ̄g(1−2ηγ̄g)
. The proof is

given in Appendix B. The optimal value α∗ is the one among
α∗
k in (7) which satisfies 0 < α∗

k < 1 and has maximal τ(α∗
k).

The accuracy of the approximation is shown by the α∗ vs.
SNR ρ and throughput vs. SNR ρ curves in Figs. 4a and 4b,
respectively (see discussion in Section V).
So far we consider a single-relay EH network, and how

maximum throughput can be achieved with optimal EH time.
As explained in Section III-A, a single-relay EH network can
approach the throughput (i.e., 0.5) of a traditional single-
relay network, i.e., τ → 0.5 with a high power P (i.e.,
high ρ). For example, as to be shown in Fig. 4b, 80% of
throughput efficiency of a traditional (non-EH) single-relay
network can be achieved when ρ >17 dB at γth = 0 dB.
However, such high ρ may not be available with moderate
transmission power P in a high noise power environment.
Further, high transmission power P may not be feasible in
practice. Therefore, as an alternative, we consider a multiple-
relay network, because such networks can provide diversity
advantage, to further increase the throughput. This is discussed
in the next section.

IV. SINGLE RS IN MULTIPLE-RELAY EH NETWORK
Instead of one relay as shown in Fig. 1a, we consider a

relay network with N intermediate relays. For the ith relay,
its power budget is denoted Qi, and the fading coefficients
from the source to itself and from itself to the destination
are fi and gi, respectively. All channels are independent. The
end-SNR via the ith relay of the EH network can be given as

γdi
=

βiρ
2
i γ

2
fiγgi

βiρiγfiγgi + ρiγfi + 1
(8)

where βi = 2ηiαi

1−αi
, ρi = P

N0,i
, γfi = |fi|2, and γgi = |gi|2.

Here αiT , ηi and N0,i are EH time duration, rectification
efficiency and noise at the ith relay. For simplicity, we assume
ηi = η and N0,i = N0, ∀i. Further, we assume αi = α,
∀i which avoids the synchronization problem at the relaying
stage.
In traditional multiple-relay networks, original channels are

assigned to relays (e.g., by frequency or time division multiple
access) to avoid interference [20], which however greatly
drops the throughput efficiency. Further, the EH process also
requires αT of the transmission block, which further reduces



throughput efficiency (as discussed in Section III). On the
other hand, when multiple relays participate in forwarding
the signal, the destination receives multiple copies of the
transmitted signal, which greatly increases the complexity of
synchronization. Therefore, with this particular EH protocol,
it may not be a good choice to let all relays (or more than
one relay) participate in the signal forwarding. This motivates
single RS, which is discussed in the following.
In traditional relay networks (without EH), the best relay

is selected to achieve lowest outage/error rate or highest
SNR/throughput. For example, the best relay, denoted as
i∗th relay, may be the relay with the highest end-SNR, i.e.,
i∗ = argmax

i
γdi
, where γdi

is end-SNR via ith relay. In
EH relay networks, as we discussed in Section III-A, the
highest end-SNR is possible when α → 1, but this gives worse
throughput. Therefore, by considering the additional parameter
α, we extend the idea of RS in EH networks.
For any given α, we denote the corresponding SNR in (8) as

γdi
(α), and select the best relay among the available N relays

based on end-SNRs as i∗ = argmaxi γdi
(α).3 By using the

properties of order statistics, when channels are independent,
the outage probability can be given as

Pout =

N∏
i=1

Pout,i (9)

where Pout,i = 1−e
− 1

γ̄fi

(
γth(1+βγgi)+

√
γ2
th(1+βγgi)

2+4βγgiγth

2βργgi

)

which is the outage probability via ith relay, and γ̄fi = E[γfi].
If channels are i.i.d., we can write Pout = (Pout,i)

N .
It is also important to investigate the achievable diversity

order in the high SNR region. Diversity order, which is defined
as d � − lim

P→∞
logPout

logP
[21], shows the decrease speed of

the outage probability when the transmit power P increases
in the high transmit power region (or high SNR region). For
i.i.d. channels with γ̄fi = γgi = γ̄, (9) can be written for the
high transmit power region, i.e., ρ → ∞, as

Pout =

(
1

ρ

)N N∏
i=1

[√
γth [4βiγ̄ + γth(1 + βiγ̄)2]

2βiγ̄2

+
γth(1 + βiγ̄)

2βiγ̄2

]
+O

(
1

ρ

)N+1
(10)

which implies that RS can achieve diversity order N at any
given α. The proof is omitted due to space limitation.
Since full diversity order can be achieved for any given α,

it is important to find a better α which can further improve the
throughput efficiency. Therefore, we consider the throughput
as a function of α

τ(α) =
(1− α)

(
1−∏N

i=1 Pout,i

)
2

(11)

which gives the throughput efficiency when the best end-
SNR relay is selected for a given αT EH time. For example,

3This scheme is sub-optimal in maximizing throughput. The optimal
scheme may be i∗ = argmaxi τi(α∗

i ) where α∗

i is optimal EH time of
ith relay.
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Fig. 3: Average throughput efficiency with α for N = 1, 2, 3
for ρ = γ̄fi = γgi = γth = 0 dB and η = 1.

Fig. 3 shows throughput efficiency with α for different N for
ρ = γ̄fi = γgi = γth = 0 dB and η = 1. For any given α,
we can see that higher throughput efficiency can be achieved
when the number of relays increases, e.g., at α = 0.20,
τ = 0.280, 0.364, 0.389 for N = 1, 2, 3, respectively. Further,
there is a maximum throughput efficiency for each case, e.g.,
for N = 2, τ = 0.370 at α = 0.16. This can be calculated as

α̂ = maximize
0≤α≤1

τ(α) (12)

which is the best value of maximizing τ(α) in (11). An
approximate value for α̂ may also be calculated. However,
in the rest of this paper, whenever necessary, we find α̂ by
using numerical methods.

V. NUMERICAL AND SIMULATION RESULTS
This section provides numerical results based on our anal-

ysis in Sections III and IV, and semi-analytical Monte-Carlo
simulation results based on the system model in Section II.
For a single-relay EH network, this work derives an an-

alytical approximation for the optimal EH time α∗. Fig. 4a
shows the simulated exact α∗ and numerically calculated
approximated α∗ in (7) versus SNR ρ, for γth=0 dB, 5 dB,
or 10 dB when η = 1 and γ̄f = γ̄g = 0 dB. The exact
results (represented by solid curves) match tightly with the
approximation results (represented by discrete marks) for the
simulated SNR ρ range at γth=5 dB, or 10 dB, while the other
case (γth=0 dB) also shows close matches, confirming the
validity of the approximation. However, the important point is
that how this approximation affects the throughput value which
is our main performance measure. We use approximated α∗ to
calculate the optimal throughput using (5). Fig. 4b shows the
optimal throughput efficiency vs. SNR ρ for same parameters
considered in Fig. 4a. For all cases, the exact results (solid
curves) match tightly with approximation results (discrete
marks) for the simulated SNR ρ range, also confirming the
validity of the approximation. Further, when the threshold
increases, the throughput decreases because transmission is
successful if receive end-SNR is large enough.
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Fig. 4: (a) Optimal α; (b) Throughput at optimal α.

For our RS scheme in a multiple-relay EH network, its
outage and throughput are illustrated in Fig. 5 comparing
with the random RS, in which the source randomly chooses
a relay. Parameters are N = 2, 3, γth=0 dB, η = 1 and
γ̄f = γ̄g = 0 dB. For fixed harvesting time, i.e., α = 0.3,
Fig. 5a shows outage versus SNR ρ. While our RS scheme has
diversity order 2 and 3 when N = 2 and N = 3, respectively,
which is full diversity order, the random RS has diversity
order 1 which is the same as a single-relay network (i.e.,
N = 1). Fig. 5b shows throughput efficiency versus SNR ρ
when α = 0.3 and when α is selected according to (12). When
α is fixed, the maximum achievable throughput (i.e., ρ → ∞)
can be derived by using (11) as (1−α)/2. With fixed α = 0.3,
the maximum achievable throughput is 0.35 when N = 2
or 3, which does not depend on N . With properly selected
α according to (12), our RS scheme can achieve maximum
throughput 0.5, which is equal to throughput of traditional
relay network (without EH). This α selection even helps to
improve performance of the random RS. However, for example
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Fig. 5: (a) Outage probability when α = 0.3; (b) Throughput
when α = 0.3 and α is selected as (12).

at ρ = 10 dB, our RS can achieve around 75% and 80% of
throughput of the traditional relay network when N = 2, 3,
respectively, but random RS (or single-relay network) only
achieves around 58%. So proper RS and α selection are
important in EH.

VI. CONCLUSION

For a time-switching EH relay network in which the relay is
energized by the source’s RF signals, closed-form expressions
for average SNR, outage and throughput are derived when the
first and second hop channels are Rayleigh fading and Gaus-
sian, respectively. Then, an approximation for the optimal EH
time is derived that maximizes throughput. Subsequently, for
multiple-relay EH network, a single RS scheme is proposed,
which achieves full diversity at any EH time. EH time when
RS is applied is also proposed to achieve 50% throughput
efficiency (which is equal to throughput efficiency in non-EH
relay networks) at high SNR.



APPENDIX
A. Proof of (4)

Pout =Prob [γd < γth] = Prob

[
βρ2γ2

fγg

βργfγg + ργf + 1
< γth

]

=Prob
[
(βρ2γg)γ

2
f − γthρ(1 + βγg)γf − γth < 0

]
=Prob [(γf − γ1,1)(γf − γ1,2) < 0]

(13)

where γ1,1 =
γth(1+βγg)+

√
γ2
th

(1+βγg)
2+4βγgγth

2βPγg
, γ1,2 =

γth(1+βγg)−
√

γ2
th

(1+βγg)
2+4βγgγth

2βPγg
and γ1,1 ≥ 0, γ1,2 ≤ 0.

Since γf ≥ 0 and the inequality (γf − γ1,1)(γf − γ1,2) < 0
satisfies when γ1,2 < γf < γ1,1, Pout in (13) can be given as

Pout = Prob [0 < γf < γ1,1] = Fγf
(γ1,1) (14)

where the CDF of γf can be given as Fγf
(γ) = 1 − e

− γ
γ̄f ,

which proves (4).

B. Proof of (7)
For the optimal α, α∗ = argmax

α
τ(α) is achieved when

∂τ(α)
∂α

= 0. With the aid of (4) and (5), we can write

f(α) =(α− 1)(α− 1− 2ηγ̄gα)γ
2
th − 4ηγ̄gαγth(α − 1)

+
[
4ηγ̄fργ̄gα

2 + (α − 1)γth
]√

TN = 0
(15)

where TN = γ2
th(α− 1− 2ηγ̄gα)

2 − 8γthηγ̄gα(α− 1). Since
it is difficult to find an exact solution for the term

√
TN , we

use the following approximation on TN :

TN = γ2
th

[
1− 2α+ 4ηγ̄gα+ α2 − 4ηγ̄gα

2

+ 4η2γ̄2
gα

2 +
8ηγ̄gα(1− α)

γth

]
(a)≈ γ2

th

(
1− 2α+ 4ηγ̄gα+ α2 − 4ηγ̄gα

2 + 4η2γ̄2
gα

2
)

= γ2
th(−1 + α− 2ηγ̄gα)

2

where (a) comes by neglecting the term 8ηγ̄gα(1−α)
γth

compar-
ing the values of other terms. This can be justified because
α(1 − α) ≤ 0.25 for 0 < α < 1, and also we can
assume γth > 1. Thus, the contribution of term 8ηγ̄gα(1−α)

γth
is

neglected. Then, (15) can be approximated as

f(α) ≈γth

[
2γth(1− α)(1 + 2ηγ̄gα− α)

+ 4ηγ̄gα
(
1− α− γ̄fρα+ γ̄fρα

2 − 2γ̄fρηγ̄gα
2
)]
.

(16)
Since we need the optimal value, α∗, it can be found approx-
imately by solving f(α) = 0 for α by using (16). This can be
written as a polynomial in α with degree 3 as

α3 +
2η(1 + γ̄fρ+ γth)γ̄g − γth

2ηγ̄fργ̄g(2ηγ̄g − 1)
α2

+
2γth − 2η(1 + γth)γ̄g
2ηγ̄fργ̄g(2ηγ̄g − 1)

α− γth
2ηγ̄fργ̄g(2ηγ̄g − 1)

= 0.

By using the above cubic equation, the general solution for
the roots is given in (7). Further, Any cubic equation can be
exactly solved in closed-form by using results in the literature
(e.g., [22]) or the built-in functions in software packages.
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