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Abstract—This paper investigates the aggregate interference
from interweave cognitive secondary nodes spatially distributed
in a finite Poisson field. These secondary nodes sense an out-
of-band beacon to initiate their transmissions, which can be
concurrent with those of the primary system if a sensing
error is made. The resulting aggregate interference is analyzed
in this paper. For this purpose, general Nakagami-m fading
and path-loss are assumed for all relevant channels. Moreover,
we incorporate random secondary node transmit powers with
any probability distribution. The analysis includes the exact
moment generating function (MGF) of the aggregate interference
along with the exact outage probability of the primary system.
Furthermore, we develop a simple MGF approximation which is
valid for severely fading channels and for lower beacon reception
threshold to beacon transmit power ratios. Finally, we show that a
lower fading severity significantly improves the diversity order of
the PR due to more accurate spectrum sensing by the secondary
nodes.

I. INTRODUCTION

Secondary nodes of interweave cognitive radio (CR) net-
works sense unused frequency chunks [1] by processing a bea-
con signal (pilot channel) transmitted from either the primary
transmitter or the primary receiver (PR) [2]. If the beacon is
detected, the secondary nodes will cease transmission within
that particular frequency slot. If not, they are allowed to use
it.

Consequently, if secondary nodes misdetect the beacon
signal, their concurrent transmissions with those of the primary
system interfere with and degrade the performance of the
PR. Beacon misdetection may be caused by wireless signals
undergoing path-loss, fading, and shadowing. The aggregate
interference due to beacon misdetection also depends on the
random secondary node distribution (numbers and locations).
Statistical characterization of the aggregate interference helps
in the design of system parameters (suitable node densities, ge-
ographical areas for deployment etc.), power control schemes,
and sensing schemes in practical CR standards such as IEEE
802.22 [3]. To this end, this paper analyzes the aggregate
interference, and PR performance for interweave CR networks.

A. Previous Research

Several recent works have addressed the issue of the aggre-
gate interference with or without the use of beacons. Bounds
for the aggregate interference and outage probability are
derived in [4] along with Poisson-cluster based approximations
for interference among secondary nodes, while an approxima-
tion for the aggregate interference based on a normal and log-
normal sum is developed in [5]. Reference [6] analyzes the

CR coverage performance, while statistics and bounds for the
aggregate interference are analyzed in [7].

Several other works incorporate spectrum sensing with
beacon misdetection into their analysis. Reference [2] analyzes
the resulting capacity-outage due to beacon misdetection in
Rayleigh and Nakagami-m fading. In [8], aggregate interfer-
ence statistics are modeled incorporating spectrum sensing and
channel parameters, leading to the characteristic function and
cumulants. Moreover, in [9], the aggregate interference and
outage was analyzed for Rayleigh fading channels.

B. Motivation and Contribution

In all the previous works analyzing aggregate interference
from interweave nodes employing beacon detection, at least
one of the following restrictive assumptions is made:

i The number of interferers is constant,

ii Each secondary node transmits with a constant power,

iii Channel gains due to small-scale fading are exponential

(Rayleigh fading).

However, in modern wireless networks, since both the location
and number of nodes in a given area is time varying, node
locations should be modeled via a spatial point process.
To remedy this, the Poisson Point Process (PPP) [10] has
extensively been used [8], [11]-[13]. Moreover, in practical
communication networks (mobile, sensor, personal area, and
ad-hoc networks etc.), nodes may transmit at a power level
that depends on many factors such as the distance between the
transmitter and the receiver, maximum allowed transmit power,
and type of the device. Furthermore, the degree of fading in
radio channels will vary depending on the environment.

These factors suggest that a more general analysis which
eliminates these assumptions is desirable. To this end, we
develop a generalized analysis of: (i) the moment generating
function (MGF) of the aggregate interference, and (ii) the out-
age probability of the PR. The MGF is an important measure
because it completely describes a probability distribution and
because further statistics such as moments are easily obtained
from it.

In order to model the random locations of the secondary
nodes, a homogeneous PPP is used. We will use independent
thinning and mapping for PPPs (explained in the next section)
in order to simplify our analysis. To accommodate variations
of secondary node transmit power, random transmit powers
with a given statistical distribution for the secondary nodes
are considered. Furthermore, the Nakagami-m fading model
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Fig. 1: Sytem model. The secondary nodes (dots) are located
in a circular area of radius R. Ry, is the primary transmitter
(black square) to primary receiver (white square) distance.

provides a closer match to experimental data and represents
a wider range of fading severities [14]. As such, we will be
using it for our analysis. Moreover, [2] used an approximation
for the beacon misdetection probability for a constant number
of interferers. We will investigate the accuracy of this approx-
imation for PPPs under varying system/channel parameters.

Notations: I'(z,a) = [ " te~'dt, I'(x) = I'(z,0), and
2F1(,;;) is the Gauss” Hypergeometric function [15]. Pr[A]
is the probability of event A, fx(-) is the probability density
function (PDF), Fx(-) is the cumulative distribution function
(CDF), Mx(-) is the MGF, X (#)(s) is the u-th derivative of
X with respect to s, and Ex|[-] denotes the expectation over
random variable X. The PPP is defined in [10, p. 11].

II. SYSTEM MODEL

This section introduces the spatial and signal models. We
will consider a circular region of secondary nodes for this
analysis (Fig. 1). Without loss of generality, the PR is taken
to be located at the center, and the primary transmitter is
located at a distance R, from the PR. The radius of the
region is taken as R. A finite region provides generality for
the analysis, and an infinite region would be a special case
when R — oo. In this paper, we will model the spatial
distribution of secondary nodes via a homogeneous PPP (the
node density is independent of the spatial location). Two
special characteristics of PPPs, namely independent thinning
and mapping will be used to aid our analysis. Independent
thinning refers to coloring points of a PPP II with intensity p
independently; where the probability of a point receiving the ¢-
th color is p;, and obtaining the set of points with the ¢-th color
II; which is a PPP with intensity p; = ppe [10]. As a practical
example, some secondary nodes may be active and others not.
Thinning would remove the inactive nodes. Mapping refers
to the transformation of a PPP of a; dimensions to another
equivalent PPP with as dimensions where a; > ao [10].

According to the PPP distribution, the probability of having
n secondary nodes within a certain area A is given by [16],

(AA)™

P(n):Te*“‘, n=0,1,2..., (1)
where ) is the intensity/ node density. As a homogeneous PPP
is considered, A does not depend on the location. Moreover,
we will assume that all secondary nodes are opportunistically

trying to access the spectrum. Although it appears that this

assumption provides the worst-case scenario with respect to
the interference experienced at the PR, no loss of generality
occurs. This is due to the probability that a secondary node
requiring to transmit (x) being independent from other nodes.
Independent thinning can be performed to thin the PPP with
intensity A to an equivalent PPP with intensity kA using the
Coloring theorem for PPPs [10]. As such, we can incorporate
the activity factor into the secondary node intensity directly.
Furthermore, the higher layer protocols and network opera-
tions are out of scope for this paper.

In an interweave network, the secondary nodes sense the
spectrum and transmits only when the primary signals are
absent. To achieve this, the presence of an out-of-band beacon
transmission originating from the PR is detected. The sec-
ondary nodes transmit either when the beacon is absent or
when the beacon is not detected. Thus, interference is caused
to the PR when a secondary node transmission takes place after
beacon misdetection. The primary signals, secondary signals,
and the beacon signals all undergo path-loss and Nakagami-m
fading.

We will use the simplified path-loss model [14], where the
received power P at a distance of r from the transmitter is
given as P = Ppr=. Pr is given as Pr = Fyr{, where F,
is the received power at a distance 7y from the transmitter.
The Nakagami-m channel power gain for the i-th secondary
node follows a gamma distribution which is given by [17],

fina2 (@) = Fm 2™ e ) <z < 00,0.5 < m < oo,
(m)

@)
where the Nakagami parameter m is a measure of fading
severity, and larger m indicates milder fading (m = oo equates
to no fading). Since the gamma approximation is also feasible
for composite shadowing and Nakagami-m fading [18] , the
following analysis could be easily amended to incorporate
shadowing.

III. INTERFERENCE ANALYSIS

This section will derive the MGF of the aggregate interfer-
ence, which leads to the derivation of the outage performance.
We will use the principle of mapping described before in order
to simplify the analysis.

The aggregate interference (/) can be written as I =
Z;V:1 I;, where the number of transmitting secondary nodes is
given by N, and the interference from the i-th transmitting sec-
ondary node is given by I;. I; is written as I; = Pop|h;|*r=2,
where |h;|? is the channel gain, r is the distance from the
secondary node to the PR, « is the path-loss exponent, and
Pcr is the power level of the secondary node.

A. The mapping procedure

We are considering a homogeneous PPP with density A in an
annular area with radius R. This 2-D homogeneous PPP can be
mapped to a equivalent (in terms of the distance distribution)
1-D non-homogeneous PPP with intensity function A\; [10]



where
27
A= / Ardf = 2wAr,0 < r < R. 3)
0

However, only the secondary nodes misdetecting the beacon
transmission will be causing interference. Let 3 be the prob-
ability of beacon misdetection for any given secondary node.
[ is dependent on factors including the path-loss exponent,
secondary node-PR distance, and fading. If P, is the power
level of the beacon transmission, Pr, is the power threshold
required by the secondary nodes for correct reception of the
beacon, and |g;|? is the gain of the beacon channel, 3 is
obtained as

B =Pr[Py|gil*r~* < Pp,] =) D

22K (m+ K)(m) @

(_1)k (mﬁra)m-&-k

When PTT: and m are low, we can approximate (3 with only
PTy  avm

the first term as 3 =~ (mmpr”(m)) . However, we will conduct

the analysis using the exact result (4), and will elaborate on

the accuracy of this approximation within Section V.

For any secondary node, although 3 depends on 7, it doesn’t
depend on the locations of other nodes. Therefore, using the
Coloring theorem [10], independent thinning can be performed
on the 1-D PPP obtained earlier. Thus, the resulting density of
the thinned 1-D PPP () is given by A = 3\; which equates
to

(mP?T:)m—o-k

A= 27r)\§: (-1*
= K (m+k)I'(m)

Using the Mapping theorem [10] and following an approach
similar to that in [19], it can be shown that a 1-D PPP with an
intensity function A and a path-loss exponent « is equivalent
(in terms of the aggregate interference statistics at the PR) to
a 1-D PPP with a unit path-loss exponent and an intensity
function of A where

romtaktl o < < R(5)

P
5 > 1\t (m Tp \m+k )
)\:270\ ( 1') (m—p) Pkt 210 2 o R (6)
a = k! (m+ k)T'(m)

With the new intensity function 5\, the interference from the
i-th transmitting secondary node becomes I; = Pog|h;|*r—L.
B. Derivation of the MGF

We will now derive the MGF using the results obtained
in the previous subsection. The MGF of [ is defined by
M;j(s) = E[e *!]. Using the Campbell’s theorem [10],
Ele~*1] is written as

E[efsf] _ e(foR‘1 E\h,i|2 {e—sPCRULi\z,.fl _1] S\d'p) . (7)

Performing the expectation with respect to |h;|?> using (2)
results in

. ROV L ;\dr)
Ele*!] = e< ’ L“S%’,‘)m . (8)

After substituting (6) for A and performing the integration,
M;(s) is given by (11).

C. Random transmit powers

The previous analysis assumed the transmit power of the
secondary nodes to be constant and identical. However, to
model a more practical scenario, we assume the transmit
power varies between 0 and a maximum allowed power
Par with M + 1 different discrete power levels. Then,
the transmit power of the [-th level would become ﬁPmam,
where [ = 0...M, and would have a probability of p;.
Zi\io p;r = 1, and this probability distribution depends on
power controlling algorithms, nature of the device, and the
area geography. Communication systems such as GSM and IS-
95 have power controlling schemes based on discrete power
levels [20]. Incorporating random power levels to (7) gives us

R —st Prag|h;|?r L 5
E[e—sl]:e(fo EIMW[Zf\iople nr Pmaz (il —l]kdr)

R M pil—l}j\dr)
("’ [Zl:o (1+s Pmagym .

©)
Finally, when the integration with respect to N is performed,
we obtain equation (12) for M;(s) with random transmit
powers.

=€

D. Average interference

An important performance measure is the average interfer-
ence (E[I]). From the Campbell’s theorem, E[I] is derived
as

E[I] :/ E|h,;\2[PCR|hi|27'_1]/~\dr
0

_1)k (m%)mﬁLk Ram+ak7a+2
b

= QWAPCRi (

=kl (m+k)T(m) am+ ok —a+2

(10)

Replacing Pcp in (10) with Z%O D ﬁPmM gives the average

interference when the transmit powers are random.

IV. OUTAGE PROBABILITY

We will now derive the outage probability of the PR using
the results for the aggregate interference MGF obtained earlier.
Let the transmit power level of the primary transmitter be
P,, and the distance between the primary transmitter and PR

—a 2
be Ry The SINR of the PR (y) is written as y = 2z
where P,R“|h|* is the received primary signal power at the
PR. 02 and |h|? respectively denote the noise variance and
the channel gain distributed according to (2). The CDF of the

SINR is obtained as (see Appendix I for proof)

_ mao2 m—1 1 ma v
F.(r)=1—e¢ PpRp” — ( )
! 1;) vEA PRyt

<2 () (o2) (1) M (|:m) (13)
=0 \H :

We will see in Section V that the infinite sum for M;(s) (11)
used in (13) converges in a finite amount of terms. Substitution
of the required threshold for proper reception (+) instead of
x gives us the outage.
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V. NUMERICAL RESULTS

This section will provide numerical results on the PR’s
outage probability, mean aggregate interference power and the
viability of approximating the sum of (4) with the first term
(k = 0 only). For consistence, we will use the parameters
R =100, R, =30, A =1x 1073, v, = 1. Furthermore,
we will keep 02 = 0 in order to highlight the interference.
For brevity, we will only consider constant secondary node
transmit powers.

Figure (2) validates the theoretical results by plotting the
PR outage probability as a function of the primary transmit
power level P,. The theoretical plots use only 20 summations
(From (13) and (11)). As the m increases (fading severity
reduces), we observe a lower outage probability. This may
appear counter intuitive because the interfering signals are not
significantly faded with an increased m. However, the primary
factor concerning interference is the beacon misdetection. With
higher m, the beacon is detected more, and the secondary
nodes refrain from transmitting concurrently with the primary
users. With higher P,, the slope of the curves (diversity order)
changes with respect to m.

The mean aggregate interference is plotted in Figure (3)
with respect to the fading severity (m) for different path-
loss exponent values (o). As expected, the mean interference
drops with respect to m. However, the rate of this change is
different for various path-loss exponents. The mean aggregate
interference drops at a greater rate when « is lower. This is
due to the reduction in misdetection.

The exact MGF of the aggregate interference is provided in
(11) using (4), but contains an infinite series. Although this
series quickly converges, having a simpler result containing
only a single term would be ideal. Figure (4) shows occasions
when the approximation of replacing the infinite sum of (4)
with the first term is valid. For a lower beacon reception
threshold to beacon transmit power ratio (4 Tb =2x1077)
and m = 1, the approximation with only 1 term of the sum
is almost identical with that of the exact sum Note that the
curves overlap in the graph). When both m and P increases,
the curves diverge, indicating that several terms of the sum
need to be considered for an accurate result. As a side-note,
when m = 2, the outage experiences a 20 dB reduction when
the beacon reception threshold to beacon transmit power ratio
drops by tenfold.

VI. CONCLUSION

This paper analyzed the aggregate interference from inter-
weave secondary nodes spatially distributed over a finite area
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Fig. 2: The PR outage probability vs the primary power level
P, for different fading severities. « = 3, Pocr = 4dBm, and
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Fig. 3: The mean aggregate interference vs the fading severity
(m) under different a.. Pcp = 10dBm, and T” =2x1078.

with either constant or random transmit powers. Nakagami-
m fading and path loss were incorporated. The exact MGF
and mean of the aggregate interference was derived along
with the PR outage probability. Furthermore, we provided a
simpler approximation to the exact MGF which is accurate
under lower Nakagami-m parameters and beacon reception
threshold to beacon transmit power ratios. We conclude that
a higher m parameter (lower fading severity) provides a
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Fig. 4: The PR outage probability vs secondary node power
level Pcog, for the exact sum of (11) and the approximation
with only the first term. o = 3, and P, = 5dBm.

favorable environment due to improved accuracy of beacon
detection. As well, the mean aggregate interference (in dB)
shows a linear relationship vs m when m is higher with the
gradient depending on the path loss exponent. Moreover, a
10 dB decrease in the beacon reception threshold to beacon
transmit power ratio provides almost a 20dB reduction in
outage highlighting its importance in avoiding interference.

APPENDIX I :PROOF OF CDF F, (x)

The CDF of the outage F,(x) = Pr[y < z]. Therefore,
after substituting for v, and using equation (2),

(I +02) r (m miz(Hai))
x o Y PRy
FE, (z)=Pr {|h2§ — ]:1— rZer /2 (14)
i PRy, T'(m)
Expanding (14) gives us
_ 1 _ > m" m—1_—mzx
F,(z)=1-E; /W“%) F(m)x e ™dx| . (15)
Pp Ry~
By substituting y = ma for integer m, we can write
F,(z)=1-F L - y"™ e Vdy
v I ['(m) Jmzt+o2)
Pp Ry,
_ ma(I+02) m—1 2 v
—1og | Y L (el )
v=0 v: PpRpr
mzo2 m—1 1 v
- = mx
—1—¢e PoRp~ — (_a)
2 u\nmy
v v _ _mal
55 (%) [
"

pu=0

2
mzol

- | mx \”
= 1 — € PPRI;SI —_ (_)
Vo

=0

n=0

which is equation (13).
However, because CR systems are primarily inhibited by
interference, the noise can be neglected. If so, F,(z) becomes

m—1 v
_ (_1)V mx (v)
F’Y('T)_l_z y! W M] S|S:7P”;;'Jia .

v=0 pitpr
(16)
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