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Abstract—Cognitive underlay amplify-and-forward (AF)
two-way relay links require signal-to-interference-and-noise-ratio
(SINR) balancing and maximizing strategies. And both sec-
ondary-to-primary and primary-to-secondary interference must
be taken into consideration. To achieve these goals, we develop
several joint distributed beamforming and power allocation
algorithms. The development is based on the assumption of the
availability of channel state information (CSI) of the relay-trans-
ceiver channels and the second-order-statistics (SOS) of all
channels. For single-relay and multi-relay systems, a closed-form
solution and an exhaustive-search optimal algorithm, respectively,
are developed. This optimal algorithm, despite its high compu-
tational complexity, serves as a useful benchmark. Moreover,
two low-complexity suboptimal algorithms are proposed, both of
which compute sub-optimal power allocations and beamformers.
A 10-dB SINR improvement by the optimal algorithm and similar
gains by both proposed suboptimal algorithms are achievable.

Index Terms—Amplify-and-forward relaying, cognitive radio,
distributed beamforming, power allocation, second-order statis-
tics of channel gains, SINR balancing, two-way relay, underlay.

I. INTRODUCTION

YNAMIC SPECTRUM ACCESS (DSA) addresses the

dual problems of under-utilization of the licensed spec-
trum [1] and dramatically growing demand for wireless radio
spectrum[2], [3]. Specifically, cognitive radio, which includes a
hierarchical DSA model [4], has been studied widely because of
its compatibility with the existing spectrum management poli-
cies[2]. Spectrum sharing cognitive radio networks allow cog-
nitive radio users (secondary users) to share the spectrum bands
of the licensed-band users (primary users). However, the sec-
ondary users must restrict their transmit power so that the inter-
ference caused to the primary users is kept below a predefined
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threshold (known as interference temperature limit ;). Three
common secondary access strategies [5] are

1) Interweave — a secondary user transmits only when no pri-
mary user transmits,

2) Overlay — secondary users facilitate primary user com-
munications and in turn are allowed to transmit simulta-
neously provided the interference on primary receivers is
below I, [4],

3) Underlay — simultaneous primary and secondary transmis-
sions are permitted provided the interference on primary
receivers is below .

In this paper, the underlay strategy is our focus. Specifically,
we consider two secondary underlay users (or equivalently
transceivers) requiring bidirectional data exchange. Unfortu-
nately, the link performance of the two users (denoted by SU;
and SUs;) degrades due to two reasons: (a) interference from
primary nodes and (b) reduction of SU; and SU> transmit
powers to satisfy Iy,. To mitigate this link performance degra-
dation, we use a low-complexity amplify-and-forward (AF)
relay. However, we know that one-way half-duplex relays lose
spectral efficiency. This loss is overcome by two-way relays
operating over two time slots [6]. Consequently, we will use
the two-way relay.

Moreover, multiple, spatially-separated relays allow their
antenna gain adjustments (i.e., distributed beamforming) to ex-
ploit multi-user cooperative diversity [7]-[9], providing more
robust communication links in fading and interference [10].
Thus, distributed beamforming improves outage probability
and data rates and is implemented, subject to interference con-
straints, to maximize the signal-to-interference-and-noise-ratio
(SINR), which also must be balanced between the two sec-
ondary terminals, giving higher power efficiency [11]. To
achieve these goals, we optimally allocate the signal powers of
SU; and SUs and adjust antenna gains (i.e., beamforming) to
balance and maximize SINR. Note that in the resulting network
(see Fig. 1), primary-to-secondary (P2S) and secondary-to-pri-
mary (S2P) interferences over two time slots must be taken into
consideration.

For non-cognitive systems (i.e., no interference issues), sev-
eral power allocation and beamforming algorithms for two-way
relays have been studied recently [12]-[19]. For example, [12],
[13] studied joint AF beamforming, antenna selection and op-
timal and sub-optimal power allocation schemes. In addition,
the performance of zero-forcing beamforming was analyzed in
[14]. In [15]-[19], the use of joint power allocation and beam-
forming was studied. The achievable rate region was general-
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SU,

Fig. 1. Cognitive Two-Way Relay System.

ized in [15]. The power minimization problem was studied in
[16] and [17], while the SNR balancing approaches, where the
smaller signal-to-noise-ratio (SNR) of the two transceivers is
maximized, were studied in [17]-[19] under total and individual
power constraints. All these studies assumed the availability of
perfect instantaneous channel state information (CSI).

For cognitive systems, almost all studies consider S2P inter-
ference only (i.e., only signal-to-noise-ratio (SNR) is consid-
ered). Moreover, the availability of perfect CSI is also assumed.
For example, with AF relaying, beamforming and power allo-
cation for overlay [20]-[24] and underlay [11], [25]-[29] cog-
nitive relay systems have been developed. References [25] and
[26] studied one-way multi-antenna relays. And [27] investi-
gated one-way single-antenna relays. In [11], [28], [29], beam-
forming coefficients were derived for two-way relays.

However, the provision of full instantaneous CSI at all nodes
is difficult in practical systems due to channel estimation and
feedback overheads. So is it possible to reduce the overhead of
full CSI? Partial CSI may be the answer and it involves: (1) the
second-order-statistics (SOS) of all the channels at both SU;
and SUs; and (2) perfect instantaneous CSI of the channels from
SU; (i = 12) to the relays available at SU;. Clearly, the pro-
vision of partial CSI is less burdensome than that of full CSI in
terms of channel estimation overheads. To the best of our knowl-
edge, the use of partial CSI for joint distributed beamforming
and power allocation for cognitive two-way relays considering
both S2P and P2S interferences has not previously been studied.
The main contributions of this paper thus include:

* The secondary SINR’s are balanced and maximized taking
into account the interference from the primary transmis-
sions, subject to the secondary-to-primary interference
constraints in both time slots.

+ With partial CSI, the SINR balancing and maximizing
requires adjusting the transmit powers, P; and P» of the
two secondary transceivers respectively, and the relay
beamforming coefficients. The feasible power allocations
(P1, P») is a two-dimensional region. However, we show
that the optimal (P, ;) lies on a trajectory crossing the
feasible region.

* For a single relay, the closed-form optimal beamformer
and power allocation are developed, where the optimal
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beamforming coefficient is limited to real values, rather
than complex values. Therefore the phase distortion in the
signal introduced by the complex channel gain is not ex-
plored, which leads to the limited system performance.

* For K > 1 relays, an exhaustive-search multi-relay op-
timal algorithm (MRO) is proposed. This algorithm uses
combined bi-section search [30] and interior-point algo-
rithm [30] to find the optimal beamformer. Despite its high
complexity, this algorithm serves as a benchmark to eval-
uate sub-optimal algorithms.

* To reduce the computational complexity, we also propose
two sub-optimal algorithms (simple-power-allocation
(SPA) and two-phase search (TPS)), where power alloca-
tion and beamformers are computed suboptimally. While
SPA searches exhaustively along the quantified power
allocation points, the computations at each point are sim-
pler than those in MRO. Unlike SPA, TPS directly finds a
sub-optimal power allocation. In terms of the achievable
SINRs, TPS differs only 0.15 dB from MRO, while SPA
differs from MRO less than 0.8 dB and 1.5 dB in stabler
channels and more fluctuating channels, respectively.
On the other hand, compared to the exhaustive-search
based MRO, both TPS and SPA can reduce over 90%
running time (see Section IV-C for detailed analysis and
discussion).

* Moreover, numerical results also show that our proposed
joint distributed beamforming and power allocation im-
proves SINR by 10 dB or more.

The remainder of this paper is organized as follows. Section II
describes the system configuration and formulates the opti-
mization problem. The optimal algorithms are developed
in Section IIT for both single- and multi-relay systems, fol-
lowed by two sub-optimal algorithms proposed in Section IV.
Section V evaluates and compares the optimal and sub-optimal
approaches. And the paper is concluded in Section VI.

Throughout this paper, bold lower-case italics and bold
upper-case italics indicate vectors and matrices, respectively.
(e)*, (#)T, (o)1 and () represent complex matrix conjuga-
tion, transpose, inverse, and Hermitian transpose, respectively.
In addition, A.x(A, B) and A,,in(A, B) stand for the max-
imum and minimum generalized eigenvalues of the matrix pair
(A, B). A o B is the Hadamard product of the two matrices.
Furthermore, diag{e) denotes a diagonal matrix with the
diagonal vector a. || @ || is the Euclidean norm, and E{e} stands
for the statistical expectation.

II. SYSTEM MODEL AND PROBLEM FORMULATION
A. System Setup

This paper employs the following assumptions. The system
(Fig. 1) is a secondary network that coexists with a primary
network via the underlay approach. In the primary network,
the transmitter PU T, communicates with the receiver PU R,
through channel h,. No direct link exists between the two
secondary transceivers SU; and SUs, and they communicate
via half-duplex relay nodes R; ¢ = 1,2,..., K). Per-
fect timing synchronization among the relays and the two
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secondary transceivers is assumed. Stationary, mutually-in-
dependent, flat-fading channels with additive white Gaussian
noise (AWGN) are assumed.

AF relays use two consecutive time slots for one-round infor-
mation exchange between SU; and SUs. In the first time slot,
PU T, transmits 2z to PU R,, with power P,. In the mean-
time, SU; transmits s; to the relays by using power P; (5 = 1,
2) through the reciprocal channels g; = [g),, gjs. ---» Gi |7,
where g;, ( =1,2;:=1,2, ..., K)isthe complex channel
gain between SU; and R;. Consequently, the ith relay receives
signal r; as

Ty = \/171911781 +

Pogoisg + \/prrﬂl(l) + e (1)

where f,, denotes the interference channel gain from PU T,
to R;, and 7, is the zero-mean AWGN of variance 02 Due to
the transmissions of SU; and SUs, the interference signal Ll(n)f
received at PUIZ, is given as

iy = V/Prhisi + v/ Pohass, )

where h; (j = 1, 2) indicates the interference channel gain
from SU; to PU R,.

In the second time slot, PU T, transmits 7@ still with power
P, while each relay multiplies its received signal r; with a com-
plex beamforming coefficient w;, and broadcasts the resulting
signal to SU; (7 = 1, 2). The interference signal :IZ,Ei)t at PUR,
caused by the transmissions of all the relays is given as

z(rQL)t = 4/ wHTglbl + v/ PowH . -g952
+y/PowH, {5 + wH,n,, (3)

where H, = diag{h,}, and h, represents the interference
channel gains from relays to PU R,.
The signal y; received at SU; is given as

y; =/ b, wG’?g?s]—l—M wG]gJ 7
~——

signal

+/PwG;f,a Y+ /P, f;izP + wGjn, +nj, (4

qclf interference

interference noise
where .fr = [f'r‘m frzv s f'rK]Ta w = [wl‘, Way ovey WKL
Ny = [Ny, Npys -0 T, Gy = diag{g,}, f; denotes the

interference channel gain from PU T, to SU;, n; (j = 1,2) is
the AWGN of zero mean and variance 07, and j = 1if j = 2,
and vise versa.

We assume that SU; (j = 1, 2) obtains the instantaneous
CSI of g; by pilot-assisted two-way relay channel estimation
methods [31]. But estimation of g, (i # j) by SU; is chal-
lenging because of the time-varying nature of wireless channels
[32]. Moreover, exchange of CSI among nodes requires signifi-
cant overhead for multiple nodes. These challenges of providing
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instant CSI can be mitigated by the use of channel statistics,
which will stay constant for relatively long durations and hence
can reduce the overhead. Consequently, we assume the SOS of
all the channels, [E{gjgf } (j = 1, 2), are available at both sec-
ondary transceivers. In contrast, because the existence of the
secondary users is transparent to the primary users, they do
not know the primary-secondary channels. Moreover, without
loss of generality, we assume unit symbol power, E{||z[|?} =
E{||s1||*} = E{||s2]|?)} = 1. To reduce the overhead, the
secondary transceivers compute power allocation and beam-
forming coefficients, and use an error-free feedback channel to
transmit this information to the relays.

By knowing w, g, and s;, SU; (j = 1, 2) can eliminate its
self-interference perfectly. Consequently, the self-interference-
free signal 4; (7 = 1, 2) is given as

Ji = \/ PjwGg;s; + VBwG; f,aV + /P, fjz®

N— —

interference

+wGin, +n;. (5
N ——’

signal

noise

B. Problem Formulation

The average SINR at SU; (j = 1, 2) is considered, which is
given as

PwAw?
w(B; + By, W + a2’
where A 2E{G1¢,92 G}
=E{g191'} o E{g.95'},
B; £ PE(Gf, 1G]}
=P,E{g,g"} o E{f I},
o2 = PE{ 1)
By, £0lE{G;G} = 02diag{E{g;ig}:}},

24 2 2

SINR; =

On the other hand, the average interference powers at PU 7,
in time slot one (PI(l) ) and two (PI(Q) ) are given as

P](l) =a1 P+ asPs,
P —w(P,Cy + PyCy + C3)w"
where a; 2 E{h AT}, as = E{hyh3},
Cy £E{H.g, g7 H }=E{g,g1'} o E{h,h"},
2 SE{H,g,g5' H}=E{g,g%'} o E{h,h"},
Cs £ PE{H. . f7H!} + oc]E{H H[}.

(7a)

(7b)

Our goal is to jointly design the beamforming vector w and
power allocation (P;, P»), such that the minimum of SINR;
and SINRR» is maximized while both Pl(l) and PI(Z) are under a
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Fig. 2. Five Cases of POPA Line. (a) Case I: a1 % + a2 1% = I;4 isinside the
rectangular from (0, 0) to (P;"**, P3"**). (b) Case 1I: a1 Py + ao P = 1,5, is
outside the rectangular when I’ > I***.(c) Case Ill: a1 [y + axf% = I,y is
outside the rectangular when P, > Pj"**. (d) Case [V: a1 Py + ax Py = 1,
is outside the rectangular when I°; > PJ’-“‘“, 7 = 1,2.(e) Case V: a1 1 +
az P, = I, is outside the rectangular.

predefined threshold 7 . Additionally, P, and P» should not ex-
ceed their maximum available levels, namely P/ and P;"**,
respectively. Accordingly, the optimization problem is formed
as

(P-1) max min{SINR;, SINR.}
Pl, Pz,w
s. t. w(P101+P202+03)wH§ L,  (8a)
a1 Py + a2 Po < Iy, (8b)
P< leax’ Py < P2max‘ (SC)
PowAwH
where  SINR, = it -
w(B; + By, )wf + o}
PiwAwH
SINRy = waw
w(B2+BN2 )wH-i-O'%

Lemma 1: (P-1) is an SINR balancing problem and there is
one optimal solution (Py, Py, w) such that (P-1) achieves its
optimal value with SINR; = SINR;.

Proof: See Appendix A. |

Lemma 2: Let (P{™*, Py*", w®Pt) be one optimal solution to
(P-1). Then at least one of the three inequality constraints in
(8b) and (8c) are satisfied with equality.

Proof: See Appendix B. |

According to Lemma 2, the optimal power allocation
(P1, P) must lie on the lines formed by (8b) and (8c). In the
remaining of this paper, we refer to these lines as the Potential
Optimal Power Allocation (POPA) line. Fig. 2 shows the five
possible cases of the POPA line: (1) in the first case, the POPA
line is totally determined by the interference constraint (8b) in
time slot one, as shown in Fig. 2(a); (2) in the second case, it
is determined by P» < P3"** and (8b), as shown in Fig. 2(b);
(3) in the third case, it is determined by P; < P;™** and (8b),
as shown in Fig. 2(c), (4) in the fourth case, it is determined
by both (8b) and (8c), as shown in Fig. 2(d); (5) in the fifth
case, the POPA line is determined by only (8c), as shown in
Fig. 2(e).
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Lemma 3: Let (P{**, Py¥, w°P*) be one optimal solution
to (P-1). Then the inequality constraint (8a) is satisfied with
equality.

Proof: See Appendix C. |

III. OPTIMAL BEAMFORMING AND POWER ALLOCATION

In this section, a closed-form solution to (P-1) is developed
first when a single relay serves the secondary network. For mul-
tiple relays, (P-1) is reformulated to derive optimal exhaustive
search algorithm.

A. Single-Relay System

In a single-relay system, all vectors and matrices become
scales and are presented in lower-case letters throughout this
section. Then the optimization problem (P-1) becomes

(P-2) max mm{&ngm?n?|wj27P1||g1|2||g2|2||w1|2}
ol AllgyPllwl2 403 Algal?l|wl|?+03
st el P(Pulga P Pallgel P+ A) ] < T 92)
a1Pr +axPr < Iy, (9b)
Py < ™, Py < Py, (9¢)
gl £ Edllg; 21451 2 EIG 1% 5= 1.2,
el & EIAPL 1 2 EQLLAL A 2 BP0

Algorithm SRO: Closed-Form Solution for Single-Relay
Systems

lnpllt : A, ”hT”Q’ ”91”2, ”92”2’ U%’ U%) ar, a2, leax’
PI[la.X ]
2 s Lth

Output: P, P, w
Lif [|g1][?03 = ||g2[|*o7 then
2 P =7%p,
o7

5 -
- 0] pmax max UlIth
Py = min | L ppex pyrex A2t )
o5 2105 +aq a3

W=, ] 1, ] .
112 (PLllgr [P+ Do lg2l?+4) 2
3 else

4 compute (P, P, (PP P{PY and (P1Y, P via
equations (10a)—(10c) at the bottom of the next page;

5  Choose the point on the POPA line from (Pl(l), Pz(l)),
(PI(Q), PQ(Z)) and (Pl(?’), PQ(?’)) as the optimal power

allocation;
Pyo?—Pyo?
— <2 1 .
6 w= \/(Puglw—mgzum’
7 end

8 return Py, P>, w.
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A closed-form solution to (P-2) can be found by using the
SRO Algorithm. According to (P-2), the phase of w has no
impact on the solution. Therefore, we assume that w takes only

e : —llgul? Pl*H‘]zH Py=0
a positive real value. Furthermore, applying Lemma 1 and 15 _ ;5 p)
Lemma 3, the original three dimensional optimization problem ¢ |---@Pi+aPr=In
turns into a two dimensional optimization problem as 1n,

||J1|| g2/ (Pzafﬁ — Po?)

: Optimal N
(P-d) II} P 2 9 ™o 93 - Powerp/lwci:aligr}__, -----

B A3 - lgelo?) A

st @(Py, P2) =0, (11a) = o5 1 8 15 2Pl
1P+ aPr < Iy, (11b) A B
P < Pmax P Pmax (11 ) Fig. 3. Single-Relay Cognitive System, Case 1: ||g1||03 > ||g=]|*03.

1 1 2 C
P20'2 *Plo'l

[Jwl|*= >(0. In addition, ®(Py, P,) = Oisa hyperbohc curve, which al-

(11d) ways lies between the lines P, = l LP and Py = Hgluz Py in

(Prllgol? = P2llgz]*)A

where ®(Py, P) £ ||h,,,||2||gg||20:§P22 _ ||hr||2||91||2(;%P12 the first phase, as shown in Fig. 3. Accordlngly, (P-3) can be re-

- - formulated as
+ (A |17 252 ||h,|I? 2o\ P, P A “
(” ” Hng 2 H ” ”92” 1) 142 ||g1||2||gg||2(P20§ 7P10%)

+ (Al ||203 + AL g2])*) Po (P-4) 113111?1)32 A(”ngQ(;Q _ HQQHQ(;Q)
- 2 1
— (Al |?a? + ALl D) P (12) s.t. O(Py, Py) = 0,
a1 Py + a2 Py < Iy,
There are three p0551ble cases for (P-3): P, < PX_p, < pmax
1) Casel:||g1|I*c3 > ||g2||?c2: Inorder to keep both SINRs b TEe e
and ||wl||? positive, (Pl., P,) must satisfy Moreover, Lemma 2 implies that the optimal power alloca-
o ) tion should be the crosspoint of ®(P;, %) = 0 and the POPA
91 & llgall (13) line, which must be one of (10a)—(10c), shown at the bottom of
o3 Py llg21I? the page. An example of this case is shown in Fig. 3.
- 4
P = éil N (10a)
1
: b+ 4
Pl(Z) :leax‘/ P2(2) 52 + 52 C2QQ (10b)
2¢2
—&3 — G303 i3y L a1 ,(3)
P b VE - 1Ges B 10
1 2 2 0y ag b (10c)
where & = || |*(lg1 (1?03 — llg2l*o) P — A([[he|*0F + Lnllga 1)
G = = Pl

o1 = e Pl l*o3 P+ ([helP3 + Tl g2l ) AP,
b = he*lgrl°03 — llgal *o) P + Al 03 + L l2]1*)

G =k Pllg2l 1?03,
02 = — |[B P91 Po? PP = (1h, P07 + Lnllgn 1) AP,
£ — 2Lai||helPllg2]Pos [l 1203 +IthHJ2H2
3 a3 a2
R ) 2(;2 . 20:2 Ll |2
_(”h'I‘HQ”%+Ith,||91||2)A+ (”91” 2 HQ{JQZH 1) t H H 7
IhelPllg2lPo3al  (llgill®as = llgzll>ad) I an 20 2.
Gs = 5 - 2 o
as a9
_ NhlPllgalP o3 I3, n (Ihe]Pa3 + Tenllg2ll*) Ten

2
as az
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2) Case 2: ||g1]|202 < |lg2]?02: The proof of CASE 2 is
similar to that of CASE I, which leads to the same closed-form
solution.

Algorithm MBSS: Modified Bi-Section Search

Input : P, P>, A, By, By,, B2, By, (T?, 0:%, C., Oy,
Cs, Iy,

Output: ¢, w

Internal Variables : .., t;, ty, W

1 Cornpute C = P101 + P202 + Cg;
2 Compute C*/% and €~1/? such that C/2CY/? = C;

3 Compute Al, Ag, 1531, f;'g by using (16);

4 Compute (t;,w;), ¢ = 1,2 such that t; = )\max(Ai,Bi),
where w; is the corresponding normalized eigenvector to
Ama.x(‘4'i,a B7>3

5ift1 < 5 then

- L _ (;,mAzQZ.
ty = 11, W = w1, 1 = &7n325’7i ’
6 else if £, > t, then
- L _ QmAl‘Dfr’l.
ty, = tg,wm - wQ’tl o m,
7 else
by =ty p) = Al Aol

o Bor’ 2

8 ift/l Zté thent,, :tll,t:lm :(:)2;

@ Baal’

9 elset; = th, W, = wi;
10 end

11 end

12 ift, < #; thent,, = 1,;
13 else

14 while ||t, — %] > 1 do
15 ty = 2t &, = 0;

16 if (P-8) with t = t,,, is feasible then t; = ., w,, =
any solution of (P-8);

17 else t, = t.n;
18 end;
end
19 end
20 if ¢, < Othent =0,w = 0;
21 else t = t, w = VI C V>,
22 end

23 return ¢, w.
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3) Case 3: ||¢1 ||20A§ = Hg2||20?: Although the probability
that this case occurs is nearly zero, when it does happen we have
the following approach to find out the optimal solution.

The SINR balancing property indicates that (£, P, w) must
fulfill both P1o? = Pyo2 and ||w]|? = Ln /(|0 ]2 (Pr|g1])* +
Ps||g2]|?> + A)]. Then (P-4) is equivalent to

P. 2\lg2IP 1,
(P-5) max _ AZH.QIHA“.(]Z“ th .
P2 2fh Pl g|Pofoi Pot+ofllgr I AL+ | A 20T A
AIth,(frI) _, P2 S UT:%leax’ P2 S szax'
alag + (7,20'% O‘%

s. t. P2

IA

It is obvious that (P-5) achieves its optimal value when

: (14)

) )
(o . . o1l
P> = min —A; pprex Py, —AQI — 1.
o5 105 + a207

The analysis above is concluded as step 2 in the SRO
algorithm.

B. Multi-Relay System

When multiple relays are present in the secondary network to
assist the communication, a slack variable £ can be introduced
to (P-1), which results in

(P-6) max t
PP wt
PowAwH
5.1 >t
w(B; + By, )wH +o?
leAwH

— >t
w(BQ + BNZ)wH —+ (T%

w(PCy + P,Cy + Ca)w® = Iy,
a1 P+ as Py < Iy,

P < PP, Py < P

This problem is a non-convex optimization problem.
However, if we fix the transmit power (P;, P»), which sat-
isfies (L1P1 + LLQPQ S Ith, P1 S leax, P2 S PQmax,
the corresponding optimal beamformer w can be found as
follows. Define the Hermitian and positive definite ma-
trix C 2 PC: + PC, + C3. Next, decompose w as,
w2 p@C Y2 where |[@||2 = 1,p > 0, and C~ /% is the
inverse of C/2. Clearly, p should take value of I;;, to satisfy
w(P,C| + P,Cs + C3)w* = I;,. Then (P-6) is simplified as

(P-7) max t
w, T

wA 0" wAw™
s. t. s g Z b T > t,
wBw wBsw
@ = 1, ¢t > 0. (15)
where
Ay =PI C Y2402,
As = P 1,,C Y2 AC Y2,
(16)

By = 1,,C VB, + By, )C™? + 521,
B, = I;,C~V*(By + By,)C™V/? + 021
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Problem (P-7) can be solved by using the bi-section search
[30], and with each fixed ¢ = ¢,,, the problem is reduced to a
feasibility problem [30] as
(P-8) Find @

@A™

wA @
wByw!

s. 1. Z t,,“ ||(1’H2 = 17

7 t’nL b)
wBw

which can be solved by using the interior-point algorithm [30].

Because both :’gl“ and :/B}az

whose maximum Vallues are their principle generalized eigen-
values, respectively. Therefore, the smaller of /\md,k(Al7 Bl)
and )\de(Az, B 2) gives an upper bound to the optimal value
of (P-7). Then by applying the corresponding principle eigen-
vector to the other Rayleigh-Ritz ratio, a lower bound to the op-
timal value of (P-7) is found, if the result is less than the upper
bound. Otherwise the upper bound is the optimal value of (P-7).

The procedure of solving (P-7) is concluded in the modified
bi-section search (MBSS) algorithm, where 7 is the predefined
stopping threshold of the bi-section search. Our MBSS algo-
rithm starts with a good initial value computed from the upper
and lower bounds given by steps 4—11, which might give the
optimal solution directly.

To find the optimal beamformer and power allocation for the
multi-relay system, an exhaustive search along the POPA line
can be performed, which is described in Algorithm MRO.

are Rayleigh-Ritz ratios,

Algorithm MRO: Optimal Power Allocation and
Beamforming for Multi-Relay systems

1 Quantify (P, Py) along the POPA line;

2 For each point (P;, P»), solve (P-7) by using MBSS, and
store the optimal value ¢, w;

3 Compare all ¢’s, choose the largest one, and output the
corresponding P;, P>, w as optimal power allocation and
beamforming vector.

IV. SUB-OPTIMAL BEAMFORMING AND POWER ALLOCATION
FOR MULTI-RELAY SYSTEMS

Because MRO exhaustively searches along the POPA line
and employs the nested bi-section search and the interior-point
algorithm, its computational complexity is high. Fortunately, the
choice of quantization step allows a trade-off between the com-
putational complexity and the achievable SINR. To this end, two
low-complexity sub-optimal algorithms (SPA and TPS) are de-
veloped in this section.

A. Simple-Power-Allocation (SPA) Algorithm

As mentioned in Section III-B, steps 4-11 in MBSS give
a lower bound or even the optimal value to (P-7). There-
fore, we can quantify the POPA line, and apply steps 4—11
in MBSS at each power allocation, then choose the power
allocation with the highest lower bound to the optimal value
of the corresponding problem (P-7) as the sub-optimal power
allocation. Finally MBSS is applied to find the sub-optimal
w corresponding to this sub-optimal power allocation. This
approach is named as Simple-Power-Allocation (SPA).
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Algorithm SPA: Simple-Power-Allocation Approach

1 Quantify (Py, P3) along the POPA line;
2 for each pair of (P1, P2) do
Steps 1-11 in MBSS algorithm
end
3 Choose (P “"OP" | P7“*OP*) with the largest min{t;, ¢, };

4 Solve (P-7) with (P1, P3) = (P70, pytort)
MBSS, which returns w”“*©?t;

5 Return (P“*OP" | p7#bPty and wS“POrt a5 the sub-optimal
power allocation and beamformer.

using

B. Two-Phase Search Algorithm

To further eliminate the exhaustive search, we propose a two-
phase search (TPS) algorithm in this section as follows.

Algorithm TPS: Two-Phase Search

1 Compute (P}, Piax) and (P, PY), the cross points
of a1 P1 + ao Py = I, with P», = PQmaX and P, = leax’
respectively;

2 Phase I: Solve (P-10), (P-11) and (P-12) by using
combined bi-section search and interior-point algorithm,
and choose the one with the largest optimal value,
compute the corresponding (P **9*, ];25 ubOpt

3 Phasell: Let (P, Py) = (PS"bOpT., P; ”boﬁ) Solve
(P-7) by using MBSS which will return w"*p?;

4 Return (P07 pFutOP!y and wSOP! g5 the
sub-optimal power allocation and beamformer.

1) Phase I: Sub-Optimal Power Allocation Search: We
first decompose the beamforming vector as w = \/Pw, where
|@||? = 1. According to the SINR balancing property, we have

p = [P203 — P1o3)/[@[Pi(B1 + By,) — Pa(Bs + B, )J0"].
Therefore, the optimization problem can be reformulated as
(P9)  max ] ‘DA(:)H(PQ(T%A — Pio?)
P& lo2(By + By,) — 0i(B2 + By, )J@”
s.t. |@||*=1,p>0, (17a)
O(Py, Po,w) = 0, (17b)
a1 Py + as Py < Iy, (17¢)
Py < P Py < PO, (17d)
O(Py, Py, @) = ki Pi+koPiPytksP24kyPot+ksPy,
where by = 02@Co@",
ky = 02@Ci@ — 020Ce",
ky = —o2wCia™

ks = 030Cs@ + Iy@(Bs + B2
ks = —02@Cs@™ —I,@(B, + By, )"

. (18)

With fixed w, the equality constraint (17b) becomes a
hyperbolic curve ®(Py, P,) = 0 passing (0, 0). Sim-



CAO AND TELLAMBURA: UNDERLAY COGNITIVE TWO-WAY RELAY LINKS

pyas (PP, Py*)  Sub-Optimal
Power.Allocation-~

—POPA Line

Py at

L

- Optimal

&(B1+Bn, )M =
Power Allocation

P = B(BatBn, )W

P
F

— (P, Py) =0
P
F

A T e

Fig. 4. An Example of TPS Phase I for Multi-Relay Cognitive System with
w[o3(B, + Bn,) —0}(Bs + Bn2)w" > 0.

ilar to the analysis in the single-relay case, in order to
keep both SINR and p positive, (F1, P2) must be chosen
such that P,/P; is in the range between o?/c3 and
[@(B,+Bx,)@"]/|@(B2+By,)@"]. Indeed, ( Py, P2) =0
is always inside this range. As a result, with fixed w, the optimal
value of (P-9) is achieved at the crosspoint of ®(P;, P») = 0
and the POPA line. However, the crosspoint is a complicated
function with respect to w. Therefore, we use the first-order
Taylor series around point (0, () to approximate the original
hyperbolic curve ®(P;, P») = 0 in the first phase. This ap-
proximation gives

_0®(Py, Py) —ks

‘ Py =
P (P1=0,P,=0) ka

P, P (19)

Replacing (17b) with (19), the optimal power allocation to
(P-9) with fixed w is the crosspoint of (19) and the POPA line.
As the POPA line must be one of the five cases shown in Fig. 2,
we use the most complicated case (case (d)), shown in Fig. 4, as
an example, where the POPA line has three parts. For each part,
we can reformulate (P-9) as a new optimization problem.

PART 1: from (0, P3#aX) to (P}, Pimax)

wAw?
@[o2Cs + L (By + B, o™
&[({%Cs + Lin (B2 + By,))@" < PO
@[02Cs + Ln(B1 + By,

(P-10) max Ly PP

s.t. P

PART 2: line a1 P +a2 Py = I, with P from Plﬂ to P{max

(P-11) max f(@)

s.t. Pl < (@) < PP,
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SINR (dB)

% o= —20d5, EPA|
©a = —20dB, SRO
A = —5dB, EPA

3 . . -O-a=—5dB, SRO ||

30 -8 -6 -4 0 2 4 6

-2
Tin(dB)

Fig. 5. SINR v.s. 4, in a Single-Relay System.

where f(w) and f;(w) are given in (20a) and (20b) at the
bottom of the page.
PART 3: from (P{#%, PY) to (P, 0)

wA"
@[03Cs + L (Bs + By,))@"
w[o3Cs + L (Bs + By, )@
@[02C; + L (B + By, )@

It is obvious that all the fractions in (P-10), (P-11) and (P-12)
are Rayleigh-Ritz ratios. Therefore, the nested bi-section search
and interior-point algorithm can be employed to solve these
problems.

After solving (P-10), (P-11) and (P-12), we choose the one
with the largest optimal value and use the corresponding beam-
forming vector w to compute the crosspoint of (19) and the
POPA line. This crosspoint is used as the sub-optimal power
allocation (P "“00Pt puborty,

2) Phase II: Sub-Optimal Beamforming Vector Search: With
(P1, Py) = (P7"00P pSvOPh) \ye can solve (P-7) by using
the MBSS algorithm to obtain the sub-optimal beamformer.

(P-12) max Iy, P/™™
W

H
- < 0
5.t. P < PO,

C. Complexity Comparison

In the bi-section search algorithm, the worst-case total
[
7
the stopping threshold, and [¢;, ¢,] is the searching interval.

At each search point, we apply the interior-point algorithm
to find the optimal solution, which requires running time of
O(K*?) [33]. Because an exhaustive search is employed in
both MRO and SPA, we use N to denote the total number of

number of search points is given as log, ( ), where 7 is

2 wAw?
J@) = —— w2 — (20a)
w[(Ll(O'§C3 + Ith(BQ + BNZ)) + QQ(U%C‘J + Ith(Bl + BNL)]w
3[02Cs + 1,,(By + By, )"
f@) = w[o5C5 + 11y (B2 + By, )|w Ly, (20b)

(b[a’l ((;303 + Ith (BQ + BJ\,‘Z

)) + as(03Cs + In(By + By, )"
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Fig. 6. Optimal Power Allocation and Interference in a Single-Relay System. (a) Transmit Power v.s. I,;,. (b) Interference v.s. I, ..

quantization power allocations (P;, P»). Besides, the running To further study the impact of the number of relays, we gen-
time of cgmputin§ the generalized eigenvalues of two K x K erate three systems with 1, 10 and 20 relays. We further assume
matrices is O(K*). Consequently, the MRO running time is  that all AWGN components follow CA’(0, 1) distribution, and

o (N <K3 + log, (%) (K“’))). P, = P = ppax = 3 dBm. The (P1, Py) trajectory in
Although SPA also performs exhaustive search along the MRO is quantified with a step size of 0.001.
POPA line, at each power allocation only the generalized It is critically important to show the performance gain

eigenvalues of the two Rayleigh-Ritz ratios are computed. In
addition, only single nested bi-section search execution and
interior-point algorithm occurs in the entire process. Therefore,
the SPA running time is O ( NK? + log, %) (K“’)).
Unlike MRO and SPA, TPS allocates sub-optimal power
directly by using an approximation process, and requires at
most four executions of the nested bi-section search and in-
terior-point algorithm. Accordingly, the TPS running time is

O (4 K? + log, (—t";t’) (K“))). Because both of TPS - Single-Relay System

achieved by our proposed algorithms, compared to a system
with equal power allocation and simple AF relaying. We label
this benchmark system as EPA. EPA allocates equal powers
to the two secondary transceivers, and restricts each relay
interference under the threshold given by I;, /K. In EPA, the
i1th relay computes its relaying coefficient as w; = KE{‘I"W

and SPA reduce the impact of NV on the total running time, the The SINR v.s. I3, curves with two different @ values are
computational complexity is reduced dramatically by using shown in Fig. 5, where a higher SINR can be achieved with
either of the two sub-optimal algorithms. For example, if N 3 more stable channel, say o = —20 dB, compared with o =

takes value of 100, both TPS and SPA can reduce over 90%

A . . —5dB. This result is reasonable because besides g;, SU; knows
running time, compared with the optimal method.

only the SOS of other channels.

V. NUMERICAL RESULTS In addition, a constant SINR gap between & = —20 dI and
The optimal and sub-optimal methods are evaluated and com- « = dB exists when L, is }ower than 2 dB. Since
. . has increased to 2 dB, the & = —3 dB curve converges to the
pared here. We assume that wireless channels are independent . .
a = —20 dB curve, which stays flat. This result occurs because

Rayleigh flat fadi d ted via th thod used in [27], . . .
ayleigh flat fading and generated via the method used in [27] the increase of I35, moves the limitation of the power allocation

as
from the constraint on PI(I) to its maximum value P™*, as
f= 1 P+ « 7 @ shown in Fig. 6(a) and (b).
’ 1+ o T+a’’ In Fig. 5, the relatively low optimal SINR achieved in the

single-relay system is not surprising because the SRO beam-
forming coefficient is real, so that the phase distortions due to
wireless channels have not been mitigated. Thus, system perfor-
mance is mainly determined by power allocation. Consequently,
the relays’ capability to improve the system performance is lim-
ited, less than 1 dB compared to those with EPA.

where f ~ CA(0,1) and f ~ CA(0,1) are the mean and
variable components of the complex channel gain, respectively.
The mean f is generated only once per simulation run. Accord-
ingly, the uncertainty variable « describes the variation of the
channel gain from its mean value. To evaluate the effect of «,
we simulate with two different « values, —20 dB and —5 dB.
Obviously, with a larger «, the channel fluctuates more severely
between samples. Same « value is assumed for all channels in
each simulation run. Therefore, their second-order statistics are Figs. 7—9 compare MRO, SPA, TPS, and EPA with different
computed as a values in 10-relay and 20-relay systems from the SINR and
1 _ power allocation perspectives, respectively.

[E{||f||2} = H——a(HfHZ + a), (22) As shown in Fig. 7, just like the single-relay case, a higher

- 1 g SINR is synonymous with more stable channels, such as o =

E{ff°}= l-l——oz( I +al). (23)  _20 dB. Unlike the single-relay systems, the phase distortions

B. Multi-Relay System
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—~a = —20dB, EPA
©a=-20dB, SPA |
Ha=-20dB, TPS
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—-a = —20dB, EPA
©a=-20dB, SPA

~a = —20dB, MRO
2-a = —-5dB, EPA

Ha=-20dB, TPS [
-25) o= —5dB, SPA -25- a=—5dB, SPA
a=—5dB, TPS a=-5dB, TPS ‘
5 i i : i # a=—5dB, MRO 5 : i i # a=—-5dB, MRO
o -8 -6 - -2 0 2 4 6 =) -8 -6 -4 -2 2 4 6
Iih (dB) Iy, (dB)
(a) (b)
Fig. 7. SINR Comparison of MRO, SPA and TPS. (a) SINR v.s. I;;, in 10-relay system. (b) SINR v.s. I;;, in 20-relay system.
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Fig. 8. Power Allocation Comparison of MRO, SPA and TPS in a 10-relay System. (a) I v.s. L. (b) I v.s. L;s.
4 4
2 _.—.ﬂ
2+ T ol
oF 1 o-
_ot 4
Zo
o -4F 1 =
= Z 4
-6 1 &
8 A
-e-a = —20dB, SPA -e-a = —20dB, SPA
1 &a=-20dB, TPS | -8 &= -20dB, TPS
~+a = —20dB, MRO o ~+a = —20dB, MRO
12 | 0o =—-5dB, SPA —104 o a = —5dB, SPA
-12f5 |3 a=-5dB, TPS oo =-5dB, TPS
i g | + a = —5dB, MRO i ‘ ‘ J + a=-5dB, MRO
s -8 -6 -4 -2 2 4 6 "o -8 -6 - -2 0 2 4 6
Iy, (dB) I (dB)
(@ (b)

Fig. 9. Power Allocation Comparison of MRO, SPA and TPS in a 20-relay System. (a) P, v.s. Iy (b) Po v.s. L4y

are compensated for by the MRO beamforming vector. Con-
sequently, joint distributed beamforming and power allocation
dramatically improves SINR, e.g., over 10 dB more than EPA.
Additionally, Fig. 7 indicates that more relays facilitating the
communication achieves higher SINRs. However, the number
of relays only mildly affects the optimal power allocation (see
Figs. 8 and 9). The reason is that the interference limit P}l),
which is unrelated to the number of relays, significantly impacts
power allocation.

When comparing SPA with MRO, Fig. 7 shows that their
SINR gap is less than 0.8 dB and 1.5 dB with @« = —20 dB
and o« = —5 dB, respectively. Moreover, the SPA power al-
locations have larger differences when o« = —5 dB, as shown
in Figs. 8 and 9. These differences are due to sub-optimal SPA
power allocations. Indeed, the true optimal solution might have
a slightly lower lower bound.

Unlike SPA, TPS achieves SINRs closer to the optimal
values, with SINR gap less than 0.12 dB. Moreover, TPS even
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provides almost the same power allocation as MRO, as shown
in Figs. 8 and 9.

VI. CONCLUSION

This paper has investigated joint distributed beamforming
and power allocation to balance and maximize SINR of two sec-
ondary transceivers, while taking into consideration all relevant
interference constraints. While a closed-form solution is devel-
oped for single-relay systems, one optimal and two low-com-
plexity sub-optimal algorithms are proposed for multi-relay sys-
tems, where the SINR can be improved dramatically, as high as
10 dB.

APPENDIX A
PROOF OF LEMMA 1

Assume (P?') PyP', wP") is one optimal solution to (P-1)
and SINRS" # SINRS¥'. Without loss of generality, we as-
sume that SINRS”" > SINRS"",

A SINRZP! . . opt
Define = = S25r which satisfies & < 1. If we reduce P,
~ 1 ~

to Py, £ kPy™, it is obvious that (P{"", Py, w®?) is also a
feasible solution to (P-1) and

SIﬁRl =K

opt, o 0]
P2p w PtA(U) pt)H — = SINR;pt
(B, + B, Y o}

Therefore, (P{?*, Py, w°') is another optimal solution.

APPENDIX B
PROOF OF LEMMA 2

Assume (P{7', PyP*, wPt) is an optimal solution to (P-1)
with the optimal value SINR°??. Further assume that (8b) and
(8c) are satisfied with inequality, a; Py?" + asPy?" < Iy,
PPt < Ppex and P < Pex,

RS (F A Ly :
' Define x = mm{ P PO 4 P an PO which sat
isfies © > 1. Next, we define

S A t A A pt  ~ A 1 y

P2 rP", Py 2 sP w2 w°Pt,

vE

(Pi, P, @) is also a feasible point of (P-1) and
min{SINR(P,, @), SINRy (P, @)} > SINRP!,
which contradicts with that (P{"*, Py”", w°?*) is an optimal
solution to (P-1). Therefore, at least one of the three inequalities
in (8b) and (8c) should be satisfied with equality at the optimal
point.

APPENDIX C
PROOF OF LEMMA 3

Assume (PyP, Py?P* w®Pt) is an optimal solution to (P-1)
with the optimal value SINR®”". Further, we assume that (8a)
is satisfied with inequality.

Define & £ Iy, /[w (PYP'Cy + P3P Cy 4 C3)(wPh)H],
which is obviously larger than one. Then define a new beam-
forming vector @ = \/kw’?t. (PY**, PyP*| &) also satisfies the
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constraints (8b) and (8c). And the constraint (8a) is satisfied with
equality. We even have

SINR, (P57, @) > SINRy (P57, wPt),
SINR(P"", @) > SINRy (PP, wrt),

which contradicts with that (P{**, Py?*, w®') is an optimal
solution to (P-1).
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