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A Multiple-Ring Model for Cognitive Radio Aggregate Interference
Sachitha Kusaladharma and Chintha Tellambura, Fellow, IEEE

Abstract—This paper proposes a new, flexible, multiple ring
model for the aggregate interference analysis of a Poisson field of
cognitive radio transmitters distributed over an annular region.
For Rayleigh fading or composite Rayleigh fading and Gamma
shadowing environments, the moment generating function of the
aggregate interference and the exact and asymptotic analysis of
the outage are derived for the model. Typically, the model is
most accurate for larger guard distances and lower path loss
exponents. However, its parameters can be tuned such that a
required accuracy is obtained for a trade-off in complexity.

Index Terms—Cognitive radio, aggregate interference, outage
probability, shadowing.

I. INTRODUCTION

A POISSON field of cognitive radio (CR) nodes over an
annular area with a guard region to reduce interference

(Fig. 1.a) has been a popular interference model for underlay
CR networks. Several recent works consider this model for
their analysis of aggregate interference on the primary sys-
tem. For example, [1] and [2] propose statistical methods of
interference aggregation, while [3] develops a unified frame-
work for deriving interference models, and demonstrates the
applicability of predefined distributions for Poisson clustered
interferers. A relationship between the outage probability and
node density is developed in [4]. Furthermore, aggregate inter-
ference modeling has been performed in [5], [6]. References
[7], [8] derive the moment generating function (MGF) of the
aggregate interference under specific path loss exponents for
non-shadowing conditions and Gamma shadowing conditions,
respectively. The expressions in [7], [8] are rather complicated
because of the need to average over the distributions of node
distances, which govern the path loss.

The main objective of this letter is to develop an equivalent
ring model that yields simpler analytical results, and which
provides flexibility and versatility to handle different param-
eters. This model is developed to represent the conventional
annular system (Fig. 1.a) where the CR nodes are spatially
distributed in an annular area. The motivation for this model
comes from the mapping theorem [9], where a Poisson process
can be mapped to another Poisson process of a lesser number
of dimensions. The main benefit of the proposed model is the
elimination of averaging over the distance distribution.

This new model consists of M rings of zero width around
the primary receiver (PR) (Fig. 1.b). The CR nodes are
uniformly distributed on each ring, while their number is a
Poisson random variable. The CR node density on the t-th ring
is specified by the density βt (t = 1, 2 . . .M ). These densities
are chosen such that both systems have the same average
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Fig. 1: System model. Legend: Black circle = CR nodes, black
square = PR, R2 = 2R, and RM = MR.

number of nodes. The MGF of the aggregate interference for
this model will be derived under both Rayleigh fading, and
composite fading and shadowing. Furthermore, the exact and
the asymptotic outage probabilities are derived. The model is
shown to be more accurate under certain system conditions,
but the approximation error can be kept at user requirements
by adjusting model parameters.

Notations: Γ(x) =
∫∞
0 tx−1e−tdt [10], fX(·) is the PDF,

FX(·) is the cumulative distribution function (CDF), MX(·)
is the MGF, and EX [·] denotes expectation with respect to X .

II. PROPOSED MULTIPLE-RING MODEL

The annular system (Fig. 1.a) has a guard region of radius
RG and an outer radius of RE . The guard region is used to
reduce the interference on the PR. Typically, RE

RG
is taken to

be between 3 to 20 [7]. The spatial distribution of interfering
nodes is a homogeneous Poisson point process [9], with a
node density of β. Furthermore, we consider a time-invariant
distribution of CR nodes. For this system, we will develop the
new equivalent multiple ring model.

In the proposed model, the CR nodes are distributed in M
rings of zero width around the PR (Fig. 1.b). The radius of
the t-th ring is tR, where t = 1 . . .M . For an annular system,
RE and RG are given values. Therefore, we must choose R
and M accordingly. R is chosen such that it is is a factor of
RG. Therefore, RG = νR, where ν is a positive integer less
than M . The simplest case arises when R = RG. M is given
by M = �RE

R �, where �·� is the floor function.
The CR nodes in each ring are modeled as a homogeneous

Poisson point process. The number of nodes Nt on the t-th
ring is independent from the amount of nodes in any other
ring, and the probability P (Nt = n) is given by

P (Nt = n) =
(βt2πtR)n

n!
e−βt2πtR, n = 0, . . . (1)

where t is any integer from 1 to M , and βt is the CR density
of the t-th ring. The density βt is chosen such that the average
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number of CR nodes in the multiple ring model is equal to
that of the annular system:

β(R2
E −R2

G) =

M∑
t=ν

βt2tR. (2)

For the homogeneous case, all βt will be equal (βt = βl, t =
ν . . .M ). For other cases, βt values will depend on the node
intensity profiles and shapes of the interferer distributions.

III. INTERFERENCE STATISTICS

We will next derive the MGF of the aggregate interference
for the proposed model. This derivation will consider Rayleigh
fading or composite Rayleigh fading and Gamma shadowing.
These MGF expressions are simple and exact. They can be
compared against the exact MGF of the annular system (Fig.
1.a).

The interfering nodes may or may not be transmitting at a
given time, and will have an activity factor. This factor can
be easily incorporated to our analysis, and thus will not be
considered. From the path loss model for large distances, the
average interference on the PR from a CR node located a
distance r away can be written as Prx = PCRr

−α, where
PCR = P0r

α
0 . P0 is the received power from the CR at a

reference distance r0, and α is the path loss exponent.
Our system model assumes that all the CR nodes are trans-

mitting at the same power level PCR. The total interference
power received at the PR may then be written as

I =

M∑
t=ν

It, (3)

where It is the total interference generated from the CR nodes
of the t-th ring. It can be expressed as

It =

Nt∑
l=1

PCR|ht,l|2[tR]−α, (4)

where |ht,l|2 is the channel gain corresponding to fading or
composite shadowing and fading, for the l-th CR in the t-th
ring. The fading and shadowing of CR signals are assumed
independent of each other, even for the same ring.

When only Rayleigh fading is considered, |ht,l|2 follows
the exponential distribution where f|ht,l|2(x) = e−x. For
composite Rayleigh fading and Gamma shadowing, |ht,l|2
has been accurately approximated by a Gamma distribution
[11], [12], where the scale and shape parameters θ and k

are
(

2(λ+1)
λ − 1

)
Ωs and 1

2(λ+1)
λ −1

, respectively. It has been

shown in [11] that Ωs =
√

λ+1
λ , and λ = 1

eσ2−1
, where σ2 is

the variance of corresponding log-normal shadowing. When
expressed in the decibel scale, σdB = 8.686 σ.

Using eq. (4) in eq. (3), the total interference can be written
as

I =

M∑
t=ν

Nt∑
l=1

PCR|ht,l|2[tR]−α. (5)

A. Rayleigh fading

Under Rayleigh fading, |ht,l|2 values for all t, l are inde-
pendent and exponential. Therefore, after performing the ex-
pectations with respect to |ht,l|2, the MGF MI(s) = E[e−sI ]
may be written as

MI(s) = ENt

[
M∏
t=ν

1

(1 + sPCRR−αt−α)
Nt

]
, (6)

where the remaining expectation is with respect to N1 . . . NM .
Because the number of CR nodes in the t-th ring is indepen-
dent of the number of CR nodes in any other ring, we can write
eq. (6) as MI(s) =

∏M
t=ν ENt

[
1

(1+sPCRR−αt−α)Nt

]
. After

averaging over the distribution (1), the MGF of the aggregate
interference can be written as

MI(s)=
M∏
t=ν

e
βl2πtR

(
1

1+sPCRR−αt−α −1

)
. (7)

B. Rayleigh fading and shadowing

When both Gamma shadowing and Rayleigh fading are con-
sidered, |ht,l|2 values can be represented by a Gamma PDF.
It is assumed that all the |ht,l|2 coefficients are independent.
Therefore, after performing the expectations with respect to
|ht,l|2 and Nt values, MI(s) becomes

MI(s) =

M∏
t=ν

e
βl2πtR

(
1

(1+θsPCRR−αt−α)k
−1

)
. (8)

C. Versatility of the model

This subsection will discuss the versatility of the multiple-
ring model.

• The incorporation of different transmit powers, path
loss exponents, and shadowing variances is complicated
with the annular system. Furthermore, non-homogeneous
setups and areas with different CR node densities are
difficult to analyze. This can be overcome in the multiple-
ring model by intelligently substituting βt instead of βl,
αt instead of α, and Pt instead of PCR in eqs. (7) and
(8). We will not provide further analysis due to space
restrictions.

• Moreover, the multiple-ring model may also be used to
analyze node distributions of other shapes such as square,
hexagon, or linear regions. Again, we will not elaborate
further due to space limitations.

IV. PERFORMANCE ANALYSIS

A. CDF of the SINR

Here, we derive the CDF of the signal to interference and
noise ratio (SINR). The SINR γ at the PR can be written as

γ =
PpR

−α
pr |h|2

I+σ2
n

, where Pp is the power level of the primary
transmitter (PT), Rpr is the distance between the primary
transmitter and receiver (the location of the PT does not affect
the CR nodes), σ2

n is the noise variance, and |h|2 is the channel
gain between the primary transmitter and receiver. Due to the
mathematical complexity of analyzing for other cases, only
the scenario where primary signals undergo path loss and
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Rayleigh fading is considered. Then, |h|2 is a unit exponential
random variable with f|h|2(y) = e−y for y > 0. Because the
variables |h|2 and I are independent, the CDF of γ can be
written as

Fγ(x) = 1− e

(
− xσ2

n

PpR
−α
pr

)
MI

(
x

PpR
−α
pr

)
. (9)

For Rayleigh fading, substituting (7) for MI(s) in (9), the
CDF of γ becomes eq. (10). Similarly, for Rayleigh fading
and Gamma shadowing, substituting (8) for MI(s) in (9), the
CDF of γ becomes eq. (11). Substituting γTh instead of x
yields the outage, where γTh is the threshold SINR level that
the receiver needs.

B. Asymptotic analysis

The asymptotic outage probability under Rayleigh fading,
and combined Rayleigh fading and Gamma shadowing is now
derived.

First, consider the Rayleigh fading case. For small x
Pp

,
a single product term of (7) can be expanded as 1 −
(βl2πtR)PCRR−αt−α

PpR
−α
pr

x + O (x2
)
. By combining this and

e−x = 1− x for small x in (10), we find

FγAsy (x)≈
(

σ2
n

PpR
−α
pr

+ βl2πR
PCRR

−α

PpR
−α
pr

M∑
t=ν

t1−α

)
x.(12)

Defining A1 =
σ2
n

PpR
−α
pr

and B1 = βl2πR
PCRR−α

PpR
−α
pr

∑M
t=ν t

1−α,
we get

FγAsy (x) = (A1 + B1)x, (13)

which is the asymptotic CDF for the Rayleigh fading scenario.
Similarly, the asymptotic CDF for combined Rayleigh fad-

ing and Gamma shadowing can be derived. It can be shown
that

FγAsy (x) = (A2 + B2)x, (14)

where A2 =
σ2
n

PpR
−α
pr

, and B2 = βl2πR
θkPCRR−α

PpR
−α
pr

∑M
t=ν t

1−α.

V. NUMERICAL RESULTS

This section shows the accuracy and performance of the
multiple ring model. The exact and asymptotic variation of
the outage probability with respect to the variation of Pp

is shown. Simulations are performed for both shadowing
and non-shadowing environments to confirm our theoretical
results. Moreover, comparisons between the multiple ring
model and the annular system are performed. We will use
the parameters σ2

n = 1, PCR = 30 dB, γTh = 1, RG = 20,
RE = 100, and Rpr = 30 for the plots unless stated otherwise.
A different Rpr would primarily shift the outage probability,
and would not affect the overall shape of the curve.

First of all, it is necessary to establish the accuracy of the
theoretical results derived for the multiple ring model (eqs.
(7), and (8)). In Fig. 2, for varying path loss exponent (α) and
shadowing levels (σ), the outage is plotted with respect to the
primary power level Pp. The theoretical results match perfectly
with the simulations, and as Pp increases, the asymptotic
curves coincide with the exact curves. Furthermore, when the
path loss exponent increases, Fig. 2 shows that shadowing

40 45 50 55 60 65 70 75 80
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

P
p
 (dB)

O
ut

ag
e 

pr
ob

ab
ili

ty

 

 

Rayleigh fading
Composite σ = 2
Simulation
Asymptotic

α = 4

α = 2

Fig. 2: The exact and asymptotic outage probability vs the
normalized transmit power Pp, for different values of σ and
α. βl = 0.01, R = 20, and M = 5.
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Fig. 3: The percentage error of outage for the multiple ring
model vs the normalized transmit power Pp. β = 0.001, σ =
0, σ2

n = 0, R = 5, and M = 20.

has little affect on the outage. For the chosen Rpr, the outage
increases with α, but this may not be the case if Rpr had been
significantly smaller than R.

The predictive accuracy of the multiple ring model is
elaborated in Fig. 3, Fig. 4, and Fig. 5. Fig. 3 investigates
the accuracy of the model with regards to the annular system
(difference between the prediction’s outage (7) and that of
the annular system [8]) for different path loss exponent (α)
and guard distance (RG) values. For the node density (β) of
0.001 in the annular system, the corresponding βl values are
obtained from equation (2). The accuracy of the model drops
for a given R and M pair with an increase of α or a reduction
in RG. In such a scenario, a larger number of rings should be
used in the model (higher M ) in order to ensure a required
accuracy. The trade-off would be an increase in complexity.

Fig. 4 shows the model’s predictive accuracy under different
densities. Equation (2) has been used to obtain the correspond-
ing βl values. The accuracy remains intact for all values of
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FRF
γ (x) = 1− e

(
− xσ2

n

PpR
−α
pr

)
M∏
t=ν

e
βl2πtR

⎛
⎝ 1

1+ x

PpR
−α
pr

PCRR−αt−α −1

⎞
⎠

(10)

FSh
γ (x) = 1− e

(
− xσ2

n

PpR
−α
pr

)
M∏
t=ν

e

βl2πtR

⎛
⎜⎜⎜⎝ 1⎛

⎝1+θ x

PpR
−α
pr

PCRR−αt−α

⎞
⎠
k −1

⎞
⎟⎟⎟⎠

(11)
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Fig. 4: The outage probability vs the normalized transmit
power Pp, under different β, for the annular system and the
multiple ring model. σ = 0, α = 2, R = 5, and M = 20.

β considered. A limiting case would be when both the guard
distance and node density are small. Nevertheless, changing R
and M as necessary will ensure a required error performance.

The predictive accuracy of the multiple ring model for
different ring radii is shown in Fig. 5. The error is plotted
for different R and M values. The parameters for the annular
system are β = 0.001, a guard distance of 20, and an outer
distance of 100. R and M pairs of (20,5), (10,10), and (5,20)
are used for comparisons. From (2) the node density βl for
each case will be 0.016, 0.008889, and 0.004706 respectively.
For R = 10, t is taken from 2 to M , and for R = 5, t is taken
from 4 to M . The percentage error reduces when the number
of rings (M ) is increased and vice-versa. With respect to Pp,
the percentage errors for all 3 cases rise up to a certain level,
and then keeps constant.

VI. CONCLUSION

To approximate the aggregate interference from a Poisson
field of CR nodes over an annular area, a new multiple
ring model was proposed. It is parameterized by the distance
between the rings, the number of rings, and the node density
per ring. The number of interferers per ring is Poisson, and
the density parameter is chosen such that the average number
of nodes in both the multiple-ring model and the standard
annular system match. For Rayleigh and composite fading
channels, the exact MGF of the interference, and the exact and
asymptotic outage probabilities were derived. The numerical
results confirmed the accuracy of the proposed model, which
offers enhanced flexibility and mathematically tractability.
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Fig. 5: The percentage error of outage for the multiple ring
model vs the normalized transmit power Pp. β = 0.001, α =
2, and σ = 0.
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