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Abstract—This paper introduces the fundamentals of general-
ized singular value decomposition (GSVD) beamforming: a non-
iterative beamforming technique based on GSVD for the two-user
multiple-input–multiple-output (MIMO) downlink. The numbers
of private/common channels produced by GSVD beamforming
and transmit power normalization are investigated; the channel
gains under Rayleigh fading are characterized exactly for config-
urations that involve only common channels. Moreover, symbol
error rates (SERs) are presented for elementary multicasting and
two-way relaying applications; the performance distinctions of
the private/common channels and the effect of channel-estimation
errors and asymmetries in channel fading are highlighted thereby.

Index Terms—Beamforming, generalized singular value decom-
position (GSVD), multicasting, network-coded two-way relaying,
β-Jacobi ensemble.

I. INTRODUCTION

W ITH the ever-increasing end-user demand for wire-
less multimedia content, multicasting, i.e., point-to-

multipoint delivery of data, has become a core capability of
wireless networks. For example, the IEEE 802.11-2012 stan-
dard [1], which is the latest revision of Wi-Fi, as well as the
evolved multimedia broadcast multicast services [2] specifica-
tion for the Third-Generation Partnership Project Long-Term
Evolution (3GPP LTE) and LTE-Advanced standards, supports
multicasting. Apart from multicasting, relaying applications
also call for point-to-multipoint delivery of data.

To support multicasting, multiple logical channels, which
are also known as virtual channels (VCs), are implemented
over the physical wireless channel. Beamforming enables these
VCs, facilitating the deployment of the modulation, coding,
and resource allocation techniques for single-antenna systems
in multiple-input–multiple-output (MIMO) systems. However,
point-to-multipoint data delivery is not well supported by
conventional beamforming techniques such as zero forcing
(ZF) and block diagonalization [3], which are designed to
produce multiple point-to-point VCs. Such techniques must
repeat the same data over multiple VCs to realize multicasting
and, therefore, underutilize the spatial degrees of freedom
(DoFs). Physical-layer multicasting (PLM) [4] addresses this
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Fig. 1. Two-user MIMO downlink configuration.

issue by jointly computing the transmit beamforming matrix
and the receiver beamforming matrices to realize point-to-
multipoint VCs. However, the computations in PLM [5]–[9]
are iterative and with high computational complexity. Thus,
developing noniterative beamforming alternatives for multiuser
MIMO channels is of great interest.

GSVD beamforming [10] is such a noniterative beamforming
technique for two-user MIMO channels (see Fig. 1). It is
based on the generalized singular value decomposition (GSVD)
[11], a technique for joint diagonalization of two matrices.
Basically, the GSVD computes a rightmost factor common to
two matrices so that the singular value decompositions (SVDs)
[12, p. 142] of their remainders have the same right singular
vectors. In GSVD beamforming, transmit processing inverts the
common factor and right singular vectors; receiver processing is
based on the left singular vectors given by those SVDs. There-
fore, while generalizing the SVD for the two-user downlink,
GSVD beamforming also generalizes transmit ZF.1

Despite being limited to two users, GSVD beamforming
yields common channels (CCs), i.e., point-to-two point VCs
that cater to both the users, in addition to private channels
(PCs), the classic point-to-point VCs that cater to individual
users. Thus, GSVD beamforming can meet the end-user re-
quirements for multicasting by implementing the desired com-
bination of CCs and PCs. For the system in Fig. 1, GSVD can
split the two-user MIMO channel into PCs and CCs, where each
PC is a VC from S to U1 (or U2), and each CC is a VC from
S to U1 and U2 simultaneously. GSVD beamforming holds,
irrespective of the spatial DoFs available at the terminals and
the rank-deficiencies of the channels; however, to maximally
exploit DoFs at all three terminals, the numbers of PCs and CCs

1In fact, GSVD beamforming reduces to transmit ZF when the source has
more antennas than the two users combined.
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realized vary with the system configuration. These facts make
GSVD beamforming worth investigating.

Being a natural generalization of the well-known SVD, the
GSVD has been used in different wireless applications, for
example, in MIMO secrecy communication [13], [14] and
MIMO relaying [15]. However, it has not been exploited for
beamforming until [10], despite its beamforming potential be-
ing mentioned in [13, p. 1]. Although GSVD is related to the
generalized eigenvalue decomposition (for square matrices),
GSVD beamforing is semantically different from generalized
eigenvector-based beamforming techniques [16], [17]. There-
fore, insights into GSVD beamforming are wanting in the litera-
ture. This paper investigates GSVD beamforming to further our
understanding of the corresponding VC gains and the symbol-
error-rate (SER) performance of its applications.

The contributions of this paper are listed as follows.
• For a system with only CCs, the joint distribution of

the gains and their diversity orders are derived, assuming
independent and identically distributed (i.i.d.) Rayleigh
fading. These results establish a framework for the exact
performance analysis of such systems.

• The dependence of the numbers of PCs and CCs on the
channel ranks is investigated.

• The SERs for a simple two-user multicast application are
simulated to investigate the relative performance differ-
ences in the PCs and CCs, as well as the effects of channel-
estimation errors and the asymmetries.

• In network-coded two-way relaying, similar to Fig. 1, the
relay communicates with two users, making GSVD beam-
forming possible. Such a system is investigated with trans-
mit ZF employed in the uplink and GSVD beamforming
in the downlink. The corresponding error performance is
compared with the performance of beamforming schemes
using either ZF or GSVD for both the uplink and the
downlink.

This paper is organized as follows. Section II introduces
GSVD, highlighting how GSVD-based signal processing re-
alizes the PCs and CCs. Section III, for systems with only
CCs, derives the exact joint probability density function (pdf)
of the gains under i.i.d. Rayleigh fading. The dependence of
the numbers of PCs/CCs on the spatial DoFs is examined in
Section IV, whereas Section V discusses transmit power nor-
malization. Numerical results on the SER, including results on
elementary multicasting and two-way relaying applications, are
presented in Section VI. The conclusion follows in Section VII,
and the proof of Theorem 1 is annexed in the Appendix.

A. Notation

A ∈ C
m×n is an m× n complex matrix. Its conjugate,

transpose, conjugate transpose, Moore–Penrose pseudoinverse,
rank, and Frobenius norm are given by A∗, AT , AH , A†,
rank (A), and ‖A‖F , respectively. {A}R(m1;m2), {A}C(n1;n2),
and {A}C(L) denote, respectively, the submatrices of A formed
with its rows m1–m2, columns n1–n2, and columns whose
indices are in set L ⊆ {1, . . . , n}. B = diag(b1, . . . , bp) is a
(rectangular) diagonal matrix, and diag(B) are the main diago-
nal elements b1–bp. For C ∈ C

n×n, eig(C), C−1, and trace (C)

represent the eigenvalues, the inverse, and the trace of C. E{X}
denotes the expectation, whereas O(·) is the big O notation.

II. GENERALIZED SINGULAR VALUE DECOMPOSITION

SIGNAL PROCESSING

In the literature, GSVD is found in the following two forms:
1) the original definition by Van Loan [11, Th. 2] (Definition 1)
and 2) a generalization by Paige and Saunders [18]
(Definition 2). Each form is given as follows, highlighting how
its characteristics pertain to GSVD beamforming.

Definition 1: Van Loan Form: Consider two matrices H1 ∈
C

m×n with m ≥ n and H2 ∈ C
p×n, which have the same

number n of columns. Let q = min (p, n). H1 and H2 can
jointly be decomposed as

H1 = UΣQ and H2 = VΛQ (1)

where the following conditions hold.
1. U ∈ C

m×m and V ∈ C
p×p are unitary.

2. Q ∈ C
n×n is nonsingular.

3. Σ = diag (σ1, . . . , σn) ∈ C
m×n, σi ≥ 0, and Λ =

diag (λ1, . . . , λq) ∈ C
p×n, λi ≥ 0

•
Suppose that H1 and H2 in (1) represent MIMO channels S →
U1 and S → U2 from a source S to users U1 and U2. Assume
block fading and perfect channel-state information (CSI) on
H1 and H2 at all S,U1, and U2. With a transmit precoding
matrix ρQ−1 and receiver reconstruction matrices UH/ρ and
VH/ρ, we get q noninterfering broadcast VCs, each catering
to both users. The factor Q in (1) facilitates joint precoding,
whereas the factors U and V enable receiver reconstruction
without noise enhancement. The diagonal elements of Σ and
Λ represent the gains of those VCs. Because Q is nonunitary,
precoding causes the instantaneous transmit power to fluctuate;
this result is a drawback, and a transmit signal needs to be nor-
malized to maintain the desired level of average transmit power.
(The coefficient ρ represents transmit power normalization.)
Thus, GSVD beamforming is applicable for two-user channels.
Because this three-terminal configuration appears in various
MIMO subsystems, GSVD beamforming has the potential to
be a useful tool.

Definition 2: Paige and Saunders Form: Consider matrices
H1 ∈ C

m×n and H2 ∈ C
p×n, which have the same number n

of columns. Let H0 = (HT
1 ,H

T
2 )

T , k = rank (H0), r = k −
rank (H2), and s = rank (H1) + rank (H2)− k. Unitary ma-
trices U ∈ C

m×m, V ∈ C
p×p, W ∈ C

k×k, and Q ∈ C
n×n can

be found such that

H1 =U ·Σ1 · (WHR,0)QH and
H2 =V ·Σ2 · (WHR,0)QH (2)

where the following conditions hold.
1. Σ1 ∈ C

m×k, Σ2 ∈ C
p×k have block-diagonal structures,

i.e.,

Σ1
Δ
=

⎛
⎝ I1

S1

01

⎞
⎠ and Σ2

Δ
=

⎛
⎝02

S2

I2

⎞
⎠ . (3)
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2. R ∈ C
k×k is invertible and has the same singular values

as the nonzero singular values of H0.
3. 0 ∈ C

k×(n−k) is a zero matrix.
4. I1∈C

r×r and I2∈C
(k−r−s)×(k−r−s) are identity matrices.

5. 01 ∈ C
(m−r−s)×(k−r−s) and 02 ∈ C

(p−k+r)×r are zero
matrices that possibly have no rows or no columns.

6. S1 = diag (α1, . . . , αs) and S2 = diag (β1, . . . , βs)
such that 1 > α1 ≥ . . . ≥ αs > 0 and α2

i + β2
i = 1 for

i ∈ {1, . . . , s}. •
If matrices H1 and H2 represent wireless channels that corre-
spond to S → U1 and S → U2 as aforementioned, the beam-
forming matrices ρ{Q}C(1:k)R

−1W at the source and UH/ρ,

VH/ρ at the respective users U1, U2 reduce the effective
channels between the source and the users to Σ1 and Σ2,
respectively.

Each column of Σ1 (and Σ2) corresponds to a VC (either a
PC or a CC) from the source. The following conditions hold.

• The sets of columns {1, . . . , r} and {r + s+ 1, . . . , k},
if nonempty, produce, respectively, r and (k − r − s) PCs
for U1 and U2, each PC catering to just one user and having
a unit gain.

• The columns {r + 1, . . . , r + s} that correspond to S1

(and S2) yield s point-to-two point CCs. The correspond-
ing amplitude gains experienced by U1 are given by αi

for i ∈ {1, . . . , s}. Likewise, the βi’s represent the gains
experienced by U2.

Any subset of VCs may be selected by appropriately leaving
out certain columns from the transmit beamforming matrix
and the corresponding rows from the receiver beamforming
matrices. When (H0) = rank (H1) + rank (H2), s becomes
zero, and the scheme reduces to transmit ZF. This process is
the essence of GSVD beamforming as a tool for multiplexing
private and/or common data streams that cater to two users.

Not only is Definition 2 more general than Definition 1 but
it also makes the GSVD of two matrices unique. (Reference
[18] outlines the decomposition step by step.) The GSVD of
matrices H1 ∈ C

m×n and H2 ∈ C
p×n requires the SVD of the

(m+ p)× n matrix H0 = (HT
1 ,H

T
2 )

T , followed by the SVD
of an m× k matrix, the QR decomposition [12, p. 131] of a
p× k matrix, and several intermediate matrix multiplications,
where k = rank (H0). Hence, its computational complexity is
O((m+ p) · n×min(m+ p, n)), which is of the same order
as that of computing the SVD of H0, the effective channel seen
by the source S . This observation also indicates that iterative
beamforming schemes are likely to have similar complexity per
iteration.

III. CHARACTERIZATION OF CHANNEL GAINS

As outlined in Section II, the GSVD of channel matrices
H1 ∈ C

m×n and H2 ∈ C
p×n, corresponding to users U1 and

U2, is of the form H1 = UΣ1 (WHR, 0) QH and H2 =
VΣ2 (WHR,0) QH . All PCs have unit gains. The gain
experienced for each ith CC CCi by U1 is given by αi ∈
diag (Σ1), αi ∈ (0, 1), a distinct nontrivial diagonal element
of Σ1 for i ∈ {1, . . . , s}. Because βi =

√
1 − α2

i , each αi also
characterizes the gain experienced by U2 for CCi.

Let P ∈ C
(m+p)×(m+p) be the matrix formed with the left

singular vectors of H0 = (HT
1 ,H

T
2 )

T and k = rank (H0). The
αi’s are nontrivial singular values of the m× k submatrix Q =
{{P}C(1;k)}R(1:m), the trivial ones being 0 or 1 [18, eq. (2.7)];
thus, we have {αi|α2

i ∈ eig (QH Q)− {0, 1}}. The eigenvalue
distribution of QH Q is not known in general. However, it
can be found under certain rank restrictions when P is a
Haar-distributed random unitary matrix [19, Sec. 2.1.4]. This
scenario corresponds to H1 and H2 undergoing i.i.d. Rayleigh
fading, because the singular vectors of a complex Gaussian
matrix produce a Haar-distributed random unitary matrix when
concatenated. The eigenvalue distribution depends only on the
ranks of H1, H2, and H0 or, in other words, on the spatial
DoFs available at U1, U2, and the source. This observation
is not surprising, because the factor R−1 W of the transmit
precoding matrix effectively inverts H0, the MIMO channel the
source has with the users. This inversion is also the reason that
GSVD beamforming reduces to transmit ZF, where the source
has more antennas than the users combined.

The eigenvalue distribution of v × v (square) truncations of
(u+ v)× (u+ v) Haar-distributed unitary matrices has been
examined in the literature [20], [21] for the case v < u; how-
ever, the results are not general enough to characterize GSVD
beamforming. The eigenvalue distribution of the β-Jacobi en-
semble [22, Ch. 5] is more relevant, because whenever m ≥ k
and p ≥ k, the squared αi’s follow the same joint distribution
as the eigenvalues of the β-Jacobi ensemble [23, Prop. 1.2] for
β = 2. Applying the variable transformation λi = α2

i on the
joint pdf [24, eq. (5)] of the ordered eigenvalues λi’s of the
β-Jacobi ensemble (for β = 2), we get Proposition 1. Note that
the condition min (m, p) ≥ k restricts it to configurations that
support only CCs (with k

.
= s).

Proposition 1: Where min (m, p) ≥ k, the joint pdf of the
ordered αi’s, αi ∈ diag (Σ1) for Σ1 in (3), is given by

fα(α1, . . . αk) = cm,p,k

k∏
i=1

α
2(m−k)+1
i (1 − α2

i )
p−k

×
∏

I≤i≤j≤k

(α2
i − α2

j ) (4)

for 1 > α1 > . . . > αk > 0, where

cm,p,k = k! · 2k
k∏

i=1

(m+ p− i)

i!(m− i)!(p− i)
. (5)

•
The joint pdf of the unordered αi’s has the same expression as
in (4), except for the factor k! in (5).

Fig. 2 compares, for the case (m, p, k)
.
= (2, 5, 2), the joint

pdf of α1 and α2 analytically obtained by using Proposition 1
against 108-point Monte Carlo simulation results. The figure
reveals the exact agreement of the analytical and simulation
results, which also conform with the fact that αi ∈ (0, 1).
Proposition 1 can be used for the performance analysis of
configurations that support only CCs; Theorem 1 on the diver-
sity orders exemplifies the proposition’s usefulness.
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Fig. 2. Joint pdf of αi’s in Definition 2 for (m, p, k)
.
= (2, 5, 2)—analytic

based on (4) versus the simulated ∗.

Fig. 3. SERs and diversity orders of the CCs in the (N,M1,M2)
.
= (2, 3, 4)

two-user downlink configuration. The gradients of the SER curves at a high
SNR correspond to the diversity orders DO = {2, 3, 6, 8}. QPSK modulation
is used.

Theorem 1: Diversity Order for the Case min (m, p) ≥ k:
Consider GSVD beamforming over MIMO channels H1 ∈
C

m×n and H2 ∈ C
p×n, corresponding to users U1 and U2

undergoing i.i.d. Rayleigh fading. Suppose rank ((HT
1 ,H

T
2 )) =

k ≤ min (m, p). Then, the diversity order of CCr for U1 is
given by (m− r + 1)(k − r + 1) for r ∈ {1, . . . , k}. •

Proof: See the Appendix. �
The diversity orders (m− r + 1)(k − r + 1) for CCr, r ∈

{1, . . . , k} are intuitive, because the αr’s are the sorted singular
values of an m× k matrix. In fact, the diversity orders are
the same as those corresponding to eigenmode transmission
between the source and U1 (or U2) alone. For r > k, they
exceed (m− k + 1), which is the diversity order of the CCs
that ZF reception provides. For an (N,M1,M2)

.
= (2, 3, 4)-

antenna two-user multicast configuration that involves users U1

and U2 and corresponds to k = 2, m = 4, and p = 4, Fig. 3
verifies that GSVD beamforming yields a diversity order of
(3 − r + 1)× (2 − r + 1) for each CCr, r ∈ {1, 2} of U1.
Likewise, a diversity order (4 − (3 − r) + 1)× (2 − (3 − r) +
1) is observed for each CCr of U2. 108-point Monte Carlo
simulation with 100 quadrature phase-shift keying (QPSK)-

TABLE I
NUMBERS OF CCS AND PCS REALIZED THROUGH GSVD
BEAMFORMING FOR ANTENNAS (n,m, p)AT THE SOURCE

AND USERS U1, U2, RESPECTIVELY

modulated symbols per VC per channel realization is used to
obtain the SER curves.

Numerical analysis based on (4) is inherently simple, given
the finite range (0, 1) of αi, i ∈ {1, . . . , k}. Because standard
integral expressions used in wireless performance analysis typ-
ically assume a [0,∞) range, the finite range could, however,
complicate most exact analyses.

IV. NUMBERS OF PRIVATE

CHANNELS/COMMON CHANNELS

As outlined in Section II, GSVD beamforming on the chan-
nels H1 ∈ C

m×n and H2 ∈ C
p×n that correspond to users U1

and U2 yields s CCs, r PCs for U1, and (k − r − s) PCs for U2.
The numbers of VCs add up to k = rank (H0), indicating full
utilization of the spatial DoFs at the source for multiplexing.

The numbers k = rank (H0), r = k − rank (H2), and s =
rank (H1) + rank (H2)− k are governed by the MIMO chan-
nel ranks. Where the channels are not rank deficient as with
rich scattering, k = min (m+ p, n), r = k −min (p, n), and
s = min (m,n) + min (p, n)− k depend on the number of
antennas at the three terminals. Consequently, the numbers of
VCs are fixed, given an antenna configuration (see Table I).
The ensuing lack of flexibility can be circumvented by using
additional transmit and/or receiver processing2 for rank re-
duction, i.e., by reducing the effective number of antennas, as
highlighted in Example 1.

Example 1: Let m̃ = nc + np1
≤ m, p̃ = nc + np2

≤ p,
and ñ = nc + np1

+ np2
≤ n be the effective numbers of an-

tennas required, respectively, at users U1 and U2 and the source
to realize the desired numbers of VCs, i.e., nc CCs and np1

,
np2

PCs that cater to U1, U2. These numbers are achievable as
follows, provided that k = rank (H0) ≥ ñ.

Suppose that H1 = U1Λ1,V
H
1 , H2 = U2Λ2,V

H
2 , and

H0 = (HT
1 ,H

T
2 )

T = U0Λ0V
H
0 are the SVDs. Define X1 =

{UH
1 }R(1;m̃), X2 = {UH

2 }R(1;p̃), and X0 = {V0}C(1;ñ).Then,
compute the GSVD as follows:

X1H1X0 =U ·Σ1 · (WHR,0)QHand

X2H2X0 =V ·Σ2 · (WHR,0)QH . (6)

The beamforming matrices ρX0{Q}C(1:k) R−1W at the
source, and UHX1/ρ and VHX2/ρ, respectively, at users
U1 and U2, yield the desired numbers of VCs. Note that the

2Antenna selection is a less attractive alternative.
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products X1H1X0 and X2H2X0 in (6), acting as the effective
matrices for the GSVD, are of reduced dimensions compared
with the original matrices H1 and H2. •

V. TRANSMIT POWER NORMALIZATION

Suppose that the transmitted data vector x ∈ C
|L|×1 is

mapped to an arbitrary combination of |L| PCs/CCs, whose
channel gains are represented by the columns of Σ1 and Σ2

that correspond to indices in the set L ⊆ {1, . . . , k}. Such
mapping can be realized with a transmit beamforming matrix
ρ{Q}C(1;k) R−1 {W}C(L), where ρ is the transmit power
normalization coefficient that ensures a desired average total
transmit power P . Thus, we have

P = ρ2E { ‖{Q}C(1:k)R−1{W}C(L)x‖2F } . (7)

Generally, ρ needs to numerically be computed. Nevertheless,
it may exactly be derived as follows for special cases.

Assume uncorrelated data and equal energy modulation.
Without loss of generality, we may set Ex{xxH} = I to obtain

P = ρ2E
{

trace
{
{W}HC(L)R−1{QH}R(1:k)

· {W}C(1:k)R−1{W}C(L)
}}

= ρ2E
{

trace
(
R−2{W}C(L){W}C(L)H

)}
. (8)

The product {W}C(L) {W}C(L)H is an identity matrix when
L ≡ {1, . . . , k}, i.e., when all the VCs are in use. For that case
only and by using the fact that the squared singular values of
R are the nonzero eigenvalues of the H0H

H
0 product, we get a

simplified expression, i.e.,

ρ =

√
P

E{trace(R−2)} =

√
P

E{
∑k

i=1 λ
−1
i }

(9)

where λi ∈ eig (H0H
H
0 ) for i ∈ {1, . . . , k}. By using [19,

Lemma 2.10], (9) may further be simplified; for example, ρ =√
P |m+ p− n|/min(m+ p, n) for i.i.d. Rayleigh fading.

VI. NUMERICAL RESULTS

This section uses the Monte Carlo simulation of the SER
to gain insights into how a system performs under GSVD
beamforming. A two-user MIMO multicast configuration is
considered first, and a network-coded two-way relay configu-
ration is investigated next.

Assumptions: Block fading is assumed, and 100 uncoded
QPSK modulated symbols are simulated per VC per channel
realization. The SER curves are obtained by averaging over 105

channel realizations. The average total transmit power is held
at 1, and the noise variance is adjusted to reflect the signal-to-
noise ratio (SNR).

A. Application in Two-User MIMO Multicasting

Consider a simple two-user MIMO broadcast/multicast con-
figuration (see Fig. 1) that corresponds to a source S that caters
to the users U1 and U2. Being the simplest possible GSVD
beamforming application, this system is ideal for investigating
the PC/CC performance and the effect of channel-estimation
errors and channel fading on it.

Fig. 4(a)–(d) depicts the SER curves for the following an-
tenna configurations, and it is assumed that i.i.d. Rayleigh
fading affects both users.

• Fig. 4(a) corresponds to the (N,M1,M2)
.
= (4, 2, 2) con-

figuration, where the source has four spatial DoFs, i.e.,
just as many as the two users’ combined. As speculated
in Section III, GSVD beamforming yields identical PCs as
with transmit ZF. (In the other three cases, corresponding
to Fig. 4(b)–(d), the source does not have sufficient anten-
nas to perform ZF.)

• Fig. 4(b) corresponds to the (N,M1,M2)
.
= (4, 3, 2) sce-

nario. The single CC utilizes one of the DoFs at the source;
the remaining DoFs facilitate the PCs. Clearly, this CC and
PC allocation yields the highest multiplexing gain, as is
always the case with GSVD beamforming. As speculated
in Section II, the PCs show identical SER performance,
whereas the CCs perform worse. Notably, the two users
experience different SER performance with respect to the
same CC. This observation indicates that coding tech-
niques for the single-antenna broadcast channel [25] can
be employed to exploit the capacity of a CC.

• The (N,M1,M2)
.
= (4, 3, 3) antenna configuration,

whose SER performance is shown in Fig. 4(c), is even
more interesting, because each of the two CCs imparts
different SERs upon its end users. Statistical symmetry in
the S → U1 and S → U2 MIMO channels (i.e., M1 = M2

and the channels being i.i.d. Rayleigh fading) makes
the SER experienced by U1 for CC1 identical to that
experienced by U2 for CC2. Similar observations can be
made with regard to U2’s experience for CC1 and U1’s
for CC2. The SER degrades from CC1 to CC2 for U1,
whereas it improves for U2; this observation is consistent
with the fact that, in GSVD, the coefficients αi’s
appear in descending order, whereas the βi =

√
1 − α2

i ,
i ∈ {1, . . . , s} ascend.

• Fig. 4(d) corresponds to the case N = M1 = M2 = 4.
GSVD beamforming yields four CCs. The symmetry dic-
tates that the SER performance for U1’s CCk is identical
to that of U2’s CC(5−k) for k ∈ {1, . . . , 4}. Again, for U1,
the performance degrades from CC1 to CC4.

Note that the SER curves exhibit no error floors; i.e., inter-
channel interference is perfectly eliminated for both users.

Fig. 4(a)–(d) assumes the availability of perfect CSI. What
would happen with imperfect CSI? Fig. 5 shows the effect
of channel-estimation errors on the SER if we consider
CC1 of U1 in the (N,M1,M2)

.
= (3, 2, 2) configuration and

assume i.i.d. Rayleigh fading. For each channel matrix Hi,
i ∈ {1, 2}, the channel-estimation error σΔHi is assumed to
be complex Gaussian with zero mean and σ2 variance, and
the channel estimate Ĥi = Hi + σΔHi is used for computing
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Fig. 4. SERs of the PCs and CCs in (N,M1,M2)-antenna two-user multicast configurations. QPSK modulation is used. (a) (N,M1,M2)
.
= (4, 2, 2).

(b) (N,M1,M2)
.
= (4, 3, 2). (c) (N,M1,M2)

.
= (4, 3, 3). (d) (N,M1,M2)

.
= (4, 4, 4).

Fig. 5. SER of CC1 for U1 subject to imperfect CSI in the (N,M1,M2)
.
=

(3, 2, 2) two-user multicast configuration. QPSK modulation and complex
Gaussian channel-estimation errors with σ2 variance are assumed.

the beamforming matrices. As expected, with increasing σ2,
the performance rapidly degrades, producing error floors. For
example, a 10-dB degradation occurs for σ2 = 0.01, even at
the relatively high 10−2 SER level. Such degradation should

be expected, given the presence of multiple spatially separated
VCs; however, it emphasizes the crucial role of channel
estimation with GSVD beamforming.

Fig. 6(a) and (b) shows the SER performance for asymmetric
configurations, in which U1 experiences, on the average, a 3-dB
stronger channel compared with U2. Rayleigh fading is also
assumed here. As with Fig. 4(a), GSVD beamforming produces
four identical PCs for the case depicted in Fig. 6(a). The relative
merits of the SER curves in Fig. 6(b), however, differ from the
corresponding symmetric case depicted in Fig. 4(c); because U1

has a stronger channel, the symmetry observable in Fig. 4(c) no
longer holds for Fig. 6(b). Even here, the PCs deliver the best
error rates, as expected.

The MIMO channels that correspond to Fig. 7 are asymmet-
ric, because only U1’s channel has a specular component. More
specifically, the S → U1 channel undergoes Rician fading, with
a Rice factor of 1 and a nonentrality matrix having (arbitrarily
chosen) eigenvalues {8.83, 2.39}; the S → U2 channel under-
goes i.i.d. Rayleigh fading that is statistically identical to the
scatter component of the S → U1. The symmetry observed in
Fig. 4(c) with respect to the CC SER performance is no longer
present in this scenario. The line-of-sight component of S →
U1 channel is seen to improve the SER U1 experiences for the
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Fig. 6. SERs of the PCs and CCs in (N,M1,M2)-antenna asymmetric two-user multicast configurations. The S → U1 channel is 3 dB stronger than the
S → U2 channel. QPSK modulation is used. (a) (N,M1,M2)

.
= (4, 2, 2). (b) (N,M1,M2)

.
= (4, 3, 3).

Fig. 7. SRs of the PCs and CCs in the (N,M1,M2)
.
= (4, 3, 3) two-user

multicast configuration under asymmetric fading. The S → U1 and S → U2

channels undergo Rician fading and Rayleigh fading, respectively. QPSK
modulation is used.

CCs. Nevertheless, the SER performance of the PCs is identical
for both users, confirming that GSVD, irrespective of the fading
distribution, yields PCs with an identical (and constant) gain.

B. Application in Network-Coded Two-Way Relaying

In this section, the SER performance of two-way relay-
ing (see Fig. 8) with physical-layer network coding [26] is
investigated.

The channelization scheme involves two time slots that cor-
respond to uplink and downlink transmissions, respectively. In
the uplink, the users simultaneously transmit precoded data;
the relay jointly decodes the received signal (by using the
corresponding superimposed constellation) such that the trans-
mitted data effectively “XOR in the air” [27], and the XOR

operation is manifested as physical-layer network coding. In
the downlink time slot, the relay regenerates the decoded data
(which are now the XOR of the two users’ data, possibly
with noise-introduced errors) and broadcasts to both users;
each user may extract the other user’s data by detecting the

Fig. 8. Network-coded MIMO two-way relay system.

received signal and performing an XOR operation away its own
(transmitted) data.

Suppose that the relay has N antennas and that each user Ui,
i ∈ {1, 2} has M antennas; N VCs, VCi for i ∈ {1, . . . , N},
are to be realized in each direction U1 → U2 and U2 → U1

through the relay. A constraint N < M is imposed to make ZF
transmission/reception realizable at the users; it also ensures
that GSVD beamforming yields only CCs, as physical-layer
network coding requires. Let Hu1, Hu2 ∈ C

N×M denote the
uplink MIMO channels from U1 and U2, respectively; Hd1,
Hd2 ∈ C

M×N are the corresponding downlink MIMO chan-
nels from the relay. If time-division duplexing is used, Hd1 =
HT

u1 and Hd2 = HT
u2 hold due to channel reciprocity.

Consider the following three channelization schemes.

• Scheme 1: ZF transmission is used in the uplink, whereas
GSVD beamforming is used in the downlink.

• Scheme 2: ZF transmission and reception are employed,
respectively, in the uplink and the downlink.

• Scheme 3: GSVD beamforming is used in the downlink,
whereas a multiple-access variant of GSVD beamforming
implements the uplink.

Scheme 1: Here, transmit ZF is employed in the uplink.
Thus, the transmit beamforming matrices at U1 and U2 are
W1 = αu(Hu1)

† and W2 = αu(Hu2)
†, respectively. Receiver

beamforming at the relay, represented by a matrix R = IN/αu,
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merely involves normalization; αu is the transmit power nor-
malization coefficient.

Because the downlink is a two-user broadcast channel,
GSVD beamforming can be applied unmodified on Hd1

and Hd2. Let Hd1 = Ud1Σd1Vd and Hd2 = Ud2Σd2Vd be
the corresponding GSVD, where Vd ∈ C

N×N represents the
common factor given by the decomposition, i.e., the factor
(WHR,0)QH in (2).

The following choice of transmit beamforming matrix W
(for the relay) and the receiver beamforming matrices R1,R2

(for U1 and U2, respectively) ensures joint diagonalization of
the MIMO channels:

W = αd · (Vd)
−1 (10a)

R1 =
1
αd

·
{
UH

d1

}
R(1:N)

(10b)

R2 =
1
αd

·
{
UH

d2

}
R(M−N+1:M)

. (10c)

The corresponding VC gains for U1 and U2 are, respectively,
given by diag({Σd1}R(1:N)) and diag({Σd2}R(M−N+1:N));
αd normalizes the average relay transmit power.

Scheme 2: In this scheme, beamforming for the uplink is the
same as in Scheme 1. However, ZF reception is employed in
the downlink. Thus, the corresponding beamforming matrices
are W1 = βu(Hu1)

†, W2 = βu(Hu2)
†, R = IN/βu, W =

βdIN , R1 = (Hd1)
†/βd, and R2 = (Hd2)

†/βd, where βu and
βd, respectively, normalize the average transmit power in the
uplink and downlink time slots. Note that U1 and U2 are respon-
sible for all the MIMO signal processing in both directions.

Scheme 3: Here, GSVD beamforming is employed in the
reverse direction for the uplink, with a minor modification to
ensure that the effective CC gains are 1. Consider the GSVD
of Hu1

T ∈ C
M×N and Hu2

T ∈ C
M×N given by Hu1

T =
Uu1Σu1Vu and Hu2

T = Uu2Σu2Vu. The transmit beam-
forming matrices

W1 = δu ·
(
(Uu1Σu1)

†)T
= δu ·

(
{Uu1}C(1:N)

)∗ · ({Σu1}R(1:N)

)−1
and (11a)

W2 = δu ·
(
(Uu2Σu2)

†)T
= δu ·

(
{Uu2}C(M−N+1:M)

)∗
·
(
{Σu2}R(M−N+1:M)

)−1
(11b)

respectively, for U1 and U2 and the receiver beamforming
matrix

R =
1
δu

· (V−1
u )T (11c)

for the relay jointly force each effective uplink channel to be
a rank-N identity matrix. δu normalizes the average total user
transmit power. The transmitter–receiver processing involved
here can thus be interpreted as a form of simultaneous transmit
and receiver ZF. Downlink beamforming is the same as with
Scheme 1; therefore, W, R1, and R2 are given by equations
similar to (10a)–(10c).

Fig. 9 compares the SER performance of the aforemen-
tioned three schemes for a MIMO two-way relay system with
(M,N)

.
= (4, 3).

Fig. 9. SERs of the VCs in the (M,N)
.
= (4, 3) network-coded MIMO two-

way relay configuration. QPSK modulation is used.

Assumptions: QPSK modulation with binary symbol map-
ping is assumed at U1 and U2. The relay directly decodes
the XORed symbols by using the maximum-likelihood detec-
tion rule on the corresponding superimposed constellation and
remodulates the regenerated symbols by using QPSK. Time-
division duplexing, channel reciprocity, and symmetric two-
way relay configuration undergoing i.i.d. Rayleigh fading are
assumed. Normalization coefficients are selected to cause the
average transmit power used by each user, and the relay is 1/3
power unit. Each scheme produces three VCs in either direction
as follows.

• Scheme 1. Except for the weakest VC in each direction
(i.e., VC1 in the U1 → U2 direction and VC3 in the U2 →
U1 direction) having a diversity order of 2, all other VCs
exhibit the same SER performance, faring better than the
VCs produced by scheme 2. (The weakest VCs are about
4 dB worse than those.)

• Scheme 2. All the VCs exhibit the same SER performance
and a diversity order of 2, faring worse than all but the
weakest VCs of schemes 1 and 3.

• Scheme 3. The weakest VCs are exactly those of scheme 1
and exhibit the same SER as they do. All the other VCs
perform identically but have the SERs between schemes 1
and 3.

To summarize, scheme 1 fares impressively compared to
scheme 2, which is the transmit and receiver ZF-based MIMO
two-way relay network implementation typically considered
in the literature. In addition, GSVD beamforming appears
to perform the best, when employed in the downlink, in its
original form.

With physical-layer network coding, the overall SER that
corresponds to each VC is approximately the worst SER that
it experiences in either of the hops: the uplink or the downlink.
Therefore, the aforementioned observations can be explained
by using a hop-by-hop SER analysis. Given the lack of exact
analytical results, we resort to intuitions and simulation results
(see Fig. 10) for this purpose. Because the two-way relay con-
figuration concerned is symmetric, it is sufficient to consider a
single direction (e.g., the U1 → U2 direction through the relay).
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Fig. 10. Hop-by-hop SERs of the VCs (for the U1 → U2 direction) in the
(M,N)

.
= (4, 3) network-coded MIMO two-way relay configuration. QPSK

modulation is used.

Because no preordering of the VCs happens at the trans-
mitter, for a given scheme, all the VCs experience the same
SER in the uplink. Therefore, the performance distinctions
among the VCs realized by a given scheme can be attributed
to downlink beamforming. According to Theorem 1, GSVD
beamforming in the downlink causes each VCr in the U2 → U1

direction and each VC(N−r+1) in the U1 → U2 direction to have
a diversity order (M − r + 1)(N − r + 1) for r ∈ {1, . . . , N}.
Therefore, the weakest VC has a diversity order (M −N + 1)
similar to that of a ZF-based downlink. Confirming these facts,
the downlink VC1 and VC2 for schemes 1 and 3 are observed
(see Fig. 10) to have diversity orders of 2 and 6, respectively.
(Low Monte Carlo precision precludes curves that correspond
to VC3 from showing a diversity order of 12.) Moreover, the
downlink VCs for scheme 2 show a diversity order of 2. Despite
having the same diversity order, ZF reception can be observed
to yield better SER than that of the weakest VC realized
through GSVD beamforming. These performance distinctions
are manifested in the overall SER of a VC (see Fig. 9) whenever
its uplink SER is better than the downlink SER.

Transmit ZF makes the uplink effectively additive Gaussian,
potentially yielding infinite diversity orders. However, as evi-
dent in Fig. 10, the corresponding SER is worse than all but the
weakest VC of a GSVD downlink (even at the 10−5 SER level).
As a result, for scheme 1, the downlink governs the overall SER
of the weakest VC, whereas the uplink appears to dictate those
of all other VCs. However, at even higher SNR values (and
impractically low SER levels), the downlink would dominate
the performance of all the VCs. Thus, theoretically, the diversity
orders of scheme 1 will be those of a GSVD downlink (with
each VC performing differently). For scheme 2, the downlink
dictates the overall SER, except at low-SNR values. Thus, the
SER performance of schemes 1 and 3 observed in Fig. 9 may
qualitatively be explained by using the worst of uplink and
downlink SERs. The performance of scheme 3 may similarly
be explained. Moreover, because GSVD uplink beamforming
does not completely negate fading as transmit ZF does, GSVD
uplink VCs perform worse than their transmit ZF counterparts.

This fact, which is also observed in Fig. 10, explains the relative
performance difference in schemes 1 and 3.

VII. CONCLUSION

This paper has investigated GSVD beamforming, a nonitera-
tive two-user beamforming technique that was proposed in [10]
and produces point-to-two-point (common) VCs in addition to
the classic point-to-point (private) VCs. The dependency of
the numbers of PCs/CCs on the channel ranks and transmit
power normalization was investigated. Moreover, the joint pdf
of channel gains was derived for Rayleigh fading and MIMO
configurations that support only CCs. Corresponding diversity
orders were derived based on this pdf result, and they are the
first exact analytical result on GSVD beamforming. Moreover,
through the SER simulation of elementary multicasting and
two-way relaying applications, the performance distinctions of
the PCs/CCs and the effect of channel-estimation errors and
asymmetries in channel fading were highlighted.

Future directions related to this research are as follows.

• As illustrated in Theorem 1, the framework based on
Proposition 1 can be used to quantify the performance
of certain GSVD beamforming configurations. Obtaining
such numerical (and, perhaps, exact analytical) perfor-
mance results are among future possibilities. Generalizing
Proposition 1 to eliminate the condition min(m, p) ≥ k is
a more challenging possibility; such generalization would
also contribute to a random matrix theory.

• The capacity of the two-user MIMO downlink and the
SER under GSVD beamforming would be useful for de-
termining how GSVD beamforming ranks compared to
the other channelization schemes. For example, general-
ized eigenvector-based techniques (e.g., [16] and [17])
may be employed in all but certain rank-deficient chan-
nels that GSVD beamforming supports. Therefore, per-
formance comparison with generalized eigenvector-based
techniques is important to assess the usefulness of GSVD
beamforming.

• GSVD beamforming assumes perfect CSI; developing
“robust” counterparts that achieve acceptable SER per-
formance under imperfect CSI has a greater practical
significance.

APPENDIX

PROOF OF THEOREM 1: DIVERSITY ORDER

Proof: Consider GSVD beamforming over MIMO channels
H1 ∈ C

m×n and H2 ∈ C
p×n undergoing i.i.d. Rayleigh fad-

ing, corresponding to users U1 and U2, respectively. Suppose
rank ((HH

1 HH
2 )) = k ≤ min(m, p).

The variable transformation γi = α2
i , i ∈ {1, . . . , k} on (4)

gives the ordered joint pdf fγ(γ1, . . . , γk) as

fγ(γ1, . . . , γk) ∝
k∏

i=1

γm−k
i (1 − γi)

p−k

×
∏

1≤i<j≤k

(γi − γj)
2 (12)

for 1 ≥ γ1 ≥ γ2 ≥ . . . ≥ γk ≥ 0.
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Integrating out γi, i �= r of (12), yields the following
marginal pdf of γr:

fγr
(γr) ∝

∫ γr

γr+1=0

∫ γr+1

γr+2=0

. . .

∫ γk−1

γk=0︸ ︷︷ ︸
(k−r) cascaded integrations

×
∫ 1

γr−1=γr

∫ 1

γr−2=γr−1

. . .

∫ 1

γ1=γ2︸ ︷︷ ︸
(r−1) cascaded integrations

× fγ(γ1, . . . , γk)dγ1
. . . dγr−1

dγr+1
. . . dγk

.

(13)

Note that fγr
(γr) will be a polynomial of γr alone and that we

are interested only in its least order term.
The joint pdf (12) is a homogeneous multivariate polynomial

of γi’s, and given any of its terms, integration by each γi raises
the corresponding degree by 1. Because each of the (k − r)
cascaded integrations that involve γi, i > r has 0 as the lower
limit of integration and γi−1 as the upper limit, each integration
increases the degree of γr in the resulting expression by one.
As a result, the degree of the least order term of fγr

(γr) is
incremented by (k − r). By contrast, having a nonzero constant
of 1 as the upper limit of integration, none of the (r − 1)
remaining cascaded integrals (corresponding to γi, i < r) has
any effect on the degree of γr in the desired least order term.
Thus, we need to consider only the powers of γi, i ≥ r in the
integrand for diversity-order analysis.

In addition, for our purpose

k∏
i=1

γm−k
i (1 − γi)

p−k =

k∏
i=r

γm−k
i + higher order terms

(14)

which contributes (m− k)(k − r + 1) degrees to the least
order term. The sum of degrees of γi, i ≥ r in the factor
Π1≤i<j≤k(γi − γj)

2 in (12) is minimal in its term that corre-

sponds to Πk−1
i=1γ

2(k−i)
i . This term yields 2Σk−1

i=r (k − i) = (k −
r)(k − r + 1) degrees toward the diversity order.

Thus, the degree of γr in the least order term of fγr
(γr)

comes to

nr =(m− k)(k − r + 1) + (k − r)(k − r + 1) + (k − r)(15a)

=(m− r + 1)(k − r + 1)− 1. (15b)

The term (k − r) in (15a) represents the increment due to the
(k − r) cascaded integrations.

Based on (15b) and by using [28], we get the diversity order
of the rth CC for user U1 to be nr + 1 = (m− r + 1)(k − r +
1) for r ∈ {1, . . . , k}, completing the proof. �
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