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Aggregate Interference Analysis for Underlay Cognitive Radio Networks

Sachitha Kusaladharma and Chintha Tellambura, Fellow, IEEE

Abstract—This paper investigates the aggregate interference
on a primary user caused by a random number of cognitive
radio transmitters distributed in a finite ring. A composite
model involving path loss, Rayleigh fading, and shadowing is
considered. The exact closed-form moment generating function
and an accurate approximation are derived. The aggregate
interference is shown to be accurately approximated by a Gamma
distribution. The exact outage and an asymptotic approximation
are derived.

Index Terms—Cognitive radio, aggregate interference, shad-
owing, outage probability.

I. INTRODUCTION

N cognitive radio (CR), desired for the efficient utilization

of the available frequency spectrum, secondary users op-
portunistically access the underutilized frequency spectrum of
licensed primary users. In the underlay cognitive set-up [1], the
secondary users must ensure that their aggregate interference
on the primary user is minimal in order to guarantee a certain
quality of service.

Therefore, the modelling of the aggregate interference at
the primary receiver (PR) is critical to characterize perfor-
mance degradation. The aggregate interference is random and
depends on several factors such as channel parameters, the
spatial distribution of the CRs, activity factors, and power con-
trol. The statistics of the aggregate interference have received
much attention recently. Reference [2] analyses the average
aggregate interference when transmission constraints among
CRs are considered, while [3] analyses the capacity-outage
of a CR network due to aggregate interference. Reference [4]
shows that under certain conditions, the aggregate interference
is not lognormal. In reference [5], the authors suggest that
the aggregate interference can be modelled as the sum of
a normal random variable and a lognormal random variable.
Reference [6] considers different activity models for the CRs
and obtains the cumulants of the aggregate interference by
using Campbell’s theorem. Reference [7] derives the moment
generating function (MGF) of the combined interference with-
out shadowing for a number of different path loss exponent
values.

This paper’s objective is to provide a unified analysis of the
aggregate interference. Some previous works do not consider
one or more of shadowing, path loss or fading. Others either
do not have closed-form results or lack results for arbitrary
path loss exponent values.

In this paper, we consider the interfering CRs evenly
distributed according to a Poisson point process in a finite
ring-shaped area around the PR (Fig. 1). These interfering
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Fig. 1: CRs are distributed in the shaded region around the
PR.

signals are assumed to undergo shadowing, path loss (arbitrary
exponents), and Rayleigh fading. The exact closed-form MGF
of the aggregate interference and an accurate approximation
are derived. Through first- and second-order moment match-
ing, we show that the aggregate interference can be accurately
modelled as Gamma distributed. A closed-form expression
for the outage and an asymptotic performance analysis are
provided. The effect of shadowing is significantly lower at
higher path loss exponent values, as shown by our numerical
results.

Notations: I'(z,a) = [~ t*~te~'dt and I'(z) = I'(z,0),
2F1(,5;) and oF>(,;;) are the Gauss [8, (eq. 9.10)] and gen-
eralized Hypergeometric functions [8, (eq. 9.14)], respectively.
K. (+) is the modified Bessel function of the second kind [8,
(eq. 8.407)], fx(-) is the probability density function (PDF),
Fx(-) is the cumulative distribution function (CDF), Mx(-)
is the MGF, and E'x[-] denotes expectation with respect to X.

II. SYSTEM MODEL

Suppose the CRs are distributed in an annular area
encircling the PR (Fig. 1), with an inner radius (guard
distance) of Rg and an outer radius of Rg. The guard
distance ensures a minimum performance on the PR. The
interference from the CR nodes beyond Rp is assumed to
be negligible due to path loss. The primary transmitter (PT)
to PR distance is denoted as R . The number of CRs N,
which are distributed uniformly according to a Poisson point
process [9], has the distribution
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where ( is the CR density, and Aj m(R% — R%) is
the total area encompassing the CRs. Not all CRs may be
active at a given time, and some may be inhibited from
transmitting due to interference between the CRs themselves.
This system is modelled as a thinned Poisson point process
with a density p,pi(3, where p, and p; model the activity
and inhibition factors, respectively [10]. Therefore, without

n) n=0,...
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the loss of generality, we will take the CR density to be f.
An ad-hoc network of CRs where all the nodes present engage
in transmission is assumed. We do not consider any medium
access protocol for the CRs. In such a case, our analysis would
be a worst-case upper bound for the aggregate interference and
outage.

The total interference power received at the PR is

N
I=Y"1,
=1

where I; is the interference caused by the ¢-th CR, and N is
the number of CRs. The interference power I; is given by

I = Pory ™ X5,

)

3)

where P; is the power level of a CR, and 7; is the distance
between the i-th CR and PR. P, is a constant, and no
power control occurs. X; characterizes the composite effects
of small-scale fading and shadowing. With Rayleigh fading
and Gamma shadowing, the PDF of X is obtained as [11]

fxi(x) = %)\) (g)”’\

which is the Generalized-K distribution, where b = 2, /2
It has been shown in [11] that Q, = 1/%, and \ = ﬁ,
where o2 is the variance of corresponding log-normal shad-
owing. When expressed in the decibel scale, o4 = 8.686 0.
Gamma shadowing is considered due to the mathematical in-
tractability of conducting further analysis with the log-normal
PDF. Apart from the lower tail region, the two distributions
show a close match.
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III. INTERFERENCE STATISTICS

In this section, the exact MGF of the aggregate interference,
an approximate MGF, and a Gamma approximation to the
aggregate interference are derived.

A. MGF of the aggregate interference
Let M}(s) be the MGF of the i-th interferer (i = 1...N).

M}(S) = EX'i;T'i [eisli] = EX'i [EH [eish]] (5)
The PDF of r; can be written as
270 Rg <1 < Rg
) — A
Fr(ri) = { 0 , otherwise : ©)

By averaging e*!i using the the PDF of interferer distance

(6), and the composite fading model (4), the MGF of the
interference from the i-th CR is derived as

7 (Pys)a 2 pma-2
()M 3 4a2(1 + a)T(\)A;
where Q(R) is defined in (8). Due to the complexity of
(7), it is desirable to find an accurate approximation. To

this end, the Gamma approximation to the generalized-K
distribution suggested in [12] may be used, where the scale and

shape parameters 6 and k are (w — 1) Qg and L

Mi(s)= (Q(RE)-Q(Rg)), (1)

21 1)
-1

respectively. Using this approximation, we get M}"appmm (s)
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Fig. 2: The CDF of the aggregate interference and the Gamma
approximation for different values of 5 under Ps = 30dB ,
Rg =15, R =100, a = 2 and no shadowing.

9), where I(z) = R (k,k+2/o;1+k+2/a;—x).
Because each interferer is independent, the MGF of I given
N can be written as My (s) = (M}(s))N By averaging
M /n(s) over the probability distribution (1), we find

Mi(s) = BAI(Mi(s)=1), (11)

B. Approximating the aggregate interference

The first- and second-order statistics of the aggregate inter-
ference are important performance means. F[I], the expected
value of the interference is SA;FE[l;]. Tt can be shown that

2—« 2—«
E[l] = 2nP,8Ve” <u> .

o (12)

The variance can be found out to be

R2720¢ _ R272a

Var[l] = nfP2k6?(1 + k) (%) . (13)
These 1°¢ and 2"? moments can be matched with the respec-
tive moments of a Gamma distribution to obtain a simple
approximation for the aggregate interference. The shape pa-
rameter and the scale parameter of the Gamma approximation
can be found out to be (‘;E(l[i]}], and Vg[rl[][ | respectively. Fig.
2 shows the CDF of the simulated aggregate interference,
and the CDF of the Gamma equivalent aggregate interference.
This figure reveals the aggregate interference roughly follows
a skewed alpha-stable distribution [13], where the skewness
parameter reduces as 3 is increased. The two curves show a
tight fit for both large and small 8 values, and the Gamma
approximation of the aggregate interference at the PR is
accurate.

IV. PERFORMANCE ANALYSIS

This section derives the outage probability, the asymptotic
outage and the diversity/coding gains.

A. Receiver SINR characteristics

Here, we derive the CDF and the PDF . The SINR ~ at the
PR can be written as
_ PR™YY
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pia (—1)a a0 (\ — 1) R2H2 2 2 ROD?\  25F% (Pys)® (1
o) = LT VR g (224 2534 22— a0 ) 2 (B (L el
(Pys)= o ! 4P;s sin(mwA)
2 2 ROV 2 RO
2 r1+x+-— AL+ A+ —,— -Ir2+Ax+—,— 8
X<( a1+ +a)+a< (1+ +oz’ 4PSS) 2+ +oz’ 4P55)>> ®)
) 1 2 ak+2 «a ak+2 Yo
M}.a roz(s) = u RE I RE - RG I g (9)
aPP 2+ ka\ A0k J\ (Pss)k™\ Pssf (Pss)k~\ Pssf
J Hk J F(k+2) G Gk G
— I — )2+ —)— I{ —
fy(x) = ( < U:r—!—J (U:r) * (Uzx)* (Ua:) Uz + G)k * (Ua:) (Uzx)k <U:r>
F G H
”BV(( )F I(¢%) — Wa)F H(w))) (10)
where P, is the power level of the PT, o2 is the noise variance, Defining A = == and B = M (R2 @ RQG_O‘), we
and Y is the channel gain between the primary transmitter and  get
receiver. We only consider the case where the primary signals . .
undergo path loss and Rayleigh fading due to the mathematical F, (0)=1—-(1-A— 1+B—
. . . . v P P,
complexity of analyzing for other cases. Then, Y is a unit " p p
exponential PDF with fy (y) = e~¥ for y > 0. The variables ~(A-B) B (20)
P

Y and I are independent, and the CDF of ~ is
P,R™°Y
I+o2

(I +02)
PR~

<a)=r(r< )

FWI(a:):P<

_a(+02)
21—6( PPR"*) 5)
Averaging with respect to I, we get
_1 ()
Fz)=1-e M; PR . (16)

The PDF f.(z) can be obtained as equation (10), where A =

1 2 _
e B=BALU = pg=a. V = 2+m(m)’F—
Rak+2 —R Ragk+2 _R(Cy;
, G = PG,H— B and J = TR

B. Asymptotic Outage

Since the outage probability (16) is complicated, a mathe-
matically tractable asymptotic expression is useful. Our aim
here is to obtain the outage probability when % is signifi-
cantly larger than Py and o2. By expanding I(Cx), we can
obtain

2+ ak k(24 ak 1
I(Cx) = 2xkCk xk“((,’k“(a)— 2) +0 (95’“‘2) 4D
where C is a constant. Thus, by using equation (17), for the
expression of the MGF (9) in equation (16), and with some
algebraic manipulations, the CDF for high % with respect to
the noise and interference can be obtained as

162

() 21—6(7131’1{72@)?

For small x, ¢” can be written as 1 + x. Therefore, (18) can
be approximated by

2
o,
2BmOkRe P

1
X<+ a—2 P,

F 267;%21?“ 1133 (R2 a_Réfa)r

YAsy

. (18)

E

YAsy

> (R Ré—"‘)x) (19)

which is the asymptotic CDF.

C. Diversity Gain and Coding Gain

The diversity gain and coding gain fully characterize the
asymptotic performance of a system. The outage probability
at high SINR can be written as Py (7y) &~ (Gcfy)_Gd, where
G, is the coding gain and G, is the diversity gain. The
outage probability is the same as the CDF with x replaced
by the threshold level T'. Increasing the SINR is analogous to
increasing P, while having a constant o and Ps. Therefore,
P,.,+ becomes

1 -1
PO’LL % 77.07‘m 9 21
t ((A B) ) @D

where P,orm = % is the normalized PT transmit power with
respect to the threshold.

From (21), we observe that G4 = 1 and G, = W.

V. NUMERICAL RESULTS

In this section, we show the exact and asymptotic character-
istics of the outage probability with the variation of P, o, (
%), P, and S under differing conditions. A Gamma shad-
owing environment has been considered for the simulation,
and Mj , ... has been used for our theoretical calculations.
When o0 — 0, we have the situation where shadowing is
negligible. In Fig. 3, we plot the outage probability with
respect to both Pp and P for fixed values of R, Rg, Rg and a
noise variance o2 = 1. We use free space propagation (o = 2),
shadowing index o = 2, and the interferer density 5 = 0.0001.
The outage probability decreases slowly at high P, and,
approaches the noise limited scenario for low Ps values. Even
if P, is increased, if P increases correspondingly, the outage
probability remains unchanged.

Fig. 4 shows the exact and the asymptotic outage probability
with respect to P, for differing values of ¢ and a. At high
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Outage Probability
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Fig. 3: The outage probability vs P, and Ps, under T' = 1,
a=20=202=1,5=00001,R =30, Rg = 15,
Rg =100
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Fig. 4: The exact and asymptotic outage probability vs the
normalized transmit power P, ., for different values of o
and o under 02 = 1, 8 = 0.0001, P, = 30dB , R = 30,
Ra =15, Rg =100 .

P,orm, the asymptotic curves are a perfect match to the exact
outage plots. An important observation is that at this value of
B, when « increases, shadowing has little effect on the outage.
When the path loss exponent is 4, the plots for both ¢ values
show little difference; however, under free space propagation,
the plots vary significantly for the two different o values. This
result is consistent with the derivation obtained earlier in (21).
For the values for Rg, Rr and R that we selected, the outage
probability increases with a. If R << R, a higher o will
ensure a lower outage probability.

Fig. 5 compares the outage probability when the interferer
density [ varies, for different values of « and o. This figure
shows that the effect of ¢ on environments with different «
depends on the value of 8. When the number of CRs increase
to very high values, P,,; approaches 1, while at low 3 values,
P, is governed primarily by noise. It is interesting to note
that at high § values, the effect of « on the outage probability
is minimal.

VI. CONCLUSION

This paper investigated the aggregate interference at the pri-
mary receiver from CRs distributed in a finite ring encircling
the exclusion zone. A Poisson point process of CRs and a
composite fading model with the Generalized-K distribution
were considered. The exact MGF and approximate MGF of
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Fig. 5: The outage probability vs interferer density (3) for
different values of o and o under Py = 30dB , P, = 70dB ,
R =30, Rg =15, Rg =100 .

the aggregate interference at the PR were derived. These are
valid for arbitrary path loss exponent values. We also showed
that the aggregate interference is approximately Gamma dis-
tributed. The exact and asymptotic outage probabilities of the
PR were derived. Our numerical results confirmed the analysis
and showed that the effect of shadowing is significantly lower
with higher path loss exponent values.
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