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Abstract—This paper considers the analytical performance of
primary users (PUs) subject to interference due to secondary
users (SU) in an underlay cognitive radio system over Rayleigh
fading. In particular, we focus on a more general spatial config-
uration where the interfered PU, not only located at the center
of the cell, is having a protective region which is free of SUs
and the SUs are distributed over a finite area in contrast to the
commonly used infinite area assumption. We first characterize
the statistical properties of the aggregate interference at the PU
due to SUs, by deriving new exact closed form expressions for
the moment generating function, cumulants, first, second and
third moments and first order expansions of the cumulative
distribution functions corresponding to propagation scenarios
with path loss factors, two and four. We then investigate the
PU performance by presenting new analytical expressions for
the outage probability, amount of fading as well as the diversity
order and coding gain. Our results indicate that the PU can
achieve the full diversity gain given a non-zero protective region
around the PU.

Index Terms—Aggregate interference, amount of fading (AoF),
coding gain, cognitive radio (CR), cumulants, diversity order,
moment generating function (MGF), outage probability.

I. INTRODUCTION

N recent years, cognitive radio (CR) technology [1], [2] has

become a popular candidate to overcome the increasing
scarcity of the radio spectrum, by allowing the secondary
users (SUs) to opportunistically sense and utilize the available
spectrum. Two main approaches are envisioned in CR devel-
opments with the so-called underlay and overlay systems [3].
The more conservative approach of the overlay system is at
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a cost of lower efficiency in terms of SUs throughput. Thus,
although more challenging, it is sensible to put more effort on
the underlay research to foster the CR appealing paradigm.

The characterization of the interference on the target users
in different network configurations is crucial for the design
of efficient interference management techniques [3]. Although
being a well researched topic, the CR development has brought
it again into the focus of researchers. Specifically, the analysis
of the aggregate interference at the PU due to the SUs has
been of great recent interest (e.g., [4]-[9]). The aggregate
interference in a Poisson field of interferers was first stud-
ied in [10]. The interference was shown to follow a stable
distribution with infinite variance. That work has then been
extended to handle more practical issues such as: various type
of channel fading (e.g., [6], [7], [11]), probability distribution
approximations (e.g., [4], [12], [13]), interferers using power
control (e.g., [5], [12]), or sensing capabilities (e.g., [4],
[8], [14]). The outage probability of the interfered nodes in
different channel environments have also been investigated in
e.g., [6], [7], [15]. The general approach which has hitherto
been used to characterize the interference is, first to evaluate
its characteristic function (CF) (see e.g., [14]), and then to
apply the inverse Fourier transform to compute the probability
distribution function (PDF). However, in many scenarios, the
CF may only be expressed in an integral form. The alternative
way, in practice is to numerically evaluate the Fourier inverse
integral or use approximation methods.

Undeniably, the aforementioned works and references
therein highly contribute to the development of a very general
and unified framework for the interference characterization as
envisioned in e.g., [14]. Yet, a significant amount of research
is still required. In particular, this work aims to contribute
in tackling three of those main issues. First, the analytical
complexity of the expressions, in many earlier works, do not
provide much insights into the statistical behavior of the ag-
gregate interference in terms of the environmental and spatial
physical parameters; Second, the interfered user can also expe-
rience a non-symmetric interference pattern; Third, and most
importantly, instead of the commonly assumed unbounded
area interferers, mainly due to mathematical tractability, we
analyze the more realistic finite case. The second and the
latter combined allows various practical applications as further
described in the system model.

Only few works have attempted to investigate the finite
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case. In [16], the moment generating function (MGF) of
the interference has been investigated, for both the Poisson
point process (PPP) and the Binomial point process (BPP)
distributed interferers. Yet, the expression (see [16, eq. 6])
leaves the channel as an expectation, furthermore the interfered
user is only placed at the center. In [17], the nth-moments
of the interference for various practical spatial configuration
are investigated with finite areas. An exact expression is
provided for the special case of circular annulus (i.e., as later
defined, case B in Fig. 1), whereas all other settings are
provided with several integration formulation. Moreover, note
that the authors in [16] and [17] do not investigate the final
performance of the interfered node.

Motivated by those issues, we introduce in this work a
reconfigurable spatial model based on three finite radii. As
further discussed in the system model, the spatial model enjoys
a wide applicability such as the IEEE 802.22 scenario, and
interferers with different path loss exponent (PLE). In par-
ticular, the reconfigurable spatial parameters introduce more
general structure to the system model in contrast to the more
frequently used cell centered PU model.

In this paper, we focus on the analytical performance of the
PU due to finite area SUs corresponding to PLE factors 2 and
4, over Rayleigh fading. We first derive new exact expressions
for the MGF, cumulants, moments as well as the first order
expansions of the cumulative distribution function (CDF) of
the aggregate interference. Our results show that the moments
are more sensitive to the radius of the SU area for a PLE of
2 than for 4. This in turn reveals that the common infinite
area assumption with high PLE indices can be reasonable in
some scenarios. Based on the exact MGFs of the interference,
we then investigate the performance of the PU system by
deriving analytical expressions for the outage probability as
well as the amount of fading (AoF). In addition, we present a
comprehensive investigation of the diversity order and coding
gain: the two key parameters dictating performance in the
high SNR regime. Our results show that the PU can achieve
the maximum diversity with the non-zero protective region in
contrast to the reduced diversity without a protective region. It
turns out that the infinite area assumption in general undermine
the system performance for relatively low PLE. This is further
confirmed by our numerical results.

This paper is organized as follows: the general system
model is introduced in Section II. Section III derives the
key MGF results of the aggregate interference and analyzes
the related statistics. The PU performance is evaluated in
Section IV and Section V concludes the paper.

II. SYSTEM MODEL

We consider a CR system which consists of both primary
and secondary networks. The primary network is composed of
PU receivers located anywhere within the primary cell. The
secondary network lays outside the primary cell, where the
SUs are uniformly distributed. This system model is depicted
in Fig. 1. We assume that both PUs and SUs use a single
antenna, and their communications undergo path loss and
Rayleigh fading. We omit shadowing for the sake of analytical
tractability and in view of obtaining some benchmark results.
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Fig. 1.
R2 and R3. The PU is symbolized by the square and the SUs by the crosses.
SUs are assumed to be uniformly distributed in the finite area between R2
and R3 while the number of SUs are Poisson distributed.

System model and cases identification, defined by the three radii R1,

In this paper, we aim at characterizing the statistics of the
aggregate interference generated by the SUs at any given PU
and subsequently evaluate its performance. Note that the PUs
being located anywhere in its cell, and not only at the center,
the relative spatial distribution of the interferers around the
PUs is asymmetric (as in [18]), in contrast to the simple
symmetric case as in most of the previous works e.g., [4]-
[12], [16].

The system spatial parameters are defined by the three radii
R1, Ry and Rj3 such that Ry < Ry < R3, where R, is the
distance of the PU from the center, and R3 is the finite radius
of the secondary network. Ry can be simply defined as the
primary cell radius (R,,), but can also account for an additional
guard band around the primary cell [19] (e., B2 = R, +
€,€ > 0). Thus, PUs are within R,, and SUs are beyond
R,. This finite three-radii configurable network allows many
practical combinations, thus enjoying wide applicability such
as follows:

1) When designing a CR system, aided by a fixed deployed
wireless sensor network, it is inherently of finite local-
ized size. The interference of interest is the one produced
by this new network, which can allow the design of
appropriate power control policies as in [3] to fulfill the
regulatory requirements.

2) One major application, when R; > 0 (i.e., the PU is
not located at the center), is the IEEE 802.22 (WRAN)
Digital TV (DTV) (see e.g., [18], [20]). IEEE has
been developing the IEEE 802.22 standard for Wireless
Regional Area Networks (WRAN), to opportunistically
access the spectrum that is not currently used by the TV
broadcasting stations. In a DTV scenario, a base station
(BS) broadcasts the signals within a certain area to a
TV receiver (i.e., R1). The secondary system, based on
the broadcast signal (beacon) strength, can estimate the
distance from the primary BS which is located at the
center of the system. Thus, a minimum protective circle
can be enforced by regulation to the secondary system
(i.e., Ro). It is clear that the previous works’ model as-
suming symmetric interferers pattern and corresponding
results cannot apply for this application.
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3) It is known that as the distance increases, the PLE
increases as well. One of the simplest example is the
two-ray model [21] with PLE indices 2 and 4. How-
ever, previous works could only assume one PLE. Our
model allows to cumulate different areas interference
with different PLE (by successively varying the 3 finite
radii configuration and computing the interference in
each area, and finally summing up). However, while
it can be exactly computed when the interfered PU
is at the center, or approximately when close to the
center, the cumulation of different PLE cannot be well
approximated if the PU is at the edge of its cell (since
the PLE-drop is PU-centric and not BS-centric).

In practical scenarios, only the statistical knowledge of
the interferers location is available. Thus, following [10],
we may as well treat them as completely random according
to a homogeneous PPP! in the two dimensional plan. The
probability of NV SUs being inside a region depends only on
the total area and follows a Poisson distribution with mean
AT R32, given by

Pr(N =n) = exp (—AnRs2)(A7R32)"/nl, n>0 (1)
where R3z = (R% — R3) and ) characterizes the SU density
per unit area. The effect of multiple-tiers interferers networks
[22] could be envisioned where each network is defined by
different density and transmit power, but is beyond the scope
of this work. Note that it is possible to consider the case where
each SU only transmits with a probability p¢y, in which case
the set of transmitting SUs also forms a Poisson process with
a new scaled density Ao = Ajpyx [10]. This elegant theory
provides a tractable and practical model and has prevailed in
many works e.g., [4], [6]-[8], [10]-[12], [14]. Other models
have also been proposed in the literature (e.g., a BPP has
been investigated in [23] to model the arrangement of the
nodes when NV is known, and does not assume independency
of the number of nodes in disjoint areas.). In particular, with
the explosion in the different type of heterogeneous networks
(e.g., femtocells, hotspots, relays, meshing approaches), the
need for different spatial models is essential (see [24, Table
1]).

We assume that each SU has the same transmit power
Psy7, decays according to the path loss law, and undergoes
independent and identically distributed (i.i.d.) Rayleigh fading.
Thus, the aggregate interference I at the PU can be defined
as

2

N N
I=Y"1=) Psud;“|hsu,l”, ()
=1 =1

where I; is the interference due to the ith SU, d; is the
distance between the PU and the ith SU, « is the PLE, and
|hsu, |2 is the exponentially distributed power envelope, i.e.,
with density function f},_ 2(x) = (1/Q) exp (—2/Q), where

I'The spatial Poisson process is a natural choice in such situations, given that
the PDF of a node position inside a region is conditionally uniform. Moreover,
the Poisson process has maximum entropy among all homogeneous processes
[14].
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Q) is the mean power?. Without loss of generality we assume
in the sequel a unit mean power, i.e., f|hSU|z(x) = exp (—x).
Moreover, we assume that |hgy,|* is independent of d;.

In most practical situations, the PLE generally varies be-
tween 1.6 (e.g., hallways inside buildings) and 6 (e.g., dense
urban environments) [21]. However, in this work, due to
mathematical tractability, we mainly focus on the two most
frequently used propagation scenarios in the literature, namely
with PLE given by 2 (i.e., free space) and 4.

We consider four different practical configurations in terms
of the finite radii R, Ro and R3 as summarized in the table
given in Fig. 1. This spatial model is easily reconfigurable to
obtain a spectrum of useful spatial structures as mentioned
earlier. Case A is the most general setting which incorporates
the three other cases: B, C and D. The general use of our
model, depicted in Fig. 1, can be summarized as follows:

1) The IEEE 802.22 scenario with the PU being the TV re-
ceiver, as well as the classical downlink cellular network
with the PU being the mobile, can be characterized by
Case A with R; > 0, where the center represents the
BS.

2) Case B (i.e.,, Case A with Ry = 0), Case C, and
Case D, characterize the PU centric interference analysis
scenarios.

Notable configuration is Case D with Ry > 0, which has
been used to analyze the aggregated interference in most of
the aforementioned works, see e.g., [6], [7], [10], [11], [15],
[19], etc... Yet, our analysis still provide further new insights
into the Case D, especially in terms of the PU performance
measures. It is important to note that Case D is only applicable
for o > 2, since the aggregate interference tends to infinity
for a <2 as Rz — oo [10].

III. STATISTICS OF THE INTERFERENCE

In this section, we first derive exact closed-form expressions
for the MGF of the aggregate interference. Subsequently, they
will be employed to evaluate different statistics of I and to
gain insights into the behavior of the CDF of I.

A. Moment Generating Function of 1

By definition [26], the MGF of the aggregate interference
I defined in (2), for a specific PLE a, is /\/lga)(s) =
E; {exp (—sI)}. Since the number of interferers N is a
poisson distributed random variable, M¢(s) can be written
as [10]

M (s) = En {Er {exp (—sI)|N}}
=> %E, {exp (—sI)|N}
N=0 "~
X exp (—AmRg2) (A Rsa) ™. (3)

2Following [25, Section 4.2], it can be shown that to model the joint
effect of the shadowing and Rayleigh, it is sufficient to consider the mean
power of the Rayleigh envelope as a lognormal random variable, i.e., using
ths 12 (@) = Eq {(1/Q) exp (—z/Q)}, where Q follows the lognormal
distribution [25, eq. 2.200].
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The random variables I;, ¢+ = 1...IN, being i.i.d., we get

E;{exp(—sl)|N} =E; {exp <—s ZL) }
N

=Ey, {exp (—sL;)}"

where M “(s) = Er, {exp(—sl)} is the MGF of the
interference due to the ith SU. Substituting (4) into (3), the
aggregate interference MGF can be written as

= M (s)V (@)

MM (s) = exp (~AmR32) F(M@( )Mt Rgo)N
N=0

= exp (/\7rR32 ( (O‘)(s) - 1)) (5)

Since Mi(o‘), the MGF of the :th interferer, is independent of ¢,
in what follows, without loss of generality, we omit the index
1. In our model, the randomness of each individual interference
stems from two factors, the random distance (i.e., d), and
the fading power envelope (i.e., |hSU|2). In the sequel, it is
mathematically more convenient to use the polar coordinates
(r, 0) instead of d, as defined in Fig. 1. Thus, we employ the
following geometric relation

d(r,0) = \/1? + R} — 2rRy cos. 6)
As such, the individual interference MGF can be written as
M(O‘)(s)
=Erp {/OOO exp (—sPsud ™ (r, 9)$)f|hsu|2(x)dx} (7

where the expectation is taken with respect to r and 6. Now,
the inner integral in (7) can be solved using the MGF of |hgy|?
to yield

1
(@) (g) —
M (s) = Ero { L+ sPsyd=(r,0) } . ®

Note that the convergence of Laplace transform is satisfied if
R(s)Psy > —d*(r,0). Thus, we can as well assume in the
sequel that *(s) > 0, since it always satisfies the inequality. It
is important for the expectation evaluation in (8) to carefully
define the spatial distribution of the interferers in terms of
r and 6. Since SUs are uniformly distributed in a circular
area, the larger is r, the larger is the perimeter, and also
more probable is the presence of a SU at a greater distance
r. Therefore, the PDF of r is given by the ratio of perimeter
over area as [10], fr(r) = 2r/Rsz for r € [Ra, R3], and the
angular distribution is uniformly distributed over [0, 27) i.e.,
fo(0) = 1/2m. Using (6) and the PDF or r and 6, (8) can be
written as

1 (R
M@ (s) = —/ rg® () dr )
7TR32 Ro
where
(@) am do
( )_ 2 —a/2
0 1+ sPsy (r?2+ Ri — 2rRy cosb)
(10)

Finally, evaluating (9) and substituting back results into (5)
gives the exact closed-form expression of M(IO‘) (s). However,
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the evaluation of (10) for an arbitrary value of a seems
an arduous task. Therefore, we confine ourselves to some
particular values of . The following propositions characterize
./\/l(la)(s) for the special representative cases, « = 2 and
a =4

Proposition 1: The MGF of the aggregate interference at
the PU, for a = 2, is given by

./\/152)(5) = exp (—SPSU/\T( In \11(2)(5)) (11)
where
\11(2)(5)
\/4sPsy R2+(R3—R2+sPsu )2 +(R3—Ri+sPsy)
Case A
\/24sPsny+(R§7Rf+sPSU)2+(R§7R%+SPSU)
= 7231225 Case B
@ Case C.
sEsu
Proof: See Appendix A-A. [ |

Proposition 2: The MGF of the aggregate interference at
the PU, for a = 4, is given by

MP(s) = exp (—/sPsuAr(s) ) (12)
where
VsPsu (R3—R3) 3
" arctan <W Case B
U(s) = A3
arctan ( m) Case C
/2 Case D.
Proof: See Appendix A-B. [ |
One can note that the special scenario o = 4 Case D

which has been analyzed in most of the previous works (e.g.,
[6], [7], [10], [15], [19], and in particular e.g., [11]), gives a
simple analytical expression. Moreover, the general Case A for
o = 4 seems mathematically intractable (see Appendix A-B).
Therefore, in what follows we only focus on the scenarios
given in Propositions 1 and 2. In the sequel, for brevity,
we will denote, for example the MGF corresponding to the
scenario «« = 2 Case A as ./\/l (2, A)( ).

B. Cumulants of I

By invoking the central limit theorem (CLT), one may tempt
to approximate the PDF of I with a Gaussian PDF. However
simulations have shown (e.g., see[4]) that the PDF is positively
skewed and thus deviates from normality. This stems from
the fact that interferers very close to the receiver terminal
contribute a disproportionately large amount of interference,
thus limiting the applicability of the central limit theorem.
Therefore, the important basic parameters to approximate [
are the mean, the variance, as well as the skewness. We
now evaluate those statistics using the cumulants of I. By
definition, the nth cumulant of I is given by [26]

d’n

()
e In M} (s)

s=0

R = (1)

n

3Alternatively, arctan ((v/sPsy (R% — R3)) / (RZR%2 + sPsy)) =
arctan (Rg/\/sPSU) — arctan (R%/\/SPSU) .



VIJAYANDRAN et al.: ANALYSIS OF AGGREGATE INTERFERENCE AND PRIMARY SYSTEM PERFORMANCE IN FINITE AREA COGNITIVE RADIO . ..

The first three cumulants are related to the mean, variance,
and skewness respectively through the relations [26],

(@) _ (@)

Hp =k
o_goc)2 _ /an)

5y

Il
&=
~
——
@
»
ko)
N\
~
|
=
~

3 B Héa)
or - Kga)g/z'

Using (11) in (III-B) followed by the repetitive application of
L’Hopital rule with some lengthy algebraic manipulation yield
the 1%, 2" and 3" cumulants corresponding to the scenario
a =2, Case A with Ry # Ry as

k24 = ArPsy In (%)
R24) _ 2 T P%, {RAR3 — R§R§ + R‘{R% — R{R%}
(R3 — R})” (RS — RY)
/ﬁg’A) _ 3/\7TP§UgElR1, R, R3)4
(RS — RY)” (RS — RY)

where

9(Ry, Ry, Rs) = 2R3R? (R — R?)" — 2R3R3 (RE — R3)'
+2R2R2 (R} — R?)® (R2 — R?)® — 2R4
(R — R3)* + RARS (RS — R3)” — 2RIR3
R (B3 — 13)" + RS (B3 — R3)”.

Similar calculations yield the first three cumulants correspond-
ing to o = 4, Case B with Ry > 0 as

1 1
0 = (- 7 )
2 3
(4,B) _ 2 9 1 1
:‘ﬂ?z —g)\’iTPSU (R_g_R_g
4,B) 6 3 1 1
= ort (-

which are consistent with the general cumulant equation given
in [15, eq. 13] for @ > 2 Case B and without considering
any fading. It is interesting to observe that including the
Rayleigh fading simply scale the cumulants compared to the
case without fading (i.e., compare (13) with [15, eq. 13]).
Similar observations have been made in [11] when comparing
the PDF/CDF [11, eq. 8] with and without Rayleigh fading.
The three cumulants can be used to approximate the PDF of
I, with limited accuracy, using e.g., Edgeworth expansion or
the shifted log-normal approximations [4]. Furthermore, these
remarkably simple expressions show us how the interference
statistics change with different physical parameters. A careful
inspection of these expressions reveal that the importance of
having the guard radius (i.e., Ro > 0) around the PU. As such,
this protected region controls the severity of the interference
experienced by the PU, thereby stabilizing the PU performance
as we will see in due course. Moreover, the propagation
scenario corresponding to o = 4 induces less interference
to the PU in comparison with the scenario corresponding to
o = 2, on the average. Interestingly, the identical re-scaling
of the spatial parameters (i.e., when Ry, Ra, R3 are replaced,
for k > 0, with kR, kR2, kR3, respectively) does not affect

(13)
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the mean of I corresponding to o = 2. However, it affects the
statistics of o = 4 case.

Note that the cumulants in Case C or Case D are intractable
as the corresponding values of mean and variance tend to infin-
ity. This is consistent with the comments already made in e.g.,
[6], [10], where the interference has been shown to approach
a alpha-stable distribution (or Lévy distribution), when the the
protective region tends to zero (i.e., CLT cannot be applied).
In that situation the path loss model defined in (2) has a
singularity [27] at d = 0 and is generally not valid for d < 1,
as the wireless channel can not amplify the transmitted signal.
In this type of scenario, stable distributions have unbounded
(infinite) second-order moment due to that singularity. In [28],
a truncated-stable distribution has been very recently proposed
for smooth tails and finite moments, offering an alternative
statistical tool to model the aggregate interference in more
realistic scenarios without this singularity. Based on n?"A),
if R, and R3 are fixed and R; (i.e., PU) varies from the
center of the cell to the edge, the interference mean increases
much faster than with a linear trend. Therefore, one can expect
the average performance of the primary cellular network to
be much better inside than at the edge of the primary cell,
which is also intuitively correct. Since 552) — 0o while m§4’B)
remains finite as R3 — oo, we can analytically verify the
similar claim given in [10] as an observation. Moreover, in [4],
general semi-analytical expressions are provided to compute
the nth cumulant for Case D with Ry = 1, Voo > 2. Although
they are based on different channels and sensing techniques,
those integral expressions do not provide simple direct insights
and are not valid for scenarios such as Case A or Case B.

Figs. 2(a) and 2(b) compare the mean, the variance and
the skewness between the analytical results and corresponding
Monte-Carlo simulations averaged over 10° random simula-
tions. As can be seen from the figure, the first two moments
of the aggregate interference is more resilient to the variation
of R3 for PLE index o = 4 than o = 2.

C. Probability Distributions

To evaluate the PDF of the aggregate interference, a natural
method is to directly invert its MGF using the standard
Laplace inversion techniques. This approach, however, appears
intractable for general system configurations due to the com-
plexity of the MGF expressions (11) and (12). Nevertheless,
for the special case « = 4 Case D, the inverse Laplace of
M§4’D)(s) = exp (—v/svPsyAn?/2) can be found using
[29, eq. 2.2.1.9] to obtain the PDF and CDF of I already given
in [11, eq. 8]. Yet, it is important to note that infinite series
solutions for the probability distributions can be obtained for
general cases using the power series expansion method of
Laplace inversion given in [30, Chap. 4.2]. The main drawback
of this approach in practice is that such infinite series do not
converge rapidly and thus require a large number of terms for
numerical evaluations. Among other methods, there exists a
numerical Fourier inversion method based on the characteristic
function of I [31, eq. 3.6].

A useful alternative approach is to characterize the CDF
of I around the origin which is of paramount importance in
analyzing the performance of general CR systems. Thus, in
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Fig. 2. TIllustration of the effect of R1, R2 and R3 on the mean, variance
and skewness of the aggregate interference. Results are shown for A = 10~4
and Psy = 30dBm.

what follows we focus on obtaining the first order expansions
of the CDFs of I corresponding to = 2 and o = 4, for
Case A and Case B, respectively. To this end, we utilize the
initial value theorem along with the MGF of I. As such, for
a function f(t) having Laplace transform F(s), the initial
value theorem states lim;_,o f(t) = lims_, o sF(s). Before
proceeding, let us define the CDF of I as FI(O‘) (z) which in
turn gives the Laplace transform Mga)(s) /s. Now, invoking
the initial value theorem yields

()
lim Fl(a)(z) = lim 517(8) = lim Mga)(s).

z—0 §—00 S
It turns out that the behavior of the CDF of I around the
origin is governed by the behavior of the MGF of I at
infinity. Therefore, we consider the expansion of M?”( 1/2)
around z = 0, where z = 1/s. The following proposition
characterizes the behavior of the CDF of I pertaining to
a = 2,4 at the origin.
Proposition 3: The first order expansions of the CDFs of
corresponding to oo = 2 Case A and o = 4 Case B with finite
R3 are respectively given by

(14)

F;Q’A)(z) ~exp (—ATR32) + exp (—ATR32)
A ((R3 — R3) + 2R3 Rsy)
2Psy

2,
(15)
(4,B)
F; (z) mexp (—ATR32) + exp (— AT R32)
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Fig. 3. Comparison of the exact and first order expansion approximation

of Mj(1/z) around z = 0. The constant parameters are: A = 10~% and
Psy = 30dBm.

A (RS — RS)
3Psy
Proof: See Appendix B. ]

Remark: It should be noted that & = 4 Case D has been
excluded from Proposition 3. Clearly, under this scenario (i.e.,
when R3 — 00), the infinite series expansion (39) converges
only at the point z = 0. Therefore, we cannot simply set
R3 — oo in (15) to characterize FI(4’B)(Z) in the vicinity of
the origin.

The results in Proposition 3 reveal that there exists a
non-zero finite probability of having zero interference (i.e.,
Fr(0) = exp (—AwR32)) at the PU in a finite area cognitive
network for & = 2 and 4. This behavior of I has been unob-
served in the previous works, since the infinite R3 assumption
in turn gives F7(0) = 0. As such, for finite Rj3, the PDF of
I contains a discrete probability mass at the origin, which is
usually represented with a Dirac delta function. This behavior
stems from the fact that the number of SUs, N, is randomly
distributed according to the Poisson process (1). Thus, there
is a non-zero probability that N = 0, which intuitively
increases as the area becomes smaller, corroborating with
F1(0) = exp(—AmRs32). Obviously, this probability drops
rapidly in terms of radius because of the negative exponential.
Nevertheless, it is useful to know that the probability is not
simply zero. This behavior can be of paramount importance
in interference management, especially in small size systems.

Fig. 3 illustrates the accuracy of Proposition 3 for both o =
2 Case A and o = 4 Case B with A = 10~*%. Moreover, the
interferes radii are set to Ry = 1m and R3 = 2m respectively.
Clearly, the linear behavior of M;(1/z) around the origin
perfectly matches with the results given by Proposition 3.

Having armed with the various statistical parameters of I,
let us now focus in analyzing the PU performance in a finite
area cognitive network.

z. (16)

IV. PU SYSTEM PERFORMANCE

Here we investigate the performance of the primary system
based on the MGF developed in the previous section.

A. Outage Probability (Pous)

The outage probability is an important measure in deter-
mining the quality of service. It is defined as the probability
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that the instantaneous received SINR (signal-to-interference-
noise-ratio) v drops below a threshold g, i.e., Pout (V) =
Pr (v < ). Also, by definition Pyt (ym) = Fy (i) where
F, (vn) is the CDF of . The average received power at the
PU is defined as Ppyy. Thus, assuming unit variance noise” at
the PU, the instantaneous SINR at the PU can be written as

_ Ppy lhpul?
YPU = I+l
where [ is the aggregate interference due to SUs as defined in
(2) and |h pU|2 is the exponentially distributed power envelope
with unit mean. Furthermore, it is reasonable to assume that
| pU|2 and I are independent. Based on these assumptions,
ple) (V) can be written as

out
a I+1
P () =E; {Pr (|hPU|2 < %U)}

=5 { P (25 ) }

where the CDF of |hpy|” is (@) = 1 —exp(—x).
Finally, (18) can be written as

P (vo) = Er {1 _ exp <_M>}

Ppy

“Vth (@) “th
=1—exp| — M —_— .
P ( PPU) ! (PPU)

It is interesting to note that the primary user outage prob-
ability is explicitly governed b§ the MGF of the aggregate

A7)

(18)

19)

Tth

interference. Since M'®) o

< 1 for v4 > 0, a simple

“Yth )
Ppy )’

This in turn reveals that the interference due to SUs degrades
the outage of the PU.

Fig. 4(a) compares the outage probability between the
analytical (i.e., (19) with (11) and (12)) and simulated Monte-
Carlo results with several settings for both o = 2 and o = 4.
As can be seen from the figure, the impact of the secondary
network radius (i.e., R3) on the outage of the PU is more
significant for « = 2 than o« = 4. In the light of this
observation, we can conclude that the theoretically infinite
assumption for R3 can be a reasonable approximation for
propagation scenarios with relatively high PLE. Fig. 4(b)
illustrates the effect of the PLE on the outage of the PU. The
outage curves corresponding to the PLE indices 1.5, 3,4 and 6
are obtained by numerically evaluating (9) with (5) and (19).
It is easy to note that beyond o = 4, the outage results for
higher exponents are nearly similar. This in turn reveal that
the analytical results in the case of o = 4 can be considered as
good approximations to the propagation scenarios correspond-
ing to the PLE indices higher than 4. Note that if one consider
the additional shadowing effect, the investigations performed
in e.g., [6], [7], [15], have shown that increasing the standard

calculation gives

P () > 1 — exp (—

“For the sake of generality we do no omit the noise, since by increasing
the guard band (i.e., R2), the system will shift from an interference-limited
to the classical noise-limited environment. Note that scaling the noise simply
implies rescaling the powers, Ppy, and Pgy in (2).
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(b) Impact of @ on the outage of the PU; R = (20, 25, 500)m.

Fig. 4. Illustration of the outage probability. The constant parameters are:
A=10"% Ng =1, Ppy = 50dBm and Psy; = 80dBm.

deviation of the shadowing deteriorates the outage probability
at the PU. Thus, the results obtained here, considering only
Rayleigh fading, could provide a benchmark, i.e, a minimum
P,y to be expected.

B. Amount of Fading (AoF)

The AoF at the PU is an important performance measure
which quantifies the severity of the fading channel. By defi-

nition, it is expressed as [32]
AoF = (mg —m7) /m} (20)

where m1 and mo are the first and second moments of ypy,
respectively. Now the 1% moment can be written as

my® =B, {ypv} = E; {]EIhPU|2 {VPU}}

1
=PruBge (e} B { g |

The next challenge is to evaluate the expected value in (21).
To this end, we use the following representation

F o0
(p) _ / P lexp(—av)dv, p>0,2>0 (22)
xP 0

ey

with p =1 in (21) to yield
mgo‘) = PPU/ exp(—v)/\/lga)(v)dv. (23)
0

Although this integral seems analytically intractable for the
most general MGFs, a simple closed form solution can be
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Fig. 5. [Illustration of the AoF performance. The constant parameters are:
A=10"% Ny =1 and Ppy = 50dBm.

obtained for the special case @ = 4 Case D. Under this
scenario, using [33, eq. 3.462], we can obtain the exact closed-
form expression

2
w1 () () ()
(24
where ( = +/PsyAn?/2, and the complementary error
function is deﬁned as erfc(z) = 1 —erf(z) = 1 —
(2//7) fo exp (—t2)dt. Following a similar approach, the 2"
moment can be written as

méa) 'YPU {FYPU }

= 2PPU/ vexp(—v)/\/lga)(v)dv.
0

Using again [33, eq. 3.462], this integral can be solved in
closed form in the special scenario o = 4 Case D as follows

2
i) (5)

where Dp(z) is the parabolic cylinder function. Moreover,
using the three term recurrence relation (see e.g., [34, eq. 10])

AN e
with Dy(z) = exp(—2?/4) and D_i(z) =
exp (22/4) \/m/2erfc (z2/v/2), D_4(¢/V/2) can be expressed

SOENMEIE
(2 (§) (52

Finally, using (23) and (25) (for o = 4 Case D, (26) instead),
the AoF in (20) can be obtained.

Fig. 5 compares the analytical curves and Monte-Carlo
simulated curves for AoF performance. The analytical curve
for = 4 Case D is obtained from the closed-form expressions
based on (24) and (26), whereas o« = 2 Case A and o = 4
Case B are obtained by numerical evaluation of (23) and (25),
respectively. We can see that the effective channel of the PU
is more resilient to the variations in the SU power levels for

= 4 than a = 2. This effective channel hardening has
already been observed related to the outage probability of the
PU.

(25)

mitP) (26)

27)
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C. Diversity Order, Coding Gain and Asymptotic Behavior

It has been shown in [35] that for high SNR, the symbol
error probability (SEP) and the outage probability are dictated
by two key parameters: the diversity order and the coding
gain. The diversity order, G4, determines the slope of the SEP
versus average SNR curve, at high SNR, in a log-log scale. On
the other hand, the coding gain, G (in decibels), determines
the shift of the curve in SNR relative to a benchmark SEP
curve. In particular, under mild conditions and using polyno-
mial approximations, the SEP for high SNR can be expressed
as Py ~ (G.7)~¢?), where 7 is the average SNR. Similarly,
P,y can also be expressed as [35]

Pout(3) ~ (07) 7 (28)
where Og4 is called the outage diversity order such that
Oq = Gq4 and O, is the coding gain which differ by a
constant (in decibel) with G.. In what follows, we only focus
on the modeling of Po(ut) (vin) as described in [35]. Before
proceeding, let us define ¥ = Ppy and p = /7. Now the
following proposition gives the diversity order and coding gain
(array gain) of the PU.

Proposition 4: The diversity order and coding gain of the
PU corresponding to o = 2 Case A and o = 4 Case B, D are,
respectively, given by

0P =1,
1 RZ— R2\\
04 = — (1 - Psyrl R #R
c Y SUAT 111 R2 R2 ; 1 7é 25
o =1,
onB) = (1 + PsuAm (i - i)>l , Ry >0,
Y R R3
1
oD _ 1
d 2
1 (VPsuAn?\ >
oD = — (ﬂ) . (29)
Vth 2

Proof: Our objective is to obtain an expansion for
Pl (p) around p = 0 in the form

out

a
- pt+1 (30)

P(a)(p)zwrl

out

so that Og4 and O, in (281) are given, respectively, by Oq = t+1
o \ T

and O = Y (t+1
First let us consider the detailed derivation corresponding to

a = 2 Case A, since o = 4 Case B follows similarly. Rewrite
ple) () in (19) for a = 2 Case A as

out

P (p)

out

=1—exp(—p)

N <¢4pPsuR% T E(Bap) +E(Roup) ) e
V4pPsuR? + €2(Rs, p) + £(Rsp)

where £(z,p) = 22 — R} + pPsy. Now we use the Taylor
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Flg 6 Comparison of the analytical and asymptotic approximation of

ut (%h) using coding gain and diversity order parameterization. Results
are shown for vy, = 0dB, A = 104, Ny = 1 and Psy = 80dBm.

expansion of Pl (p) at p =0 to obtain

out

R% — R?
PEN ()~ 1— [1 + (—1 + PsyArIn (R2 RQ)) p:|

R3 - R?
<1 — PgyAmln <R2 R2>) p

which in turn gives the values corresponding to O,
Og A in (29). Clearly, the above expansion, is valid only
if Ry # Ry. This is because Po(utA) (p) is not analytic at
the origin for Ry = Rs. Therefore, we cannot analytically
quantify the diversity order and coding gain in that particular
scenario.

It turns out that the order of the first non-zero term of
the power series expansion of Péut )( ) =1 —exp(—p —
0.5Am2\/pPsy) around p = 0 is 1/2. The corresponding
results OgLD) and 0§4’D) now follows from the power series
expansion. [ ]

Interestingly, with non-zero protective region, the PU can
achieve the full diversity even with R3 — oo. However,
compared to finite area interferers, the achievable diversity
in the case of infinite area assumption with zero protective
region is reduced by a factor of half. This reduction in the
achievable diversity, which is a clear consequence of having
unprotected PU, is overlooked in all previous studies.

Fig. 6 compares the exact theoretical outage probability
given in (19) with the polynomial approximation given by
(28). At high SINR, the asymptotic approximations clearly
match with the exact outage probability curves, thereby veri-
fying our claim.

2.4) ;4

V. CONCLUSIONS

This paper has investigated the performance of a primary
user subject to Poisson distributed secondary user interferers
in a CR underlay system. In contrast to infinite interferers
area assumption in most of the previous studies, we have
analyzed a more realistic finite interferers area. Moreover, the
system model with configurable radii and the protective area
around the PU enjoys a wide applicability. By employing
the powerful MGF approach, first we have investigated the
statistical properties of the aggregate interference at the PU
due to SUs distributed in a finite area with PLE o« = 2
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and a = 4. In particular, we have presented new closed
form expressions for the MGF, first three cumulants, first
and second moments and first order expansions of the CDF.
The statistical properties reveal that the statistical moments
are more sensitive to the SU area radius in the propagation
scenario corresponding to @ = 2 than o« = 4. We have
subsequently applied the MGF to derive the performance
of the PU in terms of the outage probability and AoF as
well as the diversity and coding gains. It turns out that the
theoretical infinite interferers area assumption serves as a
reasonable approximation in many scenarios involving higher
PLE indices.

APPENDIX A
PROOF OF PROPOSITIONS 1 AND 2

A. Proof of Proposition 1
Following (9), the MGF corresponding to o = 2 can be

written as
L e
T r)dr
= /R 0

M®B)(s) = 31)

where

df
72+ R? — 2rRycosf + sPsy

g (r) =21 — 25P5U/
0

Using the transformation v = tan(6/2) and [33, eq. 2.172.c]
we have

2ms P,
g (r) = 27— 155y
\/(Rl + 7“)2 + sPsy
1
X . (32)

\/(Rl — 7‘)2 + sPsy
Substituting (32) back into (31) with some manipulation yields

QSPSU
32
R3
X /
Ro> \/72

Applying the transformation v = 72 in the above integral then
gives

M@ (s) =1-

rdr

+ (sPsy — R2))? + 4sPsy R?

SPSU

M@ (s) =1-
(s) R

/ dv
2 \/ (v + (sPsy — R2))” +4sP5UR2

This integral can be solved using [33, eq. 2.261] and substitut-
ing the result back into (5) with some algebraic manipulation
gives the MGF in (11). Now some trivial substitutions for
Ry, R2 and R3 yield the MGF expressions corresponding to
Case B and C.
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B. Proof of Proposition 2
Following (9), the MGF corresponding to & = 4 can be

written as
1 [
/ rg(4) (r)dr

M(4)(8) - TR32 Jp
2

(33)

where
™ df
@ (r) = 2r—2sP, /
g7 r) =2m=2sPsu | e cos B T b () o2 0

with bo(r) = (> + R?)? + sPsy, bi(r) = 4 (2 + R?) Ryr
and be(r) = 4R?r?. Using the transformation v = tan(6/2)
and the relation cosf = ((1—v?) /(14 v?)) in the above
integral then yields

(1 + vz) dv
v* + 2¢o(1)v2 + (1)
(34)

where c4(r) = bo(r) + b1(r) + ba(r), ca(r) = bo(r) — ba(r)
and co(r) = bo(r) — b1(r) + ba(r). Evaluating (34) with the
help of [36, eq. 2.2.10.4] and substituting the answer back into
(33) yields

@ (r) = 2w — 4sP, /oo
g\ (r) T sPsyr oo

M®(s) =1

B V2sPsy /R3 r
Bor e e () + Veaeo(r)

X ! + ! d
T
Veol(r)  ea(r)
Unfortunately, the above integral seems intractable for the
most general spatial configuration depicted in Fig. 1 (i.e., Case

A). However, we can simplify the above integral in the Case
B to yield

M(4)(S) —1_ 25 Psy /R3 .

R32 Ro rd + SPSU

Finally, (35) can be evaluated using [33, eq. 2.132.2] which

leads to the MGF given in (12) corresponding to the Case B.

Again, some trivial substitutions for R;, Ry and Rj3 yield the
MGF expressions corresponding to Case C and D.

rdr

(35)

APPENDIX B
PROOF OF PROPOSITION 3

First let us focus on obtaining the first order expansion for
a = 2 Case A. To this end, we use the substitution z = 1/s

in (11) to obtain

(2,A4) _ 1
M (1/z) = exp ( ZPSU/\ﬂ'hl 00 )

where

9(z,z)

4R2 (a:Q—R% )2 <x2—R% )
= z+ z+1) + z+1]).
\/PSU Psy Psy

Now we can use the Taylor expansion of Mgz’A) (1/z) around
z = 0 to obtain,

M(IQ’A)(l/z) ~ag 4 a1z 37
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where
ap = lim M(Q’A)(l/z) and a; = lim 4 (M(Q’A)(l/z))
2—0 1 z—0 dz 1 ’

Using the L’Hopital rule with some algebraic manipulation
gives

ag = 1imo./\/l§2’A)(1/z) = exp (—ATR32) .
z—
Taking the derivative of M?’A) (1/z) with respect to z yields

d
= (MPD(/2) = PodrMPD(1/2)
Q(z, R3)Q (2, Ry)
2Q(z, R2)Q(z, R3)
Q(z, R2)Q (2, Rs)

2Q(z, R2)Q(2, R3)
+ln Q(z, 3) —In Q(%Rz))

22
where
2R? | z®’-R? (2*>-R?

Q/ (z x) - x2 - R% Psu Psy Psu z+ 1
,x) = .

Psu 4R2 22 R? 2

z+ z+1
Psu Psu

Again, using the I’Hopital rule gives

Jim & (MgZ’A)(l/z))

z—0 dZ
= PsyAmexp (—AmRs2)
Q(z, R3)Q (2, Ry) — Q(z, R2)Q (2, Rs)
220Q(z, R2)Q 2, R3) '

The above limit can be evaluated with the L’'Hopital rule to
obtain

x lim
z—0

M ((R4 — R3) + 2R}R3;)
2Psy '

a1 = exp (—ATR32) (38)

Applying the same variable transformation, z = 1/s, as
before and using the Taylor expansions of arctan(R3/v/sPst/)
and arctan(R3//sPsy) [33, eq. 1.643.1] in (12) yield the
MGF corresponding to o = 4 Case B as

X (_1)k RikH2 _ ik
M(4’B)(1/z):exp =\ ( 3 2R3
! kzzo 2k +1 Pk,
(39)

Clearly, the choice of |z| < Psy/R3 (i.e., R(s) > R3/Psy >
0) guarantees the convergence. Now, the first two coefficients
of the power series expansion of (39) around the origin give
FI(4’B)(2), which concludes the proof.
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