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Abstract—This paper presents a comprehensive performance
analysis of dual-hop multiple-input multiple-output amplify-and-
forward relay networks with hop-by-hop beamforming. The im-
pact of practical transmission impairments; (i) feedback delays,
(ii) channel estimation errors and (iii) spatially-correlated fading
on the system performance is studied. Specifically, the amount of
performance degradation due to these impairments are quantified
analytically. To this end, a general closed-form expression for the
cumulative distribution function of the end-to-end signal-to-noise
ratio is derived and used to obtain the outage probability, and the
average symbol error rate (SER). Further, the asymptotic outage
probability and average SER are derived to obtain valuable
system-design insights such as the diversity order and array
gain. Numerical results are presented to show the detrimental
effect of imperfect channel state information on the system
performance. Further, our analyses are validated through Monte-
Carlo simulations.

I. INTRODUCTION

Cooperative multiple-input multiple-output (MIMO) relay
networks are currently receiving significant research interest
and being investigated for emerging wireless system standards
such as IEEE 802.16m WiMAX and Long Term Evolution
(LTE)-Advanced [1]. Transmit beamforming can be employed
to improve the performance of dual-hop MIMO relay net-
works, particularly because of its robustness against severe
effects of fading [2]. In dual-hop MIMO relay networks, this
robustness is achieved by steering the transmitted signal along
the maximum eigenmodes of the source-to-relay (S — R)
and relay-to-destination (R — D) hops. Nevertheless, a com-
prehensive performance analysis of hop-by-hop beamforming
for dual-hop MIMO amplify-and-forward (AF) relay networks,
which allows the possibility of using all MIMO-enabled ter-
minals and considers practical transmission impairments such
as spatially-correlated fading, channel estimation errors, and
feedback delays, is not available in the literature.

Prior related research: Although the hop-by-hop beam-
forming has already been employed for dual-hop MIMO AF
relay networks [3]-[6], these studies limit the relay (R) to a
single-antenna terminal. In [3], the performance of beamform-
ing for dual-hop (channel-assisted AF) CA-AF relay networks
over independent Rayleigh fading channels is investigated.
Reference [4] extends [3] by considering spatial correlated
fading among antenna elements at the source (S) and R.
Further, in [5], the performance of the system set-up in [3]
is studied over Nakagami-m fading channels. Reference [6]
investigates the performance of beamforming for fixed-gain
AF relay networks over Nakagami-m fading channels.

In addition to the above studies, [7] analyzes the perfor-
mance of dual-hop CA-AF beamforming and its equivalent

systems by using several antenna configurations at S, R and
destination (D). However, in all these system set-ups, at least
one terminal is limited to a single antenna. Moreover, [§]
studies the effect of multiple antennas at S on the outage
probability by using maximal ratio transmission (MRT) for
the S — R channel, and [9] extends this study to investigate
the effect of feedback delays on MRT beamforming. Although
the system set-ups in [8], [9] employ multiple-antennas at S,
both R and D are single-antenna terminals.

Motivation and our contribution: As mentioned above,
the hop-by-hop beamforming AF system models considered
in [3]-[9] employ at least one single-antenna terminal. Thus,
the achievable diversity and array gains in the relay channel
are not optimal. Further, all the previous analyses except [9]!
make the ideal assumption of the availability of perfect CSI. In
our analysis, this ideal assumption is replaced by more realistic
ones, and the gaps in the performance analysis of beamforming
in MIMO AF relay networks are filled by employing MIMO-
enabled S, R, and D. We provide a comprehensive perfor-
mance analysis, which includes exact and asymptotic end-
to-end (e2e) performance metrics, and the impact of spatial
correlation, outdated channel state information (CSI), and
channel estimation errors on the system performance.

More specifically, in our system model, all three terminals,
S, R and D, are equipped with Ns;, N, and N, antennas,
respectively. First, a closed-form expression for the cumulative
distribution function (CDF) of the end-to-end SNR (e2e SNR)
is derived and used to derive the outage probability and
average symbol error rate (SER). In order to obtain direct
insights about the valuable system-design parameters such as
the diversity order and array gain, the asymptotic performance
metrics, which are exact in high SNRs, are derived as well. The
impact of spatially-correlated fading among antenna elements
is studied. In particular, an asymptotically exact tight outage
probability lower bound is derived by considering the arbitrar-
ily correlated transmit and receive correlation matrices at each
terminal. In order to quantify the amount of degradation due to
antenna correlation with respect to the uncorrelated antennas,
the asymptotic outage probability and average SER are also
derived for correlated fading case as well. Numerical results
are provided to investigate the degree of degradation of sys-
tem performance due to practical transmission impairments:
(i) spatially-correlated fading, (ii) feedback delays and (iii)
channel estimation errors. Our results shows that the system

IThe analysis in [9] is limited and considers the feedback delay effect on
S — R for CA-AF relay networks having multiple-antenna .S, and single-
antenna R and D.
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performance degrades significantly due to these impairments.

Notations: K, (z) is the v-th order Modified Bessel func-
tion of the second kind [10, Eq. (8.407.1)]. 2 (v, ¢;; 2) is
the Gauss Hypergeometric function [10, Eq. (9.14.1)].

II. SYSTEM MODEL

We consider a dual-hop AF relay network with MIMO-
enabled S, R and D having Ng, N, and N, antennas,
respectively. The channel matrices from S — R and R — D
are denoted by Hz|l2:1- The channel gain from the j-th
transmit antenna to the ¢-th receive antenna is denoted by
hy? and is assumed to be independent and identical Rayleigh
fading unless otherwise stated; h;J ~ CN(0,1). Moreover,
the additive noise at the terminals is modeled as complex zero
mean white Gaussian noise. All the terminals operate in the
half-duplex mode, and e2e data transmission takes place in
two time-slots. The direct link from S — D is assumed to be
unavailable due to heavy shadowing and path-loss.

In practical MIMO beamfoming systems, the estimated
channel matrices are generally perturbed by the addition of
Gaussian errors due to channel estimation errors. Further, the
beamforming vectors could be selected by using outdated CSI
matrices due to feedback delays. The channel matrices having
these two practical transmission impairments can be modeled
as follows:

1) Feedback delay: In practice, the feedback channel from
the receiver to transmitter experiences delays. We thus assume
that the first hop beamforming vectors, u; and v, are selected
by using the 71-delayed channel matrix H; (¢ — 71), and the
second hop beamforming matrices, us and vs, by using 7o-
delayed Hy(t—72). By following a commonly used model, two
channels can be modeled as H; (¢ )\12 1 =pH(t—7)+Eqy,
where p; is the normalized correlation coefficients between
hy7(t) and h” (t —m), and for Clarke’s fading spectrum, p; =
jo(?’lr fim)s Where /1 is the Doppler fading bandwidth [11].
Further, E;; is the error matrix, incurred by feedback delay,
having mean zero and variance (1 — p?) Gaussian entries.

2) Channel estimation errors: In general, orthogonal pilot-
assisted channels estimates age perturbed by Gaussian errors

= Hl + AH[, where AH[

is the error matrix having mean zero and variance o2,

and can be modeled as fll‘

Gaussian entries. Thus, the estimated channel matrix H; is
Gaussian distributed with mean zero and variance 1 + ag .

Further, le‘J and hf’j are jointly Gaussian distributed with a
normalized correlation coefficient of 1/,/1 + oil. The actual
channel matrices can be written in terms of their estimates as
Hl|l2:1 = gH, + E.;, where ¢, = 1/(1 + 05,1)» and E.
is the Gaussian error matrix having mean zero and variance
0’3,1/(1 + ag’l) [12].

The above two channel models can readily be expressed in
a general form as follows:

Hl|12:1 =9, H, + §Ey, (N
where H; and fIl are the actual and estimated channel
matrices, and E; is the error matrix, and all three have zero
mean and unit variance i.i.d. Gaussian entries. The parameters

¥; and & account for the channel estimate quality and can
be explicitly given for the two cases: (i) feedback delays:
9y =prand § = /1 — pl2, and (ii) channel estimation errors:
9 =1/4/1+ JSJ and & = Jz,l/(l + UEJ).

In the first time-slot, S transmits the symbol X, having
E{[|X[?]} =1, and R receives Yy as

YRZIAI{I|:\/ PlHl\Ale + Illi|

:ﬁ{{{\/ﬁéglﬂl +§1E1> \Ale—i-nl:I :191 P1X1X+flR,(2)
where ; and V; are the transmit precoding and receive
filtering (beamforming) vectors> at S and R, and selected by
using the imperfect channel matrix H; as the first columns of
U, and Vy, respectively, corresponding to the largest singular
value of I:L Here P; is the transmit power at S and ny can be
considered as the effective Gau551an noise component having
mean zero and variance O'A = P1&3 + o7 [12]. Further, A
is the largest eigenvalue of the Wishart matrix H1 H;. In the
second time-slot, R amplifies the received signal Y with a
gain G and forwards to D again by using beamforming. The
signal received at D, Yp is thus given by

YD :ﬁg [GHQ\AIQYR-‘FDQ]: G191192 \/ Pl X15\2X+flp, (3)
where P, is the transmit power at R and np is the effective
Gaussian noise component having mean Zero and variance
02 = GPPIAY3EE + G302 + G2&2o2, + 03. Again,
the beamforming vectors us and V2 are selected by using the
imperfect channel matrix Hj as the first columns of Uy and
\72. Further, 5\2 is the largest eigenvalues of Wishart matrix
I:IQI:I£{ . After some trivial mathematical manipulations, the
e2e SNR ., can be derived as

P3P 1935\2
AMY3EE + Ma302 + o

Yeg = a @

TLR

Now, the relay gain in (4) is set to G1 = 732/(7)1)\1 +0?),

and the e2e SNR can be derived as

Yoy = Y172 )
ay et s
Poe29? +a‘ ngg(Plf%JrU )+0102
h — 26271772 F
where a = P(Pai+ot)’ and = o eiron) (racion) LU
P197 A1 PoZia .
ther, 1 = PreTiol +02 and vy, = PreZrol are the instantaneous

SNRs of S — R and R — D hops having average SNRs
P93 P93

M= Preitol and vy = 7+

Alternatlvelly, if the relay Ras the knowledge of the channel
estimation error variance and long-term feedback channel
statistics (i.e., ¥; and &), then the relay gain can be set to
Gy = 732/(7711925\1 + P12 + 07). Now, (4) can further be
simplified to obtain the e2e SNR as 7., = %, where
~v1 and o are defined as in (5). Further, (5) can handle the

=0.

=1

perfect CSI cases when pl|l ;=1and o l’

2The smguldr value decornpomtlons of H1 and H2 are given by H, =
U121V and H2 = UQEQV . Here 21 and 22 are N, X Ng and
Ng x N, diagonal matrices having the largest singular values v/A1 and v/Aa,
as the first elements on the main diagonals, respectively. Further, U1, V1, U2z
and Vg are unitary square matrices of sizes N, X Ny, Ng X Ng, Ng X Ny,
and N, X N,.
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III. PERFORMANCE ANALYSIS

In this section, the performance analysis is presented. First,
the statistics of the e2e SNR are derived and used to derive
the performance metrics.

A. Statistical characterization of the end-to-end SNR

The exact CDF of the e2e SNR (5) is given by (see
Appendix for the proof)

Sy ey

a,b,k,l,m u=0v=0
utvtm+l  mA42bfu—vtl
A

d1 (CL b)dQ(k l)

M
2

F

’qu

(k

$+6)7n utvtl

X )u+v+m+1
2

_ ) 2b7u7;)+m+1 (

(M

% efx(%+%) Ku+v—m+1<2

72

ake(aztp) )> L ©
Y172

Inln(N N, )~ (Ns+N,)a—2a? —min(N,,N,)
whereZabkzm—Z pr [Ns—Ny| k=1
(Ne4+Ng)k—2k? I SN2
Si=N, N, 2om=o and the coefficients di(i,j)[;_;

satisfy d;(i, j)= me(N M) ZgNlJ;VMJ\Z 20 d;(i,7)=1 and can

readily be computed by using the efﬁ(:1ent algorithm in [13].
B. Outage probability

The outage probability P,,; is the probability that the
instantaneous e2e SNR ~,q falls below a threshold ~;;. Thus,
Pyt can be obtained as Poyui = Pr(veq < vin) = Fy., (i),
where F,_, (7¢n) denotes the CDF of ~., (6) evaluated at 7.

C. Average symbol error rate

The average SER P, can be derived by averaging the
conditional error probability (CEP) P, (y) over the PDF
of the e2¢ SNR; P, = &, [P.(7)]. The CEP for a
wide range of modulation schemes is given by P.,(z) =
nQ(v/{~), where n and ¢ are modulation-dependent con-

stants. By using integration by parts, P, can be simplified

as P, = fo T F,,, (z)dz. An asymptotically
exact lower bound for the average SER is derived by substi-
tuting (6) with 3 = 0 into the integral representation of P.
and evaluating the integral by using [10, Eq. (6.621.3)] as

pio_ T \[ Y3 ’“**’ (") d1<a b)ds (k. 1)

u— 'm. 2b—1
tml(a) 2
a,b,k,l,m u=0 b m!(

)u+m+1
_ 2b— u+'nL+1 u+m+1 (/J” ?w? )7 Where (7)
M) = () =
— 3 —_S$,a ak aak
M_m+b+2’y_u m+1’w_2+’71+72’w Y1y2 "

1) Asymptotic outage probability: To obtain direct insights,
the asymptotic outage probability can be derived as

N, N,
(21(%) —|—0(7 (N<Nr H)) N, < Ny

5
NN,
P, = Qz(%> +o(7NNAD) N,=Ny=N (8)
NN,
93(%) +o (37 WNaMr ) N > Ny,
_ ny(n1) _ Iy, (n1)
Whel‘eFQ1(—)F711 (mi1+n1) (k) NsNr 2 QQ - Ffll(m1+n1)(k1)NN7' +
no (N2 no (M2
T, (m2+2n2)(k2)NN.,, , and 3 Fn2(7n2+72;2)(k2)NdN7' . Here

Lo(b) =[I;_,T(b—i+1) is the normalized complex multi-
variate gamma function. Further, m; = max(Ng, N,.), ma =
max(N,, Ng), ny = min(N;, N,.), and ng = min(NT,Nd)

2) Asymptonc average SER: In the high SNR re(%lme the
average SER can be approximated as P> = (3G,) , Where
G, is the diversity order, and G, is the array gain. By using
(8) and the integral expression of P. in Section III-C, the
asymptotic average BER is derived as

7 (C7)NsNr ’ s
poo: Qon2NNr= IF(NNI‘+%)+O(7}/—(NNT+1)) N:Nd:N (9)
e REORRG e
Q32N NaTID(N, Na+3) ~—(N.N,
N LG 22 4o (5 ( dﬂ)) , Ny > Ny.

Now, by using (8) and (9), the diversity order and array

gain are obtained aslGd = N, min(N;, Ng) and G, =

2% 'D(Gat}) ) Ga 3
/A% , where (|;_, stands for the three

cases defined in (8).
D. Impact of correlated fading among antenna elements

In this section, the impact of correlated fading among the
antenna elements of S, R and D on the system performance
is investigated. Assume that H; and Hs undergo flat spatially
arbitrary-correlated Rayleigh fading. Then H; and Hy can be
decomposed accordmg to the Kronecker correlatlon structure
as follows: H; = T2H1<I> and Hy, = T2H2 5, where
T, and YT are the transmit correlation matrices at .S and R,
and ®; and P, are the receive correlation matrices at R and
D, respectively. Further, H;, ~ CN(0n,xn,, Iy, ®Iy,) and
Hs ~ CN(ONdeTINd & INT)-

1) CDF of the e2e SNR: The exact CDF of the e2e
SNR is mathematically intractable. However, the CDF of an
asymptotically exact upper bound of the e2e SNR can be
derived. By using the SNR upper bound, 7., < ’y“b =
min (71,72), the CDF of 2 can be derived as F. e (@ ) =
1-(1-F,(x)(1— Fn,z(x)) where F,, (x) and sz( ) are
the CDFs of the first and second hop SNRs and given by [14]

2
(1) Ty ) det ()" et ()" det(l,(2)| (10)
Anz(TZ)Amz(q)l) (x/,ﬂ)"l(”l_l)ﬂ ‘l:l

where Ap(-) is a Vandermonde determinant in the eigenval-
ues of the k-dimensional matrix argument, and the (4, j)-th
element of U; (x) is given by [14, Eq. (1)]. By evaluating
Flw (z) at 7y, a tight outage probability lower bound can
readlly be derived.

2) High SNR analysis: In order to quantify the amount of
performance degradation due to spatial correlated fading, the
asymptotic outage probability and average SER are derived.
The asymptotic outage probability, when each channel under-
goes correlated fading, can be derived by replacing Qlﬁ':l in
(8) with

(@)= =

Ty, (n1)

=5 (T1)™1idet (¥1)"1T, Bm1+n1)(k1)NsN7v7 Ns < Ng
Q/ Ly (01
det (T1)midet (¥1)"1 Ty, (m1+n1)(k NN
0= (T1) IE 21()n2) (m1+n1)(k1) . _S\lfl)
+det(T2)m2det(\1}2)7'7«211”2(7(7124;77’2)(]62)1\71\[7 s=INg=
r no
Q/ det (Y2)™2v det (\112)"2I‘n2(m2+nz)(k2)N,in aNs > Nd~



This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE ICC 2011 proceedings

Analysis
“““ Asymptotic
©  Simulation

N =2, N=2,N =2
=2 N2 Ny

Average BER

N =2,N=2,N =4
s 4 o

N =3,N=2,N =4
s 4 o

7 L L L L L L
-10 -5 0 5 10 15 20 25
Average First Hop SNR

Fig. 1. The average BER of BPSK of MIMO beamforming AF relay networks.
The hop distances are L1 =2L> and the path-loss exponent is w=2.5.

The asymptotic average SER can readily be derived again by
substituting the above Q“?:r into (9). Although the diversity
order of the system remains the same regardless of the amount
of correlation, the array gain significantly reduces with respect
to the uncorrelated fading by factors of ;/Q), Q2/€, and
03/Q% for the cases Ny < Ng, Ny = Ng, and Ny > N,
respectively (see Section IV).

IV. NUMERICAL RESULTS

This section presents the numerical results and verifies
our analysis through Monte-Carlo simulations. To capture the

effect of the network geometry, the _average SNR of the i-th

hop is modeled as %| =% (%)

transmit SNR, L is the reference distance, and w is the path-
loss exponent. The distances between the terminals S — R,
and R — D are denoted by L; and Lo, respectively.

1) Diversity order and array gain: In Fig. 1, the average
bit error rate (BER) of binary phase shift keying (BPSK) is
plotted for the perfect CSI case (p; = 1 and 02, = 0). An
ideal CA-AF relay (¢« = 1,8 = 0 in (5)) is treated and
the BER curves are plotted by using (7). The asymptotic
average BER curves are also plotted to depict the valuable
system-design parameters such as the diversity order and array
gain. The asymptotic BER curves clearly show the diversity
gains obtained by different antenna set-ups at each terminal.
Specifically, the asymptotic BER curves corresponding to
Ny=2,N,=2,N;y=2,and Ny, =2, N, = 2, Ny = 4 reveal
that the diversity order of both set-ups is the same (G4 = 4),
and thus verify our diversity analysis G4 = N, min (N, Ny).
However, the latter network set-up experiences a higher array
gain than that of the former because of the two additional
antennas at D.

2) Impact of correlated fading on the outage probability:
Fig. 2 shows the effect of correlated fading among the antennas
at S, R and D on the outage probability. The transmit and
receive arbitrary correlation matrices Y1, To, U1 and W, for
uniform linear antenna arrays at .S, R and D are constructed by
using [15, Eq. (4)]. The amount of spatial correlation between

, where 7 is the average

10' T T T

Exact (Simulation)

= = = Lower Bound (Analytical)
' Asymptotic
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s i d
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Fig. 2. The impact of spatial correlation on the outage probability. The hop
distances are L1=Lo. and the path-loss exponent is w0 =2.5.
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Fig. 3. The impact of outdated CSI on the outage probability. The hop
distances are L1 = 2L and the path-loss exponent is w = 2.5.

adjacent antenna elements then can be quantified by using their
relative antenna spacing (1, l2), angular spreads ((735717 025,2),
and the angle of arrival or departure (61, 65). Three different
correlation scenarios are obtained as (a) high correlation, (b)
medium correlation, and (¢) low correlation. Since [; and
ly are the relative antenna spacing, and 0(3571 and 028,2 are
the angular spreads, smaller values of [y, lo, 02, ; and 07, ,
result in higher spatial correlation [15]. The asymptotic outage
curves reveal that the amount of correlation does not affect the
attainable diversity order, but the array gain is severely affected
by higher correlation. Our outage lower bounds are tighter in
moderate-to-high SNR regimes, asymptotically exact at high
SNRs, and provide valuable system-design insights.

3) Impact of outdated CSI on the outage probability: In
Fig. 3, the impact of outdated CSI due to feedback delay on
the outage probability is shown. The relay does not have the
knowledge of feedback channel statistics p;. The beamforming
vectors at S, R and D are selected based on the outdated
CSI received via the local feedback channels R — S and
D — R with time delays 7; and 72. Several outage curves
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are obtained by changing p; and ps, where they are related
to the time delays by following Clarke’s fading model. Thus,
P1 = .,70(27Tf1’7’1) and P2 = j0(27Tf27-2), where fl and f2
are the Doppler fading frequencies. The outage performance
degrades significantly even when the feedback channels expe-
rience slight time delays. In fact, the achievable diversity gain
diminishes completely whenever there exists even a slight time
delay in either the R — S or D — R feedback channel.

4) Impact of channel estimation errors on the average BER:
Fig. 4 depicts the effect of channel estimation errors on the
average BER of BPSK. The channels S — R and R — D are
modeled by using (1). Even a slight estimation error in either
channel degrades the BER performance significantly. When
the estimation error is assumed to be fixed, the BER curves
exhibit error floors as the average first hop SNR increases.
However, in practice, the estimation errors are inversely propo-

2
sitional to the pilot symbol SNR, afl x (E—g)(l , where
) o :1

1
E, is the pilot symbol power and o7 is the noise variance.

Specifically, when the variance of the Gaussian estimation
errors decreases as the SNR of the data symbols increases (the
pilot symbols have the same energy as the data symbols), the
error floors do not occur and the achievable diversity order
is persevered; however, the array gain is severely degraded.
Two types of relay gains, G; and G, are treated. Specifically,
G does not have the knowledge of channel estimation error
variance O’e ;» Whereas G2 does. Fig. 4 shows that the relays
having the knowledge of ae’ ; always perform the best.

V. CONCLUSION

The performance of hop-by-hop beamforming for dual-hop
MIMO AF relay networks was studied. The effect of spatially-
correlated fading, feedback delays and channel estimation
errors on the system performance was derived, thereby quan-
tifying the amount of performance degradation. Our results
show that these practical transmission impairments result in
significant performance degradations. Valuable system-design
parameters such as the diversity order and array gains were de-
rived by using our asymptotic analysis of performance metrics.
Our analytical and simulation results provide valuable insights
for designing practical dual-hop MIMO relay networks with
beamforming.

VI. APPENDIX

The CDF of 7., in (5) can be derived by using F,, (z)=
1-,° F%(M)f% (z4x)dz, where f,, (x) is the PDF
of 71 and [, () is the complementary CDF of . In order to
derive I, (), one needs the closed-form statistics of A; and
Az, the largest eigenvalues of the central Wishart matrices. By
using [2], f, (z) can be obtained as

min(Ng,N,.) (Ns+N,)a—2a?

Falw) = Y S Chh@h) e

2 &, G

Similarly, F ,(x) can readily be derived as
min(N,,Ng) (N.+Ng)k—2k?

Faw)= Y 3 Zk% (k, 1) xmef%,(m

k=1 I=|N,—Ny| m= 0

12)

T T
Lower Bound - Relay Gain G, (Analytical)

.+ Lower Bound - Relay Gain G, (Analytical)

- — - Exact - Relay Gain G, (Simulation)

~ .~ Exact - Relay Gain G, (Simulation)

Asymptotic BER

for Perfect CSI N =2,N=2N,=2

-1
2 _ (Ep
gi1= (7‘{) 02

o2, =0.05, 6% =0.049
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Average BER
3
T

2 _ 2 _
G4 =0:022, 5 ,=0
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Fig. 4. The impact of channel estimation errors on the average BER of BPSK.
The hop distances are L1 = 0.75L2 and the path-loss exponent is = 2.5.

where d(a, b) and dy(k, 1) are defined in (6). Now, by substi-
tuting (12) and (13) into the integral representation of F,_ ()
and evaluating the integral by using [10, Eq. (3.471.9)], the
desired result in (6) can be derived.
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