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Channel Estimation for Two-Way Relay Networks
under Time-Selective Environment

Gongpu Wang, Feifei Gao, Wen Chen, and Chintha Tellambura

Abstract—In this paper, we consider the problem of channel
estimation for two-way relay networks (TWRN) under time-
selective environment. We first parameterize the time-varying
channels by the basis expansion model (BEM) and then propose
a novel pilot symbol aided modulation (PSAM) for TWRN. A
linear approach to estimate the cascaded channels is designed and
the optimal training sequences are derived based on minimizing
the mean-square error (MSE) criterion. Moreover, we develop
an algorithm to recover the individual channel knowledge with
which both the channel estimation accuracy and the system
performance can be improved. Various simulations are provided
to corroborate the proposed studies.

I. INTRODUCTION

Recently, two-way relay network (TWRN) has attracted lots
of attention due to its enhanced spectral efficiency compared to
its one-way counterpart [1]. Like any other wireless communi-
cation systems, a TWRN performs better with better channel
estimates.

Assuming the block-fading channels, [2] and [3] addressed
the problems of channel estimation for TWRN under flat-
fading and frequency-selective fading environment, respec-
tively. However, moving relays or moving mobiles are more
typical scenarios for TWRN, since the relative motion between
any two nodes doubles the Doppler effect [4]. This places the
demand of estimating the time-varying channels that is usually
achieved by with the aid of the periodical training scheme, also
known as pilot symbol aided modulation (PSAM) [5].

The time-varying Rayleigh fading channels are usually
described by Jakes model [6]. To reduce the number of
parameters, two approximations of Jakes model have been
proposed in the literatures: autoregressive (AR) process or
basis expansion model (BEM) [7]. AR model describes chan-
nel variation through a symbol-by-symbol updating manner.
On the other hand, BEM expresses the time-varying taps into
superposition of the time-varying basis functions weighted by
time-invariant coefficients.

In this paper, we will focus on BEM and address the
problems of channel estimation as well as training design
for TWRN. We propose a novel PSAM that is particularly
suitable for TWRN under time-selective environment. We then
developed the channel estimation prototype such that a linear
estimator can be applied for the cascaded channels. The opti-
mal training sequences are then derived based on minimizing
the channel mean square error (MSE) criterion. Moreover, we
propose to recover the individual channel knowledge and then
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re-construct the cascaded channels. Finally, simulations are
provided to corroborate the proposed studies.

II. PROBLEM FORMULATION

Consider a TWRN with two source nodes T; and T, and
one relay node R. Each node has only one antenna that cannot
transmit and receive simultaneously. The baseband channel
from T;, ¢« = 1,2 to R is assumed as time-selective flat-
fading and is denoted by h;(n), where n is the discrete
time index. Moreover, the channels are modeled as wide-
sense stationary (WSS) zero mean complex Gaussian (ZMCG)
random processes with variances 0,2”. Due to reciprocity, the
channel from R to T; is also h;(n).

A. Time-Varying Channel in Relay Network

The channel statistics in relay network depend on the
mobility of the three nodes. Denote f;1, fq2 and fg,- as the
maximum Doppler shifts due to the motion of Ty, Ty and R,
respectively. The discrete autocorrelation functions of h;(n)’s
can be computed as [8]

Ry, (m) =E{h;(n+m)hi(n)}

=0, Jo(2m faimTy) Jo (27 farmTy),i = 1,2, (1)

where Jy(-) is the zero-th order Bessel function of the first kind
and T is the symbol sampling time. The power spectrum of
h;(n) then has the bandwidth f; = f4; + far [8].

With the knowledge of the spectrum bandwidth, the parsi-
monious finite-parameter BEM can be applied to approximate
the time-varying channels, and h;(n)’s during any N7y inter-
val are modeled as

Q1 Q2
hi(n) = Aqwi(g), ha(n) =Y pqwa(q), ()
q=0 q=0
where 0 <n < N —1, A;’s and p,’s are the BEM coefficients
that remain invariant within one interval of N7, but will
change in the next interval, while w;(q)’s are the bases that
capture the time variation and will remain the same for any
time interval. The most widely adopted bases are the Fourier
bases [9], and the channels can be explicitly modeled as

Q1

hi(n) = Z A@2ma= QAN < < N -1, (3a)
q=0
Q2

ha(n) = Zuqeﬂ”(q_Q?/Q)”/N, 0<n<N-1. (3b)
q=0
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Fig. 1. Structure of one transmission frame.

The number of bases @; should be at least 2[f; NTs|. To
simplify the discussion, we assume f; = f» = f; and
@1 = Q2 = Q. Nevertheless, the proposed principle can
be straightforwardly extended to more general cases. The
bases then contain @) + 1 carriers {ej“’qn}quo with w, £
27(g - Q/2)/N.

B. Proposed PSAM Strategy

Fig. 1 depicts our propose transmission model for time-
varying TWRN, where a time interval N7y is divided into
several equi-length sub-blocks. Specifically, T; divides its data
block, containing both the information symbols and the pilot
symbols, into K sub-blocks, each with length M = N/2K.
After sending the kth sub-block, T; will receive the sub-block
sent back from R before it sends the (k + 1)th sub-block. We
will name the kth sub-block sent from T; as the kth transmitted
sub-block (TSB) while name the kth sub-block received at T;
as the kth received sub-block (RSB).

Symbol-wisely, we would like to use an unique time
n € {0,...,N — 1} to represent the time slot for both
the transmitting and the receiving period. For the ease of
discussion, we define the overall information symbol and pilot
index sets for TSB as D; and 7;. Similarly, define D,. and 7,
as the overall information and pilot symbol index sets for RSB.

Represent the data symbols sent from T; by s;(n), n €
D:|J7;. Assume that the information symbols from T; have
the average power P, i.e., E{|s;(n)|?} = P;, ¥n € D;, while
the total training power from T; is P, 1, i.e., Y o7 [si(n)[> =
P; +. With perfect synchronization, R receives

r(n) = hi(n)s1(n) + ha(n)sz(n) +wy(n), n €Dy U’Tt,

where w,(n) is the circularly symmetric complex Gaussian

(CSCG) noise with variance o2, If the average transmit power

of R is P,, then the received signal will be scaled by a factor
n €D

P’V‘
ail P +J,212 Py+o02 r 4
! 0

a(n) =
) 5 = n e,
0% Pro/ITi1+07, Pai /Tl +02

to keep the power constraint, where |7;| is the cardinality of
the set 7;. Due to symmetry, we only present the estimation
procedure at T;. The received signal is

y(n) = a(n)hi(n)r(n — M) + wi(n)

= a(n)hi(n)hi(n — M)si(n — M)

a(n)hi(n)ha(n — M)sy(n — M)
a(n)hi(n)w,(n — M) +wi(n), ne€ DTUTT, ®)

w(n)

where w1 (n) is the CSCG noise at Ty with variance 0%, and
w(n) denotes the overall noise.

C. On Channel Estimation
Applying (3), we rewrite (5) as

Q Q
n) Z Z MpAge IwaM pi(@otwan o) (N

p=04¢=0

b1 (n)

Q Q
) DY Appge M It sy (n— M)+ w(n)
p=0 g=0

ba(n)

(n) ZXQ: ( Z )\p)\qefj“"?M)eje’"”sl(n — M)

m=0 p+g=m

z1(m)

( Z Appige s M )6]9’"" 2(n — M)+w(n),

m:O pt+g=m

z2(m)

neDJT, ©

where 0, = 27(m — Q)/N, while b;(m) and xz;(m) are
defined as the corresponding items. When deriving the last
equality in (6), we use the property that w), +w, = wy + wy
whenever p+q=p +¢'.

Define

x; = [2;(0), z;(1),...,2;(2Q)]",
T = diag{e 7woM emdwrM miwa My
A:[A(%)\lv"w)\Q]Ta u’:[/’LOvula"'vl’LQ]Ta

and define A as the (2Q + 1) x (Q + 1) Toeplitz matrix with

the first column [A”,0;,]”. We can explicitly express the
convolution as

=AR(TA) =ATA, x2=A® (Tu)

Since directly estimating A, and ji, from (6) requires com-
plicated non-linear processing, we propose to first estimate the
equivalent BEM coefficients x;(m) (with 4Q + 2 unknowns)
and then recover the original BEM coefficients Ay, 144

=ATpu. (7)

ITT. CHANNEL ESTIMATION ALGORITHMS

Let us specifically define the indices in 7, as ng < nj ... <
np, where T+ 1 = |7,.| denotes the total number of pilot sym-
bols in RSB. The corresponding pilot symbol indices in TSB

are then n; — M. Define y; = [y(no),y(n1),...,y(n7)]T,
wi = [w(ng), w(ny),...,wnr)’, t; = [si(ng—M), s;(n;—
M),... si(ny — M)]T, T; = diag{t;},i = 1,2 where t;

contains all the pilot symbols from T;. For notation simplicity,
the mth entry of t; is also denoted by t;(m), m =0,...,T
With the aid of (6), we can express y; in a matrix form

yi = aT1Ax; + aT2Axs + wy, (3)
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where we omit the index n in «(n) because the scaling is
constant for all pilot symbols, and A is the (T'+1) X (2Q+1)
matrix

eifono  pj0ino el02¢m0
eiboni  pj0iny  pjbagm

A= ) ) ) . ©
elbonr  ojbinT eif20nT

A. Channel Estimation for Equivalent BEM

When T+ 1 > 4Q) + 2, we have sufficient observations to
estimate all the unknown z;(m)’s. Define

(10)

T = [aT1A, aTyA], T T,

x = [x7,%3

The lease square (LS) estimation of x is immediately obtained
as

x =Ty = (THT) Ty (11)
with the error covariance matrix
W =TD(TH#, (12)
where T is the pseudo-inverse of the matrix T, and
a20$|h1(n0)|2+0% 0
D = : . :
0 oo ??hi(ng)|? + 03

B. Training Design

The channel estimation MSE is defined as tr(W) and is,
unfortunately, related to the instant CSI. In order to design
pilot symbols that, on average, yield the best performance, we
propose to minimize the average MSE that is defined as

AMSE = E{tr(W)} = (a0} 07 + op)tr((T7T) ™), (13)

where the property Jo(0) =1 is used.

The training design for the proposed scheme includes select-
ing the number of the pilot symbols per block, the placement
of pilot symbols, as well as the power allocation for each pilot,
based on the AMSE.

The optimal t;, as well as pilot index set 7, should be
obtained from

min
ty,t2,7,

st. tHt; < Py,

(P1): (aop ol +o)tr((THT)™Y) (14

i=1,2.

Since « is only related with 7', we can first solve the problem
for a given 7, and it becomes

(P2): min  tr((THT)™Y) (15)

st tlt, <Py, i=1,2

The challenging part here lies in that T; must be a diagonal
matrix.

From [10], we know that

4Q+1 2
_ 1 20 + 1
tr((THTY 1) > e e S
() = Zizo [TATY;, Zi:l ST o lt(m)?
(16)

and the equality holds when THT is diagonal. However,
this inequality does not directly testify that the diagonality
must hold for the optimal THT. Let us first formulate a new
optimization problem:

2

2Q +1
>

T
i=1 Zm:O [ti(m)[?
st. tHt; <Py, i=1,2

min
t1,t2

(P3): a7

Obviously, the optimal objective of (P3) serves as a lower
bound for (P2). Since (P3) is a simple convex optimization,
any training sequences that satisfy t7t; = 5, would be
optimal. Therefore, if we could find t;’s that make THT diag-
onal, then they must also be the optimal solution for problem
(P2). Namely, the optimal solutions to (P2), if existing, should
satisfy

APTAT,A = P, To0 1,
ATTHT A = 02041

i=1,2, (18a)

(18b)

Observing the Vandemonde structure of A and the structure
of 0,,, we know that if pilot symbols are equi-powered and
equi-spaced over {0, N — 1}, then (18a) is satisfied, i.e.,

P+ .
Cly: |ti(m))? == Ym=0,1,...,7, i=1,2
Vo IamP = 2 Ym =01, T, =12,
C2): n, =mL+l, Vip € [M, L — 1],
where L = TLH is an integer, and the property that ng > M

is taken into consideration.

Observing from Fig. 1, receiving equi-spaced pilot at T'; is
only possible if there are 7'+ 1 TSB (RSB), each containing
only one pilot symbol that is put at the same position.
Meanwhile, 7' + 1 should divide K, i.e., K = 7(T + 1) for
an integer 7. For the rest K — (T + 1) TSB (RSB), only
information symbols are transmitted.

Remark 1: We need T+ 1 > 4Q) + 2 sub-blocks with pilot
symbol to provide sufficient observations for channel estima-
tion. For time-varying channel, () > 1, then one data frame at
least contains K = 6 TSB and RSB, respectively. Therefore,
the traditional two-way relaying scheme [1] () = 1) is not
suitable for time-selective environment. We here re-emphasize
the novelty of our proposed new scheme in Fig. 1.

Moreover, under C1) and C2), the following condition can
guarantee (18b):

T
Z t;(m)tl (m)ejQﬂmk/(T—‘rl) =0,

m=0

C3):
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for Vk = —2Q,—-2Q + 1,...,2Q. One example of pilot
sequences that satisfies conditions C1)-C3) is
t, = P [+1,41,41,...,+1,+1)7, (19a)
(T+1)
_ Py [l’ejQTrv/(T—}-l)’ B _’ejszv/(T+1)]T7 (19b)

Yo=2Q+1,....(T+1)—2Q — 1.

With the optimal training, the minimum tr((THT)~1) is
(2Q+1)(1/P1, + 1/Ps,) and is independent from 7. Thanks
to this property, the optimal 7" can be independently obtained
from

|7.| =arg m}én o’ (20)

Since « is an increasing function of 7', the optimal 7" should
be made as large as possible. However, increasing 7' would
reduce the efficiency of the data transmission and, conse-

quently, the system throughput. Besides, the constant 0’%10'3

will dominate the summation from (0,2“03 + Z—i) when T
is greater than a certain threshold. Therefore, increasing 7'
beyond a certain value cannot apparently improve the channel
estimation MSE, but the throughput will be linearly decreased.

More meaningful design of 7' should be obtained from
maximizing the transmission throughput criterion as did in
[9]. Due to page limit, in this paper we simply consider the
achieving the minimum amount of training as the goal of
optimal training length. Therefore, T should be selected as the
minimum value that satisfies 7+1 > 4Q+2 and (T+1)7 = K
for some 7.

C. Recovery of BEM Coefficients

Once x; and xo are estimated, it is possible to recover the
original BEM coefficients A, and ;. Afterwards, one may
reconstruct x;’s from the estimated A\, and j,. By doing so,
the estimation accuracy can be improved since we reinforce
the BEM length into the consideration [3]. Such a process is
also known as denoising. It is, meanwhile, important to find
a low complex way to retrieve A and p from x; that avoids
the nonlinear searching of multi-variables.

Let A be the Z -point discrete Fourier transform (DFT) of
A, whose mth entry is defined as

Q
;\m — Z /\qeijﬂqm/Z'

q=0

The m-th element of the Z-point DFT of '\ is

2L

Q —j27(g—Q/2) —j2mwqm - Q. Q 7-27"1(%4”")
&n = E Ag€ 2K e~z =¢lK E Age? z .
q=0 q=0
(22)
If R = Z is an integer, then (22) b ITR\
= 5K 1S an 1n! eger, cn cComes e <m+R>Z’

where ()7 denotes the modulo-Z operation. Then the mth

element of the Z-point NDFT of x;(m) is

#1(m) = EmAm = /38 Xy A p) - (23)

Our target is to retrieve Z unknown Am from Z equations
;\m5\<m+3>z = fl(m)e_j% =¢n, Ym=0,...,Z—1.
(24)

Let us first provide the following lemma and theorem for
general values of Z and R.

Lemma I: If Z and R are co-prime, then the index set Z =
{(m+uR)z}ZZ] is the same as the universal set {0, ..., Z —
1}, or equivalently

(m4+uR)z #(m+vR)z, 0<u<v<Z—-1. (25)
Proof: Let us first assume the contrary holds, i.e.,
(m+4+uR)z =(m+ovR)z, Ju<w. (26)
Then we derive
(v—u)R=kZ (27)

for some integer k£ # 0. Since Z and R are co-prime, their least
common multiple must be ZR. However in (27) (v—u) < Z,
so equality (27) cannot hold. By the contradiction, we proved
Lemma 1. o n

Theorem 1: If Z is odd and is co-prime with R, then \,,’s
can be found from (24) as

1/2
i (I )
)\m: Z_3 s szO,...,Z—l,
[l comritnry,
(28)
with only common sign ambiguity.
Proof: Let us now define a new variable
z-1 \ Y2 z-1_
c= (H ci> =L ] (29)
i=0 i=0

where [, = £1 representing the sign ambiguity.
When Z is odd, the denominator in (28) can be expanded
as

£:3 z-1 z-1
H Clm+(2i+1)R); = H Am+iR)y; = Ais (30)
i=0 i=1 =0

where Lemma 1 is applied in the last equality.
Dividing (29) by (30) proves Theorem 1, where I, serves
as the common sign ambiguity for all \,,. |
Unfortunately, in our problem Z = 2RK can only be an
even number. We then propose to choose Z = 2RK +1, which
is odd and must be co-prime with R. In this case,

. TQ Q .27q(R+m) .QWQﬁ ~
fm = ¢l 2K E /\qe_J Z e ) Z Q“/A<m+R>Zy 31
q=0

so (24) approximately holds.

After obtaining X from Theorem 1, we can recover A
from the first @) + 1 elements of the Z-point inverse Fourier
transform (IDFT) of . Then , 1 can be obtained from
pw="H ATx,.
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Fig. 3. Channel estimation MSEs versus SNR for X and g with different
choices of R.

IV. SIMULATION RESULTS

Parameters are taken as Q = 4, N = 352, M = 8§,
and K = 22. Totally 10000 Monte-Carlo trials are used for
averaging. For channel estimation part, we directly generate
the time-varying channels from the BEM model (3) as did in
[9]. We compare the optimal training with two other choices:
i) equi-powered but randomly spaced pilots; ii) equi-spaced
but random powered pilots. The estimation MSEs of the
equivalent channel x = [x7 xI]7 from the three different
types of training are shown in Fig. 2. The theoretical MSE is
also displayed for comparison. Clearly, the designed training
sequence achieves the best performance and its MSE is very
close to the theoretical one.

Next we verify the performance of recovering the coeffi-
cients A and p. From (22), we take R = 1,2, 5, respectively
and Z = 2RK +1 are 45, 89, 221, respectively. The estimation
MSEs of both A and g versus SNR are shown in Fig. 3.
The choice of different R does not affect the performance
much. Compared with the estimated A, larger error in g is
observed. This is expected since the errors in A propagate to
the estimates of . It is also observed that the performance
degrades severely when SNR is relatively low, say smaller than
8 dB. This is because the the product in both the numerator
and the denominator of (28) is susceptible to error propagation.

10
o
10° 1
| —+— Original x
—B— Reconstructed x
107}
w
g
107}
10°}
|
10‘4 1 1 1 1 1 p
0 5 10 15 20 25 30
SNR (dB)
Fig. 4. Channel estimation MSEs versus SNR for the estimated x and the

recovered x.

After obtaining the estimated coefficients A and p, we can
re-construct x whose performance is shown in Fig.4. It can
be seen that recovered x is more accurate than the originally
estimated x at relatively high SNR.

V. CONCLUSION

In this paper, we studied the channel estimation and training
design for TWRN. We proposed a novel PSAM scheme that
is applicable for time selective environment and developed
estimation algorithms for both the cascaded channels and indi-
vidual channels. We also derived the optimal training strategy
based on minimizing the estimation MSE criterion. Finally
simulations were conducted to demonstrate the effectiveness
of the proposed study.
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