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Abstract—This paper evaluates the impact of using outdated
channel estimates in a multiuser Amplify-and-Forward (AF)
relay network, under Nakagami-𝑚 fading. Both variable gain
AF and fixed gain AF schemes are considered. Expressions for
the system’s outage probability and the average bit error rate
(BER) are derived. Since the expressions are barely tractable,
we also present approximations for the high signal-to-noise ratio
(SNR) regime. By doing so we characterize the impact of network
parameters such as the number of relays, correlation between the
delayed and current channel state information, chosen user rank
and SNR imbalance on the performance degradation.

I. INTRODUCTION

Wireless systems using low complexity relays are capable
of efficiently combating fading impairment and provide for
coverage extension [1]. Amplify-and-forward (AF) is a well
studied protocol to implement relay based communications.
Since the relay nodes simply retransmit an amplified version
of the received signal, AF relaying is considered to have
complexity benefits [2].

Increased demand for high data rates and quality-of-service
(QoS) even at the cell boundary is important for future
wireless network designing. However, the traditional point-to-
multipoint architectures may be unable to support high data
rates for users in the far-off distance from the base station or
in locations with severe shadowing. Since a relay can cover
multiple destinations/users, therefore, new relay based systems
are in high demand. The relayed downlink can achieve the
best performance, if the system selects the user with the best
end-to-end channel quality at a time, which is achieving the
so-called multiuser diversity.

The performance of point-to-point wireless systems assisted
by a single/multiple relays is now well understood, see for
eg. [3]–[5] and references therein. Although recent literature
has also presented different performance aspects of point-
to-multipoint dual-hop links, i.e., multiuser relay networks
(MRNs), in many cases of practical interest results are un-
known. In MRNs, a single source communicates with multiple
destination (user) nodes with the aid of a relay. In [6], the
asymptotic outage probability and the error performance of
a dual-hop MRN has been investigated. In [7], to reduce the
amount of feedback that is needed to select the best user, two
methods of SNR-threshold based channel quality information
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reporting has been proposed. A framework to analyze the
multiuser diversity performance in dual-hop relay networks
has been presented in [8]. In [9], the capacity of MRNs over
Nakagami-𝑚 fading has been investigated. In [10], the outage
probability and the diversity order of AF based MRNs over
Nakagami-𝑚 fading has been studied. In [11], the use of mul-
tiuser diversity in multi-source multi-relay networks has been
investigated. However, to the best of authors’ knowledge, all
of these works have assumed perfect channel knowledge in the
user selection process. So far, despite the practical importance,
the case of outdated channel state information (CSI) due to
delayed feedback and the performance degradation in MRNs
has not been addressed.

In this paper we have considered a MRN in Nakagami-𝑚
fading. More specially our new contributions can be summa-
rized as follows:

∙ We analytically investigate the performance of a MRN
when user selection performed based on the outdated
CSI. Moreover, instead of only considering the best
user selection criterion, our analysis considers the most
general case of 𝑘th worst user selection [12]. Hence, the
presented results can be directly applied to a large set of
situations and fading scenarios.

∙ We derive exact closed-form expressions for the outage
probability and the average BER of MRNs equipped
with either fixed gain or variable gain relays. This case
has previously been studied in [10] but only when user
selection is performed using perfect CSI.

∙ The impact of outdated CSI on the performance is investi-
gated, for both variable gain and fixed gain relaying using
high SNR approximations. We obtain the achievable
diversity order of MRNs. This result proves that both
cases relaying yield the same diversity order and is equal
to either the first hop or the second hop Nakagami-𝑚
fading parameter, irrespective of the user selection rank.

II. SYSTEM MODEL

We consider a relay network where a single source (S)
communicates with 𝑁𝑢 multiple users through a dedicated
relay station (R) as shown in Fig. 1. All terminals are equipped
with single antenna while S and each of the 𝑁𝑢 users does
not have a direct link due to heavy shadowing and path
loss. We assume that S → R and each of the R → Uℓ,
ℓ = 1, . . . , 𝑁𝑢 channels experience Nakagami-𝑚 fading with
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Fig. 1. In the MRN, S selects the user with the 𝑘-th worst R → U𝑘 channel
based on outdated feedback obtained at R. The experienced SNR of the link
R → U𝑘 , 𝛾2(𝑘), is therefore different from 𝛾2(𝑘).

parameter 𝑚1 ∈ ℤ
+ and 𝑚2 ∈ ℤ

+ respectively. Moreover, S
and R are fixed in location while the users are mobile.

For communication, S selects the user (U𝑘) with the 𝑘-th
worst channel (i.e., user with the (𝑁𝑢−𝑘)-th highest received
SNR) according to the CSI obtained through feedback. Hence,
selection of the user who can achieve the largest receive SNR
extracting the multiuser diversity is a special case of our
analysis. Since in practice, the control link is never perfect,
we assume a delay of 𝑇𝑑 in the feedback. After user selection,
the communication occurs using the half-duplex mode in two
signaling intervals: During the first time slot, S communicates
with R to send 𝑥(𝑡). During the second time slot, R transmits
its received signal towards the selected user U𝑘.

The received signal at R is given by

𝑌R(𝑡) =
√

𝑃𝑠ℎS,R(𝑡)𝑥(𝑡) + 𝑛R(𝑡), (1)

where 𝑃𝑠 is the transmit power at S, the complex fading
channel from S to R is denoted by ℎS,R(𝑡) and 𝑛R(𝑡) is
the additive white Gaussian noise (AWGN) at R satisfying
𝐸
(∣𝑛R(𝑡)∣2

)
= 𝑁01 with 𝐸 (⋅) denoting expectation. A

scaling gain, G is applied by R to 𝑌R(𝑡) and the output is
re-transmitted to U𝑘. The received signal at U𝑘 is given by

𝑌U𝑘
(𝑡) = ℎR,U𝑘

(𝑡)G𝑌R(𝑘)
(𝑡) + 𝑛U𝑘

(𝑡), (2)

where ℎR,U𝑘
(𝑡) is the complex channel between R and U𝑘, and

𝑛U𝑘
(𝑡) is the AWGN at U𝑘 satisfying 𝐸

(∣𝑛U𝑘
(𝑡)∣2) = 𝑁02.

Let 𝛾1 = ∣ℎS,R(𝑡)∣2𝜂1 and 𝛾2(𝑘) = ∣ℎR,U𝑘
(𝑡)∣2𝜂2, where

𝜂1 = 𝑃𝑠

𝑁01
, 𝜂2 = 𝑃𝑟

𝑁02
and 𝑃𝑟 is the average transmit power of

R. We further define 𝛾2(𝑘) = ∣ℎR,U𝑘
(𝑡− 𝑇𝑑)∣2𝜂2. With the as-

sumption of Nakagami-𝑚 fading, we have 𝛾1 ∼ 𝒢
(
𝑚1,

𝜂1
𝑚1

)
and 𝛾2(ℓ) ∼ 𝒢

(
𝑚2,

𝜂2
𝑚2

)
where 𝒢 (𝜆, 𝜃) is the gamma dis-

tribution with scale parameter 𝜃 and shape parameter 𝜆 and
ℓ = 1 . . . 𝑁𝑢 represents unordered users. For simplicity, a clus-
tered user setting is assumed, i.e., 𝛾2(ℓ)s are i.i.d distributed.
A generalization to non-identical fading (distributed users) is
straightforward. Note that the user selection is based on 𝛾2(𝑘)

while 𝛾2(𝑘), the link SNR experienced by the signal, is a
delayed version of 𝛾2(𝑘).

Fixed Gain Relaying: Consider the case where R uses a
fixed scaling gain such that a constant average transmit power
at R is maintained. Assuming that R has the statistics of the
S → R link, we can select a scaling gain of

GF =

√
𝑃𝑟

𝑃𝑠𝐸{∣ℎS,R(𝑘)
(𝑡)∣2}+𝑁01

, (3)

to apply to 𝑌R(𝑘)
(𝑡). Therefore, at R, fixed gain relaying can

avoid the task of continuous monitoring of the S → R link.
Variable Gain Relaying: At R CSI-based variable gain

relaying aims to maintain a constant instantaneous output
power for the retransmitted signal. Assuming that R has the
S → R link instantaneous CSI knowledge, we can select the
gain factor GV as

GV =

√
𝑃𝑟

𝑃𝑠∣ℎS,R(𝑡)∣2 +𝑁01
. (4)

III. ANALYSIS OF FIXED GAIN RELAYING

In this section we analyze the outage probability and the
average BER using fixed gain relaying.

It can be shown that the instantaneous end-to-end SNR is
given by

𝛾𝑒𝑞1 =
𝛾1𝛾2(𝑘)

𝛾2(𝑘) + 𝐶
, (5)

where 𝐶 = 𝑃𝑟

𝒢2
F 𝑁01

. After some manipulations, it is easy to
show that, 𝐶 = 𝐸 {𝛾1 + 1} = 𝜂1 + 1.

A. Outage Probability

The outage probability, 𝑃𝑜, defined as the probability that
the end-to-end SNR drops below a predefined threshold 𝛾𝑇 , is
an important QoS measure. It is equal to the cumulative dis-
tribution function (cdf) value of the end-to-end SNR evaluated
at 𝛾𝑇 , i.e., 𝑃𝑜 = 𝐹𝛾𝑒𝑞1

(𝛾𝑇 ). Mathematically,

𝐹𝛾𝑒𝑞1
(𝛾𝑇 ) = Pr

(
𝛾1𝛾2(𝑘)

𝛾2(𝑘) + 𝐶
< 𝛾𝑇

)
(6)

=

∫ ∞

0

𝐹𝛾1

(
𝛾𝑇 (𝐶 + 𝑥)

𝑥

)
𝑓𝛾2(𝑘)

(𝑥)𝑑𝑥, (7)

where Pr (⋅) denotes probability and 𝐹𝛾1(𝑥) is the cdf of 𝛾1

and 𝑓𝛾2(𝑘)
(𝑥) is the probability density function (pdf) of 𝛾2(𝑘).

Since 𝛾1 ∼ 𝒢
(
𝑚1,

𝜂1
𝑚1

)
we have

𝐹𝛾1

(
𝛾𝑇 (𝐶 + 𝑥)

𝑥

)
= 1−

Γ
(
𝑚1,

𝑚1𝛾𝑇 (𝐶+𝑥)
𝜂1𝑥

)
Γ(𝑚1)

. (8)

Using [16, Sec.(6.5)] for 𝑚1∈ℤ
+, (8) can be re-expressed as

𝐹𝛾1

(
𝛾𝑇 (𝐶+𝑥)

𝑥

)
=1−𝑒−

𝑚1𝛾𝑇
𝜂1

(1+ 𝐶
𝑥 )

𝑚1−1∑
𝑝1=0

𝑚𝑝1
1 𝛾𝑝1𝑇

(
1+ 𝐶

𝑥

)𝑝1
𝜂𝑝11 𝑝1!

= 1− 𝑒−
𝑚1𝛾𝑇

𝜂1
(1+ 𝐶

𝑥 )
𝑚1−1∑
𝑝1=0

𝑚𝑝1
1 𝛾𝑝1𝑇

𝜂𝑝11 𝑝1!

𝑝1∑
𝑞1=0

(
𝑝1

𝑞1

)
𝐶𝑞1

𝑥𝑞1
. (9)

Using a result from order statistics, and since we have adopted
the outdated CSI model used in [13], the pdf of 𝛾2(𝑘) can be
written as

𝑓𝛾2(𝑘)
(𝑥) =

∫ ∞

0

𝑓𝛾2(𝑘)∣𝛾2(𝑘)
(𝑥∣𝑦)𝑓𝛾2(𝑘)

(𝑦)𝑑𝑦 (10)

=

∫ ∞

0

𝑚2

(
𝑥
𝜌𝑦

)𝑚2−1
2

𝑒
−𝑚2(𝜌𝑦+𝑥)

(1−𝜌)𝜂2

(1−𝜌)𝜂2
𝐼𝑚−1

(
2𝑚2

√
𝜌𝑥𝑦

(1− 𝜌)𝜂2

)
𝑓𝛾2(𝑘)

(𝑦)𝑑𝑦

(11)
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where 𝐼𝜈(𝑧) denotes the 𝜈th order modified Bessel function
of the first kind [16, Sec. (9.6)]. Since the user with the 𝑘th
lowest SNR is selected, the pdf of 𝛾2(𝑘) is given by

𝑓𝛾2(𝑘)
(𝑦) (12)

= 𝑘

(
𝑁𝑢

𝑘

)
[𝐹𝛾2(ℓ)

(𝑦)]𝑘−1[1− 𝐹𝛾2(ℓ)
(𝑦)]𝑁𝑢−𝑘𝑓𝛾2(ℓ)

(𝑦)

Since 𝛾2(ℓ) ∼ 𝒢
(
𝑚2,

𝜂2
𝑚2

)
, by substituting the respective pdf

and cdf into (12) we get

𝑓𝛾2(𝑘)
(𝑦) = 𝑘

(
𝑁𝑢

𝑘

) 𝑁𝑢−1∑
𝑝2=𝑁𝑢−𝑘

(−1)𝑝2+𝑘−𝑁𝑢
(

𝑘−1
𝑝2+𝑘−𝑁𝑢

)
(𝑚2 − 1)!

(13)

× 𝑒−
𝑚2𝑦(𝑝2+1)

𝜂2

𝑝2(𝑚2−1)∑
𝑟2=0

𝜙𝑚2−1
𝑝2(𝑟2)

(
𝑚2

𝜂2

)𝑟2+𝑚
𝑦𝑟2+𝑚2−1,

where the coefficient 𝜙𝑏(𝑡) is defined as
(∑𝑎

𝑡=0
𝑥𝑡

𝑡!

)𝑏
=∑𝑎𝑏

𝑡=0 𝜙
𝑎
𝑏(𝑡)𝑥

𝑡. The value of 𝜙𝑎𝑏(𝑡) can be found recursively as
[13]

𝜙𝑎𝑏(𝑡) =

𝑡2∑
𝜄=𝑡1

𝜙𝑎𝑏−1(𝜄)

(𝑡− 𝜄)!
, (14)

where 𝑡1 = max(0, 𝑡 − 𝑎) and 𝑡2 = min(𝑡, (𝑏 − 1)(𝑎 − 1)).

Using the infinite series expansion of for 𝐼𝑚−1

(
2𝑚2

√
𝜌𝑥𝑦

(1−𝜌)𝜂2

)
[16, Eq. (9.6.10)], and following an approach similar to [13],
we obtain an expression for 𝑓𝛾2(𝑘)

given by

𝑓𝛾2(𝑘)
(𝑥)=

𝑘−1∑
𝑞2=0

𝑘
(
𝑁𝑢

𝑘

)
(−1)𝑞2(𝑘−1

𝑞2

)
(𝑚2−1)!

𝑒
−𝑚2(𝑝2+1)𝑥

(𝑝2(1−𝜌)+1)𝜂2

𝑝2(𝑚2−1)∑
𝑟2=0

𝜙𝑚2−1
𝑝2(𝑟2)

(15)

×
𝑟2∑

𝑠2=0

(𝑟2+𝑚2−1)!
(
𝑚2

𝜂2

)𝑠2+𝑚2(
𝑟2
𝑠2

)
𝜌𝑠2(1−𝜌)𝑟2−𝑠2𝑥𝑠2+𝑚2−1

(𝑝2(1− 𝜌) + 1)𝑟2+𝑠2+𝑚2(𝑠2+𝑚2−1)!

where 𝑝2 = 𝑁𝑢 − 𝑘 + 𝑞2.
Now substituting (13) and (15) into (7), and [15, Eq.

(4.5.29)], we arrive at the outage probability given by

𝐹𝛾𝑒𝑞1
(𝛾𝑇 ) = 1− 2𝑘

(
𝑁𝑢

𝑘

)
𝑒−

𝑚1𝛾𝑇
𝜂1

(𝑚2 − 1)!

𝑚1−1∑
𝑝1=0

(
𝑚1𝛾𝑇

𝜂1

)𝑝1
𝑝1!

𝑝1∑
𝑞1=0

(
𝑝1

𝑞1

)

× 𝐶𝑞1

𝑘−1∑
𝑞2=0

(−1)𝑞2
(
𝑘−1

𝑞2

) 𝑝2(𝑚2−1)∑
𝑟2=0

𝜙𝑚2−1
𝑝2(𝑟2)

(𝑟2 +𝑚2 − 1)!

×
𝑟2∑

𝑠2=0

(
𝑟2
𝑠2

) (
𝑚2

𝜂2

) 𝑠2+𝑚2+𝑞2
2

𝜌𝑠2(1− 𝜌)𝑟2−𝑠2
(
𝐶𝑚1𝛾𝑇

(𝑝2+1)𝜂1

)𝑠2+𝑚2−𝑞1
2

(𝑝2(1−𝜌)+1)𝑟2+
𝑠2+𝑚2+𝑞2

2 (𝑠2+𝑚2−1)!

×𝐾𝑠2+𝑚2−𝑞1

(
2

√
𝐶(𝑝2 + 1)𝑚1𝑚2𝛾𝑇
(𝑝2(1− 𝜌) + 1)𝜂1𝜂2

)
, (16)

where 𝐾𝜈(𝑧) is the 𝜈th order modified Bessel function of the
second kind [16, Sec. (9.6)].

In the high SNR region with 𝜂1, 𝜂2 → ∞, for 𝜌 < 1, a
power series expression for (16) can be obtained substituting
the series expansion of 𝐾𝜈(⋅) [14, Eq. (8.446)] and the
Mclaurin series expansion of the exponential function. After
mathematical manipulations, an asymptotic approximation for
𝐹𝛾𝑒𝑞1

(𝛾𝑇 ) can be obtained as

𝐹𝛾𝑒𝑞1
(𝛾𝑇 )=

⎧⎨⎩
𝜏1

(
𝑚1𝑚2𝐶
𝜂1𝜂2

)𝑚1

𝛾𝑚1

𝑇 (a)(
𝑘(𝑁𝑢

𝑘 )𝜏2
(𝑚2−1)! + ln(𝛾𝑇 )𝜏3

)(
𝑚1𝑚2𝐶
𝜂1𝜂2

)𝑚2

𝛾𝑚2

𝑇 (b)

(17)

where (a) = 𝑚1 < 𝑚2 and (b) = 𝑚1 ≥ 𝑚2. In (17), 𝜏1, 𝜏2
and 𝜏3 are given by

𝜏1 =
𝑘
(
𝑁𝑢

𝑘

)
(𝑚2 − 1)!

𝑚1−1∑
𝑝1=0

𝑝1∑
𝑞1=0

(
𝑝1
𝑞1

)
𝑝1!

𝑘−1∑
𝑞2=0

(−1)𝑞2
(
𝑘 − 1

𝑞2

)
(18)

×
𝑝2(𝑚2−1)∑
𝑟2=0

𝜙𝑚2−1
𝑝2(𝑟2)

(𝑟2 +𝑚2 − 1)!

𝑟2∑
𝑠2=0

(
𝑟2
𝑠2

)
𝜌𝑠2(1−𝜌)𝑟2−𝑠2

(𝑠2+𝑚2−1)!

×
𝑚1−𝑝1∑
𝑡2=0

(−1)𝑚1−𝑝1+1(𝑟1 − 𝑡2 − 1)!(𝑝2 + 1)𝑡2−𝑟1

(𝑚1 − 𝑝1 − 𝑡2)!𝑡2!(𝑝2(1− 𝜌) + 1)𝑟2+𝑞1+𝑡2

×
(
𝑚1

𝜂1

)𝑚1
(
𝐶𝑚2

𝜂2

)𝑞1+𝑡2−𝑚1

,

and

𝜏2 =

𝑚1−1∑
𝑝1=0

𝑝1∑
𝑞1=0

(
𝑝1
𝑞1

)
𝑝1!

𝑘−1∑
𝑞2=0

(−1)𝑞2+1

(
𝑘−1

𝑞2

)
(19)

×
𝑝2(𝑚2−1)∑
𝑟2=0

𝜙𝑚2−1
𝑝2(𝑟2)

(𝑟2 +𝑚2 − 1)!

𝑟2∑
𝑠2=max(0,𝑞1−𝑚2)

(
𝑟2
𝑠2

)
𝜌𝑠2(1− 𝜌)𝑟2−𝑠2

(𝑠2+𝑚2−1)!

×
min(𝑚2−𝑝1,𝑟1−1)∑

𝑡2=0

(𝑝2 + 1)𝑡2−𝑟1(−1)𝑚1−𝑝1(𝑟1−𝑡2−1)!

𝑡2!(𝑚2−𝑝1−𝑡2)!(𝑝2(1−𝜌)+1)𝑟2+𝑞1+𝑡2

×
(
𝐶𝑚2

𝜂2

)𝑞1+𝑡2−𝑚2

+

𝑘−1∑
𝑞2=0

(−1)𝑞2+1
(
𝑘−1
𝑞2

)
𝑝1!(𝑚2 − 1)!

×
𝑝2(𝑚2−1)∑
𝑟2=0

𝜙𝑚2−1
𝑝2(𝑟2)

(𝑟2+𝑚2−1)!(1−𝜌)𝑟2

(𝑝2(1−𝜌)+1)𝑟2+𝑠2+𝑚2

(
𝑚1−1∑

𝑝1=𝑚2+1

(−𝑟1−1)!

𝑝1!

+

min(𝑚2,𝑚1−1)∑
𝑝1=0

1

𝑝!

(
ln

(
𝐶(𝑝2 + 1)𝑚1𝑚2

(𝑝2(1− 𝜌) + 1)𝜂1𝜂2

)
− 𝜏

))
,

and

𝜏3 =
𝑘
(
𝑁𝑢

𝑘

)
(𝑚2 − 1)!

min(𝑚2,𝑚1−1)∑
𝑝1=0

1

𝑝1!

(
𝑘−1∑
𝑞2=0

(−1)𝑞2+1 (20)

×
(
𝑘 − 1

𝑞2

) 𝑝2(𝑚2−1)∑
𝑟2=0

𝜙𝑚2−1
𝑝2(𝑟2)

(𝑟2 +𝑚2 − 1)!(1−𝜌)𝑟2

𝑚2 − 1

)
.

where 𝑟1 = 𝑠2 +𝑚2 − 𝑞1, 𝜏 = 𝜓(1)−𝜓(𝑟1 +1) and 𝜓(𝑥) is
the digamma function [16, Eq. (6.3.1)].

Remark 1: We note that when 𝜌 < 1 (outdated CSI), the
diversity order of the MRN is given by min(𝑚1,𝑚2). The
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diversity order, if S had perfect CSI is min(𝑚1,𝑚2𝑘). If 𝑚1 <
𝑚2, the impact of outdated CSI is not very significant, as the
S → R link acts as the performance bottleneck. However, if
𝑚1 > 𝑚2, and for large 𝑁𝑢 and 𝑘, the impact of outdated
CSI is large, particularly in the high SNR region. This is due
to the potential loss of the system’s diversity order, compared
to the perfect CSI case.

In the special case of Rayleigh fading, by substituting 𝑚1 =
𝑚2 = 1 in (17) yields

𝐹𝛾𝑒𝑞1
(𝛾𝑇 )=𝑘

(
𝑁𝑢

𝑘

) 𝑘−1∑
𝑝=0

(−1)𝑝+1
(
𝑘−1
𝑝

)
𝐶𝛾𝑇

𝜂1𝜂2((𝑁𝑢 − 𝑘 + 𝑝)(1− 𝜌) + 1)

×
(
ln

(
𝐶(𝑝2 + 1)𝑚1𝑚2𝛾𝑇
(𝑝2(1− 𝜌) + 1)𝜂1𝜂2

)
+ 𝛾 − 𝜓(2)

)
+

𝛾𝑇
𝜂1

, (21)

where 𝛾 = 0.57721... is the Euler-Gamma constant [16, Sec.
(6.1.3)].

B. Average Bit Error Rate

We now proceed to analyze the system’s average BER. For
many modulation formats used in wireless applications, the
average BER can be expressed as

𝑃𝑏 = 𝛼 𝐸[𝑄(
√

𝛽𝛾𝑒𝑞1)] =
𝛼√
2𝜋

∫ ∞

0

𝐹𝛾𝑒𝑞1

(
𝑡2

𝛽

)
𝑒−

𝑡2

2 𝑑𝑡,

(22)

where 𝛼, 𝛽 > 0 are constants depending on the modulation

scheme, and 𝑄(𝑥) = 1√
2𝜋

∫∞
𝑥

𝑒−
𝑦2

2 𝑑𝑦 is the Gaussian 𝑄-
function. Using the result of (16) and [14, Eq. (6.631.3)] we
can arrive at the following expression for the BER given by
(23), where Ψ(𝑎, 𝑏; 𝑧) is the confluent hypergeometric function
of the second kind [16, Eq. (13.1.3)].

𝑃𝑏 =
𝛼

2
− 𝛼

√
𝛽𝑘
(
𝑁𝑢

𝑘

)
√
𝜋(𝑚2 − 1)!

𝑚1−1∑
𝑝1=0

1

𝑝1!

𝑝1∑
𝑞1=0

(
𝑝1

𝑞1

)
(23)

×
𝑘−1∑
𝑞2=0

(−1)𝑞2
(
𝑘 − 1

𝑞2

) 𝑝2(𝑚2−1)∑
𝑟2=0

𝜙𝑚2−1
𝑝2(𝑟2)

(𝑟2 +𝑚2 − 1)!

×
𝑟2∑

𝑠2=0

2𝑝1+𝑟1−1
(
𝑟2
𝑠2

)
𝐶𝑟1+𝑞1𝜌𝑠2(1− 𝜌)𝑟2−𝑠2

(𝑝2(1− 𝜌) + 1)𝑟2+𝑠2+𝑚2(𝑠2 +𝑚2 − 1)!

(
𝑚2

𝜂2

)𝑠2+𝑚2

×
(

𝑚𝑝1+𝑟1
1

√
𝜂1

(2𝑚1 + 𝜂1𝛽)𝑝1+𝑟1+
1
2

)
Γ

(
𝑝1 + 𝑟1 +

1

2

)
Γ

(
𝑝1 +

1

2

)
×Ψ

(
𝑝1 + 𝑟1 +

1

2
, 𝑟1 + 1;

2𝐶(𝑝2 + 1)𝑚1𝑚2

(𝑝2(1− 𝜌) + 1)(2𝑚1 + 𝜂1𝛽)𝜂2

)
IV. ANALYSIS OF VARIABLE GAIN RELAYING

In the case of variable gain relaying, the instantaneous end-
to-end SNR of the selected user (𝛾𝑒𝑞2) is given by

𝛾𝑒𝑞2 =
𝛾1𝛾2(𝑘)

𝛾1 + 𝛾2(𝑘) + 1
. (24)

Therefore, for further analysis, it is desirable to define a new
RV of the form: 𝑌 =

𝛾1𝛾2(𝑘)

𝛾1+𝛾2(𝑘)+𝑐
, where 𝑐 ≥ 0 is a constant.

Note that 𝑐 = 0 gives the exact form of 𝛾𝑒𝑞2 in (24), while 𝑐 =
0 gives a mathematically more tractable tight approximation
for 𝛾𝑒𝑞2 in the medium-to-high SNR region.

A. Outage Probability

The cdf of 𝑌 given by Pr
(

𝛾1𝛾2(𝑘)

𝛾1(𝑘)+𝛾2(𝑘)+𝑐
< 𝛾𝑇

)
can be

evaluated as

𝐹𝑌 (𝛾𝑇 ) =

∫ 𝛾𝑇

0

𝑓𝛾2(𝑘)
(𝑥)𝑑𝑥 (25)

+

∫ ∞

𝛾𝑇

Pr

(
𝛾1 <

𝑥(𝛾𝑇 + 𝑐)

𝑥− 𝛾𝑇

)
𝑓𝛾2(𝑘)

(𝑥)𝑑𝑥

= 1−
∫ ∞

0

Γ
(
𝑚1,

𝑚1𝛾𝑇 (𝑥+𝛾𝑇 +𝑐)
𝜂1𝑥

)
Γ(𝑚1)

𝑓𝛾2(𝑘)
(𝑥+ 𝛾𝑇 )𝑑𝑥.

Using the series expansion for Γ
(
𝑚1,

𝑚1𝛾𝑇 (𝑥+𝛾𝑇 +𝑐)
𝜂1𝑥

)
[16,

Sec. (6.5)], subsequent binomial expansions and substituting
(15) and 𝑐 = 1, we arrive at (31) for 𝐹𝛾𝑒𝑞2

(𝛾𝑇 ).
Although (31) gives the exact outage probability, asymptotic

results are also of interest due to the insights they offer on high
SNR behavior of the systems.

It has been shown that in high SNR, the system performance
is governed by the weakest link [17]. Since 𝛾1 ∼ 𝒢

(
𝑚1,

𝜂1
𝑚1

)
,

we have

𝑓𝛾1(𝑥) =
𝑚𝑚1

1 𝑥𝑚1−1

𝜂𝑚1
1 Γ(𝑚1)

𝑒−
𝑚1𝑥
𝜂1 (26)

=
𝑚𝑚1

1

𝜂𝑚1
1 Γ(𝑚1)

𝑥𝑚1−1 + 𝑜(𝑥𝑚1).

From (15) substituting the Mclaurin series expansion for the
exponential function and selecting only the lowest power of
𝛾𝑇 with a non-zero coefficient, yields

𝑓𝛾2(𝑘)
(𝑥) =

𝜅

𝜂𝑚2
2

𝑥𝑚2−1 + 𝑜(𝑥𝑚2), (27)

where

𝜅 =
𝑘
(
𝑁𝑢

𝑘

)
𝑚2

𝑚2

((𝑚2 − 1)!)2

𝑘−1∑
𝑞2=0

(−1)𝑞2
(
𝑘 − 1

𝑞2

)

×
𝑝2(𝑚2−1)∑
𝑟2=0

𝜙𝑚2−1
𝑝2(𝑟2)

(𝑟2 +𝑚2 − 1)!(1− 𝜌)𝑟2

(𝑝2(1− 𝜌) + 1)𝑟2+𝑚2
. (28)

Using the results of [17], we arrive at the following asymp-
totic result for the outage probability. As 𝜂1, 𝜂2 → ∞, for
𝜌 < 1

𝐹𝛾𝑒𝑞2
(𝛾𝑇 ) =

⎧⎨⎩
𝑚

𝑚1
1

𝜂
𝑚1
1 𝑚1!

𝛾𝑚1

𝑇 𝑚1 < 𝑚2,(
𝑚

𝑚1
1

𝜂
𝑚1
1 𝑚1!

+ 𝜅
𝑚1𝜂

𝑚1
2

)
𝛾𝑚1

𝑇 𝑚1 = 𝑚2,
𝜅

𝑚2𝜂
𝑚2
2

𝛾𝑚2

𝑇 𝑚1 > 𝑚2.

(29)

Remark 2: Similar to the fixed gain case, we observe that the
diversity order of the system is min(𝑚1,𝑚2). As discussed
in Section III, the performance loss due to outdated CSI will
be most significant in the case 𝑚1 > 𝑚2, as imperfect CSI
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Fig. 2. The outage probability, for best (𝑘 = 5) and worst (𝑘 = 1) user
selection. (𝑁𝑢 = 5,𝑚1 = 2,𝑚2 = 3, 𝜌 = 0.8, 𝛾𝑇 = 1).

would cause a reduction in the achievable diversity order for
the considered multiuser relay network.

An asymptotic approximation for outage probability in
Rayleigh fading can be found by substituting 𝑚1 = 𝑚2 = 1
in (29). Under Rayleigh fading, as 𝜂1, 𝜂2 → ∞, 𝐹𝛾𝑒𝑞2

(𝛾𝑇 )
can be approximated as

𝐹𝛾𝑒𝑞2
(𝛾𝑇 ) =

𝛾𝑇
𝜂1

+
𝑘−1∑
𝑝=0

𝑘
(
𝑁𝑢

𝑘

)
(−1)𝑝

(
𝑘−1
𝑝

)
𝛾𝑇

((𝑁𝑢 − 𝑘 + 𝑝)(1− 𝜌) + 1)𝜂2
. (30)

B. Average Bit Error Rate

We substitute (31) into (12) to derive the average BER.
However, since there is no closed-form solution, we substitute
𝑐 = 0 in (25) and proceed. Hence, with the help of [14,
Eq.(6.621.3)], a tight lower bound for the average BER can be
obtained as (32), where 𝑟1 = 𝑝1+𝑠2+𝑚2 and 2𝐹1(𝑎, 𝑏; 𝑐;𝑥)
is the Gauss hypergeometric function [16, Eq. (15.1.1)].

V. NUMERICAL AND SIMULATION RESULTS

Figures 2-4 show the performance of the fixed gain (FG)
and variable gain(VG) relaying schemes discussed earlier.

Figure 2 shows the outage probability of the systems for
the best (𝑘 = 5) and worst (𝑘 = 1) user selection, with
𝑁𝑢 = 5, 𝜌 = 0.8, 𝛾𝑇 = 1,𝑚1 = 3 and 𝑚2 = 2. The
VG scheme outperforms the FG scheme in terms of the
outage probability. We notice that at high SNR, for VG, the
performance is the same for both best and worst user selection.
This is so since we have considered 𝑚1 < 𝑚2 and the
high SNR performance is dependent only on the 𝑆 − 𝑅 link
which is common to all users. The simulations and asymptotic
results shows excellent agreement with the analytical results.
We notice that the outage diversity order is equal to 𝑚1 in
all cases. Figure 3 shows the outage probability of FG, VG
systems with varying correlation 𝜌, with 𝑁𝑢 = 𝑘 = 5 and
𝜂1 = 𝜂2 = 10 dB. Under all conditions, the VG relaying
outperforms FG relaying. A more important observation to
notice is that, the highest variation with 𝜌 is shown for
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Fig. 3. The effect of correlation on the outage probability, for different fading
parameters 𝑚1,𝑚2. (𝑁𝑢 = 5, 𝑘 = 5, 𝛾𝑇 = 1, 𝜂1 = 𝜂2 = 10 dB).
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Fig. 4. The average BER for QPSK (𝛼 = 𝛽 = 1), under high (𝜌 = 0.9)
and low(𝜌 = 0.1) correlation.

𝑚1 > 𝑚2. With 𝑚1 < 𝑚2, the performance loss with reducing
𝜌 is small, particularly for the VG scheme. The performance
bottleneck in the case of 𝑚1 < 𝑚2 is the S → R link.
As such the impact of outdated CSI is not so significant.
However, in the case of 𝑚1 > 𝑚2, there is a reduction in the
diversity order due to outdated CSI, and hence has a highly
negative impact on the system’s performance. Figure 4 shows
the average BER of the two schemes under QPSK modulation
with 𝑁𝑢 = 𝑘 = 5, 𝑚1 = 2 and 𝑚2 = 1. We notice that the VG
scheme outperforms the FG scheme, exhibiting a performance
gain of approximately 3 dB in the high SNR region. We further
observe that there is an increase in the coding gain at high
correlation (𝜌 = 0.9) over low correlation (𝜌 = 0.1). As
expected, the diversity gain with imperfect CSI is equal to
𝑚2. We have plotted high SNR approximation for the perfect
CSI case (𝜌 = 1) as a reference and there we observe a higher
diversity order equal to 𝑚1
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𝐹𝛾𝑒𝑞2
(𝛾𝑇 ) = 1− 2𝑘

(
𝑁𝑢

𝑘

)
(𝑚− 1)!

𝑚1−1∑
𝑝1=0

𝑚𝑝1
1

𝑝1!𝜂
𝑝1
1

𝑝1∑
𝑞1=0

(
𝑝1

𝑞1

) 𝑘−1∑
𝑞2=0

(−1)𝑞2
(
𝑘 − 1

𝑞2

) 𝑝2(𝑚2−1)∑
𝑟2=0

𝜙𝑚2−1
𝑝2(𝑟2)

(𝑟2 +𝑚2 − 1)!

×
𝑟2∑

𝑠2=0

(
𝑟2
𝑠2

) (
𝑚2

𝜂2

)𝑠2+𝑚2

𝜌𝑠2(1− 𝜌)𝑟2−𝑠2𝑒−𝛾𝑇

(
𝑚1
𝜂1

+
𝑚2(𝑝2+1)

(𝑝2(1−𝜌)+1)𝜂2

)

(𝑝2(1− 𝜌) + 1)𝑟2+𝑠2+𝑚2(𝑠2 +𝑚2 − 1)!

𝑠2+𝑚2−1∑
𝑞2=0

(
𝑠2 +𝑚2 − 1

𝑞2

)(
(𝑝2(1− 𝜌) + 1)𝑚1𝜂2

(𝑝2 + 1)𝑚2𝜂1

) 𝑞2−𝑞1+1
2

× 𝛾
𝑚2+𝑝1+𝑠2− (𝑞2+𝑞1+1)

2

𝑇 (1 + 𝛾𝑇 )
𝑞2+𝑞1+1

2 𝐾𝑞2−𝑞1+1

(
2

√
(𝑝2 + 1)𝑚1𝑚2(𝛾𝑇 + 1)𝛾𝑇

(𝑝2(1− 𝜌) + 1)𝜂1𝜂2

)
. (31)

𝑃𝑏 ≥ 𝛼

2
− 𝛼

√
𝛽𝑘
(
𝑁𝑢

𝑘

)
(𝑚2 − 1)!

𝑚1−1∑
𝑝1=0

𝑚𝑝1
1

𝑝1!𝜂
𝑝1
1

𝑝1∑
𝑞1=0

(
𝑝1

𝑞1

) 𝑘−1∑
𝑞2=0

(−1)𝑞2
(
𝑘 − 1

𝑞2

) 𝑝2(𝑚2−1)∑
𝑟2=0

𝜙𝑚2−1
𝑝2(𝑟2)

(𝑟2 +𝑚2 − 1)! (32)

×
𝑟2∑

𝑠2=0

(
𝑟2
𝑠2

) (
𝑚2

𝜂2

)𝑠2+𝑚2

𝜌𝑠2(1− 𝜌)𝑟2−𝑠2

(𝑝2(1− 𝜌) + 1)𝑟2+𝑠2+𝑚2(𝑠2 +𝑚2 − 1)!

𝑠2+𝑚2−1∑
𝑞2=0

(
𝑠2 +𝑚2 − 1

𝑞2

)(
(𝑝2(1− 𝜌) + 1)𝑚3

1𝜂2

(𝑝2 + 1)𝑚2𝜂3
1

) 𝑞2−𝑞1+1
2

× 22𝑞2−2𝑞1+
3
2Γ
(
𝑟1 + 𝑞2 − 𝑞1 +

3
2

)
Γ
(
𝑟1 − 𝑞2 + 𝑞1 +

1
2

)(
𝑚1

𝜂1
+ 𝑚2(𝑝2+1)

(𝑝2(1−𝜌)+1)𝜂2
+ 2
√

(𝑝2+1)𝑚1𝑚2

(𝑝2(1−𝜌)+1)𝜂1𝜂2
+ 1

2

)
(𝑟1)!

× 2𝐹1

⎛⎝𝑟1 + 𝑞2 − 𝑞1 +
3

2
, 𝑞2 − 𝑞1 +

3

2
; 𝑟1 + 1;

𝑚1

𝛽𝜂1
+ 𝑚2(𝑝2+1)

(𝑝2(1−𝜌)+1)𝛽𝜂2
− 2

𝛽

√
(𝑝2+1)𝑚1𝑚2

(𝑝2(1−𝜌)+1)𝜂1𝜂2
+ 1

2

𝑚1

𝛽𝜂1
+ 𝑚2(𝑝2+1)

(𝑝2(1−𝜌)+1)𝛽𝜂2
+ 2

𝛽

√
(𝑝2+1)𝑚1𝑚2

(𝑝2(1−𝜌)+1)𝜂1𝜂2
+ 1

2

⎞⎠ ,

VI. CONCLUSION

In this paper, we presented new expressions for the outage
probability and the average BER of an AF based MRN over
Nakagami-𝑚 fading channels, when user selection is per-
formed using outdated CSI. The derived expressions quantify
the performance degradation in the presence of outdated CSI
for both fixed gain and variable gain AF relaying protocols.
Additionally, high SNR approximations for the outage proba-
bility and the average BER were presented. By doing so, we
were able to quantify the diversity order and the array gain of
the considered MRN. We have also verified all our derivations
using extensive Monte-Carlo simulations.
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