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Abstract—We examine the distribution of the per virtual-
channel received signal-to-noise ratio over a multiple-input
multiple-output channel modeled by a rank-2 non-central
Wishart matrix. The exact probability density function is derived
for all possible non-centrality matrices; and verified through
simulation for selected systems. Identities for exact analytic
results on the outage probability, the average symbol error rate,
and the moment generating function are also derived.

Index Terms—MIMO, channel inversion, non-central Wishart
distribution, outage probability, symbol error rate.

I. INTRODUCTION

A multiple-input multiple-output (MIMO) system [1] with
N, transmit antennas and [V, receive antennas is modeled by
an N, x N; ‘channel matrix’. With perfect transmit channel-
state-information, the transmit precoding and receiver recon-
struction matrices can be chosen such that the channel reduces
to a set of eigenmodes that can be independently coded,
modulated, and power allocated for.

Channel Inversion [2] power allocation scheme seeks to
maintain the per-channel instantaneous received signal-to-
noise ratio (SNR) identical, and the total instantaneous trans-
mit power a constant all the time. In other words, it causes
power p;,i = 1...n to be allocated for the channels having
respective instantaneous gains \; so that > . .p; = P is
constant; and \;p; identical across the channels i = 1...n.
Channel-inversion is capacity-wise inferior to the classical
water-filling power allocation scheme. Yet, it is unique among
the power allocation schemes in assuring the fairness across
the channels with respect to achievable capacity.

Channel-inversion has further advantages in the MIMO con-
text! [4]-[6]. It is implementable with non-iterative transmitter
processing and unitary receiver processing [4], [6]. Hence, no
noise enhancement occurs at the receiver. When the channel
rank is limited by the number of receiver antennas, receiver
processing is not required at all; and the resulting virtual
channels correspond one-to-one with the receiver antennas.
This, makes channel-inversion suitable for multi-user MIMO
downlink channels [7]. References [8]-[10] examine variants
of channel inversion that seek to improve the capacity.

1“Zero forcing” at the transmitter [3] too inverts the channel. It maintains the
per virtual-channel received power and the average transmit power steady. On
the other hand channel inversion, being a power allocation scheme, keeps the
total instantaneous transmit power steady, and the instantaneous per virtual-
channel received power identical.
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Analyzing MIMO channels in fading requires results from
random matrix theory [11]. The eigenmodes of a MIMO
channel comprising independent and identically distributed
Rayleigh faded transmit-receive links, for instance, have the
gains governed by the eigenvalue distribution associated with
the Central Wishart distribution [12]. Similarly, non-central
Wishart Distribution corresponds to Rician fading, which
arises owing to line-of-sight conditions [13].

This work generalizes [14] on Rayleigh fading, including
it in the case the non-centrality matrix has both eigenvalues
zero. The exact probability density function (pdf) of a factor
proportional to per virtual-channel received SNR is derived,
for non-central Wishart matrices of order n > 2 having rank-
2. All possible non-centrality matrices are considered. The pdf
result is then used to derive important performance metrics
including the outage probability, and the average symbol
error rate. The moment generating function too is derived.
All required identities are proven here even though some
expressions are omitted for brevity. To further the insights,
the first order approximation of the pdf characterizing the high
SNR behavior is also provided.

The paper is organized as follows: Sections II and III present
the system model and the mathematical formulation. Section
IV highlights how certain performance metrics can be ob-
tained. In Section V, the results are verified for selected MIMO
configurations through Monte-Carlo simulation. Section VI
concludes the paper. Proof of Theorem 1 is annexed.

Notation: P|[-] is the probability assignment; and Eo{ - } is the
expectation operator with respect to a random variable A. The
pdf, the cumulative distribution function (cdf) and the moment
generating function (mgf) of A are given by fa(-), Fa(-) and
M () respectively. C ™™ represents the space spanned by
n x m complex Gaussian matrices. (- )" and || -|| 7 designate
the conjugate transpose and the Frobenius norm of a matrix.
eig (- ) yields the eigenvalues of a square matrix.

Modified Bessel Functions of the First Kind and the Second
Kind [15, 9.6] having order v are denoted by Z, (-) and
K, () respectively. Q (- ) represents the Gaussian Q-function
[15, Eq. (26.2.3)], while T'(-) denotes the Gamma function
[15,6.1].G™ ™ @1 .., 0ny0nt1,- -+, 0p ) represents the

P oa b1y bmibmst, - -5 0q
Meijer G function [16, p.419]. L {: ?15 the Laplace Transform.
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Fig. 1. System Model: A MIMO channel between a transmitter having
n > 2 antennas, and a receiver having 2 antennas. The line-of-sight paths are
indicated; while isotropic scattering is assumed. The results also hold in the
reverse direction for Ny = 2, N, = n.

II. SYSTEM MODEL

Consider a MIMO system having N, transmit antennas and
N, receive antennas, where min(Ny, N,.) = 2 (see Fig. 1).
Let n = max(N¢, N,.) > 2. This scenario can occur in
any MIMO channel with 2 antennas at one end; and at least
2 antennas in the other. It occurs even in certain multiuser
MIMO configurations, such as in the downlink channel from
a multi-antenna base station to two single-antenna mobile
stations it simultaneously communicates with.

Without further loss of generality let Ny =n and N, = 2.
Suppose the 2 x n channel matrix H is of form

H = aH,, + bH,., (1)

where Hy, is a deterministic specular (line-of-sight) compo-
nent, H,. € C 2™ a random scatter component, and aZ+b? =
1. The specular component is governed by the directional
gains of the antennas, presence of dominant multi-paths, etc.

__a HHSPHF _ a? H
K = - S H,HY

m gives the Rician factor [17].
is the ‘non- centrality matrix’.
Let, {\1, A2} = eig (HHH) and {wy,ws|lwi > wa} =
eig (2). The joint distribution of unordered eigenvalues is
given by [17, Eq. (15)]

e—(w1+w2) N o— M) O\ 7,52
fA],AQ(Al,AQ) = 5 ( 1 2)( 1 2) 2
(wl - W2)(w1w2) 2

e~ (M1tA2) (In—z (2 w1/\1> Tn_o (2 wz)\2)

T, (2 wQAl)In,Q (2 wlxg)). 2)

The specular component too being continuously distributed,
the case w; = we is not likely in practice. However, it can
occur with non-zero probability in the model since H, is
considered to be deterministic. Corresponding pdf is given by
the limiting operation w; — wy on (2).

Assume perfect transmit CSI, and the channel inversion
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power allocation scheme. Given total transmit SNR 7, per
2
channel received SNR is given by %%A, where

A1Ag
AL+ Ao

In this paper, we will present new exact outage probability
and SER results for the channel (1). The major mathemati-
cal challenge in establishing them is deriving the statistical
distribution of A.

A:

3

III. MATHEMATICAL FORMULATION
Theorem 1: the pdf of A
Let A1, A2 be the eigenvalues of a rank-2 non-central
complex Wishart matrix having n degrees of free-
dom, and non-centrality matrix {2 whose eigenvalues are
{wi,walwy > wg > 0}. The pdf of A in (3) is given by:

95,(i—75) (wl,wQ)

falz) = ;;) +n—=2) (i —j+n-2)j4(—j)!
Hi ! <2 +2n — 1) o= 20 i+2n—2
p=0 P
(Kntj—p (22) = Kpgjp-1(22)), 4
where
(a+B)

- _ o (@ —aiB), a B 5
gw(%ﬁ) {(1_3) i+j—1g—2a , a:ﬂ' 5)
Proof: See Appendix. u

When the non-centrality matrix has one non-zero eigenvalue
(.e. w1 # 0,w2 = 0), gj,(i—j) (W1,w2) in (4) is non-zero only
when (j = 0,7 # j) or (j # 0,4 = j). Thus the pdf simplifies
as follows.

Corollary 1:
Let A;, A2 be the eigenvalues of a rank-2 non-central
complex Wishart matrix having n degrees of free-
dom, and non-centrality matrix {2 whose eigenvalues are
{wi,walwy > 0,ws = 0}. The pdf of A in (3) is given
by:

> wi lo—wn

falw) = Z (n=2)! (i+n—2)!4

i=1

i+2n-1 ,.

3 (Z +2n — 1) o2 yi+2n—2
p

— Kn—p (27)

p=0
_KnJrifpfl (2%) + anpfl (2;10)) (6)

(Knti-p (22)
Proof: Omitted. |
Setting w; = 0 in (6) yields (7), which is identical to
the pdf of corresponding central Wishart distribution (i.e.
Rayligh fading). Its equivalence to [14, Thm. 1] can be easily
established using [18, Eq. (3.4.17.5.1)].

1 < (2n —2z_2n—1
Iate) = <n—2>!<n—1!z(p)e ’
(Kn—p+1 (22) = 2Kn—p (22) + Kyp—1 (22)) (D)
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IV. APPLICATIONS

The pdf fa(x) expressions given by (4), (6) or (7) allow
performance metrics such as the outage probability to be
derived. Required identities are proven here.

A. Outage Probability

An outage occurs when the instantaneous received SNR falls
below an acceptable SNR threshold ;. Hence, its probability,
i.e. the outage probability’, can be given in terms of the
cdf Fy(z fo fa(t) dt, which reduces to be a weighted
sum of 1ntegrals of the form [ t#e~2'IC, (2t) dt. It may be
simplified as follows using the identities [19, 9.34.4], and [18,
Eq. (7.34.21.2.1)].

/ the 2IC, (2t) dt = \/7?/ t'G7 9 (4t ] 0.5 ) dt
0 0 v,—v

_ VT [ o (]| 05

= tglz(t‘y’iy)dt
_ \/> g ( ’ 1, u+1.5 ) ®)
4p+1 u+v+1 p—v+1,0

The Meijer G function is available in popular computational
software such as MATLAB, Maple and Mathematica.

B. Average Symbol Error Rate

The SER is the probability a transmitted symbol is incor-
rectly decoded at the receiver. It is dependent on the instanta-
neous channel-state; the ‘average SER’ obtained through aver-
aging over all possible channel-states characterizes the overall
quality of the channel. Under many modulation schemes this
can be represented or approximated as 5A{aQ (\/251\) }

ﬁ \;t A(t)dt, is a weighted sum

of integrals of the form f t=09e=BtG2 1 (4¢ L, P dt.
Further simplification is possible using [18, Eq. (% 3422.3.1)].

—0.5,—ptp2 1 1, p )

/Ot e g23<4t‘#’y’0 dt
_ —0552 1 1, p )
efreazi (o] 1o )}

4
_ 505522 (4] 05,1, p
b g33<5 u,wO)

C. Moment Generating Function

Similarly, the mgf of A, defined as Ex{e™**} =
L f e S'F(t) dt, can be obtained [18, Eq. (7.34.22.3.1)] as
a weighted sum of terms of form

This, given by §

s=p
9)

o0 —st

Lop ) _lg2a(t 0.1 p

0 4 (4:5’ P =633 (S 0-Lg )0
The mgf itself is not a performance metric?. Its importance

lies mainly in the fact that the mgf is a starting point for

computing many numerical performance results.

ZIncidentally, the mgf result gives the exact symbol error rate for differential
phase shift keying modulation scheme.
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D. Diversity Order

The pdf result is a weighted sum of e 2*x#/C,, (2z) terms.
Using [15, Eq. (9.6.9)], and with some manipulations, the first
order approximation of (4) can be obtained.

Corollary 2:
Let A;, A2 be the eigenvalues of a rank-2 non-central

complex Wishart matrix having n degrees of free-
dom, and non-centrality matrix {2 whose eigenvalues are
{w1,wa|w1 > wy > 0}. The first order approximation of
the pdf of A in (3) given by fa(x) &~ ax™ 2, where

i e =g
a= o —w .
(n_szl(Ziffzz_)(y(L:sz)_!l)e e , wip>ws >0
Proof: Omitted. |

The above is sufficient to derive the diversity order and the
coding gain [20]. Diversity order is (n — 1), as would have
been with zero-forcing [21]. Similar results can be computed
for (6) and (7).

V. NUMERICAL RESULTS

Figures 2 through 5 verify the analytical results, for selected
MIMO configurations, via semi-analytic Monte-Carlo simula-
tion (conducted with 106 simulation points).

Fig. 2 corresponds to rank-2 non-centrality matrices having
unequal eigenvalues (w1 = 4,ws = 1). Close agreement of
analytic and simulation results supports the proof to establish
the validity of (4). Although not as evident with the cdf
or average SER, near-zero behavior of a pdf curve (i.e.
lim, o fa(x)), reflects the diversity order. Reaffirming the
results derived in Section IV-D, the pdf curves for larger n
slope downward more rapidly, at the vicinity of z = 0.

A non-centrality matrix having all zero eigenvalues need not
be a zero matrix. But a zero matrix always has all eigenvalues
zero. Therefore (7) is identical to what already derived and
verified for Rayleigh fading in [14, Thm. 1].

The cdf result for non-centrality matrices having unequal
eigenvalues (w3 = 4,ws = 1) is shown in Fig. 3. Shown
in dotted lines are the curves corresponding to case (w1 =
0,wy = 0), which encompasses the Rayleigh fading scenario.
It highlights the fact that the presence of a specular component
improves the outage probability. The increase of the diversity
order with n is apparent in the slope of the cdf as x — 0, which
is the slope of the outage curve as normalized equivalent SNR
tends to infinity.

Fig. 4 depicts the average SER for binary phase shift keying
(BPSK) modulation, for a 2 x 3 MIMO system, and a non-
centrality matrix given by (w; = 6 x 105/1° wy = 0), thereby
indirectly establishing the validity of (6). K is the Rician factor
in dB. The rank-1 non-centrality matrix of this case arises
from directional gain of the transmit and receive antenna arrays
[17]. Corresponding curve for the Rayleigh fading scenario
is also given. The fact that increasing the Rician factor K
improves the error performance can clearly be seen.

Fig. 5 shows the average SER for BPSK modulation, for the
case (w1 = wy = 1). The asymptotic SER curves computed by
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Fig. 2. The pdf, analytic vs. simulated (H), of A in (3) over a 2 x n MIMO
system, in Rician fading modeled by a rank-2 non-centrality matrix having
eigenvalues [4, 1].
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Fig. 3. The cdf, analytic (solid lines) vs. simulated (M), of A in (3) over

a 2 x n MIMO system, in Rician fading modeled by a rank-2 non-centrality
matrix having eigenvalues [4,1]. The cdf for Rayleigh fading is shown in
dotted lines.

€ X i

(forn =2) | (for n =4)

1x107% [ 0.1 17 6
1 18 9

5 1 1

1x107° [ 0.1 20 9
1 21 11

5 1 12

1x1071 [ 0.1 27 14
1 28 16

5 29 19

1x107® [ 0.1 30 17
1 31 19

5 33 22

TABLE 1

VALUE OF 7 AT WHICH THE TERMS OF THE OUTER SUM OF (4) FALL
BELOW € X e~ (¥11w2) [N MAGNITUDE (FOR w = [1,4]).
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2 x 3 MIMO, with o = [6 x 10°K 0]

10 ; ‘ ‘
K=-5dB
- - -K=0dB
107" R, , - - - K=5dB |5

Average SER
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Fig. 4. The average SER for BPSK (i.e. « = 1,8 = %f’yo), analytic vs.
simulated (W), for a 2 x 3 MIMO system, in Rician fading modeled by a rank-
1 non-centrality matrix parameterized [17] by {6; = 20°, 6, = 10°,d = 1}.

2 x n MIMO, with ® =[1,1]
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Fig. 5. The average SER for BPSK (i.e. a = 1,8 = gﬁo), analytic (solid
lines) vs. simulated (M), for a 2 x n MIMO system, in Rician fading modeled
by a rank-2 non-centrality matrix having equal eigenvalues of 1, for b = /2.
Asymptotic SER curves are shown in dotted lines.

using (11) are shown in dotted lines. Diversity order, depicted
by the asymptotic slope is seen increasing with n.

As each expression (4), (6) has an infinite summation, it
is interesting to find out their rate of convergence, which
determines their usefulness. Table I presents, for (w; =
4,wy = 1) and six combinations of (n,z), the value of 4
beyond which the absolute value of the i*" term of (4) falls
below a threshold e x e~ (“1+«2) From Table I one can deduce
that the convergence rate improves with n, and degrades
with x. The observations deviating from this pattern (e.g. for
e = 1073, 2 = 5,n = 2) are not unexpected; they arise when
the first term of the sum itself is smaller than e. However, the
observations raise a concern. Convergence acceleration would
be required for larger = and large Rician factors at higher
precision.
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VI. CONCLUSION

The exact probability density result in [14] has been ex-
tended for the non-central Wishart scenario, for all forms of
the non-centrality matrix. Identities that provide exact analytic
results for the outage probability, the average SER, and others
have been derived. The results were verified through Monte-
Carlo simulation for selected configurations. Numerical results
provide further insights on the effect of the Rician factor.
Being associated with the distribution of the harmonic mean
of the eigenvalues of a non-central Wishart matrix, the results
could be useful for other applications as well.

VII. APPENDIX

Proof (Theorem 1): Let A1, A2 be the eigenvalues of a rank-
2 non-central complex Wishart matrix having n degrees of
freedom, and non-centrality matrix 2 having eigenvalues
{wi,walwy > wa}. The joint pdf of Aj, As is given by (2).

PPV
Let A = m
 _ Az
= Fy(z) = 1 —/ Fyyn (Al‘ )\2> Fa (A1) dAy
x 1—T
® (t4 x)? z(t+
e = [ (a2
0 t t
Substituting from (2),
—(wiw2)
e
fA(x) = n—2

2(0)1 — w2)(w1w2)T

n n n n
(J(wl7w27§7§ - 1) —J<W1,WQ,§ - 175)

nn n
- ) 7777_1) ( ) vy T o
J(w2 Wi 555 + J{ w2, w1 5 5

oo t+ k+1—-2 22
where  J(a,b,k,1) = xle*h/o %e”T

Toos (2 alt + x)) Toes (2 wb(t + x)) dt.
Using [15, 9.6.10], and then [19, 3.471(12)], we get

%) 7 i+k+1l4+n
J(a,b,k,l) = 26_2wZZCj$i,j Z
=0 j=0 p=0
itk+1+n) .
( P )I FhAE 1’Cn/2+j+k—p (21’) ’ (13)

ai+n/2—1bj+7z,/2—1
(i+n=2)!(G+n—2)4 "
Noting a,b € {w1,wa}; k,l € {n/2,n/2 —1}; and k +1 =
n —1, Eqns. (12) and (13) can be simplified further, to obtain
(4) where g; j (w1,w2) is given by the case wy # wa of (5).
e Case: w; = wa: Eqn. (2) does not hold as is when w1 = wa;
but the limit w; — wo does. Similarly, (4) holds true in the
limiting form

where ¢; ; =

i, ,J J, i
—2uw, lim Wiy — Wiy
W — w1

lim 9i.j (wl,UJg) =e
1

wa—w

w1 — w2

We get the case wy = wy of (5) using the L’Hospital’s rule. B

1 ”)),(12) )
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