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Abstract—The performance of a multi-hop amplify-and-
forward relay network is analyzed. The source and destination
terminals are equipped with multiple-antennas and the relays
with single-antennas. The cumulative distribution function and
the moment generating function of two tight upper bounds of the
end-to-end signal-to-noise ratio are derived. The lower bounds for
the outage probability and the average symbol error rate (SER)
are also derived. The results take into account the source-relay
and the relay-destination correlation matrices; the uncorrelated
case is treated as well. The asymptotic outage probability, average
SER, diversity order and coding gain are also derived. Numerical
results and Monte-Carlo simulations are presented to analyze
the system performance and show the tightness of the proposed
bounds.

I. INTRODUCTION

In relay networks, the use of multiple antennas at the
source (S) and the destination (D) significantly improves the
performance [1]. Possible ways to utilize multiple antennas
are transmit beamforming and receiver diversity combining
[2], [3]. For example, beamforming, i.e., maximal ratio trans-
mission (MRT) and maximal ratio combining (MRC) has been
studied for several types of relay networks [4]–[8].

These studies [4]–[8] focus on dual-hop networks and the
relay is limited to single antenna. In [4], the performance
of MRT/MRC beamforming in dual-hop amplify-and-forward
(AF) relay network with multiple-antenna S and D terminals
over independent Rayleigh fading is studied. Reference [5]
extends [4] by taking into account the channel correlation for
the different antenna elements at S and D. Moreover, in [6],
the performance of such networks with semi-blind (fixed-gain)
relays over independent Nakagami-m fading is investigated. In
[7] and [8], the impact of multiple antennas at S on the outage
probability and the effect of feedback delays are investigated,
respectively, for dual-hop systems using MRT for the source-
to-relay channel.

In this paper, we extend [4] and [5] to multi-hop networks
by considering a series (two or more) of single-antenna AF
relays between S and D. Since multi-hop relaying extends
the coverage, analyzing its performance is important. Unfor-
tunately, the exact statistics of the end-to-end signal-to-noise
ratio (SNR) of this system appears analytically intractable. We
thus use the SNR upper bounds developed for multi-hop relay
networks in [9], [10]. By using these upper bounds, the cu-
mulative distribution function (CDF), the moment generation
function (MGF), and lower bounds for the outage probability
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Fig. 1. Multi-hop relay network with multiple-antenna source-destination pair

and the average symbol error rate (SER) are derived. The
results are sufficiently general to take into account the source-
relay and the relay-destination correlation matrices. The per-
formance metrics for the uncorrelated fading case are explicitly
derived since they are not special cases of the correlated
fading case. The asymptotic outage probability, average SER,
diversity order and the coding gain are also derived. Moreover,
the system performance is studied via numerical results and
Monte-Carlo simulations.

The rest of this paper is organized as follows. Section II
presents the system model. In Section III, the performance
analysis is presented. Section IV contains the numerical and
simulation results. Section V concludes the paper.

Notations: Kν (z) is the Modified Bessel function of the
second kind of order ν [11, Eq. (8.407.1)]. 2F1(α, β; γ; z) is
the Gauss Hypergeometric function [11, Eq. (9.14.1)].

II. SYSTEM MODEL

We consider a multi-hop relay network with MIMO-enabled
S and D with Ns and Nd antennas, respectively. There are
N + 1 single-antenna AF relays Rn|N+1

n=1 between S and D
(Fig. 1). Perfect channel state information is assumed. The
signal transmission from S takes the form of MRT, and the
signal reception at D takes the form of MRC. The S-R1 and
RN+1-D channels are arbitrary correlated Rayleigh fading
with correlation matrices ΨS and ΨD, respectively. The Rn-
Rn+1, n = 1, . . . , N , channels are independent and non-
identically distributed (i.n.i.d.) Rayleigh fading.

Under this system model, the end-to-end SNR of a multi-
hop ideal channel-assisted AF (CA-AF) relay network is given
by [12]
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γCA =

[
1
γs

+
1
γd

+
N∑

n=1

1
γn

]−1

, (1)

where γs and γd are the instantaneous equivalent SNRs of the
S-R1 and RN+1-D channels, respectively. The instantaneous
SNR of the channel between Rn and Rn+1 relays is denoted
by γn. To analyze the system performance, the probability
distributions of γCA in (1) are required, which is not mathe-
matically tractable, particularly for N > 1. This problem can
be overcome by using the SNR upper bounds γub1

eq and γub2
eq

proposed in [9] and [10], respectively. They are given by

γub1
eq =min (γs, γd, γ1, γ2, ..., γN ), and (2)

γub2
eq =

[
1

min (γs, γd)
+

1
min (γ1, γ2, ..., γN )

]−1

. (3)

Reference [10] shows that γub2
eq is always tighter than γub1

eq
in low-to-high SNRs and the asymptotically exactness of both
bounds. Our performance analysis is based on (3). Because
γub1

eq yields simpler expressions for the performance metrics,
the corresponding results for the γub1

eq are also developed.
Additional applications of the bounding technique (3) can be
found in [10].

III. PERFORMANCE ANALYSIS

In this section, the statistics of the tighter SNR upper bound
γub2

eq are derived and then used to obtain the lower bounds
for the outage probability and the average SER. The high
SNR analysis of these performance metrics is presented to
obtain valuable insights. The distribution functions and the
performance metrics of γub1

eq are also derived, as they are
simpler than those of γub2

eq .

A. Statistical characterization of the end-to-end SNR

The CDF of γub2
eq when S and D experience correlated

fading is given by (see the Appendix for the proof)

Fγub2
eq

(x) = 1 −
Ns∑
j=1

Nd∑
k=1

2(−1)j+k+Ns+NdωNs−1
j λNd−1

k

Δ(ΨS)Δ(ΨD)

× ΔNs,j(A(ΨS))ΔNd,j(A(ΨD))
√

μνj,k

× x e−x(μ+νj,k)K1

(
2x

√
μνj,k

)
. (4)

where μ =
∑N

n=1
1

γ̄n
and νj,k = γ̄sωj+γ̄dλk

γ̄sγ̄dωjλk
. Moreover, γ̄s

and γ̄d are the equivalent average SNR of the S-R1 and
RN+1-D channels. The average SNR of Rn-Rn+1 channel is
denoted by γ̄n. Also ω1 >, . . . > ωNs

and λ1 >, . . . > λNd

are the eigenvalues of ΨS and ΨD, respectively. Δ(ϕ) is
the Vandermonde determinant of the eigenvalues of ϕ, and
Δm,j(M) is the determinant of the matrix M with the
m-th row and j-th column removed. The (i, j)-th element of
A(M) is given by A(M)i,j = vi−1

j , where v denotes the
eigenvalues of M. The CDF of γub1

eq is given by Fγub1
eq

(x) = 1−∑Ns

j=1

∑Nd

k=1

(−1)j+k+Ns+Nd ωNs−1
j λ

Nd−1
k ΔNs,j(A(ΨS))ΔNd,j(A(ΨD))

Δ(ΨS)Δ(ΨD)

e−x(μ+νj,k).

The MGF of γub2
eq when S and D experience correlated

fading can be derived by substituting (4) into Mγub
eq
(s) =∫∞

0
sFγub

eq
(x)e−sxdx, and evaluating the resulting integral by

using [11, Eq. (6.621.3)] as follows:

Mγub2
eq

(s) = 1 −
Ns∑
j=1

Nd∑
k=1

16(−1)j+k+Ns+NdωNs−1
j λNd−1

k

3Δ(ΨS)Δ(ΨD)

× ΔNs,j(A(ΨS))ΔNd,j(A(ΨD)) μνj,k

×
s 2F1

(
3, 3

2 ; 5
2 ; s+μ+νj,k−2

√
μνj,k

s+μ+νj,k+2
√

μνj,k

)
(
s + μ + νj,k + 2√μνj,k

)3 . (5)

The corresponding MGF of γub1
eq is given by Mγub1

eq
(s) = 1 −∑Ns

j=1

∑Nd

k=1

(−1)j+k+Ns+NdωNs−1
j λ

Nd−1
k ΔNs,j(A(ΨS))ΔNd,j(A(ΨD))

Δ(ΨS)Δ(ΨD)
s

(s+mu+nuj,k) .

Remark 3.1: The case when S and D have uncorrelated
antennas does not follow from (4) and (5) by replacing ΨS

and ΨD with the identity matrix, because of the indeterminate
0
0 form of the Vandermonde determinants. Thus, the CDF and
the MGF for this case are explicitly derived.

The CDF of γub2
eq when S and D experience uncorrelated

fading is given by

Fγub2
eq

(x) = 1 −
Ns−1∑
a=0

Nd−1∑
b=0

a+b∑
c=0

2
γ̄a

s γ̄b
d a! b!

(
a + b

c

)
ν

c−a−b+1
2

μ
c−a−b−1

2

× xa+b+1 e−x(μ+ν)Kc−a−b+1 (2x
√

μν) , (6)

where μ =
∑N

n=1
1

γ̄n
and ν = γ̄s+γ̄d

γ̄sγ̄d
, respec-

tively. The CDF of γub1
eq is given by Fγub1

eq
(x) = 1 −∑Ns−1

a=0

∑Nd−1
b=0

1
γ̄a

s γ̄b
d a! b!

xa+b e−x(μ+ν).

The MGF of γub2
eq for this case can then be derived as

Mγub2
eq

(s) = 1 −
Ns−1∑
a=0

Nd−1∑
b=0

a+b∑
c=0

2
√

πμ (4ν)c−a−b+1

γ̄a
s γ̄b

d a! b!

(
a + b

c

)

× Γ(c + 3) Γ(2a + 2b − c + 1)
Γ
(
a + b + 5

2

)
× s 2F1

(
c + 3, c − a − b + 3

2 ; a + b + 5
2 ; θ(s)

)
(
s + μ + ν + 2

√
μν
)c+3 ,(7)

where θ(s) = s+μ+ν−2
√

μν

s+μ+ν+2
√

μν . The corresponding

MGF of γub1
eq is given by Mγub1

eq
(s) = 1 −∑Ns−1

a=0

∑Nd−1
b=0

sΓ(a+b+1)

γ̄a
s γ̄b

d a! b!(s+μ+νj,k)
.

The probability density function (PDF) of γubi
eq

∣∣2
i=1

can

easily be derived by differentiating CDFs of γubi
eq

∣∣2
i=1

with

respect to x and by using x∂Kν(x)
∂x +νKν (x)+xKν−1 (x) = 0

[11, Eq. (8.486.12)]. However, for the sake of brevity, the PDF
results are omitted.



B. Outage probability

The outage probability is the probability that the end-to-
end instantaneous SNR falls below a predefined threshold γth.
Hence, it is obtained as follows:

P lb
out = Pr(0 ≤ γub

eq ≤ γth) = Fγub
eq
(γth). (8)

C. Average error rate

The average SER is derived by integrating the conditional
error probability (CEP) Pe|γ over the PDF of the SNR. For
certain commonly used modulation schemes, the CEP has
the form; Pe|γ = αQ (√βγ

)
, where α and β are constants

dependent on the modulation scheme. The average SER has

the integral representation P̄e = α
2 − α

2

√
β
2π

∫∞
0

x− 1
2 e−

βx
2 (1−

Fγeq(x))dx [4]. By substituting (4) into P̄e and evaluating
the resulting integral by using [11, Eq. (6.621.3)], a lower
bounds for the average SER obtained by using γub2

eq is derived
as follows:

P̄ lb2
e =

α

2
−
√

β

2

Ns∑
j=1

Nd∑
k=1

3απ(−1)j+k+Ns+Ndμνj,k

Δ(ΨS)Δ(ΨD)

× ωNs−1
j λNd−1

k ΔNs,j(A(ΨS))ΔNd,j(A(ΨD))

×
2F1

(
5
2 , 3

2 ; 2;
β
2 +μ+νj,k−2

√
μνj,k

β
2 +μ+νj,k+2

√
μνj,k

)
(

β
2 + μ + νj,k + 2√μνj,k

) 5
2

. (9)

The average SER with γub1
eq is given by

P̄ lb2
e = α

2 − α
2

√
β
2

∑Ns

j=1

∑Nd

k=1(−1)j+k+Ns+NdωNs−1
j λNd−1

k
ΔNs,j(A(ΨS))ΔNd,j(A(ΨD))

Δ(ΨS)Δ(ΨD)( β
2 +μ+νj,k)

1
2

.

As per Remark 3.1, the average SER for the uncorrelated
case is explicitly derived. The lower bounds for the average
SER obtained by using γub2

eq for this case is given by

P̄ lb2
e =

α

2
− α

√
β

2

Ns−1∑
a=0

Nd−1∑
b=0

a+b∑
c=0

μ(4ν)c−a−b+1

γ̄a
s γ̄b

d a! b!

(
a + b

c

)

× Γ
(
c + 5

2

)
Γ
(
2a + 2b − c + 1

2

)
Γ(a + b + 2)

× 2F1

(
c + 5

2 , c − a − b + 3
2 ; a + b + 2; θ(β/2)

)
(

β
2 + μ + ν + 2

√
μν
)c+ 5

2
. (10)

The corresponding average SER for γub1
eq is given by P̄ lb1

e =
α
2 − α

2

√
b

2π

∑Ns−1
a=0

∑Nd−1
b=0

Γ(a+b+ 1
2 )

γ̄a
s γ̄b

d a! b!( β
2 +μ+ν)a+b+1

2
.

D. High SNR Analysis

In this section, the asymptotic outage probability, the aver-
age SER, the coding gain and the diversity gain are derived.
Our asymptotic results hold for both γub1

eq and γub2
eq bounds as

the performance metrics derived by using them are asymptot-
ically exact [10].

1) Asymptotic outage probability : The asymptotic outage
probability when S and D experience correlated fading can be
derived as follows: The behavior of the CDF of γub2

eq for a large
γ̄ is equivalent to the behavior of Fγub2

eq
(y) around y = 0 [13].

By substituting γ̄n|Nn=1 = Cnγ̄, γd = Cdγ̄, γs = Csγ̄ and
x = γ̄y into (4), and by expressing the exponential function
and Bessel function in terms of their Taylor series expansions
around y = 0 [11, Eq. (1.211) and Eq. (8.446)], the expression
with the first order terms of y can be obtained. Then the
asymptotic outage probability can be obtained by substituting
y = γth

γ̄ as follows:

P∞
out = F∞

γub
eq

(γth) = Ω0
γth

γ̄
+ o

(
γth

γ̄

)2

, where (11)

Ω0 =
Ns∑
j=1

Nd∑
k=1

(−1)j+k+Ns+NdωNs−1
j λNd−1

k

Δ(ΨS)Δ(ΨD)

× ΔNs,j(A(ΨS))ΔNd,j(A(ΨD))

×
(

N∑
n=1

1
Cn

+
1

Csωj
+

1
Cdλk

)
,

Cn|Nn=1 =
γ̄n

γ̄
, Cs =

γ̄s

γ̄
and Cd =

γ̄d

γ̄
.(12)

The asymptotic outage probability when S and D experience
uncorrelated fading is given by

P∞
out =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ω1
γth

γ̄ + o
(

γth

γ̄

)2

, Ns = Nd = 1

Ω2
γth

γ̄ + o
(

γth

γ̄

)2

, Ns = 1 and Nd > 1

Ω3
γth

γ̄ + o
(

γth

γ̄

)2

, Ns > 1 and Nd = 1

Ω4
γth

γ̄ + o
(

γth

γ̄

)2

, Ns > 1 and Nd > 1,

(13)

where Ω1 = 1
Cs

+ 1
Cd

+
∑N

n=1
1

Cn
, Ω2 = 1

Cs
+
∑N

n=1
1

Cn
,

Ω3 = 1
Cd

+
∑N

n=1
1

Cn
, and Ω4 =

∑N
n=1

1
Cn

.

2) Asymptotic average SER: The average SER at high SNR
can be derived by substituting (11) and (13) into the integral
representation of SER in Section III-C and then solving it as;
P̄∞

e = Ωα
2βγ̄ + o

(
γ̄−2

)
. The asymptotic average SER for the

correlated fading case can be obtained by replacing Ω by Ω0.
The asymptotic average SER for each cases in (13) of the
uncorrelated fading case can be obtained by replacing Ω by
Ω1, Ω2, Ω3 and Ω4. In the high SNR regime, the average
SER can be represented by P̄∞

e ≈ [Gcγ̄]−Gd , where Gd

and Gc are referred to as the diversity gain and coding gain,
respectively [13]. Then, by using P̄∞

e , the Gd and Gc can
easily be obtained for each case. In [4], the diversity gain is
given by the minimum number of antennas at S and D; i.e.,
Gd = min(Ns, Nd). However, the diversity gain Gd of our
set-up is one because it is governed by the Rn − Rn+1|Nn=1

hops, which has only single-antenna terminals. Although this
set-up is limited in terms of its achievable diversity order, the
coverage can be extended considerably.
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Fig. 2. The average BER of BPSK for 3-hop, and 7-hop relay networks.
dSD = 1 and η = 2.5. For the 3-hop network, d1 = 0.3, d2 = 0.5 and d3 =
0.2. For the 7-hop network, d1 = 0.3, d2 = 0.1, d3 = 0.15, d4 =
0.05, d5 = 0.1, d6 = 0.1 and d7 = 0.2.

IV. NUMERICAL RESULTS

This section presents numerical and simulation results in
order to investigate the performance of our bounds, and to
verify the analytical results of Section III. The average SNR

of the i-th hop is modeled by γ̄i = γ̄
(

dSD

di

)η

, where γ̄

and η are the reference average SNR and path-loss exponent.
The distance between the source-destination pair is dSD and
that between Ri and Ri+1 is di. The correlation matrices
ΨS and ΨD for uniform linear antenna arrays at S and D
are constructed using [14, Eq. (4)]. The amount of spatial
correlation between adjacent antenna elements then can be
quantified by their relative antenna spacing (ls, ld), angular
spreads (σ2

s , σ2
d), and the angle of arrival or departure (θs, θd).

1) The impact of the number of hops on the average BER:
In Fig. 2, the average bit error rate (BER) of binary phase
shift keying (BPSK) is plotted against the average SNR of
the first hop for 3-hop, and 7-hop relay networks. S and
D each uses three antennas (Ns = Nd = 3). Further, the
asymptotic average BER curves are plotted. Fig. 2 shows
that the average BER derived by using γub2

eq is tighter than
that of γub1

eq in low-to-moderately high SNRs. For the 3-hop
case, the proposed BER lower bound almost matches with
the exact BER. However, as the number of hops increases,
our bounds weaken for low SNRs. Further, this figure clearly
reveals the performance benefits reaped by going from three-
hops to seven-hops. The asymptotic analysis shows that our
proposed bounds are exact for high SNR. Further, the Monte-
Carlo results validate our analysis.

2) The impact of correlated fading at S and D on the
outage probability: In Fig. 3, the outage probability is plotted
for a 4-hop relay network. Two antenna setups (i) Ns = Nd =
3 and (ii) Ns = Nd = 1 are considered. Three different
correlation scenarios are obtained as (a) high correlation:
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Simulation
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s = σ2

d = π/24)

Uncorrelated
Antennas at S & D

Low Correlation

(ls = ld = 0.9, σ2
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d = π/12)

Four-Hop Network
with Ns = Nd = 1

Four-Hop Network
with Ns = Nd = 3

Fig. 3. The impact of antenna correlation at the source and the destination
on the outage probability. dSD = 1 and η = 2.5. θs = θd = π/6. d1 =
0.3, d2 = 0.35, d3 = 0.15 and d4 = 0.2.

(ls = ld = 0.2, σ2
s = σ2

d = π/48), (b) medium correlation:
(ls = ld = 0.5, σ2

s = σ2
d = π/24) and (c) low correlation:

(ls = ld = 0.9, σ2
s = σ2

d = π/12). Since ls and ld are the rel-
ative antenna spacing, and σ2

s and σ2
d are the angular spread at

S and D, respectively, smaller values of ls, ld, σ2
s and σ2

d result
in higher spatial correlation [14]. The higher correlation effects
at both S and D degrade the outage probability performance
significantly. Fig. 3 also reveals that the outage probability
improves as the number of antennas at S and D increases.
Despite no diversity advantages1, significant coding gains can
be achieved by using multiple-antenna source-destination pair
in multi-hop relay networks. The coding gain of antenna setup
(ii) over setup (i) is about 15 dB.

3) The impact of the number of antennas at S and D on
the outage probability: In Fig. 4, the outage probability for
a 4-hop relay network is plotted for four different antenna
configurations at S and D in i.n.i.d Rayleigh fading. The
outage probability improves as the number of antennas at
S and D increases. Although there are no diversity gains,
the coding gain obtained by going from Ns = Nd = 1 to
Ns = Nd = 2 is about 10 dB. However, further increase of
antennas at S and D does not increase the coding gain. These
results suggest that the use of two antennas at S and D is the
best. This insight is also provided in Section III-D2, where
the coding gain is independent of γ̄s and γ̄d as Ns > 1 and
Nd > 1.

4) The impact of the antenna spacing and angular spread
at S and D on the average BER: In Fig. 5, the impact of
the antenna spacing at both S and D antennas on the average
BER is depicted. Here a three-hop relay network is considered.
Lower antenna spacing leads to higher antenna correlation and
degrades the BER performance significantly. Moreover, lower
angular spreads further weaken the BER performance.

1The single-antenna relays limit the diversity order of the system to one.
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Fig. 4. The outage probability of four-hop relay network with different
antenna configuration at the source and the destination. dSD = 1 and η =
2.5. d1 = 0.3, d2 = 0.4, d3 = 0.1, and d4 = 0.2.

V. CONCLUSION

This paper presented a performance analysis of a multi-hop
single-antenna AF relay networks with multiple-antenna S and
D terminals. The CDF and the MGF were derived for two
upper bounds of the end-to-end SNR. Lower bounds for the
outage probability and the average SER were derived as well.
The asymptotic outage probability and average SER, diversity
order and coding gains were derived. The results show that the
spatial correlation degrades the system performance consider-
ably in a moderately high SNR regime, but that the degradation
is much less pronounced in very low and very high SNR
regimes. Moreover, a higher antenna separation and higher
angular spreads reduce the impact of antenna correlation. Our
bounds are tight in the moderate-to-high SNR regime and
they are asymptotically exact. Our performance metrics can
be useful as benchmarks for the design of MIMO multi-hop
relay networks.

VI. APPENDIX

The CDF of γubi
eq

∣∣2
i=1

with channel correlation
at S and D can be derived as follows: Let
γub1

eq = min (γs, γd, γ1, γ2, · · · , γN ) and γub2
eq = Γ1Γ2

Γ1+Γ2
, where

Γ1 = min (γs, γd) and Γ2 = min (γ1, γ2, ..., γN ). Then the
complementary cumulative distribution function (CCDF) of Γ1

can be obtained as F̄Γ1(x) = F̄γs
(x)F̄γd

(x), where F̄γs
(x) =

1
Δ(ΨS)

∑Ns

j=1(−1)j+NsωNs−1
j ΔNs,j(A(ΨS))e−

x
γ̄sωj and

F̄γd
(x)= 1

Δ(ΨD)

∑Nd

k=1(−1)k+NdλNd−1
k ΔNd,k(A(ΨD))e−

x
γ̄dλk

are the CCDFs of γs and γd, respectively [5]. The PDF of Γ2

is given by fΓ2(x) =
[∑N

n=1
1

γn

]
exp
(
−x
∑N

n=1
1

γn

)
.

The CDF of γub2
eq (4) can readily be derived by

substituting the CCDF of Γ1 and PDF of Γ2 into
Fγub2

eq
(x) = 1−∫∞

0
F̄Γ1

(
(z+x)x

z

)
fΓ2(z+x)dz and evaluating

the resulting integral by using [11, Eq. (3.471.9)]. The CDF of
γub1

eq can be obtained by Fγub1
eq

(x) = 1− F̄γs
(x)F̄γd

(x)F̄Γ2(x).
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Fig. 5. The impact of antenna spacing and angular spread at the source and
destination on the average BER of BPSK. θs = θd = π/6, dSD = 1 and
η = 2.5. d1 = 0.45, d2 = 0.1 and d3 = 0.45.
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