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Abstract—The performance of a cooperative network with
Cooperative Maximal Ratio Combining (C-MRC) is analyzed.
To this end, we propose a heuristic approximation to the
total received SNR (signal-to-noise ratio) at the destination.
The approximation is not only an accurate representation of
the received SNR, but also amenable to performance analysis.
We then derive the probability density function (PDF) of the
approximate SNR. The PDF is used to derive expressions of
the parameters required for the performance analysis of rate
adaptive transmission, based on the use of a discrete set of modes
of square M -ary quadrature amplitude modulation (QAM), with
a cooperative network employing C-MRC. Analytical expressions
for mode selection probability, the outage probability, the average
spectral efficiency, and the average bit error rate are derived.
Results show that performance of the system under C-MRC is
comparable with other cooperative networks.

Index Terms—Adaptive transmission, Decode-and-forward,
Cooperative MRC, Nakagami-m fading.

I. INTRODUCTION

Consumer demand for low-cost, high-speed, high-quality
mobile content delivery has fueled a phenomenal growth in the
wireless communication industry during the past few decades.
As a result new wireless technologies and standards have
emerged to satisfy the ever increasing demand for mobile
and wireless connectivity. Current research aims at improving
the capabilities of wireless communication in beyond third
generation (B3G), fourth generation wireless 4G technologies
and beyond.

Cooperative wireless communication [1], [2] is an active
research area where the cooperation of a network of single-
antenna wireless devices creates a virtual multiple antenna
system and provides diversity in terms of spatial separation.
Adaptive transmission [3]–[6] is another technique used to
enhance the throughput of wireless channels under the im-
pairments of multipath fading and shadowing. The transmitter
uses channel state information (CSI) to take advantage of the
variations of the wireless channel. A series of recent papers
[7]–[12] have investigated the use of adaptive strategies with
cooperative networks. In [7] the limits of achievable capacity
of a cooperative network under different adaptive transmission
techniques was investigated. Nechiporenko et. al. extended
the work of [7] to a multiple amplify-and-forward (AF)
relay cooperative network in [9]. The practical technique of
adaptive discrete rate M -QAM was considered for cooperative
networks in [10]–[12]. In all the aforementioned work under

adaptive transmission in conjunction with cooperative diver-
sity, the analysis for decode-and-forward (DF) cooperative
networks is performed under the assumption of error-free
decoding at relays.

Relaying is pivotal to the operation of a cooperative wireless
system. We focus our attention on regenerative (decode-
and-forward) relays. Such relays decode and retransmit the
received signal to the destination. However, error propaga-
tion can occur due to decoding errors. Hence, cooperative
demodulation techniques are required at the destination where
signals are combined to benefit from the cooperative diversity
provided by the network. Several techniques for cooperative
demodulation and detection have been proposed in the liter-
ature. Reference [13] presents a maximum likelihood (ML)
optimal detector for BPSK (binary phase shift keying). Due
to the complexity of performance analysis using the optimal
detector, [13] also provides a suboptimal combiner termed λ-
MRC. A piece-wise linear (PL) near-ML decoder is derived
for coherent and non-coherent BFSK in [14]. Reference [15]
provides a low-complexity method termed Cooperative Max-
imal Ratio Combining (C-MRC), which tightly lower bounds
the performance of ML detection. Reference [16] presents the
product MRC (P-MRC) scheme, which requires significantly
low signaling overhead than C-MRC. Most of these techniques
require the destination to have knowledge of the instantaneous
CSI or bit error rate (BER) at the relays.

In this paper we investigate the performance of a cooperative
network using C-MRC with rate adaptive transmission. We
consider a regenerative cooperative network consisting of N
parallel cooperative relays. A novel heuristic approximation
for the total received signal-to-noise ratio (SNR) is developed.
The probability density function (PDF) of the approximate
SNR is derived and is used for the subsequent performance
analysis. Adaptive transmission is based on a discrete mode
adaptive scheme [17], which uses transmission modes consist-
ing of square M -ary quadrature amplitude modulation (M -
QAM) constellations. The mode selection probability, the out-
age probability, the average spectral efficiency, and the average
bit error rate are derived. Results show that performance of the
system under C-MRC is comparable with other cooperative
networks.

II. SYSTEM AND CHANNEL MODEL

The regenerative or decode-and-forward (DF) cooperative
network is illustrated in Fig. 1. In this model the transmission
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Fig. 1. System model.

of the source (S) is assisted by N ≥ 1 number of cooperative
relays. The cooperative protocol involves two phases. During
the first phase, the source transmits its message x which
is received by the destination and all the N relays due to
the broadcast nature of the wireless channel. The received
message at the destination and the ith (i = 1, . . . , N) relay are
rs,d = hs,d

√
Es x+ns,d and rs,i = hs,i

√
Es x+ns,i where x

is the transmit symbol and Es is the average transmit power.
In the second phase, each of the relays transmits the message
received from the source through an orthogonal channel to
the destination which are then combined using the C-MRC
technique. The received signal at the destination from the ith
relay during the second phase is ri,d = hi,d

√
Es x̂+ni,d where

x̂ is the decoded and re-encoded symbol of x. nsi, nsd and
nid are the noise present at the relays and the destination. All
noise samples are modeled as additive white Gaussian noise
(AWGN). The wireless environment is modeled using the
Nakagami-m fading distribution. For simplicity, we assume
all channel gains between wireless nodes to be independent
and identically distributed (i.i.d.). Although our results can be
extended to the non-i.i.d. case, it is omitted for brevity.

III. RATE ADAPTIVE TRANSMISSION

Rate adaptive transmission is implemented using a dis-
crete set of transmission modes. The transmission mode is
changed based on a channel quality measurement done at
the destination. Under this adaptive scheme source transmis-
sion takes places with a constant average power, and the
transmission data rate will vary according to the channel
conditions. Furthermore, the adaptation improves the overall
spectral efficiency while maintaining a quality of service (QoS)
constraint, say, in terms of a target BER.

The range of received SNR is partitioned into K regions
using a set of switching levels S = {γn|n = 0, 1, ...,K} with
K = 5 being considered for our analysis which was termed
five-mode AQAM [17]. The transmitter selects mode n when
the received SNR falls in the nth region; i.e. γn ≤ γtot <
γn+1. Information of which transmission mode to be used, i.e.,
n, is communicated to the source through reliable, low delay
feedback link (Fig. 1). It is assumed that this feedback link is
error free. When the transmitter switches between different
modes, the relays need to identify the correct mode being
transmitted. For this purpose, the transmitter may have to send
side information to the relays, or potentially the relays may
employ automatic modulation classification techniques [18],
[19] to identify the incoming modulation mode without side
information.

Table I summarizes the parameters of the five-mode AQAM
scheme, where bn is the number of bits per transmitted symbol,
γ is the instantaneous received SNR and Mn is the constella-
tion size of the modulation scheme of the nth mode. BPSK,
QPSK, 16-QAM, 64-QAM have been considered in four of
the five modes since they are widely used in many existing
standards [20], [21] and since they have been extensively
studied under adaptive modulation in literature [5], [17].

In our analysis we consider the switching level assignment
proposed in [6]. Under this method each switching level is
chosen so that the two modes being separated by the switching
level would satisfy a BER constraint under AWGN conditions
at the SNR value of switching. Particularly, the higher of
the two modes should yield a BER approximately equal to
the BER target. The switching levels would be determined as
follows

γ0 = 0
γ1 = [erfc−1(2BER0)]2,
γn = 2

3K0(Mn − 1); n = 2, 3, . . . , K − 1,
γK = +∞,

(1)

where BER0 is the target BER level, efrc−1(·) is the inverse
complementary error function and K0 = − ln(5 BER0).

IV. SNR APPROXIMATION FOR C-MRC

We have chosen C-MRC proposed in [15], [22] for the
cooperative demodulation of received signals at the destination
because of its low complexity and near-ML performance. Fur-
thermore, the implementation of ML detection for higher order
constellations, considered in our adaptive scheme, becomes
exceedingly complicated with the presence of errors at the
relays.

According to [15] the combining of received signals rs,d

and ri,d , i ∈ {1, ..., N} using C-MRC is done as follows

r = ws,d rs,d +
N∑

i=1

wi,d ri,d , (2)

where ws,d and wi,d are weights which are functions of hs,d,
hs,i and hi,d. The weight ws,d is chosen to be ws,d = h∗

s,d

as in the case of MRC. However, for determining the weight
wi,d , which has to account for the errors introduced at the
relay, the end-to-end equivalent SNR for the path via the ith
relay is required. Hence, wi,d is chosen as

wi,d =
γeq

γi,d
h∗

i,d , (3)

where γeq is the equivalent one-hop received SNR for the two
hop path via the ith relay. It was shown in [15], [22] that
γeq is bounded as γmin − 3.24

α < γeq ≤ γmin where γmin =
min(γs,i, γi,d). Therefore, we have approximated γeq as γeq ≈
min(γs,i, γi,d). Under this approximation when γs,i > γi,d ,
wi,d reverts to conventional MRC which makes wi,d = h∗

i,d ,
i.e. the combiner is more confident that the symbols arriving
from the relay are accurate since the source to relay link has
better quality than the relay to destination link. When γs,i <
γi,d the combiner has low confidence on the reliability of the
symbol arriving at the relay.
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The detected symbol at the destination x̃ is given as

x̃ = arg min
x∈Ax

∣∣∣∣∣ws,d rs,d +
N∑

i=1

wi,d ri,d

−
(
ws,d hs,d +

N∑
i=1

wi,d hi,d

)
x

∣∣∣∣∣
2

, (4)

where Ax is the set of constellation points or symbols of
the constellation considered for transmission. The analysis
carried out in [15], [22] proves that C-MRC provides full
diversity benefits at the destination. However, they do not
provide a closed form solution for the total received SNR at
the destination.

To use C-MRC in the adaptive scheme described in Section
III, an expression for the instantaneous total received SNR
at the destination is required. The derivation of an analytical
closed form expression for the total received SNR appears to
be complicated with C-MRC. Also, such an expression may
also be dependent on the mode being used for transmission
(since bit errors caused at the relays depend on the modulation
scheme employed). Due to these difficulties of deriving an
exact expression for the total received SNR for C-MRC, we
have resorted to the use of an approximation for the received
SNR, which is independent of the underlying modulation
scheme used. We have tried several heuristic approximations
for the total received SNR which were tested through Monte
Carlo simulations using a trial and error approach. Simula-
tions were performed extensively under Rayleigh, Ricean and
Nakagami-m fading models and in i.i.d. and non-i.i.d. fading
environments with different numbers of cooperating DF relays.
The decoding at the relays was carried out using ML detection
and received signals were combined at the destination using
C-MRC according to (2) and symbol detection was performed
using (4). The Nakagami-m random variables required for
simulating the faded envelop was generated using the method
proposed in [23]. From our numerical experiments, we find
that (5) is an accurate representation of the total received SNR
at the destination:

γap = γs,d +
N∑

i=1

0.5min(γs,i, γi,d) . (5)

The accuracy of (5) is shown in Fig. 2, where the BER curves
are obtained for a cooperative network (non-adaptive constant
rate) consisting of two DF relays under i.i.d. Nakagami-m
fading with m = 2 for four different modulation schemes.
From the BER curves we observe that γap provides a very
accurate approximation to the total received SNR at the
destination under C-MRC.

Fig. 3 depicts the outage probability associated with a two
DF relay cooperative network and 4-QAM. Outage probability
for C-MRC was derived using BER simulation results consid-
ering a BER based outage threshold of 0.01. A BER above
this threshold was considered to result in an outage event. The
corresponding theoretical C-MRC plot for outage probability
was derived by using the approximation for received SNR
γap and considering a equivalent outage SNR threshold of
7.33 dB (for 4-QAM, this threshold of 7.33 dB results in a

TABLE I
FIVE-MODE ADAPTIVE M -QAM PARAMETERS

SNR n Mn bn mode
γ0 ≤ γ < γ1 0 0 0 No Tx
γ1 ≤ γ < γ2 1 2 1 BPSK
γ2 ≤ γ < γ3 2 4 2 QPSK
γ3 ≤ γ < γ4 3 16 4 16-QAM
γ4 ≤ γ < γ5 4 64 6 64-QAM
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Fig. 2. BER of a 2 relay network for M -QAM (M = 2, 4, 16, 64) with
Nakagami-m fading (m = 2).

BER of 0.01). From the plots it is clear that γap serves as a
good approximation for the received SNR in terms of outage
probability.
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Fig. 3. Outage probability for 4-QAM, with i.i.d. Nakagami-m fading, m =
2, two relay network.

V. PERFORMANCE PARAMETERS FOR RATE ADAPTIVE

TRANSMISSION

The analysis of C-MRC under five-mode AQAM is per-
formed by using the proposed approximation for the received
SNR at the destination given by γap in (6). Therefore, the total
received SNR at the destination is

γtot ≈ γs,d +
i=1∑
N

0.5min(γs,i, γi,d) . (6)
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δn = ΓN (2m)
22N(m−1)mNΓ2N (m)

{
m∑

r=1

Λr

Γ(r)

[
Γ

(
r,

m γn

γ̄

)
− Γ

(
r,

m γ
n+1
γ̄

)]
+

N(2m−1)∑
t=1

Ωt

Γ(t)

[
Γ

(
t,

4m γn

γ̄

)
− Γ

(
t,

4m γ
n+1

γ̄

)]}
.

(8)

R
B = ΓN (2m)

22N(m−1)mNΓ2N (m)(N+1)

K−1∑
n=1

bn

{
m∑

r=1
Λr

[
Γ(r, m γn

γ̄ )−Γ(r,
m γn+1

γ̄ )
Γ(r)

]
+

N(2m−1)∑
t=1

Ωt

[
Γ(t, 4m γn

γ̄ )−Γ
(

t,
4m γn+1

γ̄

)
Γ(t)

]}
.

(9)

Pn =
ΓN (2m)

22N(m−1) mN Γ2N (m)

[
m∑

r=1

Λr

(r − 1)!

(
m

γ̄

)r ∑
l

Al Ir(al,m/γ̄, γn, γn+1)

+
N(2m−1)∑

t=1

Ωt

(t − 1)!

(
4m

γ̄

)t ∑
l

Al It(al, 4m/γ̄, γn, γn+1)

]
. (10)

The PDF of approximation for γtot is derived in Appendix A.
Using this PDF (23) mathematical expressions are derived for
the performance parameters considered in our analysis.

1) Mode Selection Probability: This is the probability that
the received SNR would fall in the nth partition, resulting the
use of the nth mode by the transmitter. By using the PDF (23)
in [17, Eq. (2)] the MSP is derived to be (8) where Λr and
Ωt are given in (21) and (22) respectively.

2) Outage Probability: When the SNR falls below the first
switching level of γ1, the transmitter selects the no-transmit
mode. The outage event caused by this can be found as

Pout = 1 − ΓN (2m)
22N(m−1)mNΓ2N (m)

{
m∑

r=1
Λr

Γ(r,
m γ1

γ̄ )
Γ(r)

+
N(2m−1)∑

t=1
Ωt

Γ
(

t,
4m γ1

γ̄

)
Γ(t)

}
.

(10)
3) Average Spectral Efficiency: The average spectral effi-

ciency can be derived by using the MSP δn in [6, Eq. (33)]. It
is derived to be (9), note that the division by N +1 is required
since N + 1 orthogonal channels are used in the transmission
of information from source to destination.

4) Average Bit Error Rate: Since different modulation
schemes are being employed under varying channel conditions
with signal fading (Table I), an average BER value is needed
which averages the effects of both fading and the use of
different modulation schemes. The average BER for five-mode
AQAM scheme is given as [17]

BERavg =

K−1∑
n=1

bn Pn

K−1∑
n=1

bnδn

, (11)

where Pn is the BER of the nth transmission mode which is
calculated as

Pn =
∫ γn+1

γn

PMn,QAM (γ)fγtot
(γ) dγ . (12)

PMn,QAM is the BER of square M-QAM in an AWGN
channel, with coherent detection and Gray coding given as
[17]

PMn,QAM =
∑

l

Al Q(
√

alγ) , (13)

where Q(·) is the standard Gaussian Q-function defined as
Q(x) = 1√

2π

∫ ∞
x

e−z2/2 dz, γ is the received SNR, and Al

and al are constants particular to the QAM constellation used,
given in [17]. Using (23), (12) and (13) expression for Pn

is derived to be (10) where Ii(al, β, γn, γn+1) is evaluated in
closed form in [11].

VI. SIMULATION RESULTS

The results from analytical equations derived from the ap-
proximation to received SNR γap and the simulation results are
compared. Simulations were performed on a system consisting
of 2 DF cooperative relays where all channels are modeled as
i.i.d. Nakagami-m with m = 2. Simulation results were also
obtained for a comparable AF cooperative network and an
adaptive DF cooperative network discussed in our previous
work of [11] and [12].

The average spectral efficiency is depicted in Fig. 4. Both C-
MRC method and the AF system with MRC method perform
equally well while the adaptive DF system performs the best,
achieving gains ranging from 2.5 dB to 3 dB for a given aver-
age spectral efficiency. The simulation results and theoretical
values of the C-MRC system agree well.
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Fig. 4. Average spectral efficiency, with i.i.d. Nakagami-m fading, m = 2,
two relay network.

The average BER curves of C-MRC are shown in Fig. 5.
Except initially, the BER curves stay below the target BER
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constraint of 10−3. The theoretical curve gives a lower average
BER than the simulation results. Furthermore, it is observed
that the gap between the theoretical BER approximation and
the simulation result has increased for rate adaptive trans-
mission, unlike that of the fixed rate transmission (Fig. 2).
However, it should be noted that for non-adaptive fixed rate
transmission the average BER is obtained by averaging over all
possible channel conditions for a particular fixed modulation
scheme. But in the rate adaptive scheme simulated here, the
instantaneous BER of higher modulation schemes depend on
favorable channel conditions while the instantaneous BER of
lower modulation schemes relate to poor channel conditions,
due to the switching levels employed. Hence, the accuracy
of the approximation for total received SNR under C-MRC
is reduced when rate adaptive transmission is considered.
This conclusion is further supported from the observation that
for higher SNR values, say above 25 dB, the simulation and
theoretical curves overlap and show a good match, where
the transmitter selects the highest mode with a very high
probability (very low probability of switching to lower modes
at high average SNR values). At the high SNR region since
the transmitter operation is similar to a non-adaptive fixed
rate transmitter the simulation and theoretical results are in
accordance as opposed to lower SNR regions where adaptation
is employed. The average BER curve obtained with 64-QAM
using C-MRC is also given in the figure. For high SNR values,
all curves show the same diversity order.
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Fig. 5. Average BER for system using C-MRC, with i.i.d. Nakagami-m
fading, m = 2, two relay network.

VII. CONCLUSION

A heuristic approximation for received SNR of a relay sys-
tem with C-MRC was proposed. The approximation is justified
via extensive simulations. The PDF of the received SNR for an
i.i.d. Nakagami-m fading environment was derived. Decoding
errors at relays are accounted into the final result observed
at the destination receiver through the use of cooperative
demodulation and symbol detection. Results show that the
rate adaptive system with C-MRC maintains desired QoS
constraint while exploiting the channel variation to improve
average throughput. The performance of other cooperative

systems was compared with that of the C-MRC system.
When compared to the Adaptive DF system proposed in [12]
where error-free decoding was assumed (with a decoding SNR
threshold) the system under C-MRC shows a 2.5 dB to 3 dB
gain loss for a given average spectral efficiency due to the
presence of decoding errors at relays.

APPENDIX

It is shown in [24] for i.i.d. Nakagami-m fading the moment
generating function (MGF) of γi = min(γs,i, γi,d) can be
written as

Mγi
(s) =

(
m
γ̄

)2m
Γ(2m)

mΓ2(m)
2

(2m/γ̄+s)2m

× 2F1

(
1, 2m;m + 1; m/γ̄+s

2m/γ̄+s

)
,

(14)

where 2F1(α, β; γ; z) is the hypergeometric function defined
in [25, 9.100].

Using the transform of [25, 9.131]

2F1

(
1, 2m;m + 1; m/γ̄+s

2m/γ̄+s

)
= 2m/γ̄+s

m/γ̄ 2F1

(
1, 1 − m;m + 1;−m/γ̄+s

m/γ̄

) (15)

and using the properties of [25, 9.100] for β < 0 the
hypergeometric series can be written as

2F1

(
1, 1 − m;m + 1;−m/γ̄+s

m/γ̄

)
=

∑m−1
k=0 ak

(
−m/γ̄+s

m/γ̄

)k

(16)
where ak are the hypergeometric coefficients given by

a0 = 1
ak = (1−m)(2−m)...(k−m)

(m+1)(m+2)...(m+k)

(17)

Substituting (16) into (15) then into (14) the MGF can be
written as

Mγi
(s) =

(
m

γ̄

)2m Γ(2m)
mΓ2(m)

2
(2m/γ̄ + s)2m

× 2m/γ̄ + s

m/γ̄

m−1∑
k=0

ak

(
−m/γ̄ + s

m/γ̄

)k

(18)

Replacing s by 0.5 s in (18) the MGF of 0.5 min(γs,i, γi,d)
can be derived. Therefore, the MGF of the total received SNR
given in (6) can be written as,

Mγtot(s) = Mγs,d
(s)

N∏
i=1

Mγi
(0.5 s) (19)

Since γs,d is Gamma distributed with shape parameter m and
scale parameter γ̄/m , Mγs,d

(s) can be written as Mγs,d
(s) =

(1 + γ̄/ms)−m. Therefore, by using (18) with (19) we get

Mγtot(s) =
[
1 +

γ̄

m
s
]−m

[(
m

γ̄

)2m−1 Γ(2m)
mΓ2(m)

× 2
(2m/γ̄ + 0.5 s)2m−1

×
m−1∑
k=0

ak

(
−m/γ̄ + 0.5 s

m/γ̄

)k
]N

(20)
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Λr =
( γ̄

m )(r−m)

(m − r)!
∂m−r

∂sm−r

[
N(m−1)∑

j=0

λj

( γ̄

2m
s
)j (

1 +
γ̄

4m
s
)−N(2m−1)

]
s=−m/γ̄

(21)

Ωt =
( γ̄
4m )(t−N(2m−1))

(N(2m − 1) − t)!
∂N(2m−1)−t

∂sN(2m−1)−t

⎡
⎣N(m−1)∑

j=0

λj

( γ̄

2m
s
)j (

1 +
γ̄

m
s
)−m

⎤
⎦

s=−4m/γ̄

(22)

fγtot(γ) =
ΓN (2m)

22N(m−1) mN Γ2N (m)

[
m∑

r=1

Λr

(r − 1)!

(
m

γ̄

)r

γr−1e
−γm

γ̄ +
N(2m−1)∑

t=1

Ωt

(t − 1)!

(
4m

γ̄

)t

γt−1e
−γ4m

γ̄

]
. (23)

By performing further simplifications we arrive at

Mγtot(s) = (0.5)2N(m−1) ΓN (2m)
mNΓ2N (m)

×
∑N(m−1)

j=0 λj

(
γ̄

2ms
)j[

1 + γ̄
ms

]m [1 + γ̄
4ms]N(2m−1)

, (24)

where λj = 1
jδ0

∑j
r=1(rN − j + r)δrλj−r with λ0 = δN

0

with j = 0, 1, . . . , N(m − 1). δr are defined as δr =∑m−1
i=r ai(−1)i

(
i
r

)
with r = 0, 1, . . . ,m − 1. Using partial

fractions, (24) can be rewritten as

Mγtot(s) = (0.5)2N(m−1) ΓN (2m)
mNΓ2N (m)

[
m∑

r=1

Λr

(
1 +

γ̄

m
s
)−r

+
N(2m−1)∑

t=1

Ωt

(
1 +

γ̄

4m
s
)−t

]
, (25)

where Λr and Ωt are given in (21) and (22) respectively. By
taking the inverse Laplace transform of Mγtot(s) in (25), and
using the fact that L−1{(1+as)−k} = 1

(k−1)!ak xk−1e−
x
a , the

PDF of γtot is derived to be (23).
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