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Abstract—In this paper, we consider an interesting and prac-
tical scenario for spectrum sensing in cognitive radio network,
where both the signal power of the primary user and the
noise variance are treated as unknowns before the detection.
Knowing accurate noise variance and signal power is crucial
in most sensing algorithms, e.g., energy detection. By exploiting
the received signal structure, we propose blind spectrum sensing
methods in the sense that both the signal power of the primary
user and the noise variance are estimated, which is a non-
trivial task before knowing the status of the primary user. Three
different algorithms, direct estimator, approximate maximum
likelihood (ML) estimator and pseudo linear minimum mean
square error (MMSE) estimator, are proposed based on the
moments of received signals. Simulation results confirm that the
proposed algorithms can estimate the noise variance and the
primary user’s signal power with high accuracy.

I. INTRODUCTION

With the rapid development of wireless applications, spec-
trum resources are facing ever increasing demand. In tradi-
tional spectrum management, most of the spectrum bands are
exclusively allocated to specific licensed users and no violation
from unlicensed users is allowed. Cognitive radio (CR) [1] is
a promising technology to remedy the spectrum scarcity by
allowing the unlicensed users to opportunistically access the
spectrum assigned to the licensed users provided no harmful
interference is experienced by incumbent services.

The key technique for successfully applying CR is the
spectrum sensing, where the unlicensed user should reliably
detect the existence of the primary user on the current bands.
Popular spectrum sensing techniques include energy detection
[2] and cyclostationary detection [3], of which energy detec-
tion is a promising candidate for practical employment due
to its very low computational complexity. Specifically, energy
detection compares the average received power with a pre-
defined threshold to determine the presence of the primary
user. Given a false alarm probability, the detection threshold
is a function of the noise variance and the signal power,
which are assumed perfectly known in most existing literatures
[2]. Although the noise variance can be estimated from the
average received power in the absence of primary user, the a
priori knowledge of the existence of the primary user is never
possible before one executes the spectrum sensing. Therefore,
this becomes an interesting chicken and egg problem.

In this paper, we consider blind spectrum sensing problem
in the sense that both the signal power of the primary user
and the noise variance are treated as unknown parameters that
need to be estimated without knowing the presence of the
primary user. Motivated by the signal-to-noise ratio (SNR)
estimators in [4]-[6] we consider moment based estimators
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for estimating both the signal power of the primary user and
the noise variance, and propose direct estimator, approximate
maximum likelihood (ML) estimator, and pseudo linear min-
imum mean square error (MMSE) estimator. We find that
the signal structure of the primary user is crucial to the
estimators’ performance. Moreover, we propose a modified
energy detector using the estimated SNR, discuss the effect
the estimation errors on spectrum sensing, and provide ways
to choose the detection threshold under estimation errors.
Simulation results corroborate our analysis.

II. SYSTEM MODEL

We consider a simple cognitive network with one secondary
user and one primary user, denoted by U and P, respectively.
The received signal by U at time ¢ is

i :ee](5i+¢>>

zihi+ow, (L
where #€{0,1} is the primary user indicator, x; is the trans-
mitted signal from P belonging to the constellation C with
E{x;}=0 and E{|z;|*}=1, h; is the Rayleigh channel gain
between P and U, w; is white Gaussian noise with zero mean
and unit variance, and € and ¢ are frequency offset and timing
offset, respectively. In cognitive radio it is hard to achieve
perfect synchronization between the secondary user and the
primary user. For a general discussion, we assume that € and
¢ are unknown to the secondary user. The constellation C
contains M elements, c1,...,cpr, €.2., C is QAM.

Assume NN consecutive symbols are observed at U, during
which both h; and # remain unchanged. For simplicity, we
denote h; as h. The energy detector then compares va il
with a threshold . If ZZ 1 |y1| >, the secondary user
decides §=1; otherwise, decision #=0 is made.

The key metric in spectrum sensing is the probability of
correct detection and the probability of false alarm, defined as

P,=Pr(0=1|0=1), P;=Pr(6=1/6=0). )
Since vazl lyi|? is a central chi-square random variable when
0=0 and is a non-central chi-square random variable given
60=1 and x;, the probability of false alarm can be obtained as

I AR S tY,,_T(V.z%)
O A e
and -
Pi(N)= Z HPr i) )Z i?f L]
x1,...,xny€ECi=1 j=0
j 4)

><< 1 ) D(N+2j,)),

where T'(+,-) is the upper 1nc0mplete gamma function, and T'(+)
is the gamma function. Since it is hard to gain insight from
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(4), we assume that y; is Gaussian with zero mean. In this
case, Zfil ly;|? is a central chi-square random variable when
=1, which gives
F(N,WAJZ)
T(V) (5)
In practice, the false alarm probability is constrained by the
government regulation. Given the false alarm probability (,
i.e., Pr(A\)=(, we can find the threshold A and compute the
corresponding correct detection probability using (4) or (5).
Note that the value of threshold ¢ depends on o and h that
are typically assumed known by most existing works, see e.g.,
[2]. However, all parameters in the system should be estimated
via certain ways. In CR, the difficulty in estimating o lies in
that we do not know when the period #=0 and when 6=1.
By defining A= o2, (3) 1s only related to A, and (5) only
depends on )\ and SNR Z5. The problem is equivalent to
estimating o2 and SNR (or equlvalently o and h) using only
received signals. Hence the energy detection after parameter
estimation will be categorized to blind spectrum sensing.

Pi(N)=

III. NOISE VARIANCE ESTIMATION AND BLIND
SPECTRUM SENSING

In this section, we derive several non-data aided noise
variance estimators, and then propose the blind spectrum
sensing algorithm.

A. ML Noise Variance Estimation

We first consider ML estimation of h and ¢ to gain insight
on the structure of the estimator. Note that if we can estimate
Oh, 0 can be readily obtained with a threshold detector. Note
that, this is the key point of our propose method to avoid
the chicken-egg problem by considering 6h as one unknown
parameter, which is defined as h with a slight abuse of notation
in the noise variance and signal power estimation algorithms.
The joint pdf of y1,...,yn given h, o, € and ¢ is

P(Z/la-~~7yN|h:0»E:¢)
2
N et
1 oo
= —Nw H Z Pr(z;)exp | — - .
i=la;€C
For BPSK with C={1,—1} and Pr(1)=Pr(—1)=3, we have

p(y17"'7yN‘h70-7€7¢) (7)
N .
1 lyi|*+|h|* 2R{e/ ) hy}
T aNg2N Ul exp (— o cosh o .

The ML estimates of h, o, ¢ and ¢ are obtained from
maximizing the joint pdf in (7). As €,¢ appear in each of
the term in the product, the closed-form solution of €,¢ is
complicated. Instead, we define ¢;=et+¢ and maximize each
term in (7) over 1; individually, which gives

1 21hyi |

P15 yn|h,0)

N2N

( |yz|2+h|2>
cosh——
o

)
From experiments, we find that the performance of the esti-
mator by maximizing (8) is within a constant factor of the
modified CRB, which shows that maximizing each term in

(7) is a reasonable approximation of the true ML estimator.
Taking the derivative of logp(y1,...,yn|h,0) with respect to
h and setting the resulting equation to zero gives

h Ntanh‘hyz‘| |NZLJ\}|y7| (9)
in high SNR. Taking the derivative of logp(yi,...,yn|h,0)
with respect to o and using (9) yields

Sl (Sl
e e : (10)

After obtaining h and o2, the SNR can be estimated from

) (zﬁium)Q
_b_ N

=2 5.
o2 TN (TNl
N N
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Note that the SNR estimator (11) is similar to the squared
signal to noise variance (SNV) estimator in [4] for real
systems. Our results show that the SNV estimator is an
approximate ML estimator for BPSK even in complex systems
with synchronization errors. Different from SNR estimation,
we, here, are interested in estimating h,o rather than p.

B. Suboptimal Noise Variance Estimation

For higher order constellations, it is hard to derive or
approximate the ML estimator in closed-form. The approxi-
mate ML estimator for BPSK uses two moments E{|y;|} and
E{|y;|*}. Motivated by this, we then propose to use a high
moment estimator to approximate the ML estimator.

Note that the pdf of |y;| is a mixed Ricean distribution. The
k-th moment of |y;| is [6]

Byl }=h* 3 Pr(z)—p zr(’“ )

x; €C 22 (12)
+1,17p‘f177,| )7
where 1 Fy(+;;-) is the confluent hypergeometric function and
T'(-) is the gamma function. After some calculation (12) can
be written as

Xexp(fp|ml| )1F1 (k

mi=E{|yi["}=h" fr(p), (13)
where fi(p) is a function depending only on modulation and
p. Therefore, we have

[T Bl ™} TTi e ()
T Elyilra} I, fea ()

if E;;lkp:zq:lnq. For any SNR, we can optimize {k,}
and {k,} by minimizing the average MSE.

1) Dlrect Estimator: Without considering the distribution
of ZZ 1|yil¥, the direct SNR estimator can be obtamed by
replacing E{|y;|*} with its time average sz':1|yz| ,

ﬁ:Ffl <H5 1ZZN1|YJ"L|kP>7
TG 220 fyil=
where Zlekpzz(?zlmq and k,#k, for any 1<p<P and

(14)

=F(p),

(15)

- 1<g<@Q. After estimating p, we can obtain

R — SN U0l (100 SRR S DT AL
_\/;lzzlaz 7fkl(ﬁ) , U—lzzlﬁl 7}%@) , (16)

where oy and ; are weights to balance different moments and

L L
Y=y, k=1
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2) Moment ML Estimator: As shown in Section III-A, the
exact ML estimator is complicated. Instead, we consider two
statistics 1o, = Zf\il |y; [P and 1=+ Zfil ly:|9. Exact pdfs
of 711, and 1, are hard to derive. Enlightened from the central
limited theorem, we can approximate 71, and 77, as Gaussian
random variables with mean

mp:E{mp}:Upfp(P)» mq:E{mq}:Uqfq(P)7 (17)
and variance and covariance
Vp:E{‘mp|2}*E{|mp|}2202pgp,p(PvN)
Vq:E{‘qu}_E“mq‘}2:U2q9q,q(p’N) (18)

np,q:E{mpmq}_E{mP}E{mq}:Up+qu,q(va)v

(fora(p)—fo(p) fo(p)). Let &(p,N)=

2
:p—’yq denote the correlation coefficient. The joint distribution
prYaq
of my,,Mm, conditional on o and p is written as

where g, ,(p,N)==

Y (1irp,1glo,p)
1
; 27rap+q\/gp,p(p,N)gq’q(p,N)(l—ﬁz(p,N))
_ 1 (mp_mp)Q (mq_mq)2 (19)
X‘”‘p( 21-2(0.N)) <02pgp,p<p,zv> 519000, )

2f(p,N><mpmp>(mqmq>>>.
oprta \/gp,p(p,N)gq,q(p,N)

Then 772,724 can be found by maximizing ¥ (7h,,74|0,p). For
each given p, the optimal o*(p) is obtained from the root of
the partial derivative of v (m,,,m,|0,p) with respect to o, i.e.,

p(mQU QP*mpfp(P)G_p) Q(mQU 24 *mqfq(P)U_q)
Ip.p(p,N) 9a.q(p, V)
£(p,N) <(p+Q)mpqu_(p+q) fq*rhqu(p)a_qfpmpfq(p)a_p>
B V90.0(P.N)9a.4(p,N)
)(p+a),

1-€2(p,N

(20)

which is polynomial in o. If there exist several positive

roots, we may choose the one that is close to that estimated

from (10) or (16). We substitute o*(p) back into (19), and

then ¢ (1hy,,Mmq|0*(p),p) is only a function of p. Maximizing

this function over p near that in (9) or (16), we obtain the

approximate ML estimate p*, from which we obtain ML

estimates 0*(p*) and h*=0*(p*)+/p*. This can be done using
a one dimensional grid search.

3) Approximate Moment ML Estimator: The ML estimator
(19) is complicated to solve because estimation of p and o
are coupled. We further consider a decoupled ML estimator
by using a special statistic

5 -1
F_mg (mp+ep)? my |, amyg pmy 1)
Tl (mgte) mb o mb P gpptlew
a aT€ q a mgq

where €, and ¢, are errors between 17, 111, and m,, and the
approximation follows from the first order Taylor expansion.
The variance of F' can be computed as

yF(p,N):E{’qnj’g epf% }
2 g’ p? _ 2pg
=F*(p) (f;g( )gpyp( N)+ fq( )9q7q(P ,N) 100 fa(p) gp,q(p,N)) )

q R (22)
where F'(p)= f‘;gg;. Therefore, F' is approximately a Gaussian
random variable with pdf

[y
2vE(p,IN) P 2up(p,N)

W(F|p)= (23)

The approximate ML estimator for p can be obtained by
maximizing 1 (F'|p) over p. A remarkable property of ¢ (F|p)
is that it only depends on p but not on o. Therefore, the
estimation of p and ¢ are decoupled.

After getting p* from maximizing 1)(F'|p), we can substitute
it into (20) and estimate 0. We may only use either 772, or 1,
to estimate o so that the complexity involved is not high. For
example, we consider m, as Gaussian with mean m, and
variance v,. Maximizing the pdf of 1, conditioned on p,o
over o gives the ML estimate of o as

*__ 2mp

o= (24)
(0) 4/ T2 (0")+ g0 (" N)

Comparing (24) with the direct estimator (16), we find that
the former reduces to the latter if we choose g, ,(p*,N)=
0 in (24), i.e., N—oo. Therefore, the direct estimator is
asymptotically ML. From (20) we can see that the true ML
estimate o depends on both 772, and 7,. Let o}, and o denote
the solution of (24) using 72, and mq, respectively. We can
use a linear combination of o, and oy, i.e., (1—7)02—1—7(7;‘
as the final estimate.

4) Pseudo LMMSE Estimator: We next consider another
popular estimator, i.e., linear MMSE. From the direct estima-

tor, we obtain
N +ep)? 1 gmd! pm
1 (mp+ep ~ > a4
? ( PR\ m P

(e ‘ 25)
. my+ep J+;( 1L af), )
fo(ptep) p\o? f(p) " fulp) °)’

where ¢, is the error between p and p. The variances of p and
o can be computed as
2
1 qmi~! pmd
”W”N):E{ F2(p) ( mh P g

_%gp,p(PvN)ﬂL%gq,q(PaN)*mgp,q(PaN) (26)
- e fhe)\? '
(qu(p) pfqm)
and
1 1 p
V”(p’N)_E{p? (U”fp(p) RADN }
_ éQ(p)gp7p(p,N)+f;2( )gq,q(Pv ) 2f;/; pf gp,q(p, )
(afa(0) 5(0) =PI (P) F1(P)”
(27)

Authorized licensed use limited to: UNIVERSITY OF ALBERTA. Downloaded on July 16,2010 at 18:28:07 UTC from IEEE Xplore. Restrictions apply.



This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the WCNC 2010 proceedings.

From experiments (not shown in this paper), we find that both
variances are good approximation to the true variances. The
MMSE estimator takes the form

N (mp)q>
p=al’ ( - , 0=p
(1q)" fp( )’
where o and (3 are two scalers to be determined. To find o, we

minimize the MSE between p and p, i.e., E{|p—p|?}, which
gives

(28)

02
a(p,N)=—5——"—=,
( p*+v,(p,N)
where v, (p,N) is defined in (26). Substituting (29) into (28),
p is found from the root of

)

From the expression of & in (25) and by minimizing the MSE
E{(6—0c)%}, we obtain

(29)

(30)

1
ﬁ(p’N):m- (31)
Finally, substituting (31) into (28), we get
m. m
5= 7N 7{% AaN pA ) 32
o=p(p,N) 70 B(p,N) 7.00) (32)

where p is from (30). Interestingly, the LMMSE estimator can
be seen as an approximation of the ML estimator (27) when
Ve (p,N) is small. As the true LMMSE estimator requires
substituting the true p into (29) and (31), the derived MMSE
estimators are named as pseudo LMMSE estimators.

Remarks:

o The SNV estimator in [4] or (11) is a special case of (15)
if we choose P=2, ki=ko=1, and =1, xk1=2. The
second- and fourth-order moments M, M, estimator in
[4] is obtained by choosing P=2, k1=ko=2, and Q=1,
k1=4 in (15). However, different from the SNV [4] which
estimates SNR from (11), we compute the SNR from
an inverse function F'~1. Furthermore, different from the
Mo M, estimator in [4] which estimates h and o first and
then compute p, we estimate p directly from (15).

o Even though the proposed estimators involve complicated
function evaluation, we can build a look-up table for
practical usage.

C. Blind Spectrum Sensing

There are two ways to conduct blind spectrum sensing.
First, we can use the estimated h and o without taking into
account the history of noise variance estimation. Second, we
can estimate noise variance using previous estimates assuming
noise variances at different time are correlated and then apply
the energy detector in Section II.

By the first approach, we compare the estimated SNR
p 1th a threshold A. If p>), the secondary user decides
6=1; otherwise, §=0. For the direct estimator (15), we can

approximate p using (25) as a Gaussian random variable. The
false alarm probability can be approximated by

P’ .
Pr= Pr@ 116=0)= / ﬁﬂ'up N ( ON))dp
A
_Q< up<o,N>>’ .
)

where v,(0,N) is defined in (26). Similarly, the correction

detection probability is
~ )\—p
P;=Pr(0=110=1)=Q | — |-
vp(p.N)

For the second approach, let 52 denote the n-th noise vari-

ance estimate. To smooth the est1mat10n of n01se Varlance we
_ &2

can update noise variance using time average &> =% Zn 105,

if we assume that the noise variance remains constant during

the past K estimations. Or we can smooth noise variance using

a first order infinite impulse response (IIR) filter

72=(1

(34)

—y)52 4762, (35)

where 1>+>0 is a coefficient.

By using the energy detector in Section II, we compare
> ieq|yi|? with a threshold Aa2. If |y|*> ), the secondary user
decides ézl; otherwise, 6=0. The parameter A is chosen such
that the false alarm probability is ¢, i.e., Py(A)=(.

We can use (3) directly or take into account the estimation
error in 52, Assuming that the variance of the estimate 62 is
0%V, and the variance of 2 is o*v;, from (35) gives

ng(lf’y)2

where v, ,, can be obtained from Section III-B. Let 52=0%4
€,, where ¢, is a Gaussian random variable with zero mean
and variance o*v,. Substituting 52 into (3), we obtain

Vs +7 Vo n, (36)

RS B
\/271'0’21/5- Ao24€,) 0—2NF(N)

t e?,
X exp (—F) dtexp (— Yotne ) deés
1

oo 2
T
= I'(N,A(142x))exp | —=— | d=.
V2ruaT (N) /,oo (NWA(L+e) p( 214—,)
(37)
This method constitutes two parts: noise variance estimation
and tracking of the variance of noise variance estimation.

Pr(\)= V-t

IV. SIMULATION RESULTS

In this section, we present simulation results to complement
our theoretical analysis. We estimate h and o with N=192.
BPSK and 64QAM are simulated. The ML estimator for BPSK
by using (7) is denoted as “ML BPSK”, which is also applied
to 64QAM. The estimator by using (11) is denoted as SNV.
The moment ML estimator by maximizing (19) is denoted as
“ML Moment”. The simulation is done for SNR between -
10 dB and 20 dB. We restrict the maximum p to be 10% in
the moment estimators.

We first show simulation results for the estimation of h,
o and p. We use normalized MSE (NMSE) as performance
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Fig. 1. Comparison of normalized MSE for p between different estimators
with 64QAM and N =192.

metric defined as E{|p—p|*}/p?. We also compare with the
modified CRB (MCRB). The NMSEs are obtained after 2000
simulation runs for each SNR.

Fig. 1 shows the NMSE of p with 64QAM and N=
192, respectively. All estimators’ NMSEs diverge (but MSEs
converge to zero as SNR goes to infinity). Interestingly, the
NMSEs of p and o by using ML BPSK are still good though
the NMSE of A is not good. This can be explained as the BPSK
approximation of the amplitude of 64QAM is not accurate. We
also find that the high moment estimator with p=>5 and ¢=6
achieve better performance than those with smaller moments in
high SNR. These confirm that to achieve a better performance
in high SNR a high moment pair is required. We have also
found that the ML moment estimator generally achieves a
better performance than the direct moment estimator. The peak
of ML moment estimator is due to the use of the NMSE metric.

Next, we apply the noise variance estimator to spectrum
sensing. To evaluate the effect of estimation error on the
performance of spectrum sensing, we model the estimated
noise variance 52 as a Gaussian random variable with mean
o? and variance o*vz, where vs is equal to the normalized
MSE. The energy detector is used along with the estimated
noise variance. We compare the performance of the traditional
spectrum sensing computing the detection threshold A by
substituting 62 into (3) with that of the proposed algorithm
by computing A using (37). In addition, we include the result
using the ML BPSK estimator, where estimated noise variance
and signal power are obtained after 1000 simulation runs.
Simulations are performed at SNR=—5 dB with 16QAM and
N=48. Fig. 2 shows the achieved false alarm probability P
given a target Py. We find that the traditional method by using
the estimated noise variance directly increases Py especially
when v; is large, while the proposed algorithm can achieve the
desired Py. This shows that computing P; in the conventional
energy detector depends crucially on the accuracy of noise
variance estimate. As the proposed noise variance and signal

0.4

0.3 b

o

I

o
T

Achieved P,
o
N
T

0.15
01
— Traditional, vU=0.01
0.05- —¢— Traditional, v“=0.1 n
—o— Traditional, ML BPSK
=0~ Proposed, ML BPSK
0 : \ : \ \ : \ \ :
0 002 004 006 008 01 012 014 016 018 02
Target P'
Fig. 2. Comparison of achieved false alarm probability Py with BPSK,

16QAM and N =48.

power estimators can achieve a very high accuracy, the impact
of the estimation error on the performance of the proposed
spectrum sensing algorithm is negligible.

V. CONCLUSION

In this paper, we considered blind energy detection based
spectrum sensing without a priori knowledge of the signal
power of the primary user and the noise variance. Direct es-
timator, approximate ML estimator and pseudo linear MMSE
estimator were proposed by using the moments of received
signal at the secondary user. The proposed estimators exploit
the signal structure of the primary user. To remedy the
problem of unknown primary user signal constellation, we
approximated a finite PAM constellation using a continuous
uniform distribution. The way to find the optimal moment pair
and to choose the spectrum sensing detection threshold under
estimation error was discussed. The proposed estimators can
also be used to enhance the performance of SNR estimation
and for applications such as turbo decoding.
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