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Abstract— In this work, we study the statistical properties of a param-
eter Δ, which is defined as the logarithmic ratio of the arithmetic mean
to the geometric mean for the Nakagami-m fading power. This parame-
ter is useful in studying the maximum-likelihood (ML) based estimation of
the Nakagami m fading parameter. Closed-form expressions are derived
for the moment generating function and the probability density function
(PDF) of the parameter Δ. For large sample size, it is found that the PDF
of the parameter Δ can be well approximated by a two-parameter Gamma
PDF. This approximation is validated by the Kolmogorov-Smirnov test.

I. INTRODUCTION

The Nakagami-m fading model is important in wireless com-
munications research since it fits the empirical multipath fad-
ing measurements better than the other fading models [1].
Nakagami-m fading model is also desirable because error rate
performance analysis with Nakagami fading often leads to
closed-form analytical solutions.

The probability density function (PDF) of the Nakagami-m
fading envelope R is given by [1]

fR(r) =
2

Γ(m)

(m
Ω

)m

r2m−1 exp
(
−m

Ω
r2
)
, r ≥ 0 (1)

where Ω = E[R2], and the parameter m is defined as

m =
Ω2

E[(R2 − Ω)2]
, m ≥ 1

2
. (2)

In order to characterize wireless channel using the Nakagami-
m distribution, it is crucial to determine or estimate the value
of m from N random variates R1, R2, . . . , RN drawn indepen-
dently according to (1). Several methods for estimating the m
parameter have been reported in the literature. The Greenwood-
Durand estimator (GDE) [2], a maximum-likelihood (ML)
based Gamma-shape parameter estimator, is given by

m̂GDE =

{
f1(Δ) Δ < 0.5772
f2(Δ) 0.5772 ≤ Δ ≤ 17

(3)

where

f1(Δ) =
0.5000876 + 0.1648852Δ − 0.0544274Δ2

Δ
(4a)

f2(Δ) =
8.898919 + 9.059950Δ − 0.9775373Δ2

(17.79728 + 11.968477Δ + Δ2)Δ
(4b)

and

Δ = ln

[
1
N

N∑
i=1

R2
i

]
− 1
N

N∑
i=1

lnR2
i = −ψ(m̂) + ln(m̂) (5)

in which ψ(·) is the digamma function defined as ψ(x) =
Γ′(x)/Γ(x). More recently, Cheng and Beaulieu [3] proposed
to use the first-order and second-order approximations to ψ(·)
and derived two approximate ML estimators for m as

m̂1 =
1

2Δ
(6)

and

m̂2 =
6 +

√
36 + 48Δ
24Δ

. (7)

It was pointed out by Zhang [4] that estimators similar to (6) and
(7) were reported earlier by Thom [5] in estimation problem for
Gamma distribution in another discipline.

The ML-based estimators presented in (3), (6), and (7) are all
functions of the parameter Δ. This immediately implies that if
we know the PDF of the parameter Δ, we can assess the per-
formance of ML-based estimators for Nakagami m parameter
without performing intensive computer simulations.

II. STATISTICAL PROPERTIES OF Δ

A. Alternative Expression of Δ

We rewrite the expression of Δ in (5) as

Δ = ln

(
1
N

N∑
i=1

R2
i

)
− ln

⎡
⎣( N∏

i=1

R2
i

) 1
N

⎤
⎦

= ln

[
1
N

∑N
i=1R

2
i

(
∏N

i=1R
2
i )

1
N

]
.

(8)

We can observe from (8) that the parameter Δ is just the loga-
rithmic ratio of the arithmetic mean to the geometric mean of N
samples of the Nakagami-m fading power.

B. Nonnegative Property of Δ

According to the well-known Arithmetic-Geometric inequal-
ity, we have

1
N

N∑
i=1

R2
i ≥

(
N∏

i=1

R2
i

) 1
N

(9)

and therefore we must have Δ > 0. By recognizing the fact
that when m approaches +∞ the Nakagami PDF becomes an
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impulse function located at
√

Ω, we arrive at

lim
m→+∞Δ = lim

m→+∞ ln

[
1
N

∑N
i=1R

2
i

(
∏N
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2
i )

1
N

]

= ln

[
1
N

∑N
i=1 Ω

(
∏N

i=1 Ω)
1
N

]
= 0.

(10)

C. Moment Generating Function of Δ

To derive the moment generating function (MGF) of Δ, de-
noted by ΦΔ(s), we start with the definition and have

ΦΔ(s) = E
[
esΔ

]
=
∫ +∞

0

· · ·
∫ +∞
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(11)

If we let d = m− s/N , after a change of variable (r2i = xi), we
obtain

ΦΔ(s) =

[
1

Γ(m)

(
m
Ω

)m]N
Ns

∫ +∞

0

· · ·
∫ +∞
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N
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i

×
(
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)s

× exp

(
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(12)

The multiple N integrals in (12) can be reduced into a single
integral by invoking the following useful integral identity [7]

∫ +∞

0

· · ·
∫ +∞

0︸ ︷︷ ︸
N

xα1−1
1 xα2−1

2 · · ·xαn−1
n f(

n∑
i=1

xi)dx1 · · · dxn

=
Γ(α1)Γ(α2) · · ·Γ(αn)
Γ(α1 + α2 + · · · + αn)

∫ +∞

0

uα1+α2+···+αn−1f(u)du.

(13)

Letting α1 = α2 = . . . = αN = d and f(x) = xs exp
(−m

Ω x
)
,

we can obtain a compact form for the MGF of Δ as

ΦΔ(s) =

[
2

Γ(m)

(
m
Ω

)m]N
Ns

· [Γ(d)]N

Γ(Nd)

×
∫ +∞

0

uNd−1u exp
(
−m

Ω
u
)
du

=
Γ(mN)[Γ(m− s/N)]N

Ns[Γ(m)]NΓ(mN − s)

(14)

where in obtaining the last step we have used the definition of
Gamma function.

D. Probability Density Function of Δ

The PDF of Δ can be obtained from its MGF by applying an
inverse Laplace transform as

fΔ(δ) =
1

2πj

∫ c+j∞

c−j∞
ΦΔ(−s)esδds

=
Γ(mN)

[Γ(m)N ]N
· 1
2πj

∫ c+j∞

c−j∞

Ns[Γ(m+ s/N)]N

Γ(mN + s)
esδds

(15)

where j2 = −1 and c is a suitably chosen positive constant
which ensures that the contour path is in the region of conver-
gence. The integration is taken along the vertical line �{s} = c
in the complex plane such that c is greater than the real part of
any singularity of ΦΔ(−s).

If we now let y = s/N , the PDF becomes

fΔ(δ) =
Γ(mN)

[Γ(m)N ]N
· N
2πj

∫ c′+j∞

c′−j∞

NNy[Γ(m+ y)]N

Γ[N(m+ y))]
eNyδdy

(16)
where c′ = c/N is another positive constant. With the aid of
Gauss multiplication theorem [6]

Γ(nx) = (2π)
1−n

2 nnx− 1
2
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k=0

Γ
(
x+

k

n

)
(17)

we arrive at

fΔ(δ) = N · Γ(mN)

(2π)
1−N

2 NNm− 1
2 [Γ(m)]N

· 1
2πj

×
∫ c′+j∞

c′−j∞
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k=1 Γ[1 − (1 −m) + y]∏N−1

k=0 Γ
[
1 − (1 −m− k

N ) + y
] (eNδ)ydy.

(18)

Now applying the definition of Meijer’s G-function [8] to (18),
we can simply write the PDF of Δ as

fΔ(δ) = Nξ ·G0,N
N,N

(
eNδ

∣∣∣∣∣ 1 −m · · · 1 −m
1 −m · · · 1 −m− N−1

N

)
(19)

where

ξ =
Γ(mN)

(2π)
1−N

2 NNm− 1
2 (Γ(m))N

. (20)
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Fig. 1. Comparison of empirical PDFs and analytical PDFs of Δ for m =
0.5, 1, 2 with N = 10.

Computer simulations were carried out to generate empirical
PDFs of Δ for different m and N values, and to compare them
with the analytical PDFs obtained from (19). The number of
trials used for generating each empirical PDF was 2,000,000.
Fig.1 shows the analytical and empirical PDFs of Δ for N = 10
when m = 0.5, 1, 2. It is shown that the analytical PDFs of Δ
have excellent agreement with the empirical ones.

When the sample size N becomes large, the latest version
of commercial software such as MAPLE and MATHEMATICA
are incapable of evaluating our analytical PDF expression in
(19).

III. GAMMA APPROXIMATION

To avoid the high computational complexity associated with
the Meijer’s G-function for large N , we are motivated to ap-
proximate the PDF of Δ using another PDF which can be easily
evaluated and is analytically tractable.

A. Gamma Approximation for PDF of Δ

From the nonnegative property discussed in Section II, we
know that Δ is defined on [0, +∞). We propose to use a two-
parameter Gamma PDF, which is also defined on [0, +∞), to
approximate the PDF of Δ. To determine the parameters θ and
k in the two-parameter Gamma PDF

fX(x) =
xk−1e−x/θ

θkΓ(k)
x ≥ 0; θ, k > 0 (21)

we can simply match the mean and variance of the two-
parameter Gamma distribution to the mean and variance of Δ.

From the MGF of Δ in (14), the first two moments of Δ can
thus be obtained by taking the first and the second derivatives of
the MGF with respect to s and evaluating the results at s = 0.
It is straightforward to show that the first two moments of Δ are
given by

μ1 = −ψ(m) − ln(N) + ψ(mN) (22a)
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Fig. 2. Comparison of empirical PDFs and Gamma approximated PDFs of Δ
for m = 0.5, 1, 2 with N = 10

μ2 = [ψ(m)]2 + [ln(N)]2 + [ψ(mN)]2 + 2ψ(m) ln(N)
− 2ψ(m)ψ(mN) − 2ψ(mN) ln(N)

+
1
N
ψ′(m) − ψ′(mN).

(22b)

Setting the mean and variance of the two-parameter Gamma dis-
tribution equal to the mean and variance of Δ

μ1 = kθ (23a)

μ2 − (μ1)2 = kθ2 (23b)

we arrive at

θ =
1
Nψ

′(m) − ψ′(mN)
−ψ(m) − ln(N) + ψ(mN)

(24a)

k =
1
Nψ

′(m) − ψ′(mN)
[−ψ(m) − ln(N) + ψ(mN)]2

. (24b)

The two-parameter Gamma approximation is quite desirable
since this PDF has a simple exponential form, which can be eas-
ily evaluated and manipulated in practice.

B. Validating the Gamma Approximation

Computer simulations were also carried out to compare the
two-parameter Gamma approximate PDFs of Δ with the empir-
ical PDFs. The number of trials conducted for each empirical
PDF was also 2,000,000.

Fig.2 shows the comparison between the empirical PDFs and
the Gamma approximated PDFs of Δ form = 0.5, 1, and 2 with
N = 10. Fig.3 presents the comparison between the empirical
PDFs and the corresponding Gamma PDFs for m = 0.5, 1, and
2 with N = 100. Both Figs. 2 and 3 demonstrate that the two-
parameter Gamma PDF is a good candidate for approximating
the PDF of Δ.
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Fig. 3. Comparison of empirical PDFs and Gamma approximated PDFs of Δ
for m = 0.5, 1, 2 with N = 100.

TABLE I

KOLMOGOROV-SMIRNOV TEST FOR GAMMA APPROXIMATION

n = 100 n = 1, 000
Dmax Davg Acpt. % Dmax Davg Acpt. %

N = 10
m = 0.5 0.226 0.085 99.03% 0.067 0.027 99.05%
m = 1 0.218 0.085 98.87% 0.069 0.027 98.83%
m = 2 0.226 0.085 99.01% 0.072 0.027 99.00%
m = 5 0.232 0.085 99.11% 0.078 0.027 99.01%

N = 100
m = 0.5 0.212 0.085 98.95% 0.075 0.027 99.00%
m = 1 0.222 0.085 99.11% 0.066 0.027 98.91%
m = 2 0.211 0.085 99.00% 0.074 0.027 99.03%
m = 5 0.232 0.085 99.01% 0.068 0.027 98.88%

To numerically validate the feasibility of approximating Δ
as a Gamma random variable, we use the Kolmogorov-Smirnov
(K-S) test for goodness-of-fit. The basic idea of the K-S test is to
compare the empirical CDF with the CDF of the hypothesized
distribution. The test statistic Dn for test sample volume n is
defined as the supremum of the absolute difference between the
theoretical CDF F (x) and the empirical CDF Fn(x)

Dn ≡ sup
x

|F (x) − Fn(x)|. (25)

If the test statistic Dn is less than a critical value Dα
n , which is

determined by both the test sample volume n (degree of free-
dom) and a prescribed significance level α, the theoretical dis-
tribution is acceptable at a confidence level of 1 − α.

Case studies were conducted using test sample volume n =
100 and 1,000 for m = 0.5, 1, 2, and 5 with N = 10 and 100.
The significance level α was chosen to be 0.01, giving a 99.00%
confidence level for the K-S test.

Table I shows the maximum test statisticsDmax and the aver-
age test statistics Davg obtained from 10,000 experiments con-
ducted in our study. According to [9], the critical values for test
sample volume n = 100 and 1,000 at significance level 0.01 are

D0.01
100 = 1.63/

√
100 = 0.163 and D0.01

1,000 = 1.63/
√

1000 =
0.0515 respectively. We observe that in each case of our case
studies, about 99% of the experiments accepted the hypothe-
sis that the random variable Δ can be modeled as a Gamma
random variable at a confidence level of 99.00%. Table I also
shows thatDmax values, under which the hypothesis is rejected,
are slightly greater than the critical values; and the average test
statistic Davg values are significantly below the correspond-
ing values. In summary, the K-S test concludes that the two-
parameter Gamma PDF can be used to accurately approximate
the PDF of Δ.

IV. CONCLUSION

By investigating statistical properties of parameter Δ, which
is defined as the logarithmic ratio of the arithmetic mean to ge-
ometric mean for the Nakagami-m fading power, the MGF and
the exact PDF of Δ have been derived. Gamma approxima-
tion of the PDF of Δ, which avoids computational complexity
of the exact PDF for large sample size N has also been pro-
posed. The validity of using the two-parameter Gamma PDF
to approximate the PDF of Δ has been established using the
Kolmogorov-Smirnov test.
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