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Abstract—In the uplink of Orthogonal Frequency-Division
Multiple Access (OFDMA) systems, the user carrier frequency
offsets result in inter-carrier-interference (ICI) and multiple-
user-interference (MUI), leading to a degradation of the bit
error rate (BER). This paper treats this uplink scenario and
derives the average uplink capacity and the BER using the
signal-to-interference-and-noise ratio (SINR) analysis. Adaptive
power allocation is suggested to increase the capacity. When the
frequency offsets are modeled as zero-mean Gaussian or Uniform
random variables, the BER is derived as a closed-form infinite-
series. The series requires at least 50 terms to ensure sufficient
accuracy.

Index Terms—Carrier frequency offset, bit error rate,
OFDMA.

I. INTRODUCTION

IN the Orthogonal Frequency-Division Multiple Access
(OFDMA) uplink [1]–[3], different users may have differ-

ent carrier frequency offsets, which results in multiple-user-
interference (MUI). Moreover, frequency offsets also cause
inter-carrier-interference (ICI). For example, the bit error
rate (BER) of OFDM systems impaired by carrier frequency
offset is analyzed in [4]. Although several high-performance
classical frequency offset and channel estimators are available
[5], [6], the interference degrades their performance, and they
may require a large overhead of pilot symbols [7]. MUI
cancellation in OFDMA system is discussed in [8], where
MUI cancellation requires knowledge of the carrier frequency
offsets.

In this paper, the effect of the frequency offset on the
OFDMA uplink is analyzed in detail. Although the interfer-
ence analysis for this case has been studied previously [1],
a compact representation of signal-to-interference-and-noise
ratio (SINR) as a function of the frequency offset variance
is not given in [1]. Therefore, the average SINR of each user
and an adaptive power allocation scheme to improve the uplink
capacity are derived. Based on the SINR analysis, the BER of
the OFDMA uplink degraded by the carrier frequency offset is
also derived. Using the BER result in [9, Eq.(17)], an infinite
BER series is derived when the frequency offset is a zero-
mean Gaussian or Uniform random variable (RV). Truncation
of the series to about 50 terms yields high accuracy.
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The remainder of this paper is organized as follows. The
OFDMA system model is described in Section II, and the
ergodic capacity of the OFDMA uplink with the carrier
frequency offset is derived in Section III. The BER degra-
dation due to frequency offsets is analyzed in Section IV.
Conclusions are provided in Section V.

Notation: (·)H denotes conjugate transpose. The imaginary
unit is j =

√−1. A real Gaussian variable with mean a and
variance σ2 is denoted by x ∼ N (a, σ2). A circularly sym-
metric complex Gaussian variable with mean m and variance
σ2
w is denoted by w ∼ CN (m,σ2

w). E{x} denotes the mean
of x. F denotes the N×N Inverse Discrete Fourier Transform

(IDFT) matrix with [F]nk =
1√
N
e

j2πnk
N for 0 ≤ n, k ≤ N−1.

II. OFDMA UPLINK SIGNAL MODEL

An OFDMA uplink with K users is considered, with the
total number of subcarriers being N . An N × 1 vector X̃k

represents the symbols transmitted by the k-th user, where k ∈
{1, 2, · · · ,K}. The i-th entry of X̃k (i.e., X̃k[i]) is nonzero if
and only if the i ∈ Gk . Gk is the subcarrier group allocated
to the k-th user (the elements of Gk are indexes of all those
subcarriers), and Nk represents the cardinality of Gk. Note

that
⋂
k �=l

GkGl = ∅ and
K⋃
k=1

Gk ⊆ {0, 1, · · · , N − 1}. These

entries are complex data symbols from a signal constellation
such as M -ary phase-shift keying (PSK) or M -ary quadrature
amplitude modulation (QAM). X̃k can also be simplified into
an Nk × 1 vector Xk by deleting all the zero entries of X̃k.

The time-domain transmit vector of the k-th user is given
by s̄k = FX̃k = FkXk, where Fk is the N×Nk IDFT matrix
that is specified by Gk (by deleting all the columns that are
not in Gk from F). A length-Ng cyclic prefix (CP) is used.

The discrete-time channel impulse response of the k-th
user is hk = [hk(0), hk(1), · · · , hk(Lk − 1)]T , where Lk is
the maximum delay of the k-th user. The frequency-domain
channel attenuation matrix of the k-th user is given by Hk =
diag {Hk[i] : i ∈ Gk}, which is an Nk ×Nk diagonal matrix

with its diagonal entries equal to Hk[i] =
Lk−1∑
n=0

hk(n)e−
j2πni

N ,

i ∈ Gk. The received signal at the base station can be
represented as

y =
M∑
k=1

EkFkHkΦkXk + w, (1)

where Φk = diag
{√

Pi : i ∈ Gk
}

is an Nk×Nk diagonal ma-
trix to Pi, i ∈ Gk is the power allocated to the i-th subcarrier
of the k-th user, and Ek, an N ×N diagonal matrix, is given

0090-6778/09$25.00 c© 2009 IEEE

Authorized licensed use limited to: UNIVERSITY OF ALBERTA. Downloaded on December 17, 2009 at 13:46 from IEEE Xplore.  Restrictions apply. 

ctlabadmin
2009



1026 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 57, NO. 4, APRIL 2009

by Ek = diag

{
ejψk , ej(

2πεk
N +ψk), · · · , ej

(
2πεk×(N−1)

N +ψk

)}
with ψk and εk representing the initial phase and the nor-
malized frequency offset (the frequency offset normalized
to the subcarrier spacing) of the k-th user, respectively.
Frequency offsets εk, k = 1, · · · ,K , are independent and
identically distributed (i.i.d.) random variables with mean zero
and variance of σ2

ε (not necessarily Gaussian). The noise
vector w is additive white Gaussian noise (AWGN) with
w[i] ∼ CN (0, σ2

w).
Data recovery for user k requires Discrete Fourier Trans-

form (DFT) demodulation given by X̂ = FHk y. However,
since the frequency offsets destroy the orthogonality among
the users, and the resulting SINR degrades X̂. By using
γm|m∈Gk

to represent the SINR of user k at the m-th
subcarrier, from the interference analysis in [10], the average
SINR of user k can be approximated as

SINRk = E
{
γm|m∈Gk

}
=

SNRk
π2σ2

ε SNRk

3 + 1
·
(

1 − π2σ2
ε

3
+
π4σ4

ε

20

)
.

(2)

III. ERGODIC CAPACITY OF OFDMA UPLINK WITH

CARRIER FREQUENCY OFFSET

This section analyzes the OFDMA uplink capacity in the
presence of frequency offsets. A quasi-static wireless channel
is assumed (i.e., the channel is constant for one OFDM symbol
but may vary for the next). Both ergodic capacity and outage
capacity are common performance metrics [11, chapter 5]. For
brevity, only the ergodic capacity is analyzed in this letter.

For OFDMA systems with a total of K users, the ergodic
capacity in a frequency-selective fading channel can be defined
as [11, page 182]:

CU = max
G1,··· ,GM ,
P0,··· ,PN−1

N−1∑
i=0

log (1 + γi) (bits/OFDMA symbol),

s.t.
∑
m∈Gk

log (1 + γm) ≥ Rk 1 ≤ k ≤ K,

∑
m∈Gk

Pm = NkP̄k 1 ≤ k ≤ K,

(3)

where γm is the SINR of subcarrier m and Rk and P̄k are
the rate of reliable communication and the averaged power
constraint for user k, respectively.

Water-filling power allocation solves (3) readily [11]. We
apply the same algorithm in the presence of frequency offsets.
The water-filling power allocation for the m-th subcarrier of
user k is then given by:

P ∗
m∈Gk

=

⎛
⎝ 1
λk

−
π2σ2

εκm

3 + σ2
w

|Hk[m]|2 sin2(πεk)

N2 sin2( πεk
N )

⎞
⎠+

1 ≤ k ≤ K,

(4)

where
K∑
k=1

(
λk
∑

m∈Gk

P ∗
m∈Gk

)
=

K∑
k=1

NkP̄k and κm =
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Fig. 1. OFDMA uplink capacity with non-zero carrier frequency offset.

E

{∣∣√PiHm[i]
∣∣2}. Therefore the uplink capacity is

CU|WF

=
K∑
k=1

∑
m∈Gk

E

⎧⎪⎨
⎪⎩log

⎛
⎜⎝1 +

Pm|Hk[m]|2 sin2(πεk)

N2 sin2( πεk
N )

π2σ2
εκm

3 + σ2
w

⎞
⎟⎠
⎫⎪⎬
⎪⎭ .
(5)

Note that the water-filling power allocation requires the
knowledge of both the channel state information and the
frequency offset. In this paper, uplink parameter estimation
is assumed, i.e., both the channel and the frequency offset
of each user should be estimated at the base station, and the
estimation results will be forwarded to each user through the
downlink signalling.

Fig. 1 illustrates the ergodic capacity of the OFDMA up-
link with the carrier frequency offset and N = 1024. For
comparison purpose, for a frequency-selective fading channel
with channel state information at the receiver (CSIR), we have
CU|CSIR ∼= N · loge2 ·E {γi} in the low SINR scenario, or
CU|CSIR ∼= N ·E {log (γi)} in the high SINR case [11]. Note
that the uplink capacity for an AWGN channel is CU|AWGN =
N−1∑
i=0

log (1 + SNRi). Fig. 1 shows the effectiveness of water-

filling power allocation. For example, for an SNR of 20 dB
and with CSIR, without water-filling power allocation, uplink
ergodic capacities of 6000, 5700, and 5000 (bits/symbol)
can be achieved when σ2

ε = 3.3 × 10−5, σ2
ε = 8.3 × 10−4

and σ2
ε = 3.3 × 10−3, respectively. With water-filling power

allocation, the uplink capacities will be about 6100, 5800
and 5100 (bits/symbol), respectively; i.e., an improvement of
about 100 (bits/symbol) is achieved for each scenario.

IV. BER ANALYSIS

This section analyses the BER as a function of SINR for the
OFDMA uplink. M -ary square QAM with Gray bit-mapping
is considered. As before, the quasi-static channel is assumed.
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The BER for square QAM without considering the frequency
offset is discussed in [9]. In [6], the BER is evaluated for
synchronization and channel estimation errors.

Here the BER is derived as an infinite series, when the
frequency offset is a Gaussian or Uniformly distributed RV.
Unlike [6], only the effect of frequency offset on the BER
is analyzed, and perfect channel knowledge is assumed. The
averaged BER is given by [9]:

PMBER = μ1(M) · E

{
erfc
(√

3μ3(M) · γm|m∈Gk

)}
+ μ2(M) · E

{
erfc
(
3
√

3μ3(M) · γm|m∈Gk

)}
,

(6)

where μ1(M) =
√
M − 1√

M log2

√
M

, μ2(M) =
√
M − 2√

M log2

√
M

,

μ3(M) =
log2M

2(M − 1) logM2
, erfc(x) =

2√
π

∫ ∞

x

e−u
2
du, and

the expectation is with respect to γm|m∈Gk
. Closed-form

PMBER appears intractable.

Here the first case that is analyzed is that the frequency
offset of each user is an i.i.d. RV that is uniformly distributed

in (−ε, ε). From [12, page 939], erfc
(√

3μ3(M) · γm|m∈Gk

)
as well as erfc

(
3
√

3μ3(M) · γm|m∈Gk

)
can be represented

as an infinite series and, therefore, PMBER is given by

PMBER =
2
√
M − 3√

M log2

√
M

− 2
√

6(
√
M − 1)

πε log2

√
M
√
Mπ ¯JM

∞∑
n=1

βM1,n

− 2
√

6(
√
M − 2)

πε log2

√
M
√
Mπ ¯JM

∞∑
n=1

βM2,n

=
2
√
M − 3√

M log2

√
M

− 2
√

6(
√
M − 1)

πε log2

√
M
√
Mπ ¯JM

∞∑
n=1

βM1,n

− 2
√

6(
√
M − 2)βM2,1

πε log2

√
M
√
Mπ ¯JM

− 2
√

6(
√
M − 2)

πε log2

√
M
√
Mπ ¯JM

∞∑
n=1

32n+1βM1,n

=
2
√
M − 3√

M log2

√
M

− 2
√

6(
√
M − 2)βM2,1

πε log2

√
M
√
Mπ ¯JM

− 2
√

6

πε log2

√
M
√
Mπ ¯JM

·
∞∑
n=1

((
32n+1 + 1

)√
M − 2 · 32n+1 − 1

)
βM1,n,

(7)

where βM1,n =
(−1)n+1

(2n− 1)(n− 1)!

∫ πε

√
¯JM

6

0

( ¯JM−y2)2n−1d y,

βM2,n =
(−1)n+132n−1

(2n− 1)(n− 1)!

∫ πε

√
¯JM

6

0

( ¯JM − y2)2n−1d y and

¯JM =

√
3μ3(M) × 9SNR

π2ε2SNR + 9
. The following recursive
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Fig. 2. The approximation of BER with finite order series.

relationships hold:

βM1,n = aMn + bMn − 8(2n− 3) ¯JM
2

(4n− 1)(4n− 3)
· βM1,n−1

=
(−1)(2n− 3)(4n− 5)

(
¯JM − π2ε2 ¯JM

6

)2

(n− 1)(2n− 1)(4n− 1)
· aMn−1

+
(−1)(4n− 5)(4n− 7)

(
¯JM − π2ε2 ¯J M

6

)2

(n− 1)(4n− 1)(4n− 3)
· bMn−1

− 8(2n− 3) ¯JM
2

(4n− 1)(4n− 3)
· βM1,n−1,

(8)

and
βM2,n = 32n−1βM1,n−1, (9)

as derived in Appendix A. Given the initial condi-

tion of aM1 =
πε

√
¯J M

6

(
¯JM − π2ε2 ¯JM

6

)
3

, bM1 =

2πε ¯JM

√
¯JM

6

3
, βM1,1 =

(
πε− π3ε3

18

)
¯JM

√
¯JM

6
and βM2,1 =

3
(
πε− π3ε3

18

)
¯JM

√
¯JM

6
, the coefficients aMn>1, bMn>1,

βM1,n>1 and βM2,n>1 can be easily generated.
The average BER can also be expressed as an infinite

series when the frequency offsets are modeled as zero-mean
Gaussian RVs, i.e., εk ∼ N (0, σ2

ε ). Given the initial conditions

of DM
0 = 1, DM

1 = 1− π2σ2
ε

6
and DM

2 = 1− π2σ2
ε

3
+
π4σ4

ε

12
,

PMBER as an infinite series is derived in Appendix B. However,
in our analysis, for brevity, a uniform distribution instead of
a Gaussian distribution is used.

However, in practice, the infinite series for PMBER must be
truncated to approximate (6). The impact of this truncation is
investigated in Fig. 2, where the BER is plotted as a function
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Fig. 3. BER as a function of number of accessing users.

2 4 6 8 10 12 14 16 18 20
10

−15

10
−10

10
−5

10
0

E
b
/N

0
 (dB)

B
E

R

 

 

ε = 0.01 (QPSK): Theory

ε = 0.01 (QPSK): Simulation

ε = 0.1 (QPSK): Theory

ε = 0.1 (QPSK): Simulation

ε = 0.01 (16QAM): Theory

ε = 0.01 (16QAM): Simulation

ε = 0.1 (16QAM): Theory

ε = 0.1 (16QAM): Simulation

Fig. 4. BER with non-zero carrier frequency offset.

of
Eb
N0

(energy power bit per noise power density). The

number of terms (order) in (7) required to converge to (6)
are shown. With a small order, (7) approximates PMBER for
at low SNR, and the truncated series expression breaks down
as the SNR increases. This breakdown appears earlier for a
smaller ε (or σ2

ε ). For example, consider the case that the
user frequency offsets are uniformly distributed in (−ε, ε),
and each subcarrier is modulated by 4-phase PSK (QPSK).
When the frequency offset is 1% and for an order of 10,
(7) converges at PMBER only when SNR ≤7 dB. With 10%
frequency offset, this convergence can be achieved well until
SNR=8 dB. A similar convergence performance also holds for
high-order modulation, e.g., 16QAM. This deviation at a high
SNR can be mitigated by increasing the order. For example, by
increasing the order to 50, (7) with each modulation converges

at PMBER well at SNR=10 dB for each evaluated ε.
The BER as a function of the number of users is illustrated

in Fig. 3 for N = 1024 and 10% frequency offset. Each
user is allocated 64 subcarriers with an interleaved subcarrier
allocation. The maximum number of users is 16. The BER
increases when a larger number of users accessing the base
station, for both QPSK and 16QAM. For example, with QPSK,
the performance gap between the 4-user case and the 16-user
case is about 4.5 dB, and that gap for 16QAM is about 6.1 dB.

The BER losses due to the carrier frequency offset are
shown in Fig. 4, where the number of users is 16 and the num-
ber of subcarriers per user is 64. Subcarrier modulation either
QPSK or 16QAM (Gray bit mapping). Increasing frequency
offsets degrade the BER regardless of the modulation format.
For example, with QPSK, the performance degrades by about
5.2 dB at high SNR when the frequency offset increases from
1% to 10%. The corresponding loss for 16QAM is 7.3 dB at
high SNR. For a smaller frequency offset (1%), the simulation
result matches the theoretical analysis well, but a deviation
occurs at high SNR for a larger frequency offset (10%). For

the same SINR, since the effective
Eb
N0

in 16QAM is much

lower than that in QPSK, the BER for 16QAM is much higher
than that for the latter.

V. CONCLUSIONS

The OFDMA-uplink BER degradation due to the carrier
frequency offset has been derived as a function of SINR. The
ergodic capacity of OFDMA uplink with carrier frequency
offset has been derived with water-filling power allocation.
When the frequency offset is modeled as a zero-mean uniform
or Gaussian RV, the BER expression is an infinite series. The
series can be truncated with negligible error.

APPENDIX A
BER WITH UNIFORM FREQUENCY OFFSETS

In order to derive the averaged BER, we first derive the
PDF of zMk given by

zMk =
√

3μ3(M) · γm|m∈Gk

=
√

3μ3(M) · 9SNRk
π2ε2SNRk + 9︸ ︷︷ ︸
JM

k

×
∣∣∣∣sin(πεk)

πεk

∣∣∣∣︸ ︷︷ ︸
∼=1−π2ε2

k
6

. (10)

We know that JMk ·
(

1 − π2ε2

6

)
< zMk < JMk . Note that in

an OFDMA uplink with an adaptive power control for each
user, the averaged SNR of each user is identical; i.e., JM1 =

JM2 = · · · = JMK = ¯JM =

√
3μ3(M) × 9SNR

π2ε2SNR + 9
. We

find the Cumulative Distribution Function (CDF) is

FM (z) = Pr
{
zMk ≤ z

}
= 1 − Pr

{
ε2k ≤ 6( ¯JM − z)

π2 ¯JM

}

= 1 −
√

6( ¯JM − z)

πε
√

¯JM
,

(11)
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and the PDF to be

fM (z) =
∂FM (z)
∂z

=

{
3

πε
√

6 ¯JM ( ¯J M−z)
¯JM
(
1 − π2ε2

6

)
< z < ¯JM .

0 otherwise.
(12)

From (6), for an OFDMA uplink with each subcarrier mod-
ulated by M -ary square QAM, the averaged BER can be
represented as

PMBER = μ1(M)
∫ ¯JM

¯JM ·
(
1−π2ε2

6

) erfc(z)fM (z)d z

+ μ2(M)
∫ ¯JM

¯JM ·
(
1−π2ε2

6

) erfc(3z)fM (z)d z.

(13)

The function erfc(z) can be represented as an infinite series
[12, page 939], and as a result,∫ ¯JM

¯JM ·
(
1−π2ε2

6

) erfc(z)fz(z)d z

= 1 − 2
√

6

πε
√
π ¯JM

∞∑
n=1

(−1)n+1DM
n

(2n− 1)(n− 1)!

= 1 − 2
√

6

πε
√
π ¯JM

∞∑
n=1

βM1,n,

(14)

and∫ ¯JM

¯JM ·
(
1−π2ε2

6

) erfc(3z)fM (z)d z = 1 − 2
√

6

πε
√
π ¯JM

∞∑
n=1

βM2,n,

(15)

where DM
n =

∫ πε

√
¯JM

6

0

( ¯JM − y2)2n−1d y, βM1,n =

(−1)n+1

(2n− 1)(n− 1)!
· DM

n and βM2,n = 32n−1βM1,n =

(−1)n+132n−1

(2n− 1)(n− 1)!
· DM

n . Therefore, (13) can be rewritten as

PMBER =
2
√
M − 3√

M log2

√
M

− 2
√

6(
√
M − 1)

πε log2

√
M
√
Mπ ¯JM

∞∑
n=1

βM1,n

− 2
√

6(
√
M − 2)

πε log2

√
M
√
Mπ ¯JM

∞∑
n=1

βM2,n.

(16)

The coefficients DM
n , βM1,n and βM2,n can be iteratively defined

as follows:

DM
n =

∫ πε

√
¯JM

6

0

( ¯JM − y2)2n−1d y

= πε

√
¯JM

6

(
¯JM − π2ε2 ¯JM

6

)2n−1

− 2(2n− 1) · DM
n

+
2(2n− 1) ¯JMπε

√
¯JM

6

(
¯JM − π2ε2 ¯JM

6

)2n−2

4n− 3

+
2(2n− 1)(2n− 2) ¯JM

2

4n− 3
· DM

n−1.

(17)

By resolving (17), we can represent DM
n and βM1,n as

DM
n =

πε

√
¯JM

6

(
¯JM − π2ε2 ¯JM

6

)2n−1

4n− 1

+
2(2n− 1)πε

√
¯JM

6
¯JM
(

¯JM − π2ε2 ¯JM

6

)2n−2

(4n− 1)(4n− 3)

+
4(2n− 1)(2n− 2) ¯JM

2

(4n− 1)(4n− 3)
· DM

n−1,

(18)

and

βM1,n =
(−1)n+1πε

√
¯JM

6

(
¯JM − π2ε2 ¯J M

6

)2n−1

(2n− 1)(4n− 1)(n− 1)!

+
2(−1)n+1πε

√
¯JM

6
¯JM
(

¯JM − π2ε2 ¯JM

6

)2n−2

(4n− 1)(4n− 3)(n− 1)!

− 8(2n− 3) ¯JM
2

(4n− 1)(4n− 3)
· βM1,n−1.

(19)

Define aMn and bMn , respectively, as

aMn =
(−1)n+1πε

√
¯J M

6

(
¯JM − π2ε2 ¯JM

6

)2n−1

(2n− 1)(4n− 1)(n− 1)!
, (20a)

bMn =
2(−1)n+1πε

√
¯JM

6
¯JM
(

¯JM − π2ε2 ¯JM

6

)2n−2

(4n− 1)(4n− 3)(n− 1)!
.

(20b)

Then (20) can be rewritten as

aMn =
(−1)(2n− 3)(4n− 5)

(
¯JM − π2ε2 ¯JM

6

)2

(n− 1)(2n− 1)(4n− 1)
· aMn−1,

(21a)

bMn =
(−1)(4n− 5)(4n− 7)

(
¯JM − π2ε2 ¯JM

6

)2

(n− 1)(4n− 1)(4n− 3)
· bMn−1.

(21b)

Therefore, (19) can be simplified as

βM1,n = aMn + bMn − 8(2n− 3) ¯JM
2

(4n− 1)(4n− 3)
· βM1,n−1

=
(−1)(2n− 3)(4n− 5)

(
¯JM − π2ε2 ¯JM

6

)2

(n− 1)(2n− 1)(4n− 1)
· aMn−1

+
(−1)(4n− 5)(4n− 7)

(
¯JM − π2ε2 ¯J M

6

)2

(n− 1)(4n− 1)(4n− 3)
· bMn−1

− 8(2n− 3) ¯JM
2

(4n− 1)(4n− 3)
· βM1,n−1.

(22)

APPENDIX B
BER WITH GAUSSIAN FREQUENCY OFFSETS

Assume that εk ∼ N (0, σ2
ε ), the averaged BER is given by

PMBER
∼= μ1(M) ·E{erfc (zMk )}+ μ2(M) ·E{erfc (3zMk )} ,

(23)
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where

E

{
erfc
(
zM

k

)}
= 1− 2√

π

∞∑
n=1

(−1)n+1
(
JM

k

)2n−1

(2n − 1)(n − 1)!

·
∫ ∞

−∞

(
1 − π2ε2

k

6

)2n−1
1√

2πσε

e
− y2

2σ2
ε d y︸ ︷︷ ︸

DM
2n−1

(24)

and

E
{
erfc
(
3zMk
)}

= 1− 2√
π

∞∑
n=1

(−1)n+1
(
3JMk

)2n−1

(2n− 1)(n− 1)!
·DM

2n−1.

(25)
We can easily find that

DM
2n−1 =

(
1 − (4n− 3)π2σ2

ε

6

)
DM

2n−2

+
(4n− 4)π2σ2

ε

6
DM

2n−3,

(26a)

DM
2n−2 =

(
1 − (4n− 5)π2σ2

ε

6

)
DM

2n−3

+
(4n− 6)π2σ2

ε

6
DM

2n−4.

(26b)
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