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Abstract—Optimal pilots design and placement for the fre-
quency offset and channel estimation in orthogonal frequency-
division multiplexing access (OFDMA) uplink systems are pro-
posed. The received pilots of multiple users can always be
demodulated, even if they are totally overlapped due to the large
frequency offsets. With the knowledge of channel state infor-
mation (CSI) at the receiver, the performance of the proposed
frequency offset estimation is robust to the channel estimation
errors. The frequency offset and CSI can be jointly estimated by
employing the proposed pilots.

I. INTRODUCTION

In an OFDMA system, several users simultaneously trans-
mit their own data by modulating an exclusive set of or-
thogonal sub-carriers. The orthogonality among subcarriers
guarantees intrinsic protection against multiple access interfer-
ence (MAI) [1]. OFDMA therefore is adopted in part of the
IEEE 802.16 standard for wireless metropolitan area networks
(WMANS5) and is considered as a promising candidate for next
generation broadband wireless networks.

However, the design of OFDMA faces several technical
challenges. First, OFDMA systems are highly sensitive to the
frequency offset, which results in the loss of orthogonality
among subcarriers. Second, channel should be estimated to
coherently detect transmitted data. Frequency offset and chan-
nel estimation are particularly challenging in the uplink of
OFDMA since the base station (BS) has to estimate frequency
offset and multiple transmission channels for each user.

Several methods of frequency offset and/or channel esti-
mation for OFDMA uplink have been presented in [2]-[8].
Reference [2] exploits redundancy offered by the cyclic-prefix
(CP). In [3], frequency offset is estimated by looking for
the position of null subcarriers within the signal bandwidth.
By using the inherent signal structure, a high-resolution blind
frequency offset estimator is presented in [5] for interleaved
OFDMA systems. The maximum likelihood (ML) algorithm
for both frequency offset and channel estimation is studied
in [6], and the complexity is reduced by employing an
alternating-projection method. The iterative space-alternation
generalized expectation-maximization (SAGE) algorithm for
frequency offset and time estimation is presented in [7]
to overcome MAI. Two iterative joint frequency offset and
channel estimation algorithms based on a cyclically equal-
spaced, equal-energy interleaved pilot are proposed in [8].

Some good pilots designed for channel estimation in multiple-
input multiple-output (MIMO) orthogonal frequency-division
multiplexing (OFDM) systems, e.g., [9]-[11], can also be
used for OFDMA uplink channel estimation. In many existing
algorithms, especially those based on periodically modulated
pilots, the pilots for different users are demodulated by using
a frequency-domain filter. However, these frequency-domain-
filter-based algorithms may fail to identify the pilots for each
user if the pilots of different users are overlapped due to the
large frequency offsets.

In this paper, the optimal pilots design and placement
for both the frequency offset and channel estimation in an
OFDMA uplink are treated. Unlike many frequency-domain
filter-based algorithms, the pilots for each user can always be
identified, regardless the frequency offset is large or not. Thus,
the constraint in many algorithms that the abosolute value of
all the frequency offsets is less than one-half of subcarriers
seperation can be removed. Subcarrier allocation for one user
needs not be contiguous in the frequency-domain, and this
feature helps to exploit the frequency diversity. Without loss
of generality, the frequency offset of each user is assumed to
be an independent and identically distributed (i.i.d.) random
variable (RV). A joint frequency offset and channel estimation
scheme is presented based on the proposed pilots.

The remainder of this paper is organized as follows. The
OFDMA uplink signal model is discribed in Section II. Section
IIT presents the optimal pilot design for frequency offset
estimation. Section IV discusses the optimal pilots design
for the LS channel estimation, and joint frequency offset
and channel estimation scheme is proposed in Section V.
Simulation results are discussed in Section VI, followed by
conclusions drawn in Section VIIL.

Notation: (-)T and (-)# and (-)* are the transpose, complex
conjugate transpose and complex conjugate. x[i] is the i-th
element of vector x, and [|x|3 = > |x[i]|? is the sum of

the square of each entry in x. [B]mnz is the mn-th entry of
matrix B. Iy and Oy are the N x NN identity matrix and all-
zero matrix, respectively. On is an N x 1 all-zero vector. A
circularly symmetric complex Gaussian variable z with mean
m and variance o2 is denoted by z ~ CN(m,0?). E{x} and
Var{z} are the mean and variance of z, respectively.
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I1I. OFDMA UPLINK SIGNAL MODEL

M users are assumed to share N subcarriers and simul-
taneously communicate with the BS. Let N x 1 vector xy
denote the frequency-domain symbols sent by the k-th user,
the corresponding time-domain vector is generated by taking

the Inverse Discrete Fourier Transform (IDFT) of xj, where
127nk

the N x N IDFT matrix is defined by [F],,;, = Winki N

with

0 <n,k < N—1.xy can be expressed as x; = xz—l-xg, where
x} and xg represent the pilot and data vector, respectively.
The number of subcarriers and the number of pilots allocated
to each user are assumed to be N and N, respectively. An
identical power is assumed to be allocated to each user, i.e.,
Hxi”é = E,/M and 5{ng|‘z} = Eq/M, where E, and Ey
denote the total pilot power and data power of M users.

By using hx(n) to represent the discrete-time
impulse response of the n-th tap channel of the
k-th  user, the related channel response vector
can be represented as h, = [h],0% o T =
[hi(0), hi (1), - -+, hie(Limax 1), ON L,,L“]T with  La0

representing the maximum length of all channels. The
corresponding frequency-domain channel attenuation matrix
is given by Hy = diag {H(O) g, ... ,H,QN*”} with

Lmaz—

Z hk(d>

H™ e

representing the channel

attenuation at the n-th subcarrier of the k-th user.
With € denoted as normalized frequency offset of the k-th
user, the received signal at the BS can be represented as

M
y = Z E;FH,x) +tE,FH.x! | +w
=1 SN—— ~—
%P % (D)
M
:Z(Ek+ﬂk)yk+wv
k=1
where B, = diag{f{x},--- ,f5_x}} and Q =
diag {ff x¢, -+ £ _,x{} with f; representing the i-th col-

. J2mey J27eg, (N—1)
umn of F, E, = dlag{l,e No,...,e N }, v, =
)2mey p2re(N—1) 7T ) .
[16 No,..-.e N ,and w in (1) is a vector of ad-

ditive white Gaussian noise (AWGN) with w[i] ~ CN(0,02).

III. FREQUENCY OFFSETS ESTIMATION

We assume that ¢, for each user k is an i.i.d. RV with zero
mean and variance ‘752- Since vy, is a sufficient statistic of &y,
€k can be estimated from the estimation of vy, i.e. . We
design some pilots to make ©; be orthogonal to each other
and, therefore, the MAI can thus be totally eliminated.

A. Estimation of vy,

Based on (1), an LS estimator of v, can be designed as

M M
I)k :E;Ly:l/é'-i- Z E-};Ellll-f— Z ETQme-f—:LW
1=1,l#k m=1
2)

T lmg 1

[— '—H'— v—H!—l v—H;—
where E; = (_.k ._.k) L, vy = (uk ._.k) =y EgVi,
and EkH Ei is not necessarily a full-rank matrix. We rep-
resent EfE, as EfE, = diag{O,- |fF % p’ }

<p|2
where |£7x0|" > = E,/M. Therefore,

0 and)  |£7'%]

(E,?Ek)fl can be represented as
(:kH:k)_ = diag {0,..., |[f/%}|7%,...}.
Vﬁ = vy, is satisfied if and only if Ek Zy is full-rank; if

not, the number of non-zero elements in ué- is less than
N. However, the non-zero elements in V,J; can also provide
sufficient statistics of ). With assuming the entries of x{ are
ii.d., the MSE of oy is given by

MSE(0) = E{ |2k — v [},
s.t. trace{EF B} = %. (3)

For the sake of brevity, the extension express of E{||&), —
H } is not shown here. We find that, if a group of pilots can
be found to satisfy :L-'lsék = Oy foreach 0 < k,1 # k <
N —1, the minimum MSE (£) can be achieved by minimizing
trace { (B4 =)'}, which requires that Z{/E}, has only one
non-zero element, i.e.,

dlag {ngvEp/Ma 0%—1&—1} ) (4)

where 1, represents the index of the non-zero diagonal ele-

= [ p—
— =

—L =k =

ment of :kH:k Note that E-};El#k = Oy requires ¥y, # Vi,
and, the minimum MSE (©,) can be given by
Eg
min MSE (&) = 222 " (5)
= ﬁp

where E;/(N —N,,) represents the interference contributed by
the data subcarriers. If only pilots are transmitted, the Cramer-

Rao Lower Bound (CRLB) is obtained as MSE (&) >

w

From (5), we can see that MSE (&) is independent of 'the
actual frequency offset and k. However, this finding does not
mean that Var {£;} is identical for each user k. In the next
subsection, we will show that the performance of £;, depends
on VU, and a larger ), implies a smaller Var {£;}.

B. Estimation of €, based on vy

The analysis in Section III-A shows that, if the pilots can
be designed to satisfy (4), MSE (&) can be minimized and,
D in (2) can be rewritten as

27V T

T
N—9p— }

T
N T T T
Vi = |:019k56 1:| + [079k’§k” ON—19k—1

7

(6)
where

=%, ZNprm

M
Ep

T d 727"79k5m

~pH
£y, Xe + % £, wU]
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. M Eq
with &, ~ CN (0,202), and 02 = — < +012U>.
(0,27%) £ 7 2B, \N—N,

Based on (6), € can be estimated as

1270 ep
. :N~arg{:>kwk]}:N'afg{e el
k 279y 270y, '

We know that (7) is conditionally unbiased, and at a high
signal-to-interference-noise ratio (SINR), the variance error of

€} can be approximated as

2

8]\24]\2[ < Fa +ai>. @®)
w292 E, \N — N,

(8) implies that Var {é)} is a monotonically decreasing func-

tion of 195, and the minimum variance error is achieved

if ¥ = N — 1. Unfortunately, ELEZ# = Oy requires

Vi # Uik, i.e., when multiple users perform uplink frequency

offset estimation simultaneously, only one user can achieve the

minimum frequency offset estimation variance error.

Var {é} =

C. Optimal Pilot Design for Frequency Offset Estimation

In order to find the optimal pilots that satisfy (4), we reper-
ent the frequency-domain indexes of the pilots for the k-th user

as (Op,1,-.-,0kn,), Where 0 < 01 <--- <Opn, <N -1
By resolving (4), the optimal pilots is given by
B E 270y Vg
X, [O,i] = M/]:fpe LS
s.t. 1§k§M,1§i§Np,MNp§N; 9)
(Or2—Ok1)y = (O, — Okn,—1)

= (ekvl - gkap)N '

The X}, are constant-modulus. As X}, = H;x}, in a frequency-
selective fading channel, xz are not constant-modulus and
should be designed based on the estimation of Hy. In the time
variant wireless channels, x} should be changed adaptively

according to the current channel attenuation.

D. Effect of Imperfect Channel Knowledge on Frequency
Offset Estimation

In the proposed frequency offset estimator, perfect channel
knowledge is assumed in (2). However, in real systems, an es-
timation error always occurs in the channel estimation, and this
error causes the performance loss of the proposed frequency
offset estimator. We assume that I:Ik = H; + AH,, where
AHj, represents the estimation error of Hy. The elements
of AHy, are iid. RVs and [AHy];; ~ CN (0,04 ), where

Given a high SINR, the variance error of the frequency offset
estimation is approximated as

N* [M [ E, )\ 0%y
Var{é,} = — —=1. (12
wter= oo |5 (g +o2) + 3 02
TAn

In (12),
errors, which is much smaller than that contributed by the data
vectors. Therefore, the proposed frequency offset estimation is
robust to the channel estimation errors.

represents the influence of channel estimation

IV. OPTIMAL PILOT DESIGN FOR LS CHANNEL
ESTIMATION

In this section, an LS channel estimator will be proposed to
estimation CSI, which is needed for the proposed frequency
offset estimation. After taking the Discrete Fourier Transform
(DFT) of the received vector, the output can be given by

max

M
i=Fly=> VNEIXIF]
k_lﬁ_/

Py (NXLmaz)

M
+> VNEFX{F! hy+ F’w =Ph+Dh+n,

k=1
Dy (NXLpmaa) n (Nx1)

(13)

where ES' = FAELF, Fr s the first Ly,q, rows of
F, X¢ = diag{x{}, X} = diag{x}} with x{ and x}
being the N x 1 data and pilot vectors of the k-th user.
In (]3)» P = [P17"'7PM]’ D = [D17"'7DM]’ and

h=[Af. &

A. LS Channel Estimation

When performing LS channel estimation, P should be full-
column rank, which requires that N > ML,,,,. Since the
frequency offsets can be estimated with negligible errors, P
instead of the estimation of P, is }lsed in the channel estima-
tion. By defining PT = (P#P) " P, the LS estimation of
h is given by

hs = P't = h+ P Dh + Py, (14)
where PtDh is an interference contributed by the data vectors.
An conditionally unbiased estimator estimator can be achieved

H 2
o2, o Eduace {AHZ AHLY} e diso define if and only if E {P'Dh} = Op/z,.. 1. The MSE of hys can
E {trace {H/H},} } be given by
= —di i g P ; Py . 1 . 2
. = diag {FHkxk} diag {FH;x}} + diag {FAH;x} } MSE (th) _ E { Hth B hH }
Ek AEk MLTYL(L’E 2
(10) trace {VH (PHP)_2 V<I’} afutrace{(PHP)_l}
Based on (10), vy is actually estimated as = ML, .. + ML, )
i i M ; (15)
. = IR = =
U =8y =vi — 2, AE g + E Qi + ELW.
g g g mzzl g g where ® = E{hh'}, V = P¥D and V represents the power
(11) spread of the data subcarriers to the signal space of the pilots.
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B. The Optimal Pilot Design and Placement
Before designing the optimal pilots, we first analyze PH P:

Gl,l Gl,M
PP = , (16)
Gl\l.l GM M
Where Gkal - NFLma.tXpHE‘]:{‘H7XpFH rax and E(];lrl -

FAEHME,F. To minimize the MSE (hLS), the following con-
ditions should be satisfied simultaneously:
Presupposition:

1. Gii = &ILnlam’ 1<k<M.

2. Ggizk = Op,,,, for each (k,i# k).
Let the frequency domain indexes of the pilots for the k-th
user be (01, -, 0k, Np), the condition 1 of Presupposition

E,

. Condition 2 of Presupposi-
~MN, PP
tion can be rewritten as Fy, X” HEZ"ZXP F{ =0g,...
which requires the following conditions to be satisfied in the

pilots design and placements:

requires ‘[XP Jon .00.-

270 K, (k — 1
arg () 0]} = 270kl L,
st. MLyay <N, <N,MN, < N’J\/ = integer ;
Or . K,(k—1i
KZJ Z Lma;w B2 ?\;k Z) 7& integer ;

Ok 1= 0k1- 1)y = (Okn, - L= Orn,—1-1)
= (ek,l'l_gk,/\/’p ‘l)N;l =1,2,-+, Lpaz — 1;
(17)

From (9) and (17), we can see that optimal pilots should
be uniformly distributed in the frequency-domain for both
frequency offset estimation and channel estimation.

C. Effect of Imperfect Frequency Offset Estimation on Chan-
nel Estimation

The pilot design and placement requirements in (17) are
based on the perfect frequency offset knowledge, which is not
always abtainable in real systems. By using gak to represent
the estimation error of & with pr ~ N (0,0 ) E; can be
estimated as Ek ~ B, + AE., where AE, = jpkHEk, and
IT — di {0 2rx (N -1)

= diag TN

By using Ek instead of Ej, and using P instead of P in (13),
the LS channel estimator can be expressed by hy s = P'F. The
MSE of the LS estimator in the presence of the frequency
offset estimation errors can be expressed as

. M?trace {JJ7 &}
MSE (hL5> T LowEz%F (18)
N M?trace {VEV®}  Mo?
LmawEg EP ,
where J = diag {J1,--- ,Ja/} and

J;=NF

max

XPAFAIFXYFY  1<i< M.

V. JOINT FREQUENCY OFFSETS AND CHANNEL
ESTIMATION

The CSI is assumed to be available for the porposed fre-
quency offset estimation, vice versa. The frequency offset and
channel information, therefore, should be estimated jointly,
which is shown in Fig. 1.

At the beginning, the receiver should be switched to “1”
to perform the initial frequency offset estimation. Since the
receiver has not performed channel estimation, a constant-
envelope pilot that satisfies (9) should be used by each user,
i.e., taking x} instead of X}. Two consecutive blocks of the
pilots, x7(1) and x}(2), which are specified by 1 and
V1,2, are transmitted by the k-th user. Note that ¥ ; is not
necessarily identical to 95, o. We assume that the channel does
not change during a two-symbol period. Let £ ; and Dy o
denote the output vectors of the demodulation (6). The initial
frequency offset estimation can then be performed as

N -arg {Dg 2[Vk 2] X (Pr1[Ir1]")}
2 (N + 19;9’2 — 19]“71 — 1) ’

i =

19)

Initial Frequency Offset Estimation

. ‘ Constant-Envelope X/

» F’
Fx/
‘ Constant-Envelope x!
‘ =) =Fx/

Initial Frequency
Offset Estimation

’,

Initial Frequency
Offset Estimation

N- arg{\\'y [u, ]}

. 27w,

N~arg{\\n [v, ]}

270,

X/, X},
for
channel estimation

frequency offset estimation

> H
> r=F"y

Fig. 1. Joint frequency offsets and channel estimation.

Then, the receiver should be switched to “2” to perform the
channel estimation and the frequency offset tracking. We first
generate the optimal pilots for the channel estimation based
on (17). The frequency offset estimation results are used to
generate the matrix P. The channel attenuation can be esti-
mated with a high accuracy by using the proposed estimator,
and this estimation result will be used to adaptively optimize
the pilots for the frequency offset estimation presented in (9).

VI. NUMERICAL RESULTS
In our simulation, quasi-static OFDMA wireless channels
are assumed and path gains hp(l) = e~! are considered

with L4, = 4. The normalized pilot-to-noise ratio (NPNR),

defined as NPNR = is used instead of SNR on

___r
M-N, 02’

each pilot subcarrier. The average power of data is specified
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as a rate to the power of pilots, i.e., , Where

E;,  FE
N-N, N,
p is a positive and real number.

The impact of channel estimation errors on the performance
of the frequency offset estimation is shown in Fig. 2, where
0% denotes the variance of channel estimation error. When
p = 0.1, there is about 2 dB performance improvement as o2
decreases from 10! to 10~2. However, the performance im-
provement is negligible from 0%, = 1072 to a perfect channel
estimation. As the accuracy of 0% = 1072 is easy to achieve,
the performance loss in frequency offset estimation due to the
channel estimation error is negligible. The performance of the
frequency offset estimation can be improved considerably by
decreasing p. When no data subcarrier is modulated, i.e. p = 0,
the CRLB can nearly be achieved at a high NPNR.

The performance of the LS channel estimation with imper-
fect frequency offset estimation is also evaluated and shown
in Fig. 3, with the variance of frequency offset estimation
error denoted as aé. Compared to reducing the frequency
offset estimation errors, reducing the average power of data
subcarriers contributes a negligible performance improvement.
Keeping o2 to be 1072 unchanged, there is about 0.5 dB
performance improvement that can be achieved by decreasing
p from 0.5 to 0.1. For a given p = 0.5, the performance
improvement about 4 dB can be achieved by decreasing O';
from 1073 to 10~%. A performance floor will always appear
and the CRLB cannot be achieved at a high NPNR.

N=1024;M=16; N, =8; v, =N-1
10° T

T
+ p=0505=10"
o p=0505=107
— — p = 0.5; Perfect Channel Estimation (uf‘ =0)
2 _ o1
* p=0.1i0%=10
2102
0 p=0.105=10
— — —p =0.1; Perfect Channel Estimation (o7, = 0)

x p=0;0f=10"

0 p=0;cf=10" H

MSE

o L L L L
5 10 15

30
NPNR (dB)

Fig. 2. MSE of frequency offset estimation with imperfect channel estima-
tion.

VII. CONCLUSIONS

In this paper, we discussed the optimal pilots design and
placement for the frequency offset and channel estimation in
an OFDMA uplink transmission. A frequency offset estimation
can be performed by adaptively modulating the pilots for
each user based on the current channel estimation results. By

N=256;M=4;N =16

o p:05c€):|0’2
o p:omﬁy:m’z
-e-p=050 =107
-8 -p=010° =107
—o- p:05‘02w:|074

—o- p:omflz 107
CRLB

0 2 4 6 8

Fig. 3. MSE of LS channel estimation in the presence of frequency offset
estimation errors.

employing a joint frequency offset and channel estimation
scheme, the frequency offset estimation result can be fed
back to the transmitter to adaptively optimize the channel
estimation, and vice versa.
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