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for which the required threshold 75 can be computed as

Ny = erfc_l(Zaz)'ﬁagns. (33)

To obtain an approximate threshold 15 we first generate a set of L
equidistant numbers {n; : n; = Ryin + (I — D)An, 1 = 1,..., L},
where An = (Nmax — Nmin)/(L — 1). Foreach [, = 1,...,L,
we assume that n; = n. and compute the threshold using (33). This
threshold is next substituted in (20) and (21) to compute the corre-
sponding probability P(HE"|HY""). As the result a set of probabilities
for the range of admissible thresholds is obtained, and 7} is selected as
the threshold for which the corresponding probability is closest to the
required «s.
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Abstract—Two new rate-one full-diversity space-time block codes
(STBCs) are proposed. They are characterized by the lowest decoding
complexity among the known rate-one STBC, arising due to the complete
separability of the transmitted symbols into four groups for maximum
likelihood detection. The first and the second codes are delay-optimal if the
number of transmit antennas is a power of 2 and even, respectively. The
exact pairwise error probability is derived to allow for the performance
optimization of the two codes. Compared with existing low-decoding
complexity STBC, the two new codes offer several advantages such as
higher code rate, lower encoding/decoding delay and complexity, lower
peak-to-average power ratio, and better performance.

Index Terms—Orthogonal designs, performance analysis, quasi-orthog-
onal space—time block codes, space-time block codes (STBC).

I. INTRODUCTION

Space-time block codes (STBC!) have been extensively studied
since they exploit the diversity and/or the capacity of multiple-input
multiple-output (MIMO) channels. Among various STBC, orthogonal
STBC (OSTBC) [1]-[3] offer the minimum decoding complexity and
full diversity. However, they have low code rates when the number
of transmit (Tx) antennas is more than 2 [3]. The rate of one symbol
per channel use (pcu) only exists for two Tx antennas and the rate
approaches 1/2 for a large number of Tx antennas [1]-[3].

To improve the low rate of OSTBC, several quasi-orthogonal STBC
(QSTBC) have been proposed (see [4]-[7] and references therein).
They allow joint maximum-likelihood (ML) decoding of pairs of
complex symbols. However, the rate-one QSTBC exist for four Tx
antennas only, and the code rate is smaller than 1 for more than four Tx
antennas. Several rate-one STBC have been proposed (e.g., [8]-[10]),
in which the transmitted symbols can be completely separated into two
groups for ML detection. However, for more than four Tx antennas,
the decoding complexity of the rate-one STBC in [8]-[10] increases
significantly compared with OSTBC and QSTBC.
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TABLE I
COMPARISON OF SEVERAL LOW COMPLEXITY STBC FOR SIX AND EIGHT
ANTENNAS. THE NUMBERS IN THE PARENTHESES INDICATE THE CODES’
PARAMETERS FOR EIGHT Tx ANTENNAS

| Codes | Maximal rate | Delay I Real symbol decoding |

OSTBC [3], [24] 2/3 (5/18) 30 (56) lor2(1or2)
CIOD [17] 6/7 (4/5) 14 (50) 2(2)
MDC-QSTBC [12] 3/4 (3/4) 8 (8) 2(2)
QSTBC [6] 3/4 (3/4) 8 (8) 44
2Gp-QSTBC [8] 1(1) 8 (8) 8 (8)
SAST [10] 1(1) 6 (8) 6 (8)
4Gp-QSTBC (new) 1@ 8 (8) 4 4)
4Gp-SAST (new) 1) 6 (8) 34

In this paper, we propose two new rate-one STBC for any number
of Tx antennas. Compared with the existing rate-one STBC, our
new codes have lowest decoding complexity since the transmitted
symbols can be decoupled into four groups (4Gp) for ML detection.
The first code is called 4Gp-QSTBC. The second code is derived
from semiorthogonal algebraic space-time (SAST) codes [10] and
thus called 4Gp-SAST codes. The first and the second codes are
delay-optimal when the number of Tx antennas is a power of 2 and
even, respectively. The equivalent transmit-receive signals are derived
so that sphere decoders [11] can be applied for data detection. To
achieve full diversity, signal rotations are required for the two codes.
The exact pairwise error probability (PEP) of the two codes is derived
to optimize the signal rotations.

We compare the main parameters of our new codes, and several ex-
isting STBC for six and eight Tx antennas in Table I. Clearly, the new
codes offer several distinct advantages such as higher code rate, low
decoding complexity, and lower encoding/decoding delay. The two
new codes also have lower peak-to-average power ratio (PAPR) than
OSTBC, QSTBC, and minimum decoding complexity (MDC) QSTBC
[12]. Moreover, simulation results show that our new codes also yield
significant SNR gains compared with the existing codes.

Notation: Superscripts T *, and ' denote matrix transpose, conju-
gate, and transpose conjugate, respectively. The identity and all-zero
square matrices of proper size are denoted by I and 0. The diagonal
matrix with elements of vector £ on the main diagonal is denoted by
diag(#). || X ||r stands for the Frobenius norm of matrix X and ® de-
notes Kronecker product [13]. A mean-m and variance-c> circularly
complex Gaussian random variable is written by CA'(m, a?). R(X)
and I(X) denote the real and imaginary parts of X, respectively.

II. SYSTEM MODEL AND PRELIMINARIES

A. System Model

We consider data transmission over a MIMO quasi-static Rayleigh
flat-fading channel with M/ Tx and N receive (Rx) antennas [14]. The
channel gain h,,,, (m = 1,2,..., M;n = 1,2,..., N) between the
(m,n)th Tx—Rx antenna pair is assumed CA/(0, 1) and remains con-
stant over 1" time slots. We assume no spatial correlation at either Tx
or Rx array. The receiver, but not the transmitter, completely knows the
channel gains.

AT x M STBC can be represented in a general dispersion form [14]
as follows:

K
X = Z(akAk =+ kak) (1)

k=1
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where Ay, and By, (k = 1,2,---,K) are T x M constant matrices,
commonly called dispersion matrices; @, and by, are the real and imag-
inary parts of the symbol si. We can use an equivalent form of STBC
as

L
X=Yac @
=1

where L is the number (not necessarily even) of transmitted symbols,
c; are real-value transmitted symbols, C; are dispersion matrices.
The average energy of code matrices is constrained such that
Ex = E[IX|}] = T.

The received signals y;., of the nth antenna at time ¢ can be arranged
in amatrix Y of size 7" x N. Thus, one can represent the Tx—Rx signal
relation as [14], [15]

Y =pXH+Z 3)

where H = [h.,,] is the channel matrix; Z = [z.,] is the noise ma-
trix of size T' X N, its elements z,, are independently, identically dis-
tributed (i.i.d.) CA(0, 1). The Tx power is scaled by p so that the av-
erage signal-to-noise ratio (SNR) at each Rx antenna is p, independent
of the number of Tx antennas.

Let the data vector be ¢ = [c1 ¢ ...cr]". The ML decoding of
STBC is to find the solution ¢ so that

é¢=argmin||Y — XH||E “4)

B. Algebraic Constraints of QSTBC

The key idea of QSTBC is to divide the L (real) transmitted symbols
embedded in a code matrix into I' groups, so that the ML detection of
the transmitted symbol vector can be decoupled into I' submetrics; each
metric involves the symbols of only one group [6], [8], [10], [16]. We
provide a definition of STBC with this feature to unify the notation in
this paper as follows.

Definition 1: An STBC is said to be I'-group decodable STBC if the
ML decoding metric (4) can be decoupled into a linear sum of I inde-
pendent submetrics, each submetric consists of the symbols from only
one group. The I'-group decodable STBC is denoted by I' Gp-STBC
for short.

In the most general case, we assume that there are I' groups; each
group is denoted by €2; (¢ = 1,2,...,T') and has L; symbols. Thus,
L= Zle L;. Let O; be the set of indexes of symbols in the group
Q;.

Yuen et al. [16, Theorem 1] have shown a sufficient condition for an
STBC to be I'-group decodable. In fact, this condition is also necessary.
We will state these results in the following theorem without proof for
brevity.

Theorem 1: The necessary and sufficient conditions, so that an
STBC is I'-group decodable, are

CiC,+CiC, =0 Ype®;, VgeO,i#j (5

Note that Theorem 1 covers [17, Theorem 9] (single-symbol decod-
able STBC) and can be shown similarly.

III. FOUR-GROUP DECODABLE STBC DERIVED FROM QSTBC

A. Encoding

In this section, we will study the new 4Gp-QSTBC. As we will see
later, the general form of STBC in (1) is convenient for studying 4Gp-
QSTBC; hence Theorem 1 can be restated as follows.

Authorized licensed use limited to: UNIVERSITY OF ALBERTA. Downloaded on December 18, 2009 at 15:39 from IEEE Xplore. Restrictions apply.
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Lemma 1 ([18]): The necessary and sufficient conditions for an
STBC in (1) to become I'-group decodable are a) AZAq + A;ﬂAq =0,
b) BiB,+B!B, = 0,andc) A} B,+BJA, = 0,¥p € ©,,Yq € O,
1<i#j<T.

We next consider another sufficient condition so that an STBC is
four-group decodable.

Theorem 2: Given a4Gp-STBC for M Tx antennas with code length
T and K sets of dispersion matrices (A, Bi; 1 < k < K), a 4Gp-
STBC with code length 27" for 2M Tx antennas, which consists of 2 K’
sets of dispersion matrices denoted as (A4;, B;),1 < i < 2K, can be
constructed using the following mapping rules:

A, O Lo_[Be 0O
0 A, “** 7|0 B,

[0 &) 5 _[O0 B
A, 0| 7"* T |B. o

Proof: Theorem 2 can be proved by showing that if the dis-
persion matrices (A4, By)(1 < ¢ < K) satisfy Lemma 1 with
(A,, By)(1 < p < K), where ¢ ¢ ©,, then the dispersion matrices
(A2g—1, Bay—1, Asy, Bs,) constructed from (A,, B,) using (6) will
satisfy Theorem 2 with (As,—1, Bap—1, Asp, Ba,) constructed from
(A,, B,) using (6). The detailed proof is omitted here, as the steps are
routine. g

The recursive construction of 4Gp-STBC specified in Theorem 2
suggests that we can start with the MDC-QSTBC for four Tx antennas
proposed in [12] to construct 4Gp-STBC for eight, 16 Tx antennas, and
so on, because MDC-QSTBC is one of the STBC satisfying Lemma 1;

o
[V
N
L
I

(6)
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antennas. If the number of Tx antennas is M < 2™ (m = 2,3,...),
then (2™ — M) columns of the code matrix for 2™ Tx antennas can be
deleted to obtain the code for M antennas. Thus, the maximum rate of
4Gp-QSTBC is one symbol pcu, and it is achievable for any number of
Tx antennas. In addition, the 4 X 4 code matrix F} is square. By recur-
sive construction (6), the code matrices of 4Gp-QSTBC are also square
for 2™ Tx antennas; and therefore, 4Gp-QSTBCs are delay optimal if
the number of Tx antennas is 2™ [17].

B. Decoding

We know that the symbols s1, s2, 3, 54 of Fu can be separately
detected [12]. Therefore, from Theorem 2, the four groups of eight
symbols of Fs can be detected independently. These four groups are
(s1,52), (s3,54), (55, 56), and (s7, ss). The ML metric given in (4)
can be derived to detect the four groups of symbols of Fs. However, to
provide more insights into the decoding of 4Gp-QSTBC, we will de-
rive an equivalent code and the equivalent channel of Fs. Furthermore,
using the equivalent channel of Fx, we can use a sphere decoder [11]
to reduce the complexity of the ML search.

The equivalent code of F is obtained by column permutations for
the code matrix of Fy in (8): the order of columns is changed to (1, 3, 5,
7,2,4, 6, 8). This order of permutations is also applied for the rows of
Fys. Letting Tr1 = a1 +j(l‘5, Ty = Az +ja(;, x5 = by +Jb5 ,xq = by +_jb() s
rs = das -|—jCL7, e = a4 —|—jag, rT = bz +jb7, and rs = b4 +Jb8 be
the intermediate variables, we obtain a permutation-equivalent code of
Fy, as follows:

the resulting STBC is thus called 4Gp-QSTBC. For practical interest, D= { Dy Dy } ©)
we will illustrate the encoding process of 4Gp-QSTBC for eight Tx -D; D
antennas from the MDC-QSTBC for four Tx antennas [12]. The code
matrix of MDC-QSTBC for four Tx antennas is where
ar + jaz  az + jaa b1+ jbs  ba + jba Zl ;2 :J 14 25 :: :7 ;8
F4 _ — a2 +_j(1‘4 ay — ja;; —l)z +_]b4 bl - _jbd (7) D] = lz .1‘14 ’L‘j J}: N DQ = lf Jjg) ’L‘: J}; . (10)
b1+ jbs  bo + jba ar + jas  as + jaa ) l )
. . . . Xq I3 b} T xs xr7 Tg Ts5
—ba+Jba b1 — b3 —a2+jaa a1 —jas
The submatrices D and D> have a special form called block-circulant
where j2 = —1. matrix with circulant blocks [13].

The code matrix of 4Gp-QSTBC for eight Tx antennas from F,
using mapping rules in (6) is given in (8), shown at the bottom of the
page.

The code rate of 4Gp-QSTBC for eight Tx antennas is one symbol
pcu. In general, by construction, the rate of 4Gp-QSTBC for 2M Tx
antennas is the same as the rate of MDC-QSTBC for M Tx antennas.
The maximal rate of MDC-QSTBC is one symbol pcu [12], the max-

We next show how to decode the code D. For simplicity, a single
Rx antenna is considered. The generalization for multiple Rx antennas
is straightforward. Assume that the Tx symbols are drawn from a con-
stellation with unit average power; the Tx—Rx signal model in (3) for
the case of STBC D follows:

imal achievable rate of 4Gp-QSTBC is also one symbol pcu for 2™ Tx Y= \//%Dh + z. (11)
ay + jas  as + jar as + jag  as + jas by + jbs bz + jbr by + jbs  ba + jbs
—as +jar a1 —jas —as+jas as —jag —bs+jbr b1 —jbs  —ba+jbs by — jbs
as + jas a4 + jas ar + jas as + jar ba + jbs  ba + jbs by + jbs bz + jbr
P = —ay —|—j.(1,g ay — J:ag —asz + j.(1,7 ay — J:a5 —by —|—J:bg by — J:be —b3 —|—J:b7 by — J:b5 ®
‘ b1+ jbs b3 + Jb7 by + jbs  ba + Jbs air + Jas as + Jar az + Jas  as + Jas
—bz + jbr by —jbs —ba+jbs bs—jbs —az+jar a1 —jas —aa+ jas az — jag
by + jbs  ba + jbs b1 +jbs  bs + jbr as + jag  as + jas ay + jas  az + jay
L —ba+jbs  bo—jbs —bs+jbr b1 —jbs —asa+jas a2 —jas —as+jar ai — jas ]
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Let 2 = [v1 22 oo a)s @ = [y .o yavi ... il
zZ == 24 75 Z§]T, and
]‘1,1 ]7,2 hg h4 h:, h(, ]7,7 hg
hz hl }l,1 h3 hG h5 hg }l7
= = . (12
T hs hy hi ho|’ s hr hs hs hsg (12
h4 h3 hz hl hg h7 hs }15
We have an equivalent expression of (11) as
. p|HL He .
=,/E . 13
v \/Q[HQ —HT}QH_Z {13)

| S —
H

Note that H+ and H 2 are block-circulant matrices with circulant-blocks
[13]. Thus, they are commutative and so do H7 and H5. We can mul-
tiply both sides of (13) with 7' to get

Ay = \/g {HTM + H5Ho 0

.
(4
a1y 0 HiHy +HiH, | ST EE (9
y

It can be shown that the noise elements of vector z are correlated with
covariance matrix 7{77{. Thus, this noise vector can be whitened by
multiplying both side of (14) with the matrix (HH)™"/2. Let H =
HiH1 + H3He:. After the noise whitening step, (14) is equivalent to
the following equations:

H™ g, = v\/gﬂ”zx,; +zi,  (i=1,2) (15)

where ¥, = [§4i—3 Jai—2 Jai—1 ’ﬂdi]T,fl‘i = [2ai—3 Tai_p Taiy I/li]T,
the noise vectors z; = [7:{71/2541;3 Zai_9 Zai1 541']1— are uncorre-
lated and have elements ~ CN(0, 1).

At this point, the decoding of the eight transmitted symbols of the
code D can be readily decoupled into two groups. However, since the
code is a 4Gp-STBC, we can further decompose them into four groups
in the following.

Denote the 2 X 2 (real) discrete Fourier transform (DFT) matrix by

~ 11
e[t 1]

The block-circulant matrices 71 and H2 can be diagonalized by a
(real) unitary matrix © = (1/2)F; @ F. [13, Theorem 5.8.2, p. 185].
Note that ©F = ©, therefore, H; = ©A0 and Hs = OA20, where
Ay and A are diagonal matrices, with eigenvalues of H; and H3 in
the main diagonal, respectively. Thus, 7 = @(A}LAl + AEAQ)@, and
also H'/? = O(ATA, +ASA)'/20. Since H'/? is a real matrix, (15)
becomes

TR, = /SH P R(zi)+R(2:), i=1,2,  (l6a)
H™'2S3(@,)=/p/8H *S(2i)+S(Z), i=1,2.  (16b)

Note that R(z1) = [ay ag by bz]" := dy, i.c., R(2,) is only depen-
dent on the complex symbols s; and s2. Similarly, R(z.), (1), and
S(@2) depend on (s3, 54), (5, 56), and (s7, ss), respectively.
Equation (16) shows that the decoding of eight transmitted symbols
of STBC D is separated into the decoding of four groups, each with
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two symbols (thus the search space size has been reduced from Q® to
4Q? where (Q is the transmit constellation size). A sphere decoder [11]
can also be used to reduce the complexity of the ML search for each
group. The matrix H'/? can be considered as the equivalent channel
of the 4Gp-QSTBC D.

C. Performance Analysis

In (16), the PEP of the four transmit symbol vectors are the
same. We thus need to consider the PEP of one of the vectors
d, = R(x1) = [a1 az by by]". For notational simplicity, the subindex
1 of d; is dropped. In addition, we can introduce redundancy on the
signal space by using a 4 x 4 real unitary rotation R to the data vector
[a1 az by by]T. Thus, the data vector d = R[ay as by b]'.

From (16a), the PEP of the pair d and d can be expressed by the
Gaussian tail function as [19]

P(d — d|H)

|72/ Ré ||

- [
- Q 8 4 ZVU

p [6TRT®T (AjAl + A;Az) @R&]

=@ 16

an

where § = d —d, Ny = 1/2 is the variance of the elements of the
white noise vector R(z1) in (16a).

Remember that A; is a diagonal matrix with eigenvalues of H; on
the main diagonal. Let A; ; (¢ = 1,2; j = 1, 2, 3, 4) be the eigenvalues
of H;. Then A; = diag(X; 1, A2, Ai 3, Aia). Let 8 = O RS, we have

14 (Z?:l Zj‘:1 /3]2'|/\i7,7|2)
16

Pd—dH)=Q (18)

To derive a closed form of (18), we need to evaluate the dis-
tribution of A; ;. The eigenvectors of H; is the columns of the
matrix © = (1/2)F> @ Fz. Thus, the eigenvalues of H; are
[)\171 )\1'2 )\1,3 )\174]T = (JTQ Y fg)[hl hz h3 }l,1]T. Since
hj ~ CN(0,1) for (j = 1,...,4), thus Ay ; ~ CN(0,4) and
sodo Az ;.

We now use the Craig’s formula [20] to derive the conditional PEP
in (18), as follows:

P(d— d|H)

p (Z?:l PO ,5]2-|/\v:,,7’|2)

=@ 16

da.  (19)

32sin? o

/2 < . -
y — (S T AP
= exp
0

Applying a method based on the moment-generating function [19],
we obtain the unconditional PEP as

) ”r/z 4 52 —2
P(dﬁd):;/ [H <1+8S"in;a>] da. (20)

0 =1
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If 3 # 0Vi = 1,....4, then 1 + (pf?/8sin’a) =
(pf2/8sin? o) at high SNR, the approximation of the exact PEP in
(20) is

/2

/ (sina)**da H E

_ 27161y " ! _
~ T8I H|‘3|

The exponent of SNR in (21) is —8. This indicates that the maximum
diversity order of 4Gp-QSTBC is 8, and it is achievable if the product
distance Hf: 1 Bi (see [21] and references therein) is nonzero for all
possible data vectors. Furthermore, at high SNR, the asymptotic PEP
becomes very tight to the exact PEP. Recall that 8 = © R(d — d); thus,
the product matrix © IR is the combined rotation matrix for data vector
d. Since © is a constant matrix, we can optimize the matrix R so that
the minimum product distance dp, min = minygi g4 ILi—, 13|, where
B = [OR(d' — d’)] is nonzero and maximized.

If the complex signals are drawn from QAM, the (real) elements of
d are in the set {1, £3,+5,...}. The best known rotations for QAM
in terms of maximizing the minimum product distance are provided in
[21] and [22]. Denoting the rotation matrix in [21] and [22] by Rpov,
the signal rotation for our 4Gp-QSTBC is given by

224 —8

Pd—d) =~

@n

R =0Rgov. (22)
Simulations show that the above vector signal rotation perform better
than the symbolwise rotation proposed in [18] (details omitted for
brevity).

We have presented important properties of 4Gp-QSTBC. In the next
section, we will investigate 4Gp-SAST codes.

IV. FOUR-GROUP DECODABLE STBC DERIVED FROM SAST CODES

A. Encoding

The SAST code matrix is constructed for M = 2M Tx
antennas using circulant blocks. Two length-A/ data vectors
81 = [s1 52 ... sM] and 82 = [Sgi1 Siq2 --- soir]”
used to generate two M -by-M circulant matrices [13]. Note that the
first row of circulant matrix C(2) copies the row vector ; the ith row
is obtained by circular shift (i — 1) times to the right the vector z. The
SAST code matrix is constructed as

c(sT) c(s]) ] |
_ct (53) ct (BI)

By construction, 4Gp-SAST codes have rate of one symbol pcu; the
code matrices for an even number of Tx antennas are square; thus, 4Gp-
SAST codes are delay-optimal for an even number of Tx antennas.

(23)

B. Decoder of 4Gp-SAST Codes

Similar to 4Gp-QSTBC, the decoding of 4Gp-SAST codes requires
two steps. First, the two data vectors s, and 82 are decoupled [10]; then,
the real and imaginary parts of vectors 8, and s, are separated. We
provide the detail decoder with only one Rx antenna as generalization
for multiple Rx antennas can be easily done.

We introduce another type of circulant matrix called left circulant,
denoted by Cr, (), where the ith row is obtained by circular shifts (i —
1) times to the left for the row vector .
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Let us define a permutation II on an arbitrary 3 x M matrix X
such that, the (M — i + 2)th row is permuted with the ith row for
2.3,...,[M/2], where [(-)] is the ceiling function. One can
verify that

——

T (Cr(x)) = C(a). (24)
Lety = [loll o = lys v yul' Y, =
Wiy viree -yl b = [RTR3] L by = [hy he oo T,
ho = [hA’/[+1 hl\71+2 th]T’ z = [ZITZI] s
z21 = |21 = CoZu) s 22 = [ZM_H ZA42 . zau) . We
can write the Tx—Rx signal relation as
yi|_ Jr C(s1) C(s2) ][I i
LJ‘VA/I{—C"@Q) s he) T lz] @
An equivalent form of (25) is
Y, _ L 1\71 }(2 81 2z
FRE R AN F
where X1 = Cr(h]), Xo = Cu(h)), X5 = CH(h)), X4 =
~C*(R]).
Applying permutation II in (24) for the column matrix y, , we obtain
|:!_11:| A |:H(y1):|
Y, Y5
_ p [I(Xy) TI(X2) 5 + (z)
- M Xz X4 82 Z;
27)

_ p H1 Hg 81 + 21
VM| H -H||s Z
————

where H, = C(hI), H, = C(hg), zy = II(z1), 22 = 2z5. The
elements of Z; and Z» are ~ CN (0, 1), as elements of z; and 2;. We
now multiply 7 with both sides of (27). Letting H = H lT H\+H H,,
we get

The covariance matrix of the additive noise vector 2 is

B3] = { " 04’1} .
0,y H
Therefore, the noise vectors 2; and Z, are uncorrelated and have the
same covariance matrix 7. Thus, 8; and 8> can be decoded separately
using §;, = Hs; + %;,i = 1, 2. The noise vectors 2, and £, can be
whitened by the same whitening matrix H /% The equivalent equa-
tions for Tx—Rx signals are

1/zA

= Vo/MH 28 + H V2%, i=1,2. (29
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At this point, the decoding of SAST codes becomes the detection
of two groups of complex symbols 8; (i = 1, 2); this is similar to the
detection of 4Gp-QSTBC in (15). Our next step is to separate the real
and imaginary parts of vectors 8; to obtain four groups of symbols for
data detection.

Recall that H = HT Hy+ H;Hz, and both H; and H> are circulant.
Hence, M is also circulant [13]. Let A; = Ai1 Aiz ... Ai,m bethem
eigenvalues of H; ( = 1, 2). We can diagonalize H; by DFT matrix as
H; = FTA;F. Thus, H = FHATA +ASA0) F Let ATA 4+ AT A, =
A, then A has real and non-negative entries in the main diagonal and
HY? = FIAYV2F and H V2 = FIATY2F,

We assume that 8; is premultiplied (or rotated) by an IDFT matrix
F* of proper size. Substituting 8; by F's; and multiplying both sides
of (29) with the DFT matrix J, we obtain

ATV Fy = o] MFH VP F s, 4+ ATV FE,
o/ MAY s, + A"V FZ;
——

P

(30)

1

Since A'/? is a real matrix, the real and imaginary parts of 8, (i = 1,
2) can now be separated for detection.

AYV2R(Fy —,/p/n TAY?R(s;) + R(2 ”-) (31a)
A l/h = /p/MAY*3(8;) + 3(30). (31b)

We finish deriving the general decoder for 4Gp-SAST codes. Using
(31), one can use a sphere decoder to detect the transmitted symbols.
The equivalent channel of 4Gp-SAST codes is A*/2.

C. Performance Analysis

Note that the eigenvalues of m x m matrices H; and H» can be
found easily using unnormalized DFT of the channel vectors h; and
hy [13]. Therefore, the eigenvalues of H; and H» have distribution
~ CN(0,m).

Similar to the case of 4Gp-QSTBC, we can introduce a real orthog-
onal transformation R to the data vectors 3(s;) and I(s;) (i = 1,2) to
improve the performance of 4Gp-SAST codes. Thus, the actual signal
rotation of 4Gp-SAST codes is F ' R.

Since the PEP of vectors 3(s;) and 3(s;) (i = 1, 2) are the same,
we only calculate the PEP of the vector R(81). Letd = R(81). The
PEP of distinct vectors d and d can be calculated in a similar manner to
that of 4Gp-QSTBC in Section III-C. Details are omitted for brevity.
The PEP of 4Gp-SAST codes is given as

w/2 " R _92
- 1 52
P(ded):;/[l_[(l—i—sgi;a)} do (32)
0

=1

where 31 2 ... ,8,1; = R(d — (_1). One can find the asymptotic PEP
of 4Gp-SAST codes at high SNR in a similar fashion to the case of
4Gp-QSTBC in (21) as follows:

6 2m
2 mo—2m X 16
R (sin ) " dox
™

96:71 —2m 16' mn

= 217 318! H’ i

m

[
i=1

P(d — d)

Q

(33)

429

“[ =0~ MDC-QSTBC, 16QAM, 3 bits pcu
| -o- QSTBC, 16QAM, 3 bits pcu
..| =+ 4Gp-SAST, 8QAM-R, 3 bits pcu
..| -O0— SAST, 8QAM-R, 3 bits pcu
2 ->- 4Gp-QSTBC, BQAM-R, 3 bits pcu
10~ -A- 4Gp-QSTBC, BQAM-S, 3 bits peu
-A- OSTBC, BQAM-R, 2 bits pcu
->- OSTBC, BQAM-S, 2 bits pcu
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Fig. 1. Performances of 4Gp-QSTBC and 4Gp-SAST codes compared with

OSTBC, MDC-QSTBC, QSTBC and SAST codes, six Tx antennas and one Rx
antenna, 2 and 3 bits pcu.

Thus, if the product distance []"", 3: is nonzero, 4Gp-SAST codes
will achieve full-diversity. Similar to 4Gp-QSTBC, with QAM, the
signal rotations Ry in [21] and [22] can be used to minimize the
worst-case PEP.

Remark: It is interesting to recognize that, the optimal rotation ma-
trices of 4Gp-QSTBC (R = ©Rpov ) and 4Gp-SAST codes (R =
FRpov) have a similar formula. The precoding matrices © and F
are added to diagonalize the channels of the two codes. Thus, each real
symbol is equivalently transmitted in a separate channel, but full diver-
sity is not achievable. The real rotation matrix Rgov is applied to the
data vectors so that the real symbols are spread over all the channels,
and thus full diversity is achievable.

V. SIMULATION RESULTS

Simulation results are presented in Fig. 1 to compare the perfor-
mances of 4Gp-QSTBC and 4Gp-SAST codes with OSTBC, MDC-
QSTBC [12], QSTBC [6], and SAST codes [10] for six Tx and one Rx
antennas. To produce the desired bit rates, two 8QAM constellations
are used. The first constellation is rectangular, denoted by 8QAM-R,
and has signal points {1 £ j, +3 & j}. The other constellation, de-
noted by 8QAM-S, has the best minimum Euclidean distance; its geo-
metrical shape is depicted in [6, Fig. (2c)].

We compare the performance of our new codes with OSTBC and
SAST codes for a spectral efficiency of 2 bits pcu. To get this bit rate,
8QAM signals are combined with rate-2/3 OSTBC, while 4QAM is
used for the SAST, 4Gp-QSTBC, and 4Gp-SAST codes. Two columns
(4 and 8) of 4Gp-QSTBC for eight Tx antennas are deleted to create
the code for six Tx antennas. From Fig. 1, 4Gp-SAST codes gains
0.8 and 1.6 dB over OSTBC with 8QAM-S and 8QAM-R, respec-
tively, while the decoding complexity slightly increases (see Table I).
The performance improvement of 4Gp-QSTBC is even better: 1 dB
compared with OSTBC (using 8QAM-S) and 0.2 dB compared with
4Gp-SAST codes. Note that for six antennas, the decoding complexity
of 4Gp-QSTBC is slightly higher than that of 4Gp-SAST codes (see
Table I).

In Fig. 1, the performance of 4Gp-QSTBC and 4Gp-SAST codes
with 3 bits pcu is also compared with that of the rate-3/4 QSTBC
and MDC-QSTBC (using 16QAM). 4Gp-SAST code yields a 0.3 dB
improvement over MDC-QSTBC and performs the same as QSTBC.
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Specifically, 4Gp-QSTBC using 8QAM-S performs much better than
the QSTBC; it produces a 1.2 dB gain over QSTBC with the same de-
coding complexity.

Further simulations for five and eight Tx antennas also confirm
that 4Gp-QSTBC and 4Gp-SAST codes perform better than OSTBC,
MDC-QSTBC, QSTBC, and SAST codes. Due to the lack of space,
we omit the details.

VI. CONCLUSION

We have presented two new rate-one STBC with four-group de-
coding, called 4Gp-QSTBC and 4Gp-SAST codes. They offer the
lowest decoding complexity compared with the existing rate-one
STBC. Their closed-form PEP are derived, enabling the optimization
of signal rotations. Compared with other existing low decoding
complexity STBC (such as OSTBC, MDC-QSTBC, CIOD, and
QSTBC), our newly designed STBC have several additional advan-
tages including higher code rate, better BER performance, lower
encoding/decoding delay, and lower peak-to-average power ratio
(PAPR) because zero-amplitude symbols are avoided in the code
matrices. Recent results in [23] present a flexible design of multigroup
STBC. However, the code rate is still limited by 1 symbol pcu. Thus,
the systematic design of a high-rate multigroup STBC is still an open
research problem.
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