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Capacity Analysis for Transmit Antenna Selection Using
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Abstract— Antenna selection for multiple-input multiple-
output (MIMO) where only a subset of antennas at the trans-
mitter and/or receiver are activated for signal transmission
is a practical technique for the realization of full diversity.
Despite extensive research, closed-form capacity expressions for
MIMO systems employing transmit antenna selection (TAS) and
orthogonal space-time block codes (OSTBCs) are not available.
We thus derive the exact closed-form capacity expressions when
an OSTBC is employed and N transmit antennas out of total
Lt antennas are selected for transmission. The expressions are
valid for a frequency-flat Rayleigh fading MIMO channel and
avoid numerical integration methods.

Index Terms— Antenna selection, closed-form, capacity,
multiple-input multiple-output (MIMO), space-time codes.

I. INTRODUCTION

MULTIPLE-INPUT multiple-output (MIMO) technolo-
gies mitigate the impact of fading. Orthogonal space-

time block codes (OSTBCs), which are used with MIMO
systems, achieve full diversity order and low-complexity
maximum likelihood detection [1]. However, multiple radio
frequency chains contribute to high costs and complexity
of MIMO systems. Transmit antenna selection (TAS), where
OSTBC signal matrices are transmitted over a selected subset
of transmit antennas, is a practical technique for the realization
of full diversity [2]. Note that receive antenna selection
is a traditionally well-researched topic and the number of
references are too numerous to mention here [2]–[4]. Various
performance analysis for TAS has been reported in [5]–
[8]. Information theoretic limits of TAS for MIMO spatial
multiplexing systems, in the limit of large transmit antennas,
for both low and high SNR are derived in [9].

The main contribution of this letter is therefore to provide
closed-form capacity expressions for TAS with OSTBC over
an independent Rayleigh fading channel. To the best of our
knowledge, no such capacity expression is available. The
resulting formulas avoid the need for lengthy Monte Carlo
simulation

In Section 2, the system model with TAS is presented.
Closed-form capacity expressions are derived in Section 3.
Section 4 provides simulation results and conclusion1.
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1Notation: Bold symbols denote matrices or vectors. (·)T , (·)H and (·)∗

denote transpose, conjugate transpose and conjugate, respectively. The set of
complex numbers is C, and the set of all complex K × 1 vectors, M × N
matrices are denoted by CK , CM×N respectively. A circularly symmetric
complex Gaussian variable with mean µ and variance σ2 is denoted by z ∼
CN (µ, σ2). ‖.‖2

F stands for the Frobenius norm.

II. SYSTEM MODEL

We consider a MIMO system in a Rayleigh fading environ-
ment with Lt transmit and Lr receive antennas. Channel state
information (CSI) is perfectly available at the receiver. The
receiver selects N best transmit antennas out of Lt and this
decision is sent back the transmitter via a rate-limited feedback
channel that is assumed to be instantaneous and error-free.
Let the full channel H = [hij ] where hij ∼ CN (0, 1) is
the channel gain between the ith transmit and jth receive
antenna. H̃ ∈ C

Lr×N consists of the channel gains for the
N selected transmit antennas and Lr received antennas which
is a submatrix of the channel matrix H ∈ C

Lr×Lt . Denote
hj (j = 1, 2, ..., Lt) the columns of the channel matrix H.
The columns are sorted according to their norms, ‖hi1‖ ≥
... ≥ ‖hiLt

‖ where ik ∈ {1, 2, ..., Lt} and the order of the
indexes i1, i2, . . . , iLt

is, in general, different from the order
of the indexes 1, 2, . . . , Lt. Thus, H̃ can be obtained from H
by removing the columns with indexes iN+1, . . . , iLt

. Based
on this selection criterion the total received signal power is
maximized. The received signals are expressed as

Y =

√
Es

N
H̃X + V (1)

where Y ∈ C
Lr×T is the complex received signal matrix and

X ∈ C
N×T is the complex transmitted signal matrix, which

is a member of an OSTBC [1]. V ∈ C
Lr×T is the additive

noise matrix with independent and identical distributed entries
of CN (0, N0). The coefficient

√
Es/N ensures that the total

transmitted power in each channel use is Es and independent
of the number of transmit antennas.

When an OSTBC is used, the ML decoder for an OSTBC
modulated signal decomposes the MIMO system to indepen-
dent single input single output (SISO) additive white Gaussian
noise channels defined as [1]

s̃q =

√
Es

N

(
1

Rs
‖H̃‖2

F

)
sq + νq, q = 1, ..., Q (2)

where νq ∼ CN
(
0, 1

Rs
‖H̃‖2

F N0

)
, Rs is the code rate, and

sq are information-bearing symbols.
We conclude that the achievable SNR per symbol for an

M -ary constellation is

γs =
Es

N0

1
RsN

‖H̃‖2
F = cρ‖H̃‖2

F (3)

where ρ = Es

N0
is the SNR per channel use and c = 1/(RsN).

Let γk = cρ‖hk‖2, k = 1, 2, ..., Lt, are the scaled norms of
the columns of H. Therefore, γk is a chi-squared i.i.d. random
variable. In transmit antenna selection, the best N antennas
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fγs
(λ) = N

(
Lt

N

)
(cρ)−LrN

Γ(Lr)
N

∑
i1,...,iN

a(Lr; i1, ..., iN )
N−1∏
k=1

ik!
kik

Lt−N∑
j=0

(
Lt − N

j

)
(−1)j

×
{∑

n∈B

(
j

n0, ..., nLt−1

)
(cnj +iN )!(cρ)r+N+iN

(N + j)cnj+iN+1Anj

⎧⎨⎩
r+N−1∑

m=1

Pm
λm−1

(m − 1)!
e−

λ
cρ +

cnj+iN+1∑
l=1

Ql
λl−1e

− λ
ηj

(l − 1)!

⎫⎬⎭
⎫⎬⎭ (7)

with the largest γk are selected. Thus, the received SNR per
symbol (3) can be written as

γs =
N∑

k=1

γ(k) (4)

where γ(k) = cρ‖hik
‖2. Note that this SNR is a sum of order

statistics. As such, its distribution appears to be available only
if the channel is independent fading. For our analysis, we use
the approach via the moment generating function (MGF) of
the effective SNR in (4).

III. CLOSED-FORM CAPACITY EXPRESSIONS

A. MIMO systems

The most difficult task is to obtain the MGF of the ordered
statistics γs in (4). Fortunately, the MGF of the random
variable γs, which is the Laplace transform of probability
density function (pdf) fγs

(λ), is given in [10]

Φγs
(s) = N

(
Lt

N

)
(cρ)−LrN

Γ(Lr)
N

∑
i1,...,iN

a(Lr; i1, ..., iN )

N−1∏
k=1

ik!
kik

Lt−N∑
j=0

(
Lt − N

j

)
(−1)j

×
{∑

n∈B

(
j

n0, ..., nLr−1

)
(cnj +iN )!(cρ)r+N+iN

(N + j)cnj+iN+1Anj

1
(1+ cρs)r+N−1

· 1
(1 + ηjs)cnj+iN+1

}
(5)

where
(

j
n0,...,nLr−1

)
= j!

n0!···nLr−1!
, ηj = Ncρ

N+j ,

a(Lr; i1, ..., iN ) is the coefficient of xi1
1 . . . xiN

N in expression

(x1 + x2 + · · · + xN )Lr−1(x2 + · · · + xN )Lr−1 · · ·xLr−1
N

and B is the set of all combinations of nonnegative inte-
gers of n0, n1, ..., nLr−1 such that

∑Lr−1
k=0 nk = j, cnj =∑Lr−1

k=1 knk, Anj =
∏Lr−1

k=1 (k!)nk and r =
∑N−1

k=1 ik.
We take the inverse Laplace transform of Φγs

(s) to find
fγs

(λ). Using partial fractions, the linearity property of inverse
Laplace transform and the fact that

L−1{Ψm
γ (s)} =

1
(m − 1)!γm

λm−1e−
λ
γ , m > 1 (6)

where Ψγ(s) = (1 + γs)−1, the pdf of γs = cρ‖H̃‖2
F follows

in (7), where the coefficients are given by

Pm =
(cρ)1−r−N

(r + N − 1 − m)!
.
∂r+N−1−m

∂sr+N−1−m

[
Ψ

cnj+iN +1
ηj (s)

]
s=−1/(cρ)

Ql =
(ηj)

−cnj−iN−1

(cnj + iN + 1 − l)!
.
∂cnj+iN +1−l

∂scnj+iN +1−l

[
Ψr+N−1

cρ (s)
]

s=−1/ηj

.

These coefficients can be obtained in closed-form without
any differentiation [11].

The exact average capacity in nats/s/Hz is given in (8) where
we use the following result from [12, App. B]

Ĉm−1(ν) �
∫ ∞

0

log(1 + λ)λm−1e−νλdλ, ν > 0, n = 1, 2, . . .

= (m − 1)!eν
m∑

k=1

Γ(−m + k, ν)
νk

where Γ(a, z) =
∫ ∞

z
e−xxa−1dx is the complementary in-

complete gamma function.

B. MISO systems

For MISO systems, or equivalently Lr = 1, the MGF for
γs in (5) can be reduced into simpler form, thus the capacity
expression (8) is greatly simplified. To be more specific, it has
been shown in [7] that

Φγs
(s) =

Lt!
N !

1
(1 + cρs)N

Lt−N∏
j=1

1
N + j

.
1

1 + ηjs
. (9)

As before, we derive the pdf of γs and the exact average
capacity in nats/s/Hz as

fγs
(λ) = C̃0

⎧⎨⎩
N∑

m=1

P̃mλm−1e−
λ
cρ

(m − 1)!
+

Lt−N∑
j=1

Q̃je
− λ

ηj

ηj

⎫⎬⎭ (10)

and

C = C0

⎧⎨⎩
N∑

m=1

P̃mĈm−1

(
1/cρ

)
(m − 1)!

+
Lt−N∑
j=1

Q̃j

ηj
Ĉ0(1/ηj)

⎫⎬⎭
(11)

where the coefficients are

C0 = RsC̃0 = Rs
Lt!

N !

Lt−N∏
j=1

1

N + j
,

P̃m =
(cρ)−N

(N − m)!

∂N−m

∂sN−m

[
Lt−N∏
j=1

1

1 + ηjs

]
s=−1/(cρ)

, 1 ≤ m ≤ N,

Q̃j =
[ 1

(1 + cρs)N

Lt−N∏
i=1
i�=j

1

1 + ηis

]
s=−1/ηj

.

(12)

The capacity expressions in (8) and (11) do not involve any
integrations and can be computed easily with high accuracy
using mathematical software such as MATLAB.
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C = E{Rs log
(
1 + γs

)} = Rs

∫ ∞

0

log(1 + λ)fγs
(λ)dλ

= RsN

(
Lt

N

)
(cρ)−LrN

Γ(Lr)
N

∑
i1,...,iN

a(Lr; i1, ..., iN )
N−1∏
k=1

ik!
kik

Lt−N∑
j=0

(
Lt − N

j

)
(−1)j

×
{∑

n∈B

(
j

n0, ..., nLr−1

)
(cnj +iN )!(cρ)r+N+iN

(N + j)cnj+iN+1Anj

⎧⎨⎩
r+N−1∑

m=1

PmĈm−1(1/(cρ))
(m − 1)!

+
cnj+iN+1∑

l=1

QlĈl−1(1/ηj)
(l − 1)!

⎫⎬⎭
⎫⎬⎭ (8)
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Fig. 1. Capacity of MISO with TAS, OSTBC rate 3/4, N=4.

IV. RESULTS AND CONCLUSION

In this section, we plot capacity curves for different systems.
Fig. 1 plots the capacity (11) for a MISO system using the
OSTBC with 4 transmit antennas, rate 3/4 as defined in [1].
As there are more available transmit antennas to choose from,
the system capacity increases, which is intuitive. The capacity
gain is about 2.5 dB for most of operating SNRs when there
are 4 more transmit antennas. For MIMO systems, full-rate
Alamouti code [13] has been used (N = 2) with 2 receive
antennas. The capacity gain is similar to that of the SIMO
case. Monte Carlo simulation validates the correctness of the
closed-form expressions (8) and (11).

In this letter, we have analyzed the capacity of TAS and
OSTBCs for MIMO systems. The closed-form capacity ex-
pressions, which avoids the need for numerical integration
methods, were derived. Our results are sufficiently general to
handle systems with an arbitrary number of antennas at both
ends of a MIMO link.
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