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Abstract— ABBA codes are an important class of quasi-
orthogonal space-time block codes proposed by Tirkkonen et
al.. Recently, they have become more attractive for practi-
cal applications because Yuen et al. have shown that ABBA
codes allow pair-wise real-symbol decoding (or equivalently,
single-complex symbol decoding) complexity; it is the minimum
decoding complexity (MDC) achievable by any non-OSTBC.
Additionally, MDC-ABBA codes can achieve full diversity while
their code rate is higher than that of OSTBC. In this paper, we
present a new, general, simple, and closed-form method to decode
MDC-ABBA codes. We explicitly derive the equivalent channel
of MDC-ABBA codes and the maximum mutual information of
MDC-ABBA. Furthermore, we prove that MDC-ABBA codes
can achieve full diversity with transmit and/or receive antenna
selection and full or limited feedback.

I. INTRODUCTION

ABBA codes [1], a class of quasi-orthogonal space-time
block codes (QSTBC), have a higher code rate than orthogonal
space-time block codes (OSTBC) [2]. Since ABBA codes
allow low complexity pair-wise complex-symbol decoding and
perform better than OSTBC [3], they have been widely studied
for coherent and non-coherent transmissions, beamforming,
and others. Recently, Yuen et al. (see [4] and references
therein) have shown that ABBA codes also enable pair-wise
real-symbol (PWRS) decoding; they call such codes minimum
decoding complexity (MDC) codes. Thus, while the decoding
complexity of MDC-ABBA codes is equal to single complex-
symbol decoding complexity, their code rate higher than that
of OSTBC. In the following, we reserve the term "ABBA" for
the QSTBC proposed by Tirkkonen et al. [1] with pair-wise
complex-symbol decoding [3] and the term "MDC-ABBA" for
the ABBA codes with PWRS decoding [4].

Recently, several authors have investigated closed-loop
methods using phase feedback for ABBA codes (see, e.g. [5])
so that single complex symbol decoding is possible. However,
these methods may be unnecessary since the ABBA-QSTBC
are already single-symbol decodable. A few decoders designed
for ABBA codes with 4 or 6 transmit antennas [6], [7] are also
presented.

Despite of many studies on ABBA codes, the equivalent
channel of ABBA and also of MDC-ABBA codes is unknown
in the most general case with arbitrary numbers of transmit
(Tx) and receive (Rx) antennas. Additionally, suitable closed
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loop methods for MDC-ABBA codes are not studied so far.
In this paper, we propose a new, general, simple, and
closed-form method to decode ABBA and MDC-ABBA codes.
We show how the ABBA space-time (ST) channel can be
decoupled into parallel independent channels, each of which
carries a pair of data symbols. Using this new representation
of the equivalent channel, we derive the maximum mutual
information (MMI) of ABBA/MDC-ABBA codes. Finally,
we show that MDC-ABBA codes achieve full diversity with
Tx/Rx antenna selection and with full or limited feedback [8].

II. DECODERS FOR ABBA AND MDC-ABBA CODES
A. System Model and Preliminaries

We consider a quasi-static Rayleigh flat fading multiple-
antenna channel. The transmitter and receiver are equipped
with M Tx and N Rx antennas. The receiver, but not the
transmitter, completely knows the channel gains.

From matrix representation theory, the mapping of a block
of K data symbols (s, s2,- - ,sk) into a T'x M code matrix
of a STBC can be generally represented as follows [9]:

K
Xy = Z (SkAk + SZBk)
k=1
where Ay and By, (k = 1,2,--- ,K) are T x M constant
basis matrices, superscript * denotes conjugate !. The average
energy of code matrices X € X, is constrained such that
E[| X ||#] = T The code rate Rx,, of a STBC X, in symbols
per channel use (pcu), is defined by Rx,, = K/T.
We now review the main properties of OSTBC ;s to be
used later. The basis matrices of OSTBC satisfy [2]:

)

AlA;+BIB, =1y, i=12--,K (2a)
AlA;+BIB =0y, 1<i<j<K (2b)
AlBj+ AlBi=0y,  i,j=1,2 K ()

'From now on, superscripts | and T denote matrix transpose and transpose
conjugate. The n X n identity and all-zero matrices are denoted by I,
and 0y, respectively; diag(a) denotes a diagonal matrix with elements of
vector @ on its main diagonal. || X ||g denotes Frobenius norm of matrix X
and ® denotes Kronecker product [10]. E[-] denotes average. A mean-m
and variance-o'2 circularly complex Gaussian random variable is written by
CN (m,o?). R(X) and I(X) stand for the real and imaginary parts of a
matrix X, respectively.
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Let the data symbols are drawn from a constellation with
unit average power. To guarantee the average power constraint,
the OSTBC matrices are multiplied by a constant x =
For notational brevity,  is not shown.

We next examine the algebraic structure of ABBA QSTBC
codes. Let Ay and B (k = 1,2,--- ,K) be the t x m
basis matrices of an OSTBC (,,. Two blocks of data,
each of K symbols, are mapped into two code matrices
A and B of On as A = i (514 +5.Bp), B =
Zle (Sk+Kx Ak + 554 Bi). The ABBA code matrices for
M = 2m Tx antennas are constructed from (9,, as

1
MRO}\/] :

A Bl &
QM:[B A}ZZ(%Q?AIC-FC;@BQ 3)

k=1

where C, = (SkHO + Sk+KH), II = |:(1) 0

} Note that II =
I-1 112 = I,.

B. Equivalent Channel of ABBA and MDC-ABBA Codes

For the sake of simplicity, we first consider one Rx antenna
and generalize the results for NV > 1 later.

Let h = [hy hy --- hp]T denote the channel vector with
h; ~ CN(0,1). Let Q € Qp be a transmitted code matrix,
the Rx signal vector is y = \/pr Qh + w, where w is noise
vector with independently, identically distributed (i.i.d.) entries
~ CN(0,1); p is the average Rx signal-to-noise ratio (SNR).

The conventional approach for decoding ABBA codes can
start from expanding the metric ||y — \/prQhl|/3. In the
following, we present a new method, in which the equivalent
channel of ABBA codes is represented in an elegant form.

From (3), we have

2
y = \/p?ZZ (I @ Ak) hsy 1)k
k=1 i=1
+ (1 @ B) sy |+ @)
Let er; = ('@ Ap) h, By = [en1 exa], fy

(Hlfi ®Bk) h, Fy, = [fkl ka], and s, = [Sk: 3k+K]T,
(4) can be rewritten as

y=\pr [BEx F1 Ey F Ex Fg]
T
x [s] sJ{ s) sg sk SH +w. (5

We now use a trick in [11] to decode OSTBC for our next
derivation. The following equation is equivalent to (5):

Y El Fl EK FK:|
* = V K * * * *
[y} p [Fl E7 Fi Ex
G
T o T AT | W
x [s] s sk sk) + [w*} - (©)

We can show that the columns of matrix G are orthogonal.

Proof: We will show that the following equations hold:

Fy;

Fy,

F

:
E F
[ ’“} [ i} = ElF, + FIE; =0,

K

vk, L.

T
{Ek} [El] BB+ FIFf =0, fork#1  (Ta)

(7b)

We just provide the proof for (7a); (7b) can be shown similarly.

Let Zy; = (E};El + FJF}), its element can be calculated as

[Z1lis = el ;e + fLifi; = B[P 7) © (AL A + Bl Bk
0, k#1;

{ hT(Hﬂ i@ In)h, k=1 ®

Thus, Z; = 05 if k # L. O

Since for k = [, the matrices Z;; = Z Vk, where the entries
of Z are z;; = hT(HJ’z ® I,)h. In particular, z1 1 = 299 =
|RllE 21,2 = 221 = >0ty (hih}y, + A} hitm). Therefore, Z
is a circulant real matrix and can be represented as

m
Z=Y HIH
=1

hi  hiy
hi+m hz
vector si(k = 1,2,...K) at the receiver, we multiply the
two sides of (6) with [E}; F,;r } to get

©)

where H; = m} To separate the transmitted

Ely+ Fly* = \/prZsy + (Elw + FJw*).

Thus [E,‘: FkT ] plays the role of the spatial signature of the
data vector sy.

We now generalize the result of (10) for the case of multiple
receive antennas, N > 1. The subscript n (n = 1,2,...,N)
is added to the channel gain vector h. The channel matrix
H is therefore written as H = [hl ho hN], where
By = [hin hon hat]".

It is not hard to show that the matrix Z in (9) becomes

N m
7= z Z HI H;

j=1i=1

(10)

(1)

where H; ; = hhi’j hictm.j } Therefore, (10) is general-
i+m,j 1,
e Rx antennas as follows:

ized for multip
N
> By, + FLy;) =

n=1

N
VPREZ Sy + Z(El:nwn + Fl w?)
n=1

Yy W,

(12)
where y,, is the received signal vector of the nth antenna,

, (132)
(13b)
(13¢c)
(13d)

for k=1,2,..., K
for i =1,2,

BEin = [€k1n  €r2n]
Ak®Hl 1) ny

[
= (
[fkln fk2n]7
(

.fk:zn Bk®]~_‘[1 l) mn

and wy is noise vector with covariance matrix V =

]E[’L_UkﬂJL] = Z # I;. The color noise wy, can be whitened
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by a whitening matrix H'=2Z ‘%; (12) with whitened noise
is given below

H Y4, = /orHs; + H Yy, .
Yi P k k

wy

(14)

Thus, (14) is the general equivalent Tx/Rx signal relation
for ABBA codes.

C. General Decoder for ABBA Codes

To achieve full diversity, K data symbols sx.x (K =
1,2,..., K) must be rotated by an angle « [3]. If s; € S,
where S is a unit average energy constellation, for example
QAM, PSK, then siyyx € €“S. Including the complex
symbol rotation, (14) becomes
H™'g, = /prH diag(1, ) sy + oy,
Let R = diag(1,€/%), 8 = [5; 53], where 5, € §,5, € €S
the maximum likelihood (ML) solution of (15) is

P?P=-1. (15

sy = argmin |H 19, — \/prHR3|2. (16)
One can use a sphere decoder [12] to solve (16). Additionally,
the right hand side of (16) can be simplified so that

8, = arg min (pﬁ;g-,gRTZng - 2\//)/13‘%(@2R.§k)) V)]
8k

D. General Decoder of MDC-ABBA Codes

Since H is real, we can rewrite (12) by decoupling the real
and imaginary parts of the two sides of (12) as

H'R(g,)] _ H 0y] [R(s) R(wp)

aign) = v o, ) 36n] + [3t@n) - 0o

In order to achieve full-diversity, signal transformations are
required. There are two existing signal transformation methods
proposed by (1) Yuen, Guan, and Tjhung [4] and (2) Wang,
Wang, and Xia [13] for QAM constellations. Due to the space
limit, we present the results with the signal transformation by
Yuen-Guan-Tjhung only.

Let the input symbols are dy = ag + j bx, dk+x = ax+K +
jbkyx, where di,dprx € S. Let s, = pr + jqk, Sk+kx =
Pk+k + jqr+x be the transmitted symbols. We can jointly
transform the real input symbols ay,bk,ar+x and byyx
by a real transformation R to generate transmitted symbols
Dk» Gk, P+ K> and gy as

[Pk Prrx Gk Qk+K]T =R[ar br arik bk+K]T
(19)
It can be showed that the rotation in [4] is of the form
Ryar = {([)]2 ?ﬂ (20)
where )
[ ] e

and optimal angle for QAM in terms of coding gain is a =
4 arctan(4) = 13.2825° [4].

Using (19) and (20), we rewrite (18) as
H'R(y,,) = /prHU [ak bk}T + R(wy), (22a)
ﬂ‘lg(@k) = \/pIiI{IU [ak+K bk+K]T + %(ﬁ)k) (22b)

T T _
Let ¢, = [ak bk] , ChiK = [ak+K bk+K] ,and ¢ =
[a E}T such that d = (@ + jb) € S. The ML solutions for
(22a) and (22b) are

¢, = argmin (pre' UZUe — 2\/pre’ UR(,)) . (23a)

Crix = arg min (p/iéTUZUE -2 p/iéTU%('yk)) . (23b)
C

The above equations (23a) and (23b) are the general detection
equations of MDC-ABBA codes.

From (14) and (22), H is the equivalent channel of ABBA
and MDC-ABBA codes. The important properties of the
equivalent channel H are given as follows.

Lemma 1: The equivalent channel matrix H and its inver-
sion H~! are real and circulant.

III. MAXIMUM MUTUAL INFORMATION

The MMI of ABBA (and also MDC—AABBA) codes can be
calculated using the equivalent channel H [9].

Co,,, = %E {log2 det <I2 + p/{fﬁf])}

N m
K
= 7 E |logydet | To+pry > H H;;
j=1i=1
24)

The coefficient % appears because that the MMI of ABBA
codes is a sum of MMI of K orthogonal blocks of data
averaged over T' channel uses.

We can use a unitary discrete Fourier transform matrix F5 to
diagonalize the circulant matrices H; ; without changing the
distribution of Cg. Let \; ;,, (p = 1,2) be the eigenvalues
of H; ;. Since the vectors of eigenvalues are the Fourier
transform of the channel vector [h;, hii,,]". Thus, i jp are
independent and \;;, ~ CAN(0,1). By denoting A;; =
diag (Ai 1, i j,2), (24) becomes

P N
DS
mRO,nz | 17J1P|

j=11i=1

Co =RomE |logydet [ 1+

(25)

In (25), p = 1 or 2 does not change the distribution of
Co; therefore, we can set p = 1 without loss of generality.
Furthermore, let H € ¢™*N with entries i1, we have

. 2 —
. .17 = . e arrive at the new expression
SN SR = | H |2 We ari h pressi
of Co below.

p _
Co,,. =Ro,. E {10g2 det {1 + TrLRomHHH%:| } =Co,,
(26)

where Cp ,, is the MMI of the underlying OSTBC O, [9],
[14], which is used to construct ABBA codes. Therefore,
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Fig. 1. Channel capacity and maximum mutual information of ABBA/MDC-
ABBA codes and OSTBC over multiple-input single-output channels.

1) The MMI of ABBA/MDC-ABBA codes for M = 2m
Tx antennas equals to that of OSTBC for m Tx antennas;
i.e., by doubling number of Tx antennas and replacing
OSBTC by ABBA/MDC-ABBA codes, one can get
higher diversity benefit but not the capacity benefit.
2) Compared with OSTBC, MDC-ABBA codes can attain
larger portion of channel capacity.
The MMI of ABBA/MDC-ABBA codes and OSTBC (max-
imal rates), and channel capacity illustrated in Fig. 1 (for
M =2,4,8 and N = 1) agree with the above analysis.

IV. MDC-ABBA CODES WITH ANTENNA SELECTION

Since R(wy) and F(wy,) in (22) are real Gaussian vectors
with i.i.d. entries (zero-mean and variance Ny = 1/2), the data
vectors [ak bk]T and [ak+K bk+K}T k=1,2,...,K) ex-
perience the same channels. Thus, they are subject to the same
error probability. Furthermore, the pair-wise error probability
(PEP) of each vector is also the symbol PEP (SPEP). The
subscript k£ of symbols can be omitted for brevity.

Consider two arbitrary symbols d = a + jb and d=a+jb.
Denote §; = a — G,00 = b — b, A = [61 02]T, the conditional
SPEP of d and d can be expressed using the Gaussian Q-
function as

pr| HRA|?

P(d—dH)=Q i

27)

We will derive a convenient form of the argument of the
Gaussian Q-function above in the following.

2 |HRA|? = (RA) HTH(RA) = (RA) Z(RA). (28)
Using the DFT matrix F5 to diagonalize Z, we have

N M/2 N M/2

Z=3">"HIH;; =YY" Fydiag(|\i il Xijz2l*) P

j=1 i=1 j=1 i=1

(29)

Substituting 2 into (28), one has =z =
S M [(BRA) diag([As 1|2, N j o) (F2RA)].
Let [31 B2]T = FoRA, note that 3; and 3, are real. Thus,

N M/2
T = Z Z (BN l” + B3N j2l?] - (30)
j=1 i=1
Let 61 = min(|61],|0a]), B2 = max(|4i],|B]), we

N M/2 15
have = > Y M [B2 (IAijal? + Aijel?)] <
N M/2 15
Sl P 183 (i al? + a2 l)]-
Since [Nij1 Aijol' = Falhij higargel’, we get
Xijal® 4 [Xij2l® = |hijl* + |higar)2,5]%. Therefore
BIHIP <z <B3|H|>

Actually, H is dependent on 7, we thus rewrite the upper
and lower bounds of conditional SPEP as

(32)

€1y

If both 3; and (35 are nonzero for all distinct pairs of sym-
bols, the lower and upper bounds of SPEP of MDC-QSTBC
in (32) are simply a SPEP of some OSTBC transmitted over
the same channel 7{ with different SNR scales. Therefore, as
long as Bl and 6_2 are nonzero, the SPEP of MDC-ABBA
codes is bounded by two full-diversity SPEP curves, hence
MDC-ABBA codes must achieve full diversity. We can show
that the condition (3; and (3, are nonzero for all distinct pairs
of symbols is also the necessary and sufficient condition for
full diversity MDC-ABBA codes using the rank-determinant
criteria with codeword PEP [4], [15]. The details of proof is
omitted due to the space limit.

With transmit antenna selection (TAS), only M out of
M; available Tx antennas are used. The effective channel of
MDC-ABBA codes with TAS is 7, which consists of M
columns with largest norm of 74 matrix. In this case, the
matrix 7 in (32) is replaced by 7. It is similar to the case
of OSTBC with TAS [8]. Since OSTBC achieve full diversity
with TAS, MDC-ABBA codes also achieve full diversity with
TAS; more important, full diversity can be obtained with
limited feedback [8]. The similar explanation can be given
with receive antenna selection (RAS). Therefore, with TAS
and RAS, MDC-ABBA codes always achieve full diversity
with full or limited feedback.

V. SIMULATION RESULTS

We present the simulation results using the new decoders for
ABBA and MDC-ABBA codes to compare their performances.
The diversity of MDC-ABBA codes with antenna selection is
also verified. All signal constellations use Gray-bit mapping.

The performances of ABBA and MDC-ABBA codes for
an open loop 4 Tx/1 Rx antenna system are compared in
Fig. 2. While the performance of MDC-ABBA codes with
4- and 16QAM closely approach to that of ABBA codes, the
former outperforms the latter with 8QAM square (8QAM-S)
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with signal points (£1,4j,4+1 + j) (unnormalized power).
Therefore the Gray-bit mapping may be not the optimal bit
mapping for ABBA codes. Performance of OSTBC rate 3/4
symbol pcu [2] with 16QAM (3 bits pcu) is also plotted in
Fig. 2. The MDC-ABBA code with 8QAM-S gains 0.5 dB
over OSTBC with the same spectral efficiency of 3 bits pcu.

Performances of an MDC-ABBA code designed for 3 Tx
antennas with TAS are presented in Fig. 3. The number of
available antennas M; = 4 and 1 Rx antenna. Compared
with the open loop case, the MDC-ABBA code with TAS
and 16QAM gains about 1.2 dB. Especially, the performance
of (3) TAS is slightly better than that of an ideal imaginative
rate-one OSTBC using the same 16QAM. It is worthwhile to
remember that the performance of an ideal hypothetical rate-
one OSTBC is also the performance limit of ABBA-QSTBC
with phase feedback scheme in [5]. The performance of the
MDC-ABBA code is also compared with that of OSTBC for
the same spectral efficiency of 3 bits pcu and TAS. In this
case, MDC-ABBA codes gains 0.8 dB.

VI. CONCLUSION

We have presented a new general and closed form method to
decode ABBA and MDC-ABBA codes. The general equivalent
channel of these codes has been shown explicitly and it is
used to derive the maximum mutual information of the codes.
MDC-ABBA codes with Tx or Rx antenna selections and with
full or limited feedback is also proved to achieve full diversity.
Not only our analysis shows that the MDC-ABBA codes can
achieve a higher portion of channel capacity than OSTBC,
but also our simulations show that the former performs better
than the latter. Therefore, MDC-ABBA codes might be a good
candidate to replace OSTBC for open loop wireless channels
with more than 2 transmit antennas.
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