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Abstract— We consider precoding for intercarrier interference
(ICI) reduction due to frequency offsets in closed-loop orthogo-
nal frequency-division multiplexing (OFDM) systems. Since the
complete channel state information (CSI) is difficult to obtain at
the transmitter, we develop a novel non-linear limited-feedback
Tomlinson-Harashima (LFB-TH) precoder to suppress ICI in
closed-loop multiple-antenna OFDM. Our precoder applies a
pre-designed codebook of matrices, which is available at both the
transmitter and the receiver. The receiver selects the feedback
matrix from the codebook according to a specific selection
criterion and transfers the index of the chosen matrix to the the
transmitter. Hence the CSI is not required at the transmitter
in the proposed precoder. The codebook design criterion and
feedback matrix selection criteria are analyzed. Our LFB-
TH precoder significantly reduces the bit error rate (BER)
degradation due to frequency offset; the degradation is virtually
eliminated for normalized frequency offsets as high as 10%.

Index Terms— Orthogonal frequency-division multiplexing
(OFDM), multiple-input multiple-output (MIMO), frequency
offset, Tomlinson-Harashima (TH) precoding, limited feedback

I. INTRODUCTION

Orthogonal frequency-division multiplexing (OFDM) is an
attractive technique for high-throughput transmission over
wireless radio channels. Spectral efficiency and the ability
to mitigate the dispersive effects of wideband channels have
made OFDM a popular choice for several applications in-
cluding the IEEE 802.11a and 802.16 and a strong candidate
for fourth-generation (4G) cellular communication systems.
A wireless communication system employing closed-loop
multiple-input multiple-output (MIMO) links assures capacity
and performance gain, and enables precoding to avoid inter-
ference with complete channel state information (CSI) at the
transmitter. A combination of OFDM and closed-loop MIMO
techniques is hence very promising. However, an essential
feature of OFDM is subcarrier orthogonality, which is lost
when a carrier frequency offset is present. The frequency
offset may be due to a Doppler shift or oscillator mismatch,
and results in intercarrier interference (ICI) and an error
floor. The performance degradation caused by ICI becomes
significant as the carrier frequency, block size, and vehicle
velocity increase [1].

For a single-antenna system, ICI may be reduced by time-
domain widowing [2], frequency-domain equalization [3] and
ICI self-cancellation coding [4]. These methods are for open-
loop systems; i.e., complete CSI, including frequency offset
and channel impulse response, is only available at the receiver.
Some precoding schemes using complete or partial CSI at the
transmitter are also proposed for ICI reduction in closed-loop
OFDM. In [5], the performance of successive interference
cancellation in linear-precoded OFDM is analyzed. For this
scheme, the transmitter needs the complete CSI, which is not
feasible for practical implementation. To overcome this prob-
lem and to improve the precoder performance, we proposed
a non-linear Tomlinson-Harashima (TH) precoder [6] - [8] to
suppress ICI in [9], where it requires only channel response,
but not frequency offset, at the transmitter.

If accurate CSI is available, closed-loop systems offer a
remarkable performance gain over their open-loop counter-
parts. The CSI can be provided at the transmitter using one of
two approaches: first, for time-division duplex (TDD) systems,
the transmitter directly estimates the CSI exploiting the radio
channel’s reciprocity as the forward and reverse links have
the same channel response; second, CSI can be estimated
by the receiver and fed back to the transmitter. However,
in many wireless systems, the complete CSI may not be
available at the transmitter because the forward and reverse
channels are not reciprocal or capacity of the feedback links
is limited. consequently, limited-feedback signal design and
linear precoders have been explored in [10] - [12] for MIMO
systems. The basic idea is to design the precoding matrix at
the receiver rather than at the transmitter. Nevertheless, this
approach has not yet been applied in MIMO OFDM for ICI
suppression.

In this paper, we propose a non-linear limited-feedback TH
(LFB-TH) precoder for ICI reduction in closed-loop MIMO
OFDM systems. Our proposed LFB-TH precoder consists of
a feedforward filter and a modulo arithmetic device at the
receiver, and a modulo arithmetic feedback structure at the
transmitter (see Fig. 2). The novel feature of this precoder
is that the feedback matrix is determined at the receiver,
i.e., the CSI is not required at the transmitter. The receiver
chooses the feedback matrix from a finite codebook based
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on a selection criterion and conveys the chosen matrix to the
transmitter using a limited number of bits. The codebook of
feedback matrices is known a priori to both the transmitter and
the receiver. The codebook design algorithms and different
matrix selection criteria are analyzed. Our LFB-TH precoder
significantly reduces the bit error rate (BER) degradation of
OFDM due to frequency offset; the degradation is virtually
eliminated for normalized frequency offsets as high as 10%.

II. SYSTEM MODEL

This section will introduce a MIMO OFDM system model
employing N subcarriers with MT transmit antennas and MR

receive antennas in the presence of frequency offset.
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Fig. 1. Block diagram of a MIMO OFDM link.

The structure of a MIMO OFDM link is shown in Fig.
1. The k-th sample of the inverse discrete Fourier transform
(IDFT) output of the u-th transmit antenna is

xu(k) =
N−1∑
n=0

Xu[n]e 2π
N nk, (1)

where Xu[n] is an M-ary quadrature amplitude modu-
lated (QAM) symbol sent by the u-th transmit antenna.
The input OFDM symbol can then be written as Xu =
[Xu[0] ...Xu[N − 1]]T . Assuming that the mulitpath fading
channel consists of L resolvable paths, the time-domain
received signal of the v-th receive antenna can be written as

yv(n) =
MT∑
u=1

L−1∑
l=0

hu,v(l, n)xu(n−l)e 2π
N nεu,v +wu,v(n), (2)

where hu,v(l, n) represents the complex path gain for the l-th
path at time n. The usual assumption for precoding is that the
multipath channel is sufficiently slowly fading. The hu,v(l, n)
thus does not change at least over an OFDM symbol interval
Ts, i.e, hu,v(l, n) = hu,v(l). The wu,v(n) is a discrete-time
additive white Gaussian noise (AWGN) sample. The εu,v is
the normalized frequency offset and assumed constant for one
or more symbol periods. A cyclic prefix, which is longer than
the expected maximum excess delay, is customarily inserted at
the beginning of each time-domain OFDM symbol to prevent
intersymbol interference (ISI). Discarding the cyclic prefix,
the demodulated signal in the frequency domain is obtained
by performing the FFT of yv as

Yv[k] =

MTX
u=1

Hu,v[0]Xu[k]

| {z }
desired signal

+

MTX
u=1

N−1X
m=0,m�=k

Hu,v[k − m]Xu[m]

| {z }
ICI component

+

MTX
u=1

Wu,v[k],

(3)

where

Hu,v[k−m] =
1
N

L−1∑
l=0

hu,v(l)e− 2π
N ml

N−1∑
n=0

e− 2π
N n(k−m+εu,v),

(4)
and Wu,v[k] is an AWGN sample with zero mean and vari-
ance σ2

Wu,v
; Wu,v[k] for different subcarriers k are assumed

independent and identically distributed (i.i.d).
For a MIMO OFDM system, the signal on the v-

th receive antenna is Yv = [Yv[0] ... Yv[N − 1]]T , v =
1, ...,MR. The NMR-dimensional received signal vector Y =
[YT

1 , ..., YT
MR

]T can therefore be represented in as

Y = GX + W, (5)

where the NMR × NMT MIMO channel matrix is

G =




G1,1 · · · GMT ,1

...
. . .

...
G1,MR

· · · GMT ,MR


 , (6)

and the N ×N sub-matrix Gu,v in (6) has the {m, k}th entry
of Gu,v(m, k) = Hu,v[k − m]. The transmitted vector X =[
XT

1 ... XT
MT

]T
. The noise matrix W =

[
WT

1 ... WT
MR

]T
and

Wv =
∑MT

u=1 Wu,v is the noise on the v-th receive antenna.

III. LIMITED-FEEDBACK TOMLINSON-HARASHIMA

PRECODING

A. LFB-TH Precoding
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Fig. 2. Limited-feedback Tomlinson-Harashima precoder for MIMO OFDM.

Previous work in limited-feedback precoding has focused
on linear precoding design. This section develops our non-
linear LFB-TH precoder for ICI mitigation in uncoded MIMO
OFDM systems. The non-linear property of the TH precoder
eliminates noise enhancement in linear precoding, and the
precoding structure avoids error propagation common in de-
cision feedback equalization (DFE), which is used in vertical
Bell Lab’s layered space time (V-BLAST) [13]. We construct
a finite codebook and choose the feedback matrix from the
codebook at the receiver. The codebook is known at both
the transmitter and the receiver such that only the index of
the selected matrix needs to be sent to the transmitter. The
codebook design algorithms and matrix selection criteria are
analyzed. For convenience of signal detection, we assume
MR ≥ MT .

The structure of the proposed precoder is illustrated in Fig.
2. The receiver side consists of a feedforward filter D and
a modulo arithmetic device. The transmitter side includes a
modulo arithmetic feedback structure employing the matrix B,
by which the transmitted symbols X[k] are calculated for the
data carrying symbols a[k] drawn from a signal constellation.
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We build up a codebook B = {B1, B2, ..., BK}, which is
used at both the transmitter and the receiver. Each complex
matrix Bi in the codebook is a unitary NMT ×NMT matrix
with orthonormal columns, i.e, B ∈ Θ(NMT , NMT ), where
Θ(m,n) is a set of m×n matrices with orthonormal columns.
The feedback matrix B is chosen from the codebook B
at the receiver according to the current or average channel
conditions. We assume that B = P(G), where P(G) is a
mapping from the channel matrix G to B, which optimizes
the feedback filter according to some performance criterion.
The limited feedback only represents an index of the selected
feedback matrix with a limited number of bits. When we
use a codebook with K feedback matrices, only �log2 K�
bits need to be sent to the transmitter. With the zero-forcing
(ZF) criterion, the NMT × NMR feedforward matrix can
be immediately obtained as D =

[
GBH

]†
, where † denotes

Moore-Penrose pseudo-inverse.
With an M-ary QAM square signal constellation

A =
{

aI + aQ | aI , aQ ∈ ±1,±3, ...,±(
√

M − 1)
}

,

(7)
the transmitted symbols after the modulo-2

√
M operation can

be written as

X[k] = MOD2
√

M

(
a[k] −

NB−1X
q=0

B(k, q)X[q]

)

= a[k] + c[k] −
NB−1X

q=0

B(k, q)X[q],

(8)

where NB is the number of columns of feedback ma-
trix B and c[k] is the precoding symbol c[k] ∈ C ={

2
√

M(cI + cQ) | cI , cQ ∈ I

}
which restricts X[k] to the

interval
“
−√

M,
√

M
i
; I is the set of integers. The congruent

signal points are obtained by extending the signal set A to
the set J = {a + c|a ∈ A, c ∈ C}. From the set J the
current effective data symbol is selected such that X[k] lies
in the boundary region of A. At the receiver, a slicer yields
estimates ĉ[k], from which the unique estimated data symbols
are produced by the same non-linear modulo reduction into
the initial constellation A. Consequently, after discarding the
modulo congruence, the proposed LFB-TH precoder cancels
the fading channel distortion and ICI. Our precoder produces a
near i.i.d transmit sequence X[k], uniformly distributed over
the initial constellation A. Moreover, X[k] can be assumed
mutually uncorrelated with variance Es = E

[|X[k]|2], ∀ k.
After linear pre-distortion via B−1 and the cascade GD, the
transmitted symbols X[k] are corrupted by an additive noise
and become Y [k] = X[k]+W ′[k]. Note that W ′[k], the entry
of the filtered noise vector W′ = DW, is the k-th sample with
individual variance σ2

W ′
k
.

In our proposed LFB-TH precoder, the transmitter does not
require any channel information and only a limited number of
bits are delivered to it. When a better performance is required,
a larger codebook can be constructed, i.e., more bits can be fed
back. Furthermore, due to the non-linear property, THP avoids
power efficiency loss as in linear precoding; and because the
feedback part is moved to the transmitter, error propagation

which is typically associated with the DFE, can be avoided.
Therefore, low BER can be expected for LFB-THP.

B. Feedback Matrix Selection Criteria

In this subsection, we analyze the performance criteria used
for selecting the feedback matrix.

Given the channel matrix G at the receiver, a singular value
decomposition (SVD) of the channel matrix generates

G = UΓVH , (9)

where U and V are unitary matrices with size of NMR ×
NMR and NMT ×NMT , respectively; Γ is a NMR×NMT

diagonal matrix with real, non-negative entries γ[k], k =
1, ..., NMT , in descending order γ1 ≥ γ2 ≥ · · · ≥ γNMT

≥
0; the γ[k] are singular values of the channel matrix G.

1) Minimum Mean Squared Error (MMSE) Criterion: A
specific design target is considered in [14] by minimizing the
symbol MSE to improve the overall system performance. The
MSE of the feedback filter can be expressed as

MSE(B) = Es

(
I + BGHR−1

W ′W ′GBH
)−1

, (10)

where RW ′W ′ = E
[
W′W′H]

is the noise covariance matrix.
We use (10) to select B from P(G) according to

P(G) = arg min
Bi∈B

tr
[
MSE(Bi)

]
, (11)

where tr(A) is trace of the matrix A. As given in [12] and
[14], the optimal precoding matrix Bopt = VH , and the
corresponding D = Γ†UH .

2) Maximum Singular Value (MSV) Criterion: Using a
selection criterion based on the minimum signal-to-noise ratio
(SNR) is difficult to implement since it requires the compu-
tation of the SNR every OFDM symbol interval. In [14], the
criterion with a simple closed form of SNR is designed

SNR(B, D) = EsBGHDH
(
DRW ′W ′DH

)−1
DGBH . (12)

The minimum substream SNR can be approximately achieved
by maximizing the minimum singular value of the effective
channel GBH

i . The solution of the optimization problem is
therefore

P(G) = arg max
Bi∈B

γmin(GBH
i ), (13)

i.e., the minimum singular value of (12) should be as large
as possible. As shown in [12], the optimal feedback filter is
Bopt = VH .

C. Codebook Design Criterion

In this subsection, we analyze a codebook design criterion
using the codebook selection function P(G). As in [15], we
need to minimize

ρ = max
1<p<q<K

‖BH
p Bq‖F , (14)

where ‖A‖F is Frobenius norm of the matrix A. The set of all
possible column spaces of the matrices in Θ(NMT , NMT ) is
a complex Grassmannian Ξ(NMT , NMT ), in which Grass-
mannian Ξ(m,n) is the set of n-dimensional subspaces in an
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m-dimensional vector space. The minimum chordal distance
of any two arbitrary subspaces is defined as

dmin =
√

MT (1 − ρ2). (15)

We thus choose the set of K subspaces in Ξ(NMT , NMT )
such that dmin is as large as possible.

A scheme for designing the desired codebook with large
minimum distance has been presented in [15]. Each precoding
matrix in the set B can be given as

Bi = Φi−1B1, (16)

where B1 is a NMT ×NMT unitary matrix; Φ is a NMT ×
NMT unitary matrix and ΦK = I, i.e., Φ is a K-th root of
unity. The diagonal entries of Φ are e 2π

K ϕ1 , ..., e 2π
K ϕNMT ,

and 0 ≤ ϕ1, ..., ϕNMT
≤ K − 1, and NMT < K. To get the

lowest correlations, we choose the parameters ϕ1, ..., ϕNMT

to achieve

min
0≤ϕ1,...,ϕNMT

≤K−1
ρ = min

0≤ϕ1,...,ϕNMT
≤K−1

max
i=2,...,K

∥∥BH
1 Bi

∥∥
F

.

(17)
Geometrically, this construction is to rotate an initial NMT -
dimensional subspace using a K-th root of unity to form K
different NMT -dimensional subspaces.

Once the codebook is designed, the feedback matrix B ∈
B using the performance criteria in (11) or (13) is chosen
at the receiver. The selected matrix is then delivered to the
transmitter using only �log2 K� bits.

IV. SIMULATION RESULTS

We perform simulations to verify the BER performance of
our LFB-TH precoder. The codebook is designed as described
in Section III, and known a priori at both the transmitter
and the receiver. A MIMO QPSK-OFDM system with 64
subcarriers on a 6-tap Rayleigh fading channel is considered.
The vehicular B channel specified by ITU-R M. 1225 [16] is
used where the channel taps are zero-mean complex Gaussian
random processes with normalized variances 0.3226, 0.5737,
0.0302, 0.0574, 0.0017, and 0.0144. The spatial channels
between different transmit-receive antenna pairs are uncor-
related. We assume that the receiver has perfect knowledge
of CSI, including frequency offset and channel response. For
many wireless systems, the multipath channels fade slowly.
As an example, for Mode-I digital audio broadcasting (DAB)
systems [17], the Doppler shift is 41.67 Hz at a mobile
speed of 120 km/h. The corresponding normalized frequency
offset is roughly 0.04, i.e., the fading coefficients can be
assumed constant over several OFDM symbol intervals. Here,
we consider the worst case, where the fading gains h(l), l =
0, ..., L − 1 change from one OFDM symbol to another.

Fig. 3 shows the BER of single-input single-output (SISO)
OFDM for two groups. First, the codebook consists of K =
256 precoding matrices, i.e., 8 bits are transferred to the
transmitter; while 128 matrices are included in the second
group. The BER curve of an OFDM system with zero-
frequency offset is shown as a reference. The MMSE selection
criterion is used to select the feedback matrix. The LFB-THP
reduces ICI notably: even with a normalized frequency offset

of 10%, OFDM with our precoder performs as well as the
reference, i.e., the ICI has been eliminated completely. The
system performs better when the number of feedback bits
is increased. In Fig. 4, for an SNR of 20 dB, the BER of
LFB-THP OFDM with a 30% normalized frequency offset
approaches the performance of OFDM with zero-frequency
offset when the size of the codebook is larger than 250.
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Fig. 3. BER of LFB-THP as a function of the SNR for different values
of the normalized frequency offset and 64-subcarrier SISO QPSK-OFDM.
MMSE selection criterion is used.
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Fig. 4. BER of LFB-THP as a function of the codebook size in 64-subcarrier
SISO QPSK-OFDM at SNR=20 dB. MMSE selection criterion is used.

The BER of MIMO OFDM systems with our precoder is
shown in Fig. 5 and Fig. 6. The codebook size K is set as 512.
The BER curve of OFDM with ε = 0 is shown as a reference.
In Fig. 5, the MMSE and MSV selection criteria are used
in a 2 × 2 OFDM system. As before, our precoder reduces
ICI significantly; for a 10% normalized frequency offset, the
ICI has been suppressed completely. Furthermore, the system
with the MMSE criterion outperforms the system with the
MSV criterion. Fig. 6 provides the BER of 2 × 4 OFDM

matter experts for publication in the IEEE GLOBECOM 2005 proceedings.This full text paper was peer reviewed at the direction of IEEE Communications Society subject 

IEEE Globecom 2005 3090 0-7803-9415-1/05/$20.00 © 2005 IEEE

Authorized licensed use limited to: UNIVERSITY OF ALBERTA. Downloaded on December 21, 2009 at 19:37 from IEEE Xplore.  Restrictions apply. 



with the MMSE criterion and shows that our precoder can
be used in orthogonal space-time coded systems. We consider
the Alamouti code [18] in this figure. The BER degradation
due to ICI is dramatically reduced by our precoder, and the
Alamouti-coded OFDM achieves a 3 dB gain over the uncoded
system at BER=10−4.
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Fig. 5. BER of LFB-THP as a function of the SNR for different values
of the normalized frequency offset and 64-subcarrier 2 × 2 QPSK-OFDM.
MMSE and MSV selection criteria are compared.
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Fig. 6. BER of LFB-THP as a function of the SNR for different values of
the normalized frequency offset and 64-subcarrier 2 × 4 QPSK-OFDM and
Alamouti-coded QPSK-OFDM. MMSE selection criterion is used.

V. CONCLUSION

We have developed a non-linear LFB-TH precoder to
suppress ICI in MIMO OFDM. The feedback matrix of our
precoder is chosen at the receiver from a finite pre-designed
codebook of matrices according to a specific selection cri-
terion. The codebook is known at both the transmitter and
the receiver such that only the index of the chosen matrix
needs to be fed back. The CSI is hence not required at

the transmitter. The codebook design criterion and feedback
matrix selection criteria have been analyzed. Simulation re-
sults have demonstrated that our proposed LFB-TH precoder
significantly reduces the BER degradation due to frequency
offset; the degradation is virtually eliminated for normalized
frequency offsets as high as 10%.
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