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A General Method for Calculating Error Probabilities
Over Fading Channels
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Abstract—Signal fading is a ubiquitous problem in mobile and
wireless communications. In digital systems, fading results in bit
errors, and evaluating the average error rate under fairly general
fading models and multichannel reception is often required.
Predominantly to date, most researchers perform the averaging
using the probability density function method or the moment
generating function (MGF) method. This paper presents a third
method, called the characteristic function (CHF) method, for
calculating the average error rates and outage performance of a
broad class of coherent, differentially coherent, and noncoherent
communication systems, with or without diversity reception, in a
myriad of fading environments. Unlike the MGF technique, the
proposed CHF method (based on Parseval’s theorem) enables us
to unify the average error-rate analysis of different modulation
formats and all commonly used predetection diversity techniques
(i.e., maximal-ratio combining, equal-gain combining, selection
diversity, and switched diversity) within a single common frame-
work. The CHF method also lends itself to the averaging of
the conditional error probability involving the complementary
incomplete Gamma function and the confluent hypergeometric
function over fading amplitudes, which heretofore resisted to a
simple form. As an aside, we show some previous results as special
cases of our unified framework.

Index Terms—Characteristic function (CHF) method, digital
communications, fading channels, frequency-domain analysis,
wireless communications.

1. INTRODUCTION

N THE analysis of communications systems over wireless

channels, we frequently encounter the task of averaging the
conditional error probability (CEP) over either the fading am-
plitudes or the received signal power. The CEPs for binary and
M -ary modulation formats employing coherent, differentially
coherent, or noncoherent detection schemes are usually in one
of the following forms: exponential function exp(.); comple-
mentary error function erfc(.) (or Gaussian probability integral
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Q(.)), a combination of erfc(.) and erfc?(.), complementary
incomplete Gamma function I'(.,.), confluent hypergeometric
series 1 F1(.;.;.), Marcum-Q function Q(.,.), or generalized
Marcum-Q function Qps(.,.) [1]-[10]. One of the most com-
monly used techniques for this task has, in the past, been the
probability density function (PDF) method

Em=/mwmmmm (1)

where P.(~y) denotes the symbol (or bit) error probability on an
additive white Gaussian noise (AWGN) channel conditioned by
the signal-to-noise ratio (SNR) at the combiner output, L is the
diversity order, and p- (v, L) corresponds to the PDF of com-
biner output SNR in a specified fading environment. This ap-
proach has been used by many authors over the past five decades
to analyze the performance of various single-channel reception
systems over fading channels. In some cases, it is more con-
venient if the CEP and the PDF are expressed in terms of the
combiner output envelope ¥ = V7 viz.,

E@:/awmmmw. @

Diversity systems (e.g., maximal-ratio or equal-gain com-
bining) and multichannel signaling further complicate the
problem at hand by requiring that the PDF of a sum of random
variables (RVs) be determined as well. The PDF method has
several variations, which can be categorized depending on how
the PDF is obtained. In the most traditional form, the evaluation
of (1) or (2) will require an L-fold convolution integral. For
this case, it is more insightful if we transform the PDF into
frequency domain; this way, the evaluation of the PDF will
only involve a single integral, namely

/ VU, (w, L)e 7% dw 3)

— 00

1
px(va) = %

where U, (w, ) is the characteristic function (CHF) of random
variable x at the combiner output and x € {v,9}. This CHF
is also related to the moment generating function (MGF) (i.e.,
Laplace transform of the PDF) via relationship ¥, (w,L) =
(e7“7) = ¢, (—jw, L) or, alternatively, ¢, (s, L) = (e7%) =
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For some special cases (e.g., the sum of exponential RVs), the
inverse Fourier transform (FT)! (3) can be evaluated in a closed
form, and thus a closed-form solution for the PDF is available
for these situations. However, it is difficult (if not impossible)
to get closed-form PDFs for all common fading environments,
especially for the diversity systems. In this case, one may resort
to an approximate PDF, which are easily determined using a
Fourier series technique [11], [12]

oo

>

n=1,n odd

[V, (nwy, L)e™ im0

Nl

(2, L) =

+V,. (—nwo, L)ejnwox] 4)

where wg = 27 /T and T is selected such that Pr(z > T) < ¢,
and ¢ can be set to a very small value. This variation of the
PDF method has been widely used in the analysis of both co-
herent equal-gain combining (EGC) diversity receivers and the
co-channel interference [13]. In [10] and [14]-[16], the authors
have derived the PDF of the composite phase of the fading signal
and noise, and subsequently determining the average symbol
error rate (ASER) for M-ary signals from its cumulative dis-
tribution function (CDF).

More recently, some authors have suggested using the MGF
technique for analyzing the performance of a broad class of
modulation formats in different fading environments [1]-[9].
The key idea here is to express the CEP in a desirable expo-
nential form (e.g., [1], [12], [17]-[20]) so that the averaging can
be easily performed, once knowledge of the Laplace or Fourier
transform of the PDF is obtained. However, there are several
limitations to this approach: 1) it fails to work in the analysis of
coherent EGC diversity receivers because of the cross-product
terms in the CEP except for cases involving only erfc(.) or Q(.)
functions;? 2) it fails to work if CEP cannot be expressed in a
desirable exponential form (e.g., trigonometric integral for the
complementary incomplete Gamma function given in [21] is not
in a “desired” form); 3) it fails to yield an exact analytical ex-
pression for binary DPSK or binary orthogonal signaling with
post-detection EGC combining (square-law combining) due to
the limitation of trigonometric integral representation for the
generalized Marcum-Q function; and 4) it fails to analyze the
performance of MFSK with post-detection EGC.

Recognizing that the product integral in (1) can be easily
transformed into the frequency domain, with the aid of Par-
seval’s theorem, and that the Fourier transform (FT) of the PDF
is the CHF, we immediately obtain a simple expression for com-
puting (1) in the frequency domain. However, in this case, we
also need the knowledge of FT of the CEP. Fortunately, this turns
out to be easily computed. Therefore, it is evident that we have
reformulated the task of finding a desirable exponential form for
the CEP (required for the MGF method) to simply computing
its FT. This is obviously a much simpler task and generally
works for all forms of the CEPs! Note the implications of our

! Although (3) differs from the usual definition of an inverse FT by a negative
sign in the exponential, we still refer to the integral as an inverse Fourier
transform. This is consistent with the definition of CHF (i.e., FT of PDF),
Uo(w, L) = [7_p.(x, L)e’*~dx, which differs likewise from the usual
definition of FT [10].

2A desirable exponential form for Q)(.) that is suitable for EGC receiver anal-
ysis is given in [12].
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results: 1) first of all, we have, within a single common frame-
work, developed a general method for calculating the average
error probability performance of single and multiple channel re-
ception (MGF method cannot facilitate the analysis of coherent
EGC within a common framework); (b) more importantly, the
CHF method overcomes all the limitations of the MGF method
highlighted above; and (c) if the CEP can be expressed in a de-
sirable exponential form, then it can be shown, using Cauchy’s
integral formula, that the solution from the CHF method reduces
to the familiar expression obtained via MGF method. Given
this, we can safely state that the results obtained from the CHF
method encapsulates all those obtained by the MGF method.
Several new solutions are also derived.

Notice also that the CHF method described above differs from
that in [22] and [23] by considering the FT of the CEP in-
stead of the FT of the conditional decision variable. This dis-
tinction is important because it may not be trivial to extend the
latter framework to consider different modulation and/or diver-
sity-combining techniques. The utility of our approach to derive
easy-to-evaluate formulas for a broad range of modulation/de-
tection/diversity-combining schemes are further highlighted by
numerous examples in Section III.

The outline of this paper is as follows. In Section II, generic
expressions for calculating both the average bit error rate
(ABER) or average symbol error rate (ASER) and the outage
performance, with/without diversity reception, are derived
using Parseval’s theorem and the Fourier inversion formula.
Subsequently, six selected applications of our new performance
analysis technique are presented in Section III. Some previous
results are shown as special cases of our framework. Finally,
the main points are summarized in Section IV.

II. FREQUENCY-DOMAIN ANALYSIS

By transforming (1) and (2) into the frequency domain [i.e.,
using (A4)], we find that

P(L) = % / G ()W (w, L)oo 5)

where = € {y,9}, and G, (w) =
IS Pe(z)e i da.

Since the real part of G,(.) and ¥,(.,.) is an even function
while their imaginary part is an odd function, we can simplify

(5) as

FT[P.(z)] =

iamzi/mmaw%wﬁnw ©)

0

using the fact that [~ f(t)dt = 2 [; f(t)dt if f(t) is an even
function or [~_ f(t)dt = 0 if f(t) is an odd function, and the
notation R{-} in (6) denotes the real part of its argument.
Next, using variable substitution w = tan § in (6), we obtain
an exact finite-range integral, which is suitable for numerical
integration (i.e., the integrand is well behaved at § = 0)

s

P.(L) = % /%{Gx(tanﬂ)llll,(tanﬂ,L)}se020d9. (7

0
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TABLE 1
CHF oF FADING ENVELOPE (AMPLITUDE) AND SNR FOR SEVERAL FADING CHANNEL MODELS

Channel Model PDF and CHF of fading amplitude a and SNR v = o?
Rayleigh PDF: fo(a) = 270‘ exp ( *f: ) o > 0 where ¥ = E[a?] = average SNR per symbol
Fr(7) = 5 exp <7”) 720
2 — -2
CHF: ¢ (w) = 1F1 (1, é,%) +ju)\/"77 exp (_1“’
Uy (W) = 1555
2
Rician PDF: fo(a) = m exp (—K - %) Io (2(1 K(I;-H)), a>0
_ 1+K A+ K)y KQA+K)y
(K >0) fv(’Y)*—eXp( K—T)h(?\/f)=720
> K? 1 7"yw2
CHF: = -K —_ | F 1.=.— =
dale) =ep(-K) 3 T aF i+ ,2,4(1+K))
. z+3/2 .33 —Aw? )
\/ -K F -
+jw 1+ exp( )Z 1 1(1+27274(1+K)
14K K
Py(w) = ¥R —joy o~ p(HJIL; lw)
; ; _ _ 2a
Nakagami-q PDF: fo(a) = W\/ﬁ ((1—b2)ﬂ7) ( ) >0
— = 1 -7
cisesy | = e ) ) >
2 (b/2)%T(2i + 1 . 1 —7(1 — b?)w?
whereb:% CHF: 9 (w) = V1 Z% 171 2l+1§§§ ( 1 ) )
o b/2)%T'(2i + 3/2) ( 33 —7(1-b*)w?
d0<g< 1_p2y S WR2TTRi43/2) o 2.2,
and 0 < ¢ < o0 +iwvA( );) @)z it 5y 1
1
Yalw) = P 0 (S )
Nakagami-m PDF: fo(a) = F(m) (Z;) a2m-1 exp( e ) a>0
m
(m > 0.5) FO) =ty %> o 21exp(_1) >0 )
—& . T —5
CHF: 9o (w) = 1F1 (m;%; T )+JUJ (?(t,i)/z) fnL 117 (m+%?%§_;m&)
m
m
w’Y(w) ( —jw”y)

Equally, one may arrive at (5) by substituting (3) into (1) and
then rearranging the order of integration. Similarly, by substi-
tuting (4) into (1), we get an approximate solution for P.(L)

_ 2 >
PE(L)z% Y R{Gu(nwo),(nwo, L)} . (8)
n=1,n odd

Interestingly, this turns out to be a trapezoidal rule approxima-
tion of (6).

Since both the MGF and the CHF of the fading statistics are
readily available for both single and multichannel reception,
the outage probability can be easily calculated by invoking the
Fourier inversion formula (also known as Gil-Pelaez inversion
theorem [24]). This formula gives the relationship between the
CDF and the CHF (or the MGF)

ol

1
sin 26

2

-/

0

Fo(z®, L) = S[¢x(—jtant, L)

1
2
x exp(—jz* tan )] df (9)

where ${.} denotes the imaginary part of its argument. Note
that, using trapezoidal rule approximation, (9) can be restated
as

12 - 1 N
Fo(z*, L)~ N E —3{ U, (nwy, L) exp(—jnwoz™)}
n=1,n odd

(10)
where wyq is defined in (4).

III. APPLICATIONS

In this section, we present several applications of our new
technique in analysis of a broad class of modulation/detec-
tion/diversity schemes in a generalized fading environments.
The CHFs for both fading amplitude and the SNR of several
commonly used fading channel models (typical of both ter-
restrial and satellite communications systems) are tabulated
in Table I. In Tables II and III, we derive the FTs for various
forms (mathematical functions) of CEPs normally encountered
in the communications systems analysis. Utilizing these tables
and (7), we can immediately derive exact and easy-to-evaluate
analytical expressions for the ASER (or ABER) of a wide
range of coherent, differentially coherent, and noncoherent
communication systems (for both single and multichannel
reception) in a variety of fading environments.

A. Binary Signaling With Single-Channel Reception

In [25], Wojnar presents a general expression for CEP of bi-
nary signalling schemes in terms of an incomplete Gamma func-
tion, namely

I'[a, b¥?]
2T'(a)

[(a,by) _

P.(v) = 2T (a)

(1)

where

0.5, for coherent detection

:{ 1, for noncoherent/differentially coherent detection
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TABLE 1I
FOURIER TRANSFORM OF CEPS

Pe(7) Gy(w) = [Pe N =[5 Pe(7)e™ %7 dy

1. aexp(—b7) Gy(w) = b+w
2 fc (/b G a (1 /b

. aerfe(v/by) L (w) = o 1 o

b 0! (/1+jw/b)
3. aerfe(v/by) — cerfe?(v/by) Gy(w) = 2 (1 - \/L ) _ e (q_atan VIHjw/b)
Jw b+jw Jw T m

4, Laby) Gy(w) = 52 |1 — (=2 ¢

© 2T(a) W 2jw b+jw

5. 7“71 exp(*lﬂ) ( ) W eXp[fjatanfl(w/b)]
6. €79 1Fy(b;c;dy), a > d Gy () = iz 2B (b,l;c; ﬁ)

7. [ a(6) exp[—yb(6)] d6 Gry(w) = [y b(;?filw do

8. Qlav,.bv7) C() = Tty ~

ano(abv)exp[ 7(#)]

where kK1 = 2jw + a? — b?

w2 =/[(a + b)2 + 2jw][(a — b)? + 2ju]

hed

Qn(ay¥,by/7) = Q(a/7,b/7)
exp [y (Z425) | SNS La(aby) (2)"

where b > a

Gy(w) =

M—-1 2 22
lv;(nz nl) +Zn 1 ko (n2+r13

X

where k3 = 2jw + a2 + b2

TABLE III
FOURIER TRANSFORM OF CEPS
A0 Gylu) = FIE0) = [ P75
1. aexp(—bv?) Gy(w) = 55 [\/ bexp< ) jw i1k (1, 5 it )
w2 —w?
2. aerfc(v09) Gy(w) = \/% 17 (1', %; o ) - JU [1 - exp( o ]
— 2 .2 2
3. aerfc(VbY) — cerfc?(VBY)  Gy(w) = % 1F1 (1; g; %) + \/% 1Fy (1; g; = 2exp (%)
ezl g —exp( — e [h (5%3)]
I(a,bv?) I'(2a) .3, —w?
N0 Gy(w) = [r(a)]?azfu 5 11 ( +a5 5555 )
1 F(2a)\/_ a: L. =w®
Tw |27 T(a)T(atl/2)22e 11;'1( P25 ip ] )
5. [ a(6)exp[—92b(0))do Gow) = % [7 £ {\/wb 9)exp <4_b_w)> —jw iR (1; 3 4_17‘2’0)>}d0
2 2 —wZcos?
6. fo aexp [Si—na(gﬂ—m] do Gy(w) = a\g:/ogscexp (Tmnzc) 1F (1, 5 %)
2 2
—7“‘/;205\/(—"“) exp [—4“5 sin?(n + c)] 1/ ( e Cozb(nJrC))
]uzza, (;r] sin (9+c) L (1, %; 7w2512b(9+c) o
2 _ 2.2
1 oo [ Gole) = ey () 1 (115
2.2
205000 ey 0] 11 (13245022
_% fg] cos (b0+c) Py (1; %; —wZCOZb(9+C))
and 1
= 5\1/"/(“) '
b 0.5, for orthogonal FSK 1 =ib
“ 11, forantipodal PSK. = Eqﬁ,y(b) (12)

Therefore, the ABER for the single-channel reception case
can be obtained using (7), Table I, and either Table II (entry 4)
or Table III (entry 4). It appears simpler to attain the final result
from the FT identity in Table II. For L = 1, it is evident that we
can replace Uy (w,1) = ¥, (w) given in Table I, since ¥ = «.

Now, let us consider the CEP of the exponential form,
P.(v) 0.5 exp(—by), which corresponds to DPSK and
NCFSK modulation formats. Substituting the first entry from
Table II into (5), and then applying Cauchy’s theorem, we get
a closed-form solution for the ABER

oo

1 1
— — VU (w)dw
27lj / w —]b ’Y( )d

— 00

)=

given that ¥, (w) = ¥, (w, 1) and ¢, (w) = ¢ (w, 1) without
any loss of generality. Notice that the final result is simply the
MGTF of the SNR, and this formula holds for any fading channel
models. As a result, shadowing cases can be treated easily.

At this point, we would also like to highlight that the PDF
method can sometimes lead directly to a closed-form solution.
For instance, if the PDF of the SNR is Gamma distributed, then
using [26, eq. (6.455.1)] we can immediately get the ABER [for
CEP given by (11)] in Nakagami-m fading

I(m + a)m™ = (b7)"
2T(a)T () (b5 + m)m e

X9 Fy <17m+ a;m + 1; L_) (13)
m + by

e(1) =

~
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where 7 denotes the average SNR per bit. Now utilizing identi-
ties [26, eqgs. (9.131.1) and (8.391)], (13) can be rewritten more
compactly as

P.(1)=

(m, a)

1
. (14)

which is identical to [25, eq. (17)] where (.,
incomplete beta function ratio.

.) denotes the

B. M-ary Modulation With Single Channel Reception

In [17], Craig derived an exact average probability of symbol
error for arbitrary M -ary two-dimensional (2-D) signal constel-
lations in AWGN using geometric relations. The CEP is ex-
pressed as the weighted sum of probabilities for all decision sub-
regions of every possible signal point, namely

-8 [ [

where S is the total number of signal points or decision sub-
regions, Wy, is the a priori probability that the kth symbol is
transmitted, 7, ax, and by are parameters relating to decision
subregion k and are independent of -y. The corresponding ASER
can be readily shown as

5)

N

ES
Il

S .
=305 | ) |
e 2 s ay sin?(by) + Jw
1 o oo sin?(8+by) J
s Mk
Wi [
= Z%/ |:\Ilw(w)|w_w:| df
P J sin2(0+by,)
s W Nk b )
k ag SIin k
_ Wi do 16
2:1 omr /¢>»y <s1n 9+bk)> 1o
0

by substituting entry 7 of Table II into (5) and then applying
Cauchy’s theorem (after interchanging the order of integration).
Therefore, it is evident that, if the CEP can be expressed in a
desirable exponential form, the solution obtained from the CHF
method collapses to the MGF approach.? Aside from this, the
CHF approach may also yield an alternative, exact integral ex-
pression for the ASER. This latter observation will become ap-
parent in our next example where the CEP has both exponential
and nonexponential representations.

The CEP for noncoherent detection of equal energy,
equiprobable, binary nonorthogonal (correlated) complex
signals is given by [10, eq. (5-2-70)]

QlavA by/) — 5 olatn) exp[ - 2 (a2 +17)]

1 / 1-(3)°
o a M a 2
27{' 2 1+2(E) Sln0+(5)
2

X exp [—% {1+2 (%) sin9+(%)2ﬂ a9 (17

3The trigonometric integral in (16) can be expressed in closed-form in
Rayleigh and Nakagami-rn channels with positive integer fading severity index
[27].

Pe(v) =

where a = /(1= I—[0)/2.b = \/(1+ /I~ [pP)/2
and 0 < |p| < 1 is the magnitude of the cross-correlation coef-
ficient between the two signals. Using the FT identity in Table II
(entry 8) in conjunction with (7), we can show that the ABER
for the CEP given in (17) (expressed in terms of first-order
Marcum-Q and modified Bessel functions) is simply

2
{M ~4b _ _i 40
HQ(

s

_ 1 [ 0. (tanf)
Fe(1) = ;/ 20529

(18)

Ry — K1)  Ra

where &1 = 2j tanf + a? — b%, ko = /[R5 + 2ab][f3 — 2ab],
and /&3 = 2jtanf + a® + b2
Alternatively, using entry 7 of Table II and then applying

Cauchy’s theorem, we obtain

Notice that both (18) and (19) are exact solutions but that they
are in completely different forms. For the special case of a = 0,
it can easily shown that (18) and (19) reduce to a familiar result
in [1] for the single-channel reception of binary orthogonal FSK
[b = 1] and differentially coherent PSK [h = +/2] systems.
Furthermore, by substituting [a = /2 — V2,0 = V2 + /2]
in (18), we obtain an alternative and exact integral expression
for ABER of DQPSK with Gray coding over generalized fading
channels.

We will avoid a repetition of derivations for each different
modulation format and conclude this subsection noting that
the ASER expressions for M-ary linearly modulated signals
(MPSK, MQAM, star-QAM), MDPSK, MFSK in a variety of
fading environments, can be derived in a manner similar to
the above two examples. These results make use of (7), CHFs
listed in Table I, FT identities listed in Table II, and Cauchy’s
theorem when an exponential representation for the CEP is
available. A list of CEPs for common modulation formats may
be found in [12].

C. Predetection Diversity Techniques

A unique feature of our CHF approach is that it facilitates,
under a single common framework, the unified analysis of a
wide range of modulation formats in a variety of fading environ-
ments, for all commonly used diversity-combining techniques.
Hitherto, this task resisted simple solutions because of the diffi-
culties arising from coherent EGC receiver analysis and mixed
fading scenarios. Although the methodology applies to hybrid
diversity systems as well, in this subsection, we will restrict
our analysis to four basic predetection diversity schemes (see
Fig. 1).

Observing (7) and our previous examples in Sections ITI-A
and III-B, it is apparent that only knowledge of W.(.,L) or
Wy (., L) (whichever is applicable), for each type of diver-
sity-combining scheme, is further required in order to evaluate
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output

Ol > atyui)

)

P =0y —jei) i=k
SDC: g; = 9 = i exp(=jei) Z k = argmax{~;}
1#k
= azexp(—je;) i=k
SWC: ¢; = 91 = ciexp(=jei) l where v, > €
0 1 #£k

Fig. 1.

the error performance of binary and M-ary modulation for-
mats with diversity reception. Fortunately, these CHFs can be
determined quite easily for many cases of practical interest.
1) Independent Fading:
a) Maximal-ratio diversity (MRC): From the definition of
CHE, it is straightforward to show that

L L
exp <jw Z%)] = [ 7w
k=1 k=1
(20)
where E[x] denotes the expectation (statistical average) of
random variable z, and U, (.) corresponds to the CHF of the
SNR of the kth diversity branch. Substituting (20) into (7),
while utilizing both the CHF of the SNR (for single-channel
reception) in Table I and the FT of the CEPs listed in Table II,
we obtain an exact analytical expression for the ASER with
MRC diversity in generalized fading channels.
b) Equal-gain diversity (EGC): Since the envelope of the
EGC combiner output is 9 = (1/v/L) ZI€=1 ay, its CHF is

given by
ol (3)

21
where W, (.)is the CHF of the fading envelope of the kth di-
versity branch. In a similar fashion to the MRC case, the exact
ASER with EGC diversity can be computed quite easily by sub-
stituting (21) into (7), and utilizing the FT of CEPs listed in
Table III, instead of Table II, to yield (24)—(26), shown at the
bottom of the next page.

c) Selection diversity (SDC): The CDF of the SNR at
SDC combiner output is simply the product of CDFs of the
SNR of individual diversity branches. Exploiting the FT of a
derivative property, we get

ZmH () me e
i=1

vMEO) (4 L) = E

v, 1)=FE

\I/(SDC)

Predetection diversity systems, where ¢; = «, e~ are complex channel gains and w; (t) = g;8;

(t)+n:(t),i=1---L.

where F,, (.) denotes the CDF of the SNR of the kth diversity
branch (can be expressed in closed-form for Rayleigh, Rician,
and Nakagami-m channels [7]), x; and w; are the sth abscissa
and weight, respectively, of the /Vth-order Laguerre polynomial,
and Ry is the remainder term. Substituting (22) into (7) and
using G,(.) tabulated in Table II, we obtain a simple expres-
sion for characterizing the SDC receiver performance in dif-
ferent fading environments.

d) Switched diversity (SWC): The derivation of CHF of
in a SWC scheme is slightly more involved, when compared to
the ideal SDC or MRC. Using a discrete-time model, it can be
shown that the CHF of the SNR at the output of a dual-branch
switch-and-stay diversity combiner is given by [7, eq. (10)]

\I,(sw c)

2 (6)
Z Fv )+ o)
[)‘k(€7 ) + \Il’ﬂ (w)F’ﬂc (5)]

where ¢ denotes the fixed switching threshold and A\ (¢,w) =
J& exp(jwy) f, (v)dy is the marginal CHF of the SNR of the
kth diversity branch (which can be expressed in closed-form for
Rayleigh, Rician, and Nakagami-m channels [7]).

It is interesting to note that the final ASER (or ABER)
expression for SWC and SDC systems is identical to the
MRC case, with the single exception that the expression
for \IJE,MRC)( ,L) is now replaced with \I/(SWC)( ,L) and
\IJE,SDC) (., L), respectively.

2) Correlated Fading: Note that (7) also applies to cor-
related fading. For instance, the error rate performance of an
L-branch MRC receiver, in arbitrarily correlated Nakagami-m,
Rician, or Rayleigh fading channels, can be readily evaluated
by substituting (B2) or (B3) into (7).

In our next example, we will summarize the CHF of the SNR
at the combiner output of dual-diversity MRC, SDC and SWC
systems, in a correlated Nakagami-m channel with arbitrary
parameters. These closed-form CHFs (shown in (24)—(26) at
the bottom of the next page) may be used in conjunction with

(23)
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our generic expression (7) to unify the performance evaluation
of a broad class of modulation formats. In these equations, p
denotes the power correlation coefficient, o F} (., .;.;.) is the
Gauss hypergeometric series, v(a,x) = [ exp(—t)t* " dt,
a > 0 is the incomplete Gamma function and its com-
panion (complementary incomplete Gamma function) is
defined as I'(a,2) = T'(a) — v(a,z) = [; exp(—t)t*~ dt,
A = (V1 = 0)/2)/(0/% = 1 = jwn (1 = p)) and B
(VIwnmlp = 1) + 7 + 27 = 4p70)/ (Gwnin(p = 1)
i — Yr)-

Lastly, we would like to point out that, by using two trigono-
metric integral identities, we were able to get exact closed-form
expressions for MDPSK, 7/4-DQPSK and arbitrary two-di-
mensional (2-D) signal constellations with polygonal decision
boundaries (including MPSK, MQAM, and star-QAM) with
MRC in independent and correlated Nakagami-m fading chan-
nels (positive integer 7). This subject is discussed in detail in
[27].

+

D. Binary Multichannel Signaling With Postdetection
EGC Diversity

1) Case a > 0: In [10, Appendix B], Proakis presents a
closed-form solution for the CEP of multichannel reception of
binary signals, where the decision variable is a quadratic form
in complex-valued Gaussian random variables, namely

P.(%) = Qay/3,by/A) = To(aby) exp [~ (a® + 12)]

LZ_I <2Lk— 1) S

k=0

1
" [1 N
exp [—%(aQ + b2)]
(e
1-n

X { i: I, (abv) E

)3 <2Lk— 1)
@) o

When L = 1, the third term does not contribute, and therefore
(27) reduces to [10, eq. (B-21)] as expected. By substituting (27)

847

into (1), and then applying (A4) (i.e., Parseval’s theorem), we
can show that the ABER with post-detection EGC is given by

using identity [26, eq. (6.611.4)]

/81/
V@ — Pla+ vo@ — )

Rev > 1,Re a > |Re

/ exp(—ax)l,(Bx)dz =
0

(29)

and k1 = 2jw + a® — b2,

k2 = V/[(a +0)2 + 2jw][(a — b)? + 2ju]

and k3 = 2<y'w + a? + b%. For independent fading,
U, (w,L) = \II.YMRC)(w,L). Similarly, correlated Rayleigh,
Rician, or Nakagami-m fading cases can be handled using the

CHFs listed in Appendix B.

YMERO)(, 9y — < 4m*3192(1 = p) ) (24)
! (31 +72) = jw20172(1 = )’ = m? (71 = 72)? + 47172]
2271 (2m) o (Ap)>™ 1 1
PYEPO) (y 2y =—— "7 o [1—m7m;1+m:—<1——>} 25
7w T(m)T(m + 1) kz;# FBa(1+ B2 "2 B 25)
, 1
‘lj(SVvC)(w 2) —
’Y ’ m m,
o] AR e )
mé m . mé mé(m—jwdy)
2y (o BT ot (8 — )]+ (. 36) o [ 52 |
X Z — (26)
(1 Jw"/k)
k=1,l+£k m
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Now, using variable substitution w = tan # and taking advan-
tage of the fact that the resulting integrand is an even function
of 6, (28) can be restated as

cos2 6

where k1, k9, and kg3, are defined in (18).

Moreover, if we interchange the order of the summation in
the second term of (30) and replace [ = L — k, we obtain an
equivalent form for the ABER

P.(L)
1 /Z\Ilw(tanﬁ,l))
T cos2 6
0
X{ 4p? _3[1_ 1 = (2L— 1)4
Fo(Re—F1) Ko (L+n)?bt e~ k

2L — 1 gn+l
12( )Z—()

[annL l_ a2nnL 1+l]} de.

€2y

For the special case of 7 = 1, the authors in [6] express the CEP
given in (27) in terms of a finite series of generalized Marcum-Q
function [6, eq. (68)], namely

22L 1 Z (2L— 1)

[Qk(aﬁv bv) =
By utilizing the identity [28, p. 528],

P.(v) =

Qr(bv7,ay7)]. (32)

Qu(e, )+ Qu(B,a) =1+ exp [_%(az + /32)]

M-1

x ) <> n(af) (33)
n=1-M

in (32) and then using the FTs listed in Table II, we found that
the resultln% ABER expression is identical to (31) withn = 1
because >, _; (QLL_kl) = 22(L-1),

2) Case a = 0: We will now focus our attention on the spe-
cial case of a = 0, which corresponds to both binary orthog-
onal square-law detected FSK and binary differential-detected
PSK with multichannel reception. The performance of these re-
ceiver structures have been studied by a number of authors (e.g.,

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 53, NO. 5, MAY 2005

[6], [10], [29]-[31]). Recently, Simon and Alouini expressed the
CEP as a single finite range integral [6, eq. (71)] by utilizing
the trigonometric integral representations for the generalized
Marcum-Q function [28, Appendix C]. However, this integral
representation becomes void* if @ = 0 for any L > 1, which
limits its usefulness for the analysis of multichannel reception
in both nonfading and fading channels. That aside, this partic-
ular case is interesting because the exact CEP can be expressed
using different mathematical functions that, further highlighting
the generality of our approach, can all be handled by our CHF
technique.
From [10, eq. (14-4-24)], we have

— 1 7 2L —
Pe(v) = WGXP Z i Z ( ) (97)"
k=0 n=0
(34)
where ¢ = 1/2 for orthogonal binary FSK, and ¢ = 1 for

differential antipodal binary PSK. Note that (34) can also be
derived from (27) by lettingn = 1,a = 0, and b = /2g
and recognizing that Io(0) = 1, Q(0,b,/7) = exp(—b>v/2)
and lim,_o I,(aby)(b/a)® = (1/n!)(b*y/2)". Substi-
tutmg (34) into (1), and recogmzmg f(t) < F(s) and
(9t)* exp(—gt) f(t) < (=s)*(d"/ds")F(s)|s=y are Laplace
transform pairs, the ABER is given by

L—-1-k

o 1 L-1 1
Pe(L): 92L—1 ZH Z
k=0 n=0

< (P ) 0 s

n

(35)

In fact, this is what Patenaude et al. [29] have done for the spe-
cial case of Nakagami-m fading.

The general result above (obtained directly from the classical
representation of the CEP) holds for any fading channel models
(including correlated fading as well as mixed-fading) and can
be used to calculate the ABER as long as the MGF ¢,(.) is
known. Surprisingly, in [5] and [6], Simon and Alouini suggest
that only their approximate solution to the above problem can
handle the analysis in generalized fading channels. They state
that, .. .This is particularly true for the performance of binary
orthogonal FSK and binary DPSK which cannot be obtained via
the classical representation of (69) in the most general fading
case, but which can be solved using the desirable conditional
BER expression (71) as we will show next” [6, p. 1636]. A sim-
ilar claim is also made in [5, p. 1874]. Nevertheless, since the
evaluation of Lth order derivative in (35) can be quite cumber-
some for large L, a single integral formula for the ABER may be
preferable. The use of the MGF approach to arrive at [6, eq. (71)]
may have lead to the difficulty in handling the case a = 0 easily.
Therefore, we will now go on to demonstrate that, by using the
CHF method, an exact single integral expression with finite in-
tegration limits for the ABER can be readily obtained from var-
ious forms of the CEP previously reported in literature. Further-
more, our exact expressions are considerably simpler than that
of [6, eq. (76)] with a/b = 1073,

4Hence, one can only resort to an approximate solution by choosing a /b at
the vicinity of zero (e.g., a/b = 1073).
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The FT of CEP in the classical form (34) is listed in Table II.
Using this FT identity, in conjunction with (7), we obtain

L—-1L—-1—-k 2 — 1
Pe 22lez< >

k=0 n=0

1 1 g*
X _/ g0 G5 D)
m / cos [92 + tan? 9] 5

X exp [—j(k‘—k 1)tan™! <ta;1 0)]
X U, (tauf, L)} d6.  (36)

ol

The above result can also be derived directly, after some routine
algebra manipulations, from (30) by substituting [n = 1,a = 0,
b = \/2g]. Also note that the imaginary part will be zero since
the ABER is real.

In [31], Charash presented an alternative, exact CEP for mul-
tichannel noncoherent and differentially coherent binary signals
involving confluent hypergeometric function, namely

exp(—297) ~~ D(L + k)
2IT(L) Z::O T (k + 1)

Pe(vy) = 1FiL(L+ ks Ly gvy).

(37)
Substituting the FT of CEP illustrated in (37) (see Table II) into
(7), it can be shown that the corresponding ABER is given by

P.(L) = 2L;(L) Lz_l 2kFLk++k1 % 0/ (29 + JEZEZ f:/())s2 6
xoFy [L + k15 L qug] o (38)
which may be rewritten as
(L) = 2LF1(L) LZ_I 2£1£Lk++k1 i ( )%
X% j R { (2¢ —I—\I;A;;tjg)if;)cos? 6 } 49 (39
0

using Kummer’s transformation formula.
Next, by interchanging the order of summation in (34) and
subsequently replacing [ = L — n, we obtain

Py 22L : Z <2L - 1) l(lg)'y)

since (T(1 +n,2))/(T(1 +n)) = exp(—xz) > p_o (2" /k!) for
n € {0,1,2,...}. This CEP representation appears to be new.
Since the FT of the incomplete Gamma function can be ex-
pressed in a closed form, we obtain yet another exact, single
integral expression with finite integration limits, for calculating
the ABER over generalized fading channels

L
— 1 2L -1
PE(L):MZ<L—I>
=1

3 l
g

0

(40)

U, (tan, L)
jsin(26)

E. M-ary Orthogonal Signaling With Postdetection
EGC Diversity

The ASER performance of M-ary orthogonal signals, em-
ploying a square-law combining receiver, in fading channels is
given by [10, eq. (14-4-44)], [32], [33]

M—1 B n(L—1)
PD) =Y <Mn 1><‘”"“ > B
n=1 k=0

x / 7(§)kexp (‘T”“) Jutuly)du| f,(v)dy  @42)
0 0

where f, () is the PDF of symbol SNR at the combiner output,
fu(uly) is the conditional PDF of the decision variable U when
the signal is present,

U+ y

(%) e (-*37) v @

and the coefficients fJ,, may be computed using [32, eq. (32)]

fu(uly) =

k
[))z n—1)
Brn = Z (k(— Bl Tio,(n—1y(—1)](2) (44)
i=k—L+1
where o0 = Bon = 1, Br1 = 1/k!, f1n = n, and
. 1, a<i<b
Ta (1) = {0, otherwise.

The conditional CHF of U (noncentral chi-square distribu-
tion) is given by [10, eq. (2-1-117)],

1 2jwy
¥ = .
vwh) = G557 P (1 - 2jw>

Now, applying Parseval’s theorem twice in (42) (in order to
transform the two product integrals into frequency domain), we
obtain

(45)

M—1 n(L—-1)
rw=y (M e > o e
n=1
T /1N T+t
* / (5> 2( )w
() e

n(L-1)

n+1 Z ﬂkn_

X exp [—j(’f + 1) tan™! <27w>} m

oo

1 1
— ———V (v, L)dv| d
| 2n; / T (o v de

— 00

(46)
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which may be simplified as

M—1 n(L-1)
— 1 M-—1 .
Pe(L):% § ( . >(—1) +l § " Brn
n=1 k=0

e o [~k + D tan ! ()]

2w
1 w
X L4 ,L)d
(T—jw)” " (1 —jw’ ) ?
with the aid of Cauchy’s theorem and also normalizing w by 2.
Also note that the CHF of combiner output SNR for post-de-
tection EGC is identical to the predetection MRC case. By re-
placing 1/(1—jw)¥ in (47) with its polar representation, letting
V., (z,L) = ¢(—jz, L) and finally using variable substitution
w = tan #, we obtain a single integral expression that has finite
integration limits

. /°° T(k+1)

(47)

M-1 n(L-1)
_ 1 M-1\, .
L) =~ }:( i )(_1) Y B
n=1 k=0

o / I'(k+ 1)(cosf)E—2

[n? + tan? 0] e

(=)}

X exp{j [LH— (k+1)ta
—jtanf 48)

—— . L .
< ()

Note that (48) is equivalent to [34, eq. (10)].5 The above de-
velopment is particularly interesting because the MGF method
cannot facilitate the analysis of multichannel MFSK systems,
but the CHF method leads directly to a simple analytical
solution. For the special case of M = 2 (binary orthogonal
square-law detected FSK), (48) reduces to

1
P.(L)= Z ;/ (cosf) Ltk—1
0

k=0
. —jtanf
x exp [j(L — k — 1)8] ., (ﬁL) 9 (49)

which is equivalent to (36) since it can be shown that these two
expressions agree numerically.
Also, for L = 1, (48) reduces to

ry=3 (M e

n
exp (5 [6 — tan”" (+234)]) ( —j tan 6 )
1 - dg. (50
></ Vn2 + tan? f cos 6 P 1—jtand (50)

However, it is more concise to obtain the corresponding
ASER (envelope detection of MFSK with single channel re-
ception) directly from [10, eq. (5-4-46)], viz.,

M—1 .
—— (=) /M —1 Jn
rn= 3 S (M) () e

n=1

n=1

w3

SHowever, the sign for the imaginary term in equations (10), (12), and (14) in
[34] should be a “+4” instead of a “—" sign.
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which is a generalization of Crepeau’s results [35] for different
fading environments.

F. Outage Rate of Error Probability

Outage probability is another performance criterion fre-
quently used in cellular mobile radio communications systems.
The outage rate of error probability P, is defined as the prob-
ability that the instantaneous bit-error probability of the system
will exceed a specified value (say P) and can be written as
[14]

*

x

Poy = /pz(va)dx = Fz(x*vL)
0

(52)

where x* is obtained by solving P.(z*) = P} and « € {v,¥}.

The solution v* and ¥* = /~4* can be easily obtained in
closed-form for several modulation formats and they are listed
below.

Casel) If P.(y) = aexp(=by), then v* =
(In(a/P¥)/b) or ¥* = \/In(a/Pr)/b.

Case2) If P.(y) = aerfc(yby), then v* =
(1/8)[erfe™ (P2 fa)]2.

Case3) If P.(y) = aerfc(\/b_) — cerfc®(\/by), then

v* = (1/b){erfc™ (a — \/a® — 4cPr)/2c]}>.

However, the evaluation of (52) becomes difficult for diver-
sity systems since we need to determine the PDF of the SNR
at the combiner output. This problem can be circumvented by
replacing the PDF with its Fourier inversion integral and then
simplifying the resultant expression, using the inverse Fourier
transform identity of a unit-step function. Thus, (9) and/or (10)
provide a simple technique for calculating the outage proba-
bility for both single and multichannel reception cases.

IV. CONCLUSION

This paper makes a number of contributions: 1) we outline
a direct method of computing ABER or ASER of different
modulation formats, with/without diversity, in a single common
framework; 2) we derive the FT for the CEPs frequently en-
countered in the analysis of digital communications systems
(to be used in conjunction with our unified expressions); 3) we
show that the CHF method encapsulates all results obtained
using the MGF technique; and 4) we remove the limitations of
MGF approach, reformulating the task of finding a desirable
exponential form for the CEP to simply determining its FT.
Selected applications of our new expressions are presented.
Several previous results are also shown to be special cases of
this analytical framework.

APPENDIX A
PARSEVAL’S THEOREM

A simple proof of Parseval’s theorem from the first principle
is detailed below. This development reveals that no particular
restriction is imposed on the application of (A3). Note that, if
the time-domain functions are real, then the identity (A4) also
applies.
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The frequency convolution theorem states
FT[f1(t)] = G1(w) and FT[f2(t)] = G2(w), then

FTf1(0)f2(0)] = 5- [61(0) © Ga(w)]

that, if

zzi / Gr(y)Ga(w—y)dy  (AD)
™

where notation ® denotes the convolution operation. In other
words,

oo

/wmmﬂ%t7/@<m ~y)dy. (A2

Now, letting w = 0 in (A2) and then changing the dummy vari-
able of integration, we obtain

/fl )f2(t) =5 /G1 VG (—w)dw.

If f(t) is real, then the property G(—w) = G*(w) applies,
where G*(w) denotes the complex conjugate of G(w). Conse-
quently, from (A3), we have

/f1 () f2(t dt%

(A3)

G1(w)G3(w)dw

Gl (w)Ga(w)dw (A4)

¥l=

Eli\g 8 ~—3

if f1(t) and fo(t) are real functions.

APPENDIX B
CORRELATED FADING STATISTICS

In this appendix, the CHFs for the sum of instantaneous SNRs
(from L diversity branches) in both correlated Nakagami-m
and correlated Rician fading environments are presented. Using
these CHFs, generically correlated fading cases can be readily
handled with our expressions (7) and (10), for the calculation
of ASER (with predetection MRC and/or post-detection EGC)
and outage analysis, respectively.

A. Correlated Nakagami-m Fading

In an arbitrarily correlated Nakagami-m fading environment
(with the assumption that the fading severity index is common
to all the diversity branches), the joint CHF of the instantaneous
SNR may be written in the form [20]

YU(wy,...,wr) =det(I — jWRA)™ (B.1)

where [ is the L x L identity matrix, A is a positive definite
matrix of dimension L (determined by the branch covariance
matrix), W and R are two diagonal matrices defined as W =
diag(w1,...,wr) and R = diag(71/m,...,51/m), respec-
tively, and m is the fading parameter. Consequently, the CHF
of the combiner output SNR, v = Zle Yk, can be obtained
from (B.1) by settingw; = ... = wp = w, i.e,

H 1—_] )\k

det(I — jwRA)~

W, (w0, L) = (B2)

where )\, is the kth eigen value of matrix RA. For the particular
case of m = 1, (B2) reduces to the familiar expression in [16]
for the CHF of SNR at the output of a MRC and/or a quadratic
combiner (post-detection EGC) in correlated Rayleigh fading
channels.

B. Correlated Rician Fading

Let z denote a complex normal random vector with mean
= [p1,...,ur]T and covariance C = E[(x — p)(z — p)]
(Hermitian positive definite). If x corresponds to the channel

gain vector, then the instantaneous SNR at the output of a MRC

and/or a quadratic (square-law) combiner is given by v = 7 2.

Then the CHF of y in correlated Rician fading can be readily ex-
pressed in a Hermitian quadratic form [16, eq. (B-3-4)], namely

T, (o,

L
Ju)/\k 2
) = exp Z T | Ri| 1;[ l_w)\k
(B3)

where )\, is the kth eigen value of the covariance matrix C, and
Ry is the kth element of vector R defined as

R=UHC™ 2 (B4)

where C~1/2 is the inverse of Hermitian square root of C' and

UH can be obtained from the covariance matrix by singular
value decomposition, viz., C = UAUH . For the specific case of
Rayleigh fading, R is a zero vector since zx(k = 1,..., L) are
zero-mean Gaussian RVs (u;, = 0). In this specific case, both
(B2) and (B3) yield identical results, as anticipated.
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