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Abstract - Polynomial cancellation coded orthogonal frequency
division multiplexing (PCC-OFDM) with overlapping symbol
periods is a modulation technique which overcomes many of the
disadvantages of OFDM. PCC-OFDM is much less sensitive to
frequency offset and Doppler spread than OFDM. Only the
length of the equalizer used limits the delay spread that can be
tolerated in a PCC-OFDM system. In this paper expressions are
calculated for the intercarrier interference (ICI) and
intersymbol interference (ISI) caused by timing errors in PCC-
OFDM. Results are presented for simulations of PCC-OFDM in
channels subject to frequency error and multipath. It is shown
that good performance can be achieved using equalizers of only
moderate complexity.

1. BACKGROUND ON POLYNOMIAL CANCELLATION CODING

Polynomial cancellation coding (PCC) is a coding
technique for orthogonal frequency division multiplexing
(OFDM) in which the data to be transmitted is mapped onto
weighted groups of subcarriers rather than individual
subcarriers. PCC-OFDM has been shown to be much less
sensitive than OFDM to frequency offset and Doppler spread
[1,2,3]. In its simplest form the spectral efficiency of PCC-
OFDM is approximately half that of OFDM. It has
previously been shown [4,5] that PCC-OFDM can be used
without any loss in spectral efficiency if intersymbol
interference is deliberately introduced at the transmitter by
overlapping the symbol periods and the data is recovered at
the receiver using an equalizer. In this paper, results of
simulations of this system in a multipath channel are
presented.  Expressions are derived for the ICI and ISI
properties of PCC-OFDM.

Fig. 1 shows the transmitter and receiver for a PCC-OFDM
system. In OFDM the data to be transmitted in the /-th
symbol period is mapped directly onto the N inputs
a,,-++a,.,, of the transmitter IFFT. At the recciver the data
is recovered from the FFT outputs z,,:--z,,,. In PCC-

OFDM the data is instead mapped onto weighted groups of
subcarriers. The mapping can be onto groups of any size [1]
however in this paper mapping onto groups of two will be
considered. This reduces the intercarrier interference due to
frequency errors by 15-20dB compared with OFDM and is
sufficient for most applications.
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Fig. 1. Block diagram of PCC-OFDM system

In this case, the pair of subcarriers have relative weighting
+1, -1. Thus, for example, if d,, is to be transmitted on the
adjacent pair of subcarriers a,, and a,,, then a,, =d,,, and
a,,, =~d,,. The mapping of data onto pairs of subcarriers
means that the ICI caused by one subcarrier is substantially
cancelled by the ICI caused by the other subcarrier in the
pair. The groups of subcarriers are combined in the receiver
by weighting and adding using the same weightings. In this
case v,, =(z,, -z,+,,)/2. This results in the receiver being
matched to the PCC waveforms and also contributes to the
ICI cancellation properties of the technique. This is because
the residual ICI in the received pair tends to cancel [3]. In the
rest of the paper the term ‘subchannels’ will be used to
describe the weighted subcatrier pairs in PCC-OFDM.

IL ICI AND ISI CALCULATION FOR PCC-OFDM

The data can be recovered from the overlapped symbols in
PCC-OFDM with overlapping symbol periods because of the
ICI and ISI properties of PCC OFDM. The ICI and ISI
caused by misalignment of the receiver FFT window with the
received symbol will be analyzed in detail.

Fig. 2 shows the situation being considered. The samples
output from the transmitter IFFT in the i-th symbol period are
given by b,,---b,.,,. The samples input to the receiver FFT

for the same symbol are y,,---y,,,. In the ideal case for
OFDM there is no timing offset and no distortion and these
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vectors are identical. However we will consider the case
where there is no distortion in transmission but where the
receiver window is offset by time 7, where 7 = pT /N, Tis
the symbol period, and p is an integer. (The analysis can be
generalized for non-integral p but this requires some
assumptions about the transmitter and receiver filtering.)
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Fig. 2. Timing offset between receiver FFT window and received symbol
period
Consider the effect of the i-th received symbol in the i-th
FFT window. Then y,,, the component of the -th input to

the i-th receiver FFT due to the i-th received symbol is given
by

Vs =bryy 0<ksN-1-p )
Then from the definition of the DFT,
& -~ j27mmk
Znss = Zy k4d exp(‘_j_i;—)
k=0
& — j2mmk
= Z bup,: exp(_ij\T—j
= )
Using the definition of the IDFT
N-1 i2
b,u=—1-Za“e J27in
Vi ol ®
Substituting this in (2) gives
18 27 \k + ~ j2nmk
zn” = iza“ exp(J ( p))e)q{ .] j
N &= N N @
Then considering only the component of z,,,, dueto a,,
N-1-p . .
1 P2k + p ~ j2nmk
Zm i = ;al,i ; exp( N ) €xp| N
N-l-p . 3 .
1 J2nik Jj2#p ~ j2mnmk
=7 ; exp( ¥ Jexp( T (5)

L., xp(m)”z exp(ﬂﬂ*(l - m))

N N ) N
From (5) it can be seen that lz,,, w| depends only on

(1 — m) the difference in indices between the input and output
subcarriers not on the indices directly. Fig. 3 shows
lz_, » ,'for a,, =1 as a function of normalized timing offset

p/N and of (/-m). For no timing offset the wanted
subcarrier has unity amplitude and all the other subcarriers
have zero amplitude. However even small errors in timing
cause substantial ICI, which is significant across many

subcarriers. As a result, equalization to reduce ICI is usually
considered impractical for OFDM and instead a cyclic prefix
is used to eliminate ICI at the cost of reduced spectral
efficiency.
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Fig. 3. ICI for OFDM as a function of timing offset and difference in input
and output subcarrier index N =32.

For PCC coded data, we are interested in the effect of each
input d,, to the transmitter mapping block on each output
v,,,of the weighting and adding block. For simplicity we
will consider the case where all subcarriers are used and
where / is an even number. / =2/’ . Similarly m is an even
number and m=2m’. First the combined contribution of
each pair a,,, and a,,,, to cach z,, must be found using (5).

1 JAd'p
Zoris =de eXP(—N—

N_zl_:p exp( jm(i:, - m))(] - exp( 1'2/1(11; + P)D

k=0

©

Now by deriving a similar expression for z,,,,, and

substituting in v,,,,, =z, ~2 )/2 gives
1 Jjan'p
Vi 1a =mdu exp( % )

NZ’ exp(i”_k%_—m_l))(l _ exp( J 27:(}1:/ + p)))

[-eo=5)

From (7) it can be seen that for PCC the magnitude of the
interchannel interference depends only on (' — m') and p, but
noton /' or m' directly.

Fig. 4 shows lv_. “-‘l as a function of (/' —m') and p for
d,,=1. This shows that in contrast to OFDM, for small
timing offsets the interference in all other subchannels is
negligible. Even for the worst case timing error of half a
symbol period, the interference is only significant in the few
immediately adjacent subchannels. As a result the equalizers
required for PCC-OFDM with overlapping symbol periods
are comparatively simple.
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Fig. 4. Interfc between subch Is for PCC-OFDM as a function of
timing offset and difference in input and output subchannel index. N =32.

In PCC-OFDM the energy of each symbol is concentrated
in the middle of each symbol period. This can be shown by
calculating the component of the transmitter IFFT output,
b,,, that is due to input d,.,

2721k 1
)

’ ( 27l + 1)k)

N
-_l-d ex| (jZnZl'k) 1-ex [ﬂﬂk ®
N ri P N P N

This has the form of a complex exponential of frequency
274'|N windowed with the complex windowing function
1-exp(j27k/N). Fig. 5 shows this windowing function for
N =64. For PCC implementations with less symmetry in
the mapping of data to subcarriers there is no windowing
equivalent, however the energy of each symbol is still
concentrated in the middle of each symbol period.
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Fig. 5. Complex windowing function

1
biyii= Kf- dp; exp

111 PCC-OFDM WITH OVERLAPPING SYMBOL PERIODS

Because of the ICI and ISI properties derived in the
previous section, PCC-OFDM can be transmitted with
overlapping symbol periods and the data recovered in the
receiver with little noise enhancement using a comparatively
simple equalizer.

Fig. 6 illustrates the basic concept.  Intersymbol
interference (ISI) is deliberately introduced at the transmitter
to increase the data rate [4,5]. For d =T/2, where d is the

overlap between symbols, the transmitted signal at any

instant is the sum of components due to two different
symbols. The concept can be generalized to other values of
d . Fig 7 shows the form of the receiver required to recover
the information from the overlapped symbols.

0 T2 T 3T22 2T
Fig. 6: PCC-OFDM with overlapping in time domain
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Fig. 7: Receiver for PCC with overlapping symbols

The equalizers required to recover the information from the
received signal are two-dimensional: interference occurs in
the time domain between symbols and in the frequency
domain between subchannels within a symbol. However
because of the ICLISI properties of PCC there are only a
small number of significant tap values. Even severe multipath
distortion has little effect on the number of significant terms.
All of the equalization techniques used for one dimensional
equalization such as zero forcing linear equalization,
minimum mean square error (MMSE) equalization, decision
feedback equalization (DFE) and maximum likelihood
sequence estimation (MLSE) can be extended to two
dimensions and applied to OFDM [6-9]. Similar equalizer
structures were used in these simulations, but for PCC-
OFDM the equalizers operate on the output of the weighting
and adding block, rather than on the output of the receiver
DFT. This both reduces the complexity of the equalizers and
contributes to the cancellation properties of the PCC code [3].
The MMSE formula used to calculate the matrix of equalizer
taps used in the simulations in this paper is given by

_Efa?}  (Ela),, . Y
Cm—E(’F}AH,(-E-{n—z}H,HJ'{*H’.HHJ (9)

where H, represents the effect of the channel etc on the
signal component. H, is a matrix, which depends on the
transfer function from the input of the transmitter mapping
block to the output of the receiver, weighting and adding
block. The dimensions of H,depend on the length of the
equalizer. H,, represents the effect of overlapping and of the

weighting and adding block on the noise. Because of the
overlapping, the noise samples at the input to the equalizer
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are not independent. E{d*} is the variance of the data at the

input to the transmitter mapping block. E {n’} is the variance
of the noise at the input to the receiver.  When there is
frequency offset between transmitter and receiver, better
performance can be achieved by including the effect of ICI
due to frequency error in the calculation of MMSE equalizer
taps. This was not done in the simulations presented in this

paper.
IV. PERFORMANCE OF DFES FOR PCC-OFDM

In all of the simulations described in this section 4-QAM
modulation was used and N =64 . PCC-OFDM is designed
for use in channels subject to frequency errors and multipath,
however it has only slightly worse performance than OFDM
in AWGN.

Fig. 8 shows the performance of PCC-OFDM in AWGN
when the overlap between symbols is 7/2 and DFEs of
varying complexity are used. In these simulations it is
assumed that correct decisions are fed back — there is no error
propagation. While this would not be a realistic assumption
for single carrier systems, it is realistic for many potential
applications of PCC-OFDM where error correcting codes can
be used across the subchannels in each symbol, and errors
corrected before the decisions are fed back.

two Inear stages
four finear stages
four linear stages, single tap | |
four linear stages, three tap
OFDM in AWGN

[t}

Bit Error Rate

10 12

E,IN (0B
Fig. 8: PCC-OFDM with DFEs of varying complexity.

The first two graphs in Fig. 8 show the results for
equalizers with decision feedback and two and four linear
feedforward stages when all tap values across each symbol
are used, even very small ones. For comparison the results
for OFDM in AWGN are also included. The equalizer with
four linear stages gives performance within a dB of that of
OFDM. Fig. 8 also shows the effect of simplifying the
equalizer by using for each subchannel only the main tap and
immediately adjacent taps. When only a single tap is used in
each stage, considerable degradation occurs, however using
only three taps, rather than N/2 taps, in each stage gives
negligible degradation.

Fig. 9 and 10 show the effect of frequency offset on PCC-
OFDM and OFDM. Fig. 9 shows the signal to noise ratio at
the equalizer output for PCC-OFDM and at the FFT output of
OFDM, as a function of normalized frequency offset A/T .

Results are shown for two values of E, /N, . For the case of
OFDM, the total noise is a combination of additive white
Gaussian noise and ICI due to frequency error. For PCC-
OFDM, residual ISI also contributes. For A/T > 0.1, PCC-
OFDM has a lower SNR than OFDM, for both values of
Ey [N, . This is because the ICI due to frequency offset is
the dominant impairment. For very small AfT , the SNR of
OFDM is lower, because the residual ISI and the noise
enhancement of the PCC-OFDM equalizer become relatively
more significant. If necessary, residual ISI can be reduced by
increasing the length of the equalizer. At intermediate values
of AfT , the relative performance of the two systems depends
on the value of E, /N, . In practice, the benefits of using
PCC-OFDM are likely to be greater than these results
suggest, as the elimination of the cyclic prefix may allow a
smaller value of N to be used for PCC-OFDM than OFDM.

Similar results can also be obtained for channels subject to
Doppler spread because PCC-OFDM is inherently less
sensitive to frequency errors. Fig.10 shows the effect of
frequency error on the BER for E, /N, =10db.
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Fig. 9: Signal to noise ratio at equalizer output of PCC-OFDM and at FFT
output for OFDM as a function of frequency error
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Fig. 10: Performance of OFDM and PCC-OFDM in systems subject to
frequency error.
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Fig. 11 shows the performance of PCC-OFDM in a
multipath channel. In this case there are two paths, the
second path has power 0.75 of the first path. The receiver is
synchronized to the first path. The multipath causes severe
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frequency selective fading which results in very high bit error
rates in some subcarriers in OFDM and some subchannels in
PCC-OFDM. The emrors in these bad subcarriers and
subchannels dominate the results. Fig. 11 shows the effect of
varying the delay of the second path relative to the first path.
For OFDM there is little effect, until the delay exceeds the
length of the cyclic prefix. In these simulations a cyclic
prefix of six samples was used. Once the delay exceeds the
length of the cyclic prefix, the BER increases rapidly,
particularly for the case of E,/N,=15dB. In contrast the

performance of PCC-OFDM improves as the delay increases.
This is because the shaping of PCC-OFDM symbols means
that as the relative delay between paths increases the
interference caused in a symbol by the delayed replica of
itself is reduced. The ISI in the following symbol is corrected
by the DFE. The amount of delay spread which can be
tolerated in the PCC-OFDM system depends on the design of
the equalizer in the receiver, in contrast to OFDM where this
is determined by the length of the cyclic prefix. In the
multipath channel most of the errors are due to the few bad
subcarriers or subchannels. The performance can be
substantiaily improved by the use of suitably designed error
correcting codes or by using spread spectrum techniques such
as multicarrier code division multiple access (MC-CDMA).
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Fig. 11: Performance in multipath channel
V. PERFORMANCE OF LINEAR EQUALIZERS FOR PCC-OFDM

In the previous section it was shown that PCC-OFDM
gives excellent results when a DFE is used. However the use
of decision feedback limits the ways in which PCC-OFDM
can be combined with error coding and multiple access
techniques. Linear equalization can be used in a more
flexible way. Fig. 12 shows the performance of linear
equalizers of varying length and complexity. The effect of
varying the overlap between symbols is also shown.

For these equalizers, 7 is the total number of linear stages.
Equal numbers of preceding and following symbols were
used as inputs to the equalizers. For d=T/2 linear

equalization causes considerable noise enhancement.
Reducing the overlap to 277/64 reduces this effect

substantially. The degradation in performance is negligible if

only three taps per subchannel are used in each stage. PCC-
OFDM systems with linear equalization are also very
insensitive to frequency errors and multipath distortion [10].
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Fig. 12: Linear MMSE equalizers for PCC-OFDM
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V1. CONCLUSIONS

In this paper the ICI and ISI properties of PCC-OFDM
have been analyzed. Simulation results have been presented
which show that PCC-OFDM has a much lower BER than
OFDM in channels subject to multipath distortion with long
delay spread and that the ICI due to frequency error is lower
in PCC-OFDM than OFDM. 1t has been shown that, although
the equalizers required for PCC-OFDM are two dimensional,
these are of only moderate complexity as most tap values can
be set to zero with little degradation in performance.
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