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Further Results on the Beaulieu Series
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Abstract—A frequent problem in digital communications is the
computation of the probability density function (pdf) and cumu-
lative distribution function (cdf), given the characteristic function
(chf) of a random variable (RV). This problem arises in signal de-
tection, equalizer performance, equal-gain diversity combining, in-

to solve many diverse problems [5]-[16]. While all of these pa-
pers deal withthe application of the Beaulieu serieis this

letter, we focus on some issues, not sufficiently elaborated in
the original paper [4], surrounding the series itself. Importantly,

tersymbol interference, and elsewhere. Often, it is impossible to W€ rederive the Beaulieu series using the Gil-Pelaez inversion

analytically invert the chf to get the pdf and cdf in closed form.

formula and the Poisson sum formula. The alternative deriva-

Beaulieu has derived an infinite series for the cdf of a sum of RVs tjon exploits the fact that the pdf and chf together form an FT
that has been widely used. In this letter, we rederive his series using pair, and it provides insights into the uses and limitatiasfthe

the Gil-Pelaez inversion formula and the Poisson sum formula. B l ies. S ificall It tive derivati id
This derivation has several advantages including both the bridging theafu Illeu §erles. pecincally, our alternative derivation provides
e following.

of the well-known sampling theorem with Beaulieu’s series and

yielding a simple expression for calculating the truncation error « For unbounded RVs, the total error has two components:

term. It is also shown that the pdf and cdf can be computed di- the series truncation error and the aliasing error (or the

rectly using a discrete Fourier transform. . . . .

domain truncation error). Explicit expressions for both the

terms are derived.

¢ The series truncation error bound can now be expressed
using the chf. Whereas the truncation error bound given in
[4, eq. (16)] is less useful because it is expressed in terms
of the pdf samples, which are unknown.

« The convergence conditions of the series are made more
explicit.

¢ The relationship to the sampling theorem is made more
explicit. For instance, the truncation error bound for the
Beaulieu series has the same format as the aliasing error

Index Terms—Characteristic functions, diversity, Fourier anal-
ysis, intersymbol interference and cochannel interference, outage.

I. INTRODUCTION

FREQUENT problem encountered in the performance

evaluation of digital communications systems is the
computation of the probability density function (pdfjx) and
cumulative distribution function (cdf}f'(z) of a random vari-
able (RV) X given the characteristic function (chf{w). This
problem oceurs in many applic_ations including.sigr?al dgtection, bound for the reconstruction of a nonband-limited signal
Ime_ar e_quallzers, m_aX|maI-rat|o and equal—gam_dwersﬁy COM- 4 -t uses the sampling theorem.
bining, intersymbol interference, outage probability, cochannel . . .
interference, coded modulation, and phase-jitter. Often, bothASIde from [4_]’ there have peen several key stuqhes dealing
the chf and the moment generating function (mgf) are read th the numerical comput_amon of pdf and_ cdf given a (.:hf
available in closed form, but it is difficult or impossible to carr 8I-23]. Reference [18] is concerned with numerical in-

out the inverse Fourier transform (FT) or Laplace transfor?ﬁarSion of Laplace transforms using the finite Fourier cosine

analytically to get the pdf and cdf in closed form. InsteadfanSform and provides an approximate series for funcfigh

moment methods, numerical quadrature formulas, Chebys%gn its Laplace transforrfi(s). This does not use either the

approximations, and other techniques have been develo Pelaez_ theorem_or the_ Poisson sum formula. Reference
contributes a sine series for the cdf. In [20], the author

[11H3]. . . ; )
One method that has proven particularly useful in comm roposes a windowing function to apply to the chf and derives
the error terms. Reference [21] treats the fast FT inversian of

nications applications is the infinite series for the cdf, derive ¢ In 122 | hod f L of
by Beaulieu [4]. The cdf series was obtained by combining njfnstorms. In [22], a general method for approximating a c

(gom its chf is given. This paper also derives an error bound.

well-known and valuable techniques in communication theor ¢ 23 i th ati f the cdf of
wherein a Chernoff bound approach was applied to an appr sererence [23] consi ers the computation or the cat ot an
H]teger-valued random variable.

imate Fourier series expansion of a periodic square wavefor!

The Beaulieu series is important because it has been employed
II. ALTERNATIVE DERVIATION

To begin, letX be an RV with pdff(«) and cdfF(z) and
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The characteristic function o is given by then by the frequency shifting property of FTs
oo . ™

)= [ s i @ Uw)=¢ (-w-7). ®)

wherej2 = —1. Substituting (7) and (8) in (6), multiplying both sides &y*/",
The Gil-Pelaez theorem [24] states we get
1 X eTIWT () s Cinm
=g @ Y erame

i.e., the cdf is given as an integral of the chf. In fact, if one _1 i é 2w Gt/ (g)
approximates this integral by a trapezoidal sum, one gets the h h h '

Beaulieu series. However, Beaulieu’s original approach both

avoids a problem with a discontinuity at the origin £ 0) and Settingh = 7'/2, using the relationship*(w) = ¢(—w), while

provides rigorous bounds on all the systematic sources of eriQgting that then = 0 term in the LHS givest(t), we can thus

Our approach both clarifies the method and improves the ergiain (4a) and (5a).

bounds. The following theorem leads to our new derivation of Now we will consider the derivation of the cdf series (4b).

the series. o o SinceU(0) in the Poisson sum formula (6) is the area under
Theorem 1: For a pdff(x), which is bandlimited or almost u(t), we have

bandlimited (i.e., there are positive constaAtand« for which

|p(w)] < A(1 4 |w])~1~ for all realw) 00 > '

/ w({)d{ =h Z u(t+nh) — Z U(2rn/h)e? 2t/

oo

4 —jnwox - n=-—oo [n]>0
f@y=5 D> R{eTTg(nwo)} + B(f5x)  (42) (10)
n=1,n odd The first sum on the RHS is a trapezoidal rule for the integral.
o0 Note that ifU(w) = 0 for |w| > 27 /h, this rule is exact. We

1 2% —jnwox
F(x) = 5~ Z Ste Pno)) + E(I';z) (4b) cannow set = 0 ort = h/2 to obtain useful formulas for the

nmw .
n=1, n odd integral.
. . Suppose
whereR(z) and<3(») denote the real and imaginary parts:of
T is a parameter governing the sampling rate in the frequency e=Ite (1)
domain,wy = 27/7T, and the error terms are u(t) = ——5 (11)
J2nt
E(fiz)= > (=) f(z +nT/2) (5a) then using the identity in (3), we have
[n|>0
i Uw:/ wt)e It dt =1/2 — F(z + w). 12
E(F;z) = Z(—l)"[G(x +nT/2) — F(x —nT/2)]. (5b) () —oo @) / ( ) (12)
n=1

o o Substituting (11) and (12) in (10), setting= h/2 in (10),
Note that the two series in (4) are p_erlodlc with peribd@nd  and lettingh = 47 /7", we obtain (4b). The error terd(F; z)
that (4a) can exactly compuf¢x) for either|z| < T'/4or|z| < in (5b) is obtained by combininy (nT/2) andU(—nT'/2) in
T'/2 for bounded two-sided or bounded one-sided positive RVg,0). m
respectively. The term&(f;x) and E(F;z) are the domain
truncation errors for unbounded RVSs. _ _ A. Relationship to the Sampling Theorem
Proof: If u(¢) andl/(w) are an FT pair, the Poisson sum

formula [25, p. 395] yields The sampling theorem shows that a function can be recon-

structed using its own samples [25, p. 378]

oo

Z u(t+nh) = Z U(2mn/h)e? /" (6) = nm\ sin(Qz — n)
el s f@= 3 1q) Tar—am

oo

> =

provided these series are convergent. The right-hand side (RHS)

is convergent ifu(t) is bandlimited or almost bandlimited. If This reconstruction is exact ji(w)| = 0 for |w| > Q where
u(t) is a pdf, thenu(t) — 0 as|t| — oo and this is a necessary$(w) is the FT of f(x). Otherwise, undersampling and the con-
condition for the convergence of the left-hand side (LHS). No&®mitant spectral aliasing in the frequency domain occur. The
that if u(t) = 0 for |t| > h/2, the right-hand side can exactlyaliasing error depends on the behaviopeb) for |w| > . By

computeu(t). contrast, in (4a)f(z) is reconstructed using its frequency-do-
We will begin by proving (4a) and (5a). Suppose main samples and the reconstruction is exagt(if) = 0 for
' |z| > T for some constaril’. The aliasing error now depends
u(t) = f(t)e I™/h (7) on the behavior of (z) for |z| > T
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B. Convergence use (11) and (12) in (10), then we get a slightly more general
The convergence of the two infinite series (4a) and (4b) {&finite series for the cdf
ensured iff(z) is bandlimited (i.e.¢(w) = 0 for |w| > w,, , dn
in which case the series terminate for some finite ingor 1 o e TilotAnT/T)z g <0+ T)
imited. Si Flz)=7 -2 E,(F;
almost bandlimited. Since () =3 n;m ST dn) + E,(F; )
—jnwoex < s 1 (17)
DM} S D (@89
' where
L S{e I 0 g (nwo) > A
zn: n = 27; n(1 + nwg)1te (130) E,(Fiz)= Y [1/2= F(z+nT/2)] ™" (18)

|n|>0
convergence of the two series is assured.
This series depends on the sampling rate paramétend an
C. Domain Truncation additional parameter. Note thatife = 27 /T, then thisreduces

Consider an RV with the range< X < b, denoted bya, 5], © (4b), the Beaulieu series. # = 0, (17) yields a slightly
wherea andb are finite. Thereforef(z) = 0if z & [a, b]. From different series for the cdf. if is between 0 anélr /T, the series

(5a) and (5b), it follows at once: sum is complex.

E(f;z)=E(F;z) =0, for z € [a, ] (14) ll. DISCRETEFT (DFT) IMPLEMENTATION

if 7> 2(b — a). That is, the two infinite series expansions are '9noring E£(f;x) (5a) for the moment, while setting = 2P
exact On the other hand, i or b is infinite, one has to truncate @nd limiting the series (4a) /2 terms, we obtain
the pdf so that most of its probability mass is concentrated on No1
a bounded interval. One selects this interval such Bz 2 1 inm nw
o ¢ f) S e (B o)

[a, b]) < ¢, ande can be made arbitrarily small. - P
n=—N+4+1,n odd

D. Series Truncation There is a clear resemblance between this sum and the DFT.

Suppose the two series are truncated at V. The trunca- This sum can also be recognized as a periodic Fourier series

tion error is given by expansion for a function in the regigdh < = < P. Now let
y s k=(n+N—1)/2anddy, = ¢[(2k + 1 — N)x/P]. Thus
E(N=7 > R} 1
n=N+27n odd f(z) = 5 GImE(N=1)/P Z e—i2mak/P (20)
4 i k=0
|E ()] < T Z |p(nwo)l ' '
n=N+2,n odd Note that the phase factor arises because we use (7). Since
1 o f(x) > 0 and is real-valued, we can write
<o [ . (15)
T JINw, . (1P 1
fl—=1==IDl, [=0,...,N-1 (21)
It is assumed thalyp(w)| decreases monotonically fow| > N P

Nwyg. It can similarly be shown that whereD; are theN-point DET ofd.

1 7 |¢(w)] Next, we ignoreE(F; z) (5b) for a moment, while setting
ht A g (16) I s .
~ o T = 2P and limiting the series in (4b) t&V/2 terms. It is

Vo

[EA(F)] <

m
clear that this is a Fourier series expansion for a function in

This series truncation error bound is expressed in terms ofte region0 < = < P. Now, letk = (n + N — 1)/2 and
known chf. Butthe truncatloq error bound in [4] requires knowlgk N #[(2k +1 — N)r/P]/[jn(2k + 1 — N)]. Thus

edge of the pdf samples which are unknown and hence further
bounding techniques must be employed to use that bound. In—(zp) 1

., N-1 (22
N , (22)

terestingly, the truncation error bound (15) is twice the aliasingf “ 9 STNDIND, [=0,.
error bound [26] when a nonband-limited functifft) is recon-
structed from its samples takenBt2V apart assuming(t) is  whereD, are theN-point DFT of dj,.
bandlimited to2x V/7". Note also that (15) and (16) imply that  The above development indicates that Beaulieu’s series ex-
if |¢(w)| = 0 for w > Nwy, then the truncation error is zero. pressions for the cdf and pdf can be computed using a DFT.
That is, if the cdf is to be computed &f equispaced points,
the Beaulieu series (4b) does not need to be comphtdches,
When deriving (4b), we set = %/2 in the LHS of (10). rather a single DFT provides all the cdf samples. This is a sig-
However, if instead we sét = o (a variable parameter) andnificant reduction in computational complexity.

E. Generalized Beaulieu Series
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IV. CONCLUSIONS [10]

An alternative derivation has been developed, using both the
Gil-Pelaez inversion formula and the Poisson sum formula, fol11]
the Beaulieu series for the pdf and cdf. This derivation has sev-
eral advantages including both the bridging of the well-known
sampling theorem with Beaulieu's series and the yielding of d12]
simple expression for the truncation error term. For example,
if the pdf f(x) is computed using the series, the truncation[13]
error depends on the area under the magnitude of the chf in
“out-band;” hence, the truncation error is similar to the aliasin
error in the sampling series. Another interesting conclusion is
that when the two series are truncated, they resemhbe-point
DFT expression. Therefore, both the pdf and cdf can be com?®!
puted directly using DFTs. Beaulieu’s series expressions (4a)
and (4b) are very useful because the chf can be found easily [#6]
many problems where the pdf is much more difficult to obtain.[17]
Nearly ten years after their publication, the contribution of this
letter is hence to enhance the understanding of the Beaulieu se-
ries to help their use. [
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