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Generation of Bivariate Rayleigh and Nakagami-
Fading Envelopes

C. TellamburaMember, IEEEand A. D. S. Jayalath

Abstract—The letter presents an algorithm for generating bi- well-known inverse transform method and develop a complete
variate Nakagami-n distributed fading envelopes with any desired procedure for generating:, ) pairs.
power cross correlation. For this algorithm, the fading indexm
should be a positive integer fn = 1 for Rayleigh fading). Its ap-
plications include dual-branch selection combining diversity, dual- A- Inverse Transform Method

branch switch diversity systems, and wireless channel modeling. A general method for generating an RWith continuous cdf
Index Terms—Correlation, diversity, Nakagami-m fading, ['(z) is the inverse transform method [6]:
Rayleigh fading. 1) Computet the root of F'(x) = « whereu ~ U/(0, 1)
wherel/ (0, 1) is the uniform distribution from 0 to 1 and~ &
|. INTRODUCTION is read: @ is distributed a$.” This method requires one to

. enerate a uniform RV in (0, 1) and solveF(z) = wu. It
UAL DIVERSITY systems are perhaps the most Wldel)gqn easily be shown that the distributioniofs F'(x) [7]. The

used diversity techniques because of the diminishing e q b ted " . but
turns yielded by higher order diversity systems. Rayleigh afgocedure can be repeated as many fimes as 1s necessary, bu

Nakagami#: distributions are widely accepted for system perl;s usal_:nhty depends on how easy It s to compute the root,
formance studies. The effect of correlation on dual diversity sys- For mstanfi consider generatlng_an exp_onennall RV with
tems has been analyzed by several authors, often deriving ¢ z) = 1A_ ¢”*: from the above allgorlthm, i an uniform
pletely analytical solutions [1]. However, it is useful to simulate: "’ thent = —In(1 —u) = — In(u)! is an exponential RV. By
the performance of such systems and this requires the genera%HG.ratlng an uniform RV and using this re_lat|ons_h|p, an expo-
of bivariate Nakagamir. distributed random variables (RV’s). _nent_|al RV can be generated. This method 'S parucularly useful
This problem will be addressed in this letter. A recent lettd? this caAs-e since the aboye root can be Obta'T‘ed analytically. In
[2] derived a procedure for the generation of two equal pongneralx is computed using numerical techniques.
Rayleigh-fading envelopes with any desired correlation-coeffi- . ) !

cient. The method of [2] was extended and improved in [3]. Iﬁ' Modified Inverse Transform Method for a Pair of RV's

this letter, we develop a more general procedure for the generaWe now extend the above method for generating a pair of
tion of two Rayleigh or Nakagamiz fading envelopes with any correlated RV's. Suppose the joint céif{z, v), the marginal
desired power cross-correlation. For this procedure, the fadiedf /7. (x) and the conditional cdf'(y|z) are all known.

indexm can be any positive integet( = 1 for Rayleigh fading) 1) Generate: ~ F(z).

and the average powers need not necessarily be equal. 2) Computej from F(y|#) = u whereu ~ U(0, 1).
It can readily be shown that the pdit, ¢) is distributed as
Il. PROBLEM AND THE PROCEDURE F(z, y) (the heuristic explanation is that steps 1 and 2 gen-
The pdf of a pair of correlated Nakagamidistributed fading €rate two RV's distributed af(x) and f(y|«) respectively; but
envelopes is given by [4], [5] f(z, y) = f(z)f(y|z)). Note that step 1 itself may use the in-

s verse transform method. The clify|z) is a function ofz. The
4($y)me—(77290 +my”)/mnz(l—p)

Flz,y) = required steps are to generdte- F,.(z) andu ~ U(0, 1) and
’ L(m)mnz(1 — p)(mnep)m=1/2 to obtaing from bothw and#. So to apply the method to the
2\/pxy problem at hand, we need to find the conditional édfy|x)
m-l {m(l — p)} @ and a method for inverting'(y|z).
wherez,y > 0;m = z%/m; p = _000(372’ v/ c. Complete Procedure
var(z?)var(y?); and m > 0.5. Here p is the power . » )
correlation coefficient. Our problem is to generéte ) pairs " (1), the marginal densities of andy are given by the
distributed as above for integer. For this, we modify the Nakagami distribution. For instance, the pdi.ofs
flz) = L x2mflcfa:2/771 >0 2)
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From the definition [6, eqs. (7—-14)], the conditional pdf is TABLE |
flylz) = f(z, v)/ f(z). Combining (1) and (2) thus yields ESTIMATED p
2777" L yme” (pm2@®+my®) /mnz(1—p) m=1 m=2 m=3
f(y|$) rm— 1772(1 — p)(771772p)(m*1)/2 . Fi %Error ) %Error 0 %Error
2\/pxy 0.1] 0103 30 [01012 12 |00969 -3.1
! N ©) 0303036 12 |02975 08 |03064 2.1
Therefore, the conditional cdf is 0.5 | 0.4947 -1.0 | 0.5037 0.7 0.4956 -0.9
y 0.7 07004 0.06 | 07005 0.07 |0.7008 0.11
F(ylz) = /0 fylz) dy 0909007 008 |09002 002 |0.9003 0.03
2p 2
=1-Qnl=x Y 4) L
< \/(1—p)771 \/(1—p)n2 ) [0 o Estimated | o
. . . Theoretical .
where@,,.(z, ) is the generalized Marcu®) function and coretiea - : S
(4) follows from [8, eqgs. (2-1-122)]. ' I B S
From step 2 in the modified inverse transform method, it fo 1"+ SHEHR I R PP
lows thatj is obtained by solving the equation '
an(aa t) =cC (5)
wherea = & \/2p/[(1— p)ml; t = y/2/[(1 = p)e]; and B -
0 <c=1-—u<1.SinceQ@,,(a, t) monotonically decreases
from 1 to 0 ast varies from0to ~c, (5) has a unique solution.
This root can be readily obtained by the use of the bisecti e g e f
method [9, pp. 353—-354], which requires an initial interval the . .. ... AJo/ /2 - 4 [ /[ . ]
contains the root. If,,,(a, a) < ¢, then the root is if0, a]. SHEHIE BP0/ (EHIEE 1 Gy S TN
If Qn.a, a) > ¢, then we try the intervalfa, 2], [2a, 44| VAV SRS N A
and so on, until the root is initially bracketed. Finally, the initia g : :
intervalis halved repeatedly until the root is located with enou¢ o =~ = =" - L .

accuracy. Input

So the full procedure for generating the correlated Nak- 1 Selection diversit b " For all cures 1 F
g election aiversity combiner performance. For all curyess or
agamlm fadlng enveloPes is as follows. curves 1-3yn = 3 and for curves 4—6» = 1. Curve 1. a2 =2 andp = 0.2.

1) Generate Curve 2:22 = 1 andp = 0.1 Curve 3:22 = 1 andp = 0.7 Curve 4:2% = 2
andp = 0.1. Curve 5:22 = 2 andp = 0.5. Curve 6:22 = 1 andp = 0.5.

L= Z In(l—u;) = |—m In H i wherey; andy, are the estimated meansagf andy? and the
: theoretical means? andy2? are normalized to unity. Table |
whereu; ~ U(0, 1) forj =1, ---, m. shows the relationship between the actual correlation coefficient
2) Computej from Q,,(a, t) = 1 — uwwhereu ~ U(0, 1), and the estimated one. Using the percentage relative error given
e.g., (5). by 100(5— p)/p, One can see thaktremelyaccurate generation

Step 1 follows from the fact that” is a Gamma RV and, for of correlated fading envelopes is possible—the relative error can
integerm, is equal to the sum ofn exponential RV’'s. The pe as low as 0.02%! Note that the relative error increases as

right-most formula saves the evaluation of the log functien decreases but this trend can be overcome by increaging
times. Note that, as pointed out by an anonymous reviewer, Step

1 can also be replaced by the square root of the suwof B Selection Diversity Combining
squared Gaussian RV’s. Step 2 involves solving (5)jfofhe

pair (2, §)) is distributed according to the pdf in (1). .Selectlon d_lvers.lty is thg smplgst and perhaps the most
widely used diversity technique. It is, for example, a selection
diversity technique that is used in the current digital cellular
[Il. APPLICATIONS
_ _ - system I1S-54. The output of a dual branch selection diversity
A. Estimated Correlation Coefficient combiner is given by = max(z, y). The cdf ofz can easily
To test the accuracy of the above algorithm, we genevate be obtained if the joint cdf ofz, y) is known: [6, egs. (6-54)]
10° pairs of(x;, v;), 7 = 1, ---, N, using it for a giverp. The F(z_v) = F,;y(z', z). Tan anq Bgaulleu [5] derive an infinite
correlation coefficient can be estimated as series expression for the bivariate cif,(x, y). Therefore,
N using [5, eg. (3)] the cdf of the output is given analytically by
)= Z (373 - NQ)/ (1 N 2
j=1 F(z :7 pP<k+1 7>
*)="Ttm) Z a0
> - Y - m)? ©) ) = O
j=1 j=1 n2(1 — p) k!
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where P(«, ) is defined in [5]. Fig. 1 shows the simulatedmay be used to generaf€(y|z) instead. The improvements
system performance and that which was computed using (Aave not been pursued further because of the page limitation.

Again, analmost exactmatch occurs between the two. Note,
however, that onlyL0® pairs have been generated. So the simu-
lation points in the regiod'(z) < 10~2 may not be estimated
very accurately. Thus, the procedure derived in Section II-C can1]
be used to study the performance of dual diversity systems.
[2]
IV. CONCLUSIONS

In this letter, we have developed a procedure for generating3]
correlated Nakagamt fading signal pairs. The fading severity ]
index m can be any positive integer and the average signal
powers need not necessarily be equal. This procedure will be
useful for studying the effect of correlation on dual diversity [5]
systems such as selection combining, switch and stay, switch
and examine, and so on. Several improvements to the procedure]
in Section 1I-C are possible. Its major shortcoming is the use
of the bisection method in (5), which can be slow. First, (5) [7]
may be solved using a more efficient method such as the secarng]
method. The Newton—Raphson method may also work since
the derivative of,,(a, t) is known. Second, the solving of (5) o
may be completely avoided. The rejection method [7, p. 565]
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