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Exact Evaluation of Maximal-Ratio and Equal-Gain
Diversity Receivers folM/-ary QAM on
Nakagami Fading Channels

A. Annamalai, C. Tellambura, and Vijay K. Bhargawellow, |IEEE

Abstract—Exact integral expressions are derived for calculating approach, one uses the MGF of(often readily available)
the symbol-error rate (SER) of multilevel quadrature amplitude  and some integral representationeafc(,/7) and erfCQ(ﬁ)
modulation (MQAM) in conjunction with L-fold antenna diver- to perform the averaging.

sity on arbitrary Nakagami fading channel. Both maximal-ratio Previ K includes the followi Th bol
combining (MRC) (in independent and correlated fading) and revious work inciudes the following. € symbol error

equal-gain combining (EGC) predetection (in independent fading) rate (SER) of MQAM in the additive white Gaussian noise
diversity techniques have been considered. Exact closed-form (AWGN) is furnished in [2, eq. (5-2-79)]. The performance
SER expressions for two restricted Nakagami fading cases (MRC of MQAM and MRC diversity in Rayleigh fading is given
reception) are also derived. An exact analysis of EGC for MQAM in [3]-[5]. In [6], we derive a simple expression (involving

has not been reported previously, despite its practical interest. _. . .
Remarkably, the exact SER integrals can also be replaced by [INité summations of the MGF) for the SER of MQAM
a finite-series approximation formula. A useful procedure for With MRC diversity over a Nakagami fading channel with

computing the confluent hypergeometric series is also presented. arbitrary parameters. More recently, Alouini and Goldsmith [7]

Index Terms—Diversity methods, Gauss—Chebychev quadra- presented a performance analysis for MQAM using the MGF

ture, Nakagami fading channels, quadrature amplitude modula- approach [8]-[11]. By contrast, in this paper, we enhance our
tion. previous work by deriving several simple analytical expres-

sions for MQAM with L-fold MRC diversity on a Nakagami
fading channel. Further, exact closed-form SER expressions
are derived for two special cases.
RECENTLY, multilevel quadrature amplitude modulation The direct method for the performance analysis of EGC
(MQAM) format has been considered for high-rate datg |limited to Rayleigh fading and second-order diversity [12]
transmission over wireless links [1]. Antenna diversity is Usirecause a closed-form expression for the pdf of a sum of
ally employed to mitigate the effects of deep fades and cochagakagami-distributed (or even Rayleigh-distributed) random
nel interference. Maximal-ratio combining (MRC), which proyariables (RV’s) does not exist fat > 2. For higher order
vides the highest average output signal-to-noise ratio (SNR}, diversity, the direct approach can be applied using a small
is difficult to implement in practice. Equal-gain combiningargument approximation [13], [14]. Recently, Beaulieu [15]
(EGC), however, is easier to implement but incurs a perfofias devised an approximate infinite series for the pdf of a
mance penalty. While the literature has thoroughly treated tsgm of independent Rayleigh RV's. Applying this series and
performance of many modulation schemes in various fadifige direct approach, Beaulieu and Abu-Dayya [16] present a
channels, which generally involves averagiagc(,/7) over comprehensive study of EGC for coherent and differential
the fading distribution, where is the SNR, the MQAM prob- pinary signaling schemes. Two previous papers [17], [18]
lem presents a new wrinkle: averagingic®(,/7). Scanning make use of characteristic functions (CHF's) for analyzing
the literature, one can identify two distinct approaches: thge EGC performance. In [17], Zhang derived some closed-
direct and the moment-generating function (MGF) approadiyrm solutions for binary signaling formats with second-
In the direct approach, one first derives the probability densigngd third-order diversity systems directly from the CHF of
function (pdf) ofy and performs the averaging. In the MGFRayleigh fading amplitudes. In [18], the authors derive an
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This paper has the following organization. The derivation dlakagami-distributed RV. The pdf of, is readily obtained
average SER of MQAM using ah-fold MRC space diversity by invoking the basic Fourier inversion theorem
on a Nakagami fading channel is outlined in Section II. 1 [
Section Il details the error performance of MQAM with Dy (W) = %/ by, (t) exp (—gty) dt (6)
predetection EGC. Subsequently in Section 1V, selected nu- e
merical results are presented. Finally, the main points amhere ¢.,(¢) denotes the CHF ofy, [2]

summarized in Section V. I

A my
H |:)\l —IJ'J @)

=1

L roo
Py (1) = / exp(Jty)py () dye =
II. SER OF MQAM WITH MAXIMAL -RATIO () ll;[l 0 Ubn)p(n)

DIVERSITY RECEIVER . . . -
with the assumption that the fading statistics across fthe

In MQAM, a symbol is generated according tog, M antennas are uncorrelated (achieved through sufficient antenna
data bits, and each symbol in a quadrant has different SEfRparation). The notatiop, (v) in (7) corresponds to the pdf
Among the various known signal constellations, rectangulgf the received SNR of a single diversity branch in Nakagami
QAM signal is the most frequently used in practice becauggding environment, which has the chi-square pdf given in [2,

[2]: 1) its signal constellation is easily generated as two PAMy. (14-3-14)). Since., () is real and the real part of the
signals impressed on phase-quadrature carriers; 2) the tashqgggrand is symmetric abodt= 0, we get

signal demodulated can be performed without much difficulty; .
and 3) the average transmitted power required to attain a given 1 /oo cos [21:1 mytan=(t/ ;) — tfyb}
0

minimum distance with rectangular QAM is only slightly Py (1) = p HL [+ (/A 2]/
=1 {

higher than that of the best MQAM signal constellation. When

log, M is even (i.e., square QAM), the exact SER for MQAM _1 /Oo Refexp[—jtn + 0]} (8)
in the AWGN channel is given by [2] 7 Jo ¢(t)
PV e| m) = 2qerfe(y/om) — ¢ erfe® () (1) where ¢(t) = [, [1 + (¢/A)Y™/? and 6(r) =

o ) Ele mytan—1(¢/)\;). The parameterm; in (8) denotes
whereq = 1—1/vM, p = 1.5log; M/(M 1), andvy, is the 0 fading figure of thdth diversity branch (i.e., antenna)
average recelyed SNR per bit. On the other hand, vkb@pM' and \; = /%, wheres; = (Ey/No)E[a?] = (Ey/No)

is odd, there is no equivalen{M-ary PAM system. In this corresponds to the average received SNR ofltheantenna.

case, the symbol-error probability is tightly upper bounded by Now, consider the Fourier transform (FT)
[2, eq. (5-2-80)] '

> . 1 NG
o 2 2 G = —jwt)erfe(v/pt)dt = — |1 — ————=
PS( )(6 | ) < 2gerle(/pv) — ¢  erfc”(Vpw)  (2) 1(w) /0 exp(—jwt) erfe(v/pt) o [ ES +jw}
if the detector bases its decisions on the optimum distance ©)

metric (maximum-likelihood criterion). which is obtained using identity [20, eq. (6.283)]. Substituting

(8) into (4) and recognizing that the integration with respect to
~, is the FT shown in (9)]; can be manipulated into the form
In this section, we outline several methods for computing the o 4 JBeos[0 5tan—1(¢/p)]
SER of MQAM with MRC diversity reception on a Nakagamif; = —q/ —{sin[e(t)] [1 ' 8 (2 1 P }
fading environment. Each method is unique, interesting, and ™ /o ¢(t) (0 +2)Y
novel in its own right. Hence, we are presenting them in the +COS[9(t)]\/I_JSiH[0~5 tan™*(¢/p)] }@ (10)
hope of stimulating further applications. (p? + t2)1/4 t
1) Computation of SER Using pdf ¢f: As in [5], we as- . _ . . .
sume matched filter detection and perfect channel estimat exp;els/imgv P +;7t |rllthe polar form, i.e.v/p+ jt =
is available at the receiver. Then, the average symbol-ert@r )** exp[;0.5tan” " (t/p)]. By manipulating [20, eq.
probabilities in a slow and flat Nakagami fading channel ma( -258)], we get an FT identity
be derived by averaging the error rates for the AWGN channel Y . 2
over the pdf of the SNR in Nakagami fading Ga(w) _/0 exp(—jwt) erfe™(v/pt) dt

A. Independent Fading

? i 1 4tan~1\/1+4
PP (e) = / PE (e[ p)py,(w)dw =1 — L (3) =—|1- =22 tiwlp) gy
0 Jw T V1l+gw/p

By substituting (8) in (5), changing the order of integration

L 002 . p 4 in (5), and using the transformation formula (11, can be
L /0 qerfe(y/pys)pay, (o) dve () restated as

™

I = /0 h q* erfe(\/py)pa, () dys (5) I = ¢ /0 b %Re{GQ(t) expljot)]}]dt. (12

and v, = (Ey/No) El":l al = El":l ~; is the instantaneous Hence, substituting (10) and (12) into (3), we arrive to an exact
SNR per bit withL-fold MRC diversity, wherex denotes the analytical expression for SER of MQAM in Nakagami fading
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channel with arbitrary parameters. This one-dimension integfatling channels. The new expression reduces the number of
can be computed numerically (e.g., trapezoidal integratidhGF samples required to achieve a specified accuracy from
rule). As before, an upper bound for the SER of rectangula? [in the case of (16)] tox. This is mainly attributed to the
QAM with odd log, M may be computed using alternative exponential representation of thé?(.).
o E The MGF of~, is related to the CHF shown in (7) via

F{(e) < P )(€)|q=1' (13) relationship¢(s) = ¢, (js). Next, by exploiting the results
In some previous work (e.g., [1], [3], [19]), the authors havBom the definite integral [20, eq. (7.4.11)], the complementary
used an approximate SER formula for MQAM in fading chargrror function can be represented via an alternative exponential
nel by ignoring the second integral in (3), Sirmé(:?(\/%) < form as
erfc(\/%) asy — oo (or for relatively large SNR per bit). 2/p exp [y (3]
However, the discrepancy between the exact SER and thatepfc(,/p7) = / Q—dt, p>0, ~v>0.
calculated SER via the coarse approximation described above tp
can be quite large even for moderate value;0f6].

2) Computation of SER Using pdf ¢f and the GCQ For-
mula: Our second approach for calculating accurate S
for MQAM in conjunction with MRC diversity is based on
knowledge of two FT identities [(9), (11)] and the application 4 /4
of the GCQ formula [21, eq. (25.4.38)]. Combining (10) and  erfc?(,/py) = —/ exp (—ypcsc?(©)) do. (18)
(12), we can write TJo

17)

om Appendix A, we have an alternative exponential form
or the erfc?(-)

. q [ \If(t) It is noted that (18) may also be derived directly using the
PENey=L -1, = ;/ o) dt (14)  results from definite integrals [20, eq. (7.4.12)] and (17) with
0 some algebraic manipulations. Substituting (17) and (18) into
where (3), and recognizingf;” exp(—vu8)p~, (1) dvs = B(s), we
3 et
U(t) = Re{eje(f) ﬁ/2[2_q__+4qtfm i )}} g
T K [e9)
PN 4q\/_ / o(t* +p)
ands = /1+ jt/p. Using variable substitutiot? + 1/2 = £ t2+p
1/(1 4+ =) in (14), the integration limits become1 to +1. 4q2 [T/*

Now, by applying the GCQ formula of the first kind to the ¢(p CSCQ(@)) de. (19)
transformed integral, we have a series expression for the SER
of MQAM with MRC diversity on Nakagami fading channel Equation (19) can be manipulated into a desired form (so

" that one can apply GCQ formulas directly) using variable
P () = =2 Z [ tan(6y) }/sin(%k) +R, (15) transformationg? + p = 2p/(z + 1) andy = cos 40
n
k=1
where 6, = (7(2k — 1)) /4n and&(z) = W{((1 — =)/(2(1 + P VIo 22

P (e 2q </) #(2p/(x +1)) )
o))V} /¢{((1 — x)/(2(1 + z)))/?}. Since the remainder / o[pesc? 0 95 cos 1(y))]

™ Jo

term R,, vanishes quickly as increases, (15) is a rapidly
converging series.

3) Computation of SER Using MGF gf and the GCQ For- Then, using the GCQ approximation [21, eq. (25.4.38)] leads

mula: Different from the conventional method for computin : . .
SER [i.e., direct evaluation of (3)], our third approach relig%/‘zo) directly to a simple expression for the average SER of
o ’ QAM in a slow and flat Nakagami fading channel

upon the knowledge of the MGF af,, the use of an alterna-
tive exponential forms for one-dimension and two-dimension n 2 my
complementary error functions, as well as the application ¢f®)(¢) = _ Z { [ sec” (0 )}
the GCQ rule [9], [22], [23]. The MGF technique has been g raiey Ni/p

dy. (20)

applied successfully in [6], bul, was evaluated with the aid q L csc? 9 /2) —my
of a two-dimension GCQ formula, i.e., —5 H { } } + R, (21)
2¢ sec2(6;)17™ ¢ =
PF)(e) ;Z {H [1+ N/p } ™ where §; = (2i — 1)7/4n. The remainder ternk, can be
=1 \i=1 bounded using the results of [10, Appendix A] and/or [23].

UageC sec?(@;)+sec2(@;) ] ™ However, this is not necessary in practice, since one simply
Z [1 M\ /p } +i, (16) computes (21) for several increasing valuesnofind stops
! when the result converges to a prescribed accuracy. Note the
wheren is a small positive intege; = (2j — 1)« /4n, and implications of (21): we are simply sampling the MGF rat
6; = (2i—1)7 /4n. In the following, we derive a much simplerpoints. So as long as the MGF exists and computable, this
SER formula for MQAM modulation scheme on Nakagammethod can work very effectively. In fact, its accuracy will be

j=11=
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high if the high-order derivatives of the MGF vanish rapidlyThen, using identity [2, eq. (14-4-15)]

In Appendix A, we also present another method for computing

I,. The Gauss—Lobatto quadrature (GLQ) integration method 1

also requires significantly fewer samples of MGF to evaluatd! = 4q/0 3 erfe(y/py)pq, (7) dy

the SER than the two-dimension GCQ technique [i.e., (16)] D D1 k

developed in [6]. _ 4q[1(1 _ ;)} ) <D -1 +’“> [1(1 4 ;)} (26)
Furthermore, using variable substitution= ,/ptan(©) in 2 = k 2

(19), we get a simple exact analytical expression for the SER

of MQAM with MRC diversity receiver on generalized fading, nare i — /(0 + ), and

channels
4 7/2 2)\D [e9)
PP (o) = 7‘]/0 ¢(pesc?(©)) dO I = h/{) P L exp(—=Ay) erfc?(y/p7) dy
2 pr/4 2)\D(_1yD-1
—%/0 $(pesc?(©)) dO  (22) - %

which is identical to the results presented in [7]. This form is JaPt 1 dtant1+4s/p @7)
both easily evaluated and well suited to numerical integration dsP=t1s 7 s\/T+s/p .

since the integrand is well behaved over the finite-range of
by exploiting the FT identity in (11). For small values X,

the integration limits.
e (D — 1)th order differentiation in (27) can be computed

4) Computation of SER Using Parseval’'s Theorem and t
GCQ Formula: Our fourth technique for evaluating the SE .
of MQAM with MRC diversity relies on knowledge of twoRDy hand. For instance
FT's: the application of Parseval's theorem and the GCQ

formula. By applying Parseval’s theorem in (3), we get L=¢ [1 — 4T + 26X — —2‘7);\}, when D=2
p+
1 b 9
PE (&)= — / FT| PE) e | 45) | oy () dew 2[ 2T\ 3kA
) 3 b I = 1-— 4 2 )\ -
217r oo [ } 2=4q J + 2k p+)\+2(p+)\)
2 2
=5 | [20Gi(w) = *Ga(w)]pu (@) dw  (23) L 3TA } ¢ D3
e 2p+ A 2p+A)?

where ¢., (w), G1(w), and Ga2(w) are defined in (7), (9),

and (11), respectively. Notice that our methods I1I-A.1 and liwhere 7 = tan'(y/1+A/p)/(m/1+A/p) and k =

A.4 are essentially the same. But the development of (23)dg(r(p + A\)(2p + A\)). If D is large, then this differentiation
interesting because it lends itself into a unified form of SER feray be performed with the aid of common mathematical
MQAM with MRC diversity on arbitrary fading environmentssoftware packages, such as the Maple, because the number
(not restricted to only Nakagami fading). Now, using variablgf terms grows exponentially. Alternatively, by substituting
substitutionw = tan @ in (23) and then applying the GCQtan—l(z)/z = oF1(1/2,1;3/2; —2%) [20, eq. (9.121.27)] in
formula, we get (27) and then invoking Leibnitz’ rule (i.exth derivative

o 1 /2 ) of a product of two functions) [20, eq. (0.42)], and after
PN () = ;/0 v(tan ) sec™6 db simplifications, we get
-1 zn: 2 D—-1 | _p
== wvftan(fx)]sec”(0x) + R,  (24) 4 Nep—H 1 3 A
2n L=1-25 2P o ak 14k Sak1-2 )|
k=1 2=q " L (2k+1)2 1 2+/€, +/€72+/€7 ’
where v(w) = Re{[2G1(w) — ¢Ga(w)]p~, (w)} and 8, = 28)
w(2k — 1)/4n.

5) Exact Closed-Form Formulas for SER of MQAM with

MRC Diversity: Next, we will present exact closed-form SEFJn thls, case, the final SER expression can be. computed
formulas of MQAM with MRC diversity for two special recursively in terms of Gauss hypergeometric series. For the

cases of Nakagami fading: 1) identical = m; /7 across the particular case ofn = 1, (28) reduces to the results given

diversity branches and my is a positive integer; 2) distinct I 5] o o
diversity branches and integes;’s for [ = 1,-- -, L. Case (b): If the diversity branches are distinct ang’s
Case (a): Let us assume\, = A for { = 1,---,L and assume integer values, we obtain, upon performing the inverse
S m; = D is a positive integer. In this case, the Ry has Laplace transform of (7)
a gamma pdf [obtained by inverting (7)]
D m;—k
Py (7) = ﬁv’j_l exp(—A\v). (25) Py (7)) = Z 771( ) &= 1) (29)
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where corresponding CHF’s can be easily shown to be (34) and (35),
m(ml_k) _ respectively
L my—k L _ mL [1t,7(p _ 1) + m]l—L)"l
(ml_lk)!)\;e [H )\;nz"| C;iniz*k [H(S—i—)\i)—mz] ) (/)"/b (t) < [Jt’?(p -1 Lpz) + m] (34)
i=1 il s= A, ml mL® /7
(30) Py, (1) & <7m I WT> (35)

Then, the corresponding exact SER may be evaluated as wherer = L+ (2p/(1 — p)) (L — (1 — p%)/(1 — p)), pis the

L my 1 - k correlation coefficient and. is the diversity order.
E my—k
oSS [ )

=1 k=1 Ill. SEROF MQAM WITH EQUAL-GAIN DIVERSITY RECEIVER
k—1 . 7
5 </€ -1 —i—'L) [} <1 4 p )} 3 In an EGC, the output of different diversity branches are
prd ¢ 2 Pt+XN first co-phased, equally weighted, and then summed to give

L my X 1 the resultant output. The instantaneous SNR at the output of
po = QQZ Zn(mz—k) A (=D) the EGC combiner is;, = 22, wherez is defined as

! (k—1)!
=1 k=1 E L
s=N;

d*1 (1 4tan™'\/1+s/p
dsk—1 | s s 3,/14—3/1)
(31) whereq; is a Nakagami RV with the statistical parameters
_ o and?; as defined in Section Il. Let, = Qi (£, /No) denote
Once again thék —1)th-order derivative term may be replacedhe average SNR for theth branch, which is consistent with
by an equivalent expression similar to (28). If the fadingur definition for the MRC case. The CHF af (the sum

severity index is common to all diversity branches ame= 1,  of Nakagami RV’s) in this case is simply the product of the
(31) reduces to the SER formula for square MQAM ofhdividual CHF's, i.e.,

Rayleigh fading channel derived in [5]. To the best of the ;
authors’ knowledge, all the exact closed-form expressions f r(w) _ H /oo 2 <ﬂ>mka2mk_l
h1 0 L(mp) \

MQAM on Nakagami fading channel presented in this sectior’
are new.

e g
.exp< LI, M) do. (37)
B. Correlated Fading Tr VL

When the diversity branches are correlated, the analy&gcognizing that the definite integral in (37) can be expressed
proceeds in a similar manner as the independent fading stteterms of parabolic cylinder function using identity [20, eq.
nario. But we need to find the corresponding CHF or MG(3.462)], we get
of the SNR at the output of the combiner. For the arbitrarily ‘
correlated Nakagami fading environment, the joint CHF of the _ D(my +1/2) —w?/(8Ax L) —Jw
. . . (/)ac(w) — H e D—ank
instantaneous SNR may be written in the form [24] e 2—mu /1 V2L

$o(tr, - tp) = det(I — FTRA) ™ (32) (38)

wherel is the L x L identity matrix, A is a positive definite WheréAw =mx /7 andD_,(z) and is the parabolic cylinder
matrix of dimensionL (determined by the branch covari-function of order» and argument. Using identity [20, eq..
ance matrix),7 and R are two diagonal matrices defined9-240)], (38) may be restated in terms of the more familiar
asT = diag(ti,--,tr) and R = diag(7./m, -+, 51/m), confluent hypergeometric function of the first kidda, b; ¢)

respectively, andn is the fading parameter. Then, the CHF of I ) )
~ can be obtained from (32) by setting=1¢ (k=1,---,L), ¢, (w)= H {<I><mk, 1; — ) gL (my + 1/2)0
i.e., fier 2" 4L L(mu)v/ LAy
L. 13 w?
by, (8) = det(T — jtRA) ™™ = JJ(1 = jt)™  (33) e <m’“ BT ) } (39)
k=1

. ) The confluent hypergeometric function may be computed
wher_e A are the eigenvalues of matrikA. Thus, we can efficiently using a convergent series for small arguments and
readily evaluate the exact SER performance of MQAM withig 5 divergent expansion for large arguments (see Appendix

MRC diversity by substituting (33) into (23) or (24). B). From (1), the conditional error probability for square
For special cases of constant and exponential correlatiginam is

[24] models (and with the assumption of identical fading sever-
ity index and signal strength across the diversity branches), the PéE)(c | ) = 2qerfc(y/px) — ¢* exfc®(\/pz)  (40)

Authorized licensed use limited to: UNIVERSITY OF ALBERTA. Downloaded on December 23, 2009 at 17:03 from IEEE Xplore. Restrictions apply.
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and we are interested in calculating its average over the .
Nakagami pdf

P (o) = / T PE (| ypu(a) de

where p,.(z) is the pdf of the sum ofL. Nakagami RV’s.
In general, it is difficult (or impossible) to invert (39) to
get a closed-form expression for the pdf .of Therefore, a
Fourier series approach has previously been used [16]. Sincé
we already have the FT of the pdf, by transforming the product%
integral in (41) to the frequency-domain using Parseval’s“_f>
theorem, the need to find the pdf is circumvented. But we€ 107}
then also need the FT d?éE)(e | ), which surprisingly turns
out to be very easily computed. Hence, for our subsequent
development, the following two FT’s are needed:

Pw)=w /000 erfe(x)e’” dx

(41)

2 W w2 0
= =F(2)+i[1—exp -2 42 1 %
ﬁ 2 +J|: exp< 4 >:| ( ) Average SNR:)&;rchannel (dB)
_ = 2 Jjww Fig. 1. Symbol-error probability for MQAM with MRC and EGC diversity
<p(w) o w/o erfe (a:)c dx receivers on Nakagami fading with fading figure = 1.8.
o w? LA F(w) 4 o @
B et 4 NZRN VT 2v2 Using variable substitutiony = tané in (47), we can
w2 4 o w express this integral in a more desirable form (i.e., suitable
exp|l —— |+ —F°| —= (43)  for numerical integration
8 T 2v/2 g ) /
/2
which were obtained using integration by parts, ah¢) PéE)(e) = ﬁ/ ﬁl(tane) do. (49)
denotes the Dawson integral T Jo  sin(20)

Note that (47) and (49) are exact analytical solutions for

F(z) MQAM with EGC diversity. Yet making another variable

(44)

2 T t2
e " / e dt.
0

There are at least two methods for computifige). First, it
has the series representation

substitutionw? + 1/2 = 1/(1 + x) in (47) and then applying
the GCQ formula, we obtain a rapidly converging series
representation for the EGC performance on Nakagami fading

channel
PE () = % ; 3 {% tan(ek)} / sin(20;) + R,,  (50)

here6, = w(2k — 1)/4n. It is also interesting to note that
15) and (50) are in similar forms.

F(z) = 2® <1, g; —a:Q) ) (45)
Therefore F'(x) can be computed using the procedure outlined
in Appendix B [i.e., by evaluating sufficient number of term
in the series of(a, ¢;2)], which can handle any real and
¢. It turns out that whem = 1 andc = 3/2, there is a much
more efficient direct method to comput(1,3/2; —z2). In
this paper, we use this second approach due to Rybicki [25].In this section, we present selected numerical results to
That is why (42) (which can also be expressed in terms sfiow the efficacy of MRC and EGC diversity receivers on
the confluent series) and (43) are expressed in terms of thiéNakagami fading channel with arbitrary fading parameters.
function. Now applying Parseval's theorem in (41), we get When using the GCQ sum, we have use¢ 64 andn = 512
1 [ for the MRC and EGC results, respectively. Note that these
%/ FT[PH) (e | 2)]pu(w) dw numbers were conservatively chosen to be large. In fact, as
T few as eight samples can be sufficient in some cases. Fig. 1
! l[2q¢(w) — FPop(w)]di(Vpw) dw. (46) depicts the SER performance curves of 4-QAM, 16-QAM
w ‘ and 64-QAM with the assumption that all the MRC or EGC
Since the imaginary part of this integral is zero, we may rewrigPace diversity branches undergo identical Nakagami fading
(46) as w!th m = 1.8. Th|s fqdmg severity index co_rre_spond§ f[o a
Rician channel with Rice factak’ = 2. From this figure, it is
apparent that diversity reception is an effective technique for
combatting the detrimental effects of deep fades experienced
in wireless channels. It is also observed that the penalty in
(48) SNR to achieve a given SER of MQAM system with a larger

IV. NUMERICAL RESULTS

PP (e) =

:% .

PP =2 /0 ﬁi—“)dw (47)

where

Bw)

Real{[2¢(w) — qp(w)]¢7.(vpw)}.
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Fig. 2.  Symbol-error probability for MQAM with MRC and EGC diversity
receivers on Nakagami fading with fading figure = 0.75.

signal constellation size declines more rapidly than that of a
smaller signal set, as the diversity order increases. This is true
for both MRC and EGC diversity systems. In other words,
the diversity improvement is greater as the constellation size
M increases. Whet. = 1, the performance curves evaluated
using (15) and/or (21) coincide with that evaluated via (47), as
anticipated (i.e., corresponds to the nondiversity case). As well,
the penalty in SNR for the EGC diversity receiver to achieve
the same level of performance with the optimum diversity
receiver is quite minimal. For instance, the difference for 4-

Percentage of Approximation Error

QAM at P, = 10~* is only about 0.4 and 0.6 dB fak = 2 h . 0 5 2 2 %
and L = 7, respectively. Average SNR per channel (cB)
In Fig. 2, we plot the SER curves for different QAM (b)

systems, with and without diversity reception, in Nakaganfig. 3. Comparison between the exact and approximate SER of MQAM
fading environment withn = 0.75. Comparison between with MRC space diversity in different fadingﬁta;nvironments and for different
Figs. 1 and 2 reveals that the relative diversity advantagec ™ Oders: @n = 1.8 and (B)m =10.75.
is more pronounced in a poorer channel condition. This
is intuitively satisfying, since the difference between thef diversity. On the other hand, their difference becomes more
instantaneous received SNR on various diversity branches vaifiparent if the channel condition degrades (i.e., smalleor
be less asn increases. However, the SER performance fer a larger signal constellation size.
always better in a channel where a strong line-of-sight pathNext in Fig. 4, the SER performance of 64-QAM system is
exists for a specified average received SNR per brapnand plotted against the order of diversity for several fading severity
diversity order. We also observe that the discrepancy betwaadexes. All the diversity branches are assumed to have
the EGC and MRC diversity performance curves gets largelentical fading statistics, and the received SNR per branch is
as the fading becomes more severe (i.e., smailger assumed to be. = 10 dB. The larger the number of diversity
Fig. 3 compares the exact SER with MRC [computed usirganches, the smaller the chance of the combined signal going
(14) or (22)] with the approximate SER [which may beénto fade. However, the effective improvement in SNR for
calculated via (10) or more efficiently by evaluating only tha fixed error performance does not improve in proportion to
first term in (21)] for the system parameters considered increasingl (see Figs. 1 and 2). The greatest improvement
Figs. 1 and 2. The percentage of approximation error is defing@p occurs in going from a single-branch receiver to a
as 100/, /(1; — I»). Notice that the approximate SER for a@wo-branch receiver. The results in Fig. 4 indicate that the
dual-diversity 16-QAM is more than 10% higher than the trudiscrepancy between the error performance of MRC and EGC
SER even aty. = 10 dB whenm = 0.75. The discrepancy diversity receivers becomes more apparent as the diversity
between the approximate and the exact SER diminishes asah#er grows. This may be attributed to the fact that MRC
average received SNR per branch increases or for higher ordietds better statistical reduction of deep fades, as well as
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Fig. 4. Symbol—e_rror probabil_ity versus order of diversity for 64-QAM With,:ig. 6. Sensitivity of SER for 16-MQAM with dual-diversity MRC or EGC
MRC and EGC diversity receivers. diversity receiver on Nakagami fading channels due to dissimilar fading
severity index {1 is fixed to 1).

if the ratio %2 /%, is not excessively small and/or if the ratio
mo/my IS not too large. From Fig. 5, it can be concluded
that MRC makes much more effective use in diversity of
relatively weak signals than can the EGC. Besides, equal
noise levels in all branches is crucial to proper operation of
EGC, since otherwise those branches with large noise levels
would dominate the output SNR even if the branch itself were
weak in signal level. This, in turn, suggests that a very weak
signal should not be combined in the equal-gain diversity-
receiver configuration because it may cause a considerable
degradation in the mean SNR (due to combination losses).
Alternatively, one should equalize the noise levels across
the diversity branches by introducing different gains in these
branches, prior to the combiner. One way to explain the larger
difference between the EGC and MRC performance curves as
the ratioms/my increases is by noting that fading severity
‘ . ‘ ‘ ‘ index m has the diversity-like effect. Hence, the ability to
-10 -5 0 5 10 15 20 25 mitigate the deep fades and average output SNR of the EGC
¥2- 71 (in dB) combiner is inferior to the optimum MRC, specifically when
Fig. 5. Effect of unbalance mean signal strengih s fixed to 10 dB) on the order of diversity increases (see Fig. 4).

the SER performance of dual-diversity 16-QAM systems in different fading
conditions.

Symbotl Error Probability

V. CONCLUSION

provides the higher average output SNR of the combinedExact symbol-error probability expressions have been de-
signal than EGC. Since the deviation between the EGC arided for coherent MQAM systems employing MRC and
MRC curves decline rapidly as increases, we can concludeEGC antenna diversity in a Nakagami fading environment
that the ability to mitigate the deep fades is the main factaith an arbitrary fading severity index and/or dissimilar sig-
that has contributed the difference in the performance of thal strength. The SER formula is exact for square QAM.
two receiver structures. A tight bound for the rectangular signal constellations was
Figs. 5 and 6 examine the sensitivity of the error probabilitglso presented. In particular, the SER formulas based on the
for 16-QAM system with MRC or EGC diversity receivers inGCQ approximation can be easily programmed and evaluated
the presence of dissimilar mean signal strength and uneqetiiciently. Our results are sufficiently general to allow for
fading parameters. It is clear that departure of the EG&bitrary fading parameters, as well as dissimilar mean signal
performance curve from the MRC case is not very significastrengths across the diversity branches. The generality and
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computational efficiency of the new results presented in thighere the polychamer symb@h), = o(b+1)---(b+r — 1).
paper render themselves as powerful means for both theoretidate that if —a is a positive integer, then the series is a finite
analysis and practical applications. polynomial of z, i.e.,

APPENDIX A (a, c;x) = ) ((a)),,x:" (B.2)
c),r!
=0

it

In this appendix, we present an alternative technique for
evaluating the term involvingrfc?(-) in (3) instead of the |

) . 4 ) . n the mathematical sense, the series (B.1) converges every-
two-dimension GCQ method illustrated in [6]. By definition (B-1) g y

where (i.e., the radius convergence is infinite). However, for
large|z|, the series does not converge umtil> |x| by which
2
erfc’( / / exp|—(#* + 57)] dt ds. (A1) time overflow problems may have occurred. Therefore, (B.1) is
not computationally useful whejx| is large. Note that when

By making variable substitution = vcos§ ands = vsiné o geries (B.1) reduces to (B.2), the convergence problem
in (A.1) and using integration by parts, we can show that ﬂ?foes not oceur.

double integral in (A.1) reduces to For EGC performance evaluation, both®(m +

) O . 1/2,3/2;—=2%) and ®(m + 1/2,3/2;—=z%) are needed,
erfc™(z) = _/ 5. [cos ™ (2/v) —sin™"(z/v)] dv where m can be real or integer. Beaulieu and Abu-Dayya
4 % exp—[z2(1 + 22)] provide a method to comput(m + (1/2),(3/2); —z?) for
= —/ 5 dz. (A.2) positive integerm [16, Appendix A], and their finite series
T I+ simply follows from (B.3) and (B.2). They also provide a
Then, I can be restated as recursion to compute®(m,1/2; —z?) [16, Appendix B],
9 oo which again holds for positive integer. only. In contrast,
I, = 4q” ¢[p(17+f 2q / ¢ 2p/ 2 dz  the following procedure handles both real and integer
1 1tz V122 We now consider the calculation &(a, c; —z) for a, ¢ > 0,
(A3) andzisa positive real number. For this case, it is better to
where the second integral in (A.3) is obtained via variab@PPly Kummer's transformation formula
transformationz? +1 = 2/(1 — z). Now by applying the GLQ &(a,c;—z) = ¢ *B(c — a, ¢; ) (B.3)
formula [21, eq. (25.4.36)], we arrive to a simple expression Y s '
for evaluating (5) The advantage of this transformation is thatnif or m +
2p/ 2] 1/2 is an integer, then the series required in (39) is a
Z [ﬁ} + R (A.4) finite polynomial. Therefore, no convergence problems are
Zi encountered. Fog < 200, we use
The abscissas and weights are given hy= 1 — ¢2 and (c — a)x
w; = 2w™™, respectively, where; is theith positive zero of Ola,c—x) =" o (B.4)
r=0 L

Legendre functior?,, (x), andwf%) are the Gaussian weights
of order2n. It is evident that this alternative method requireg/hich can be computed via standard series evaluation tech-
fewer samples of MGF (i.e2n < n? samples for practical niques. Forz > 200, we use the divergent series [26, p.
values ofn) compared to the two-dimension GCQ formula278]

This is because the numerical approximation is performed —er(e)
x C

over a single integral in GLQ instead of the double integral in ®(a,c;—z) = ———=[1+O(|z| )] (B.5)
the latter approach. Yet making another variable substitution I'(c—a)
xz = cot® in (A.2), we get
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