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Channel Estimation Using Aperiodic
Binary Sequences

C. Tellambura, Y. J. Guo, and S. K. Barton

Abstract—Estimating a channel impulse response using a which remain constant at least for the duration of the training

known aperiodic sequence is considered. The problem can besequenceh is estimated by processing the received signal
reduced to minimizing the trace of the inverse of a Toeplitz ma- samples. A sequende= (bo, by, -+, by_1) is initially trans-
* ) ) ) Y —

trix. An efficient algorithm for computing this trace is developed . . .
and optimal binary sequences up to length 32 are found and mitted for this purpose, wherg, < {1, —1}. The received

tabulated. The use of complementary sequences in this contextSignal samples are given by

is also investigated. It is shown that the eigenvalues of the

autocorrelation matrices of a pair of complementary sequences I = Z hiby—i + v, k=0,1,---,N-1 (1)
sum to a known constant. i

. . H H t :
Index Terms—Channel estimation, complementary sequences, Which can be written ag = Bh’ 4+ n where the noise vector

equalization, Toeplitz matrices. n = (v, vi, -+, vy_1)t and B is an N x L matrix. The
least-squares estimate of the channel vector is [3]
|. INTRODUCTION .
h=(B'B)"'B'y 2

URST-TRANSMISSION digital communication systems . ) )
require channel estimation (CE) for optimal receivers ar@'d ¢ = B'B is the L x L autocorrelation matrix of the
fast startup equalization. Therefore a known training sequerfE@ining sequence; the aperiodic ACF is

(TS) is transmitted before the data. This letter describes how to N—1—j
find optimum aperiodic sequences. For time-domain channel  ¢(j) = Z bibitj, j=0,1--- . N—-1 (3)
estimation, training sequences can be classified broadly into =0

autocorrelation function (ACF) is defined and the spectrifor white noise with variancer?) is 02®~1, and a perfor-

properties of the sequence. Some practical systems (€.9., GeMhce measure for comparing the quality of different training
use periodic or cyclically extended training sequences. TBequences can be defined as

subject of periodic sequences for CE has received much atten-

. . g L
tion (e.g., [1], [2], among many others), while the aperiodic F=tr(® ™1 > i (4)
case has received scant attention. _ o
wheretr(A) (trace) is the sum of the main diagonal elements
IIl. CHANNEL ESTIMATION of matrix A. The lower bound (LB) follows fromr(®) = N L

and tr(®) tr(®~1) > L2

) ) In [2], least-squares filtering (Wiener filtering) for CE is
_The complex channel impulse response is assumed 10 &gsidered and optimal binary sequences up to length 22 are

given by the tap vectoh = (ho, hy, -+, hr—1) for L taps, found by exhaustive computer search. The search criterion
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TABLE | are added/neglected to form the hexadecimal number (e.g.,
HEXADECIMAL VALUE OF BEST APERIODIC BINARY TS’s 1A denotes 010110000 and 58 denotes 0001101 000). The
I TS length(N) bits can be mapped to BPSK signals accordingOte: +1
2L 2L+1 2L+2 2L43 2L+44 and1 — —1. In many cases several sequences achieve the
3 4 9 ° 12 24 minimum F for given L and N. Only one representative is
g éé é’g ii gi 2A9?3 listed in such cases.
6 12E CA 328 328 6A6 The best sequences provide a quality factor that is within
7 32B 59D 6B9 CAC 2474 a fraction of a decibel of the lower bound. With the number
8 3056 CAC 2474 298B 14FCD  of channel taps held fixed, the quality factBralso tends to
9 3257 4E5D D419 320D4 15838 hacome closer to the LB as the TS length increases.
10 D419 2CBDC  8AlEC  6A67D AB2F9
11 BAIEC  6A67D  2DI11E  10DCBA  92A073 (¢ Complementary Sequences
12 2D111E  10DCBA  92A073 C1772D  66B7C5
13 92A073 4D78DD 12F8EED 653E6A AFCD67C  While the sequences shown in Table | are optimal in the
14 66B7C5  653E6A  B350163 163A0299 2C111DAl sense of maximizing the output SER, finding long optimal

codes is computationally prohibitive. Long complementary
Algorithm 1 Given a real autocorrelation sequente— sequences offer a solution to this problem since they can
9 ’ q easily be obtained by recursive methods and are known to

. e — (. . nXn i s
"o, 71, <+, 7o AN thatl = (r;_;)) € R is positive reasonably flat spectra.
definite, the following algorithm [4] computeg € R™ such . L

A T To get an idea about the degree of optimality of comple-
that Ty = —(r1, -+, rp)t. Initial conditions:y; = —ry, he following fi ¢ 't is defined
3 — 1 ande = —r mentary sequences, the following figure of merit is defined.
B ’ L Let ¢ be the autocorrelation matrix associated with a TS of

Fork=1,.---,n—1 length N and A\, be the largest eigenvalue &f The figure
3= (1-a?)p of merit is

k n= )\ma.x (7)
a = —<7’k+1 +Z 7’k+1—iyi> //3 N

=1 For a perfect TS [i.e$(j) = Né6(j) whereé(y) is the impulse

Fori=1,---, k function], ® = NI, where! is the identity matrix, andy = 1.
% = Yi + O0Yrt1—i Otherwise,n > 1.
Vi = % (i=1,---, k) Two sequ_ence@i} and_ {b%} of length ¥V fo_rm a comple-
i1 = 5) mentary pair if their aperiodic ACF's (3) satisfy [8]
+1 .o .

. . . S o (J j) =2N6(7). 8
This algorithm requires? multiplications [5]. $alj) + $ () () ®
The following algorithm based on [6] computes the neceFherefore, the corresponding correlation matrices satisfy

sary elements on the main diagonal Bf*. & + & — INT 9
Algorithm 2: Given a real autocorrelation sequente= ot @y =2NI ©)
70, 1, o0 Ty T = (1i—j)) € R™™ is positive definite, 1t follows that eigenvalue pairs\, and \,, of &, and &,

A =T, and A = [a;], the following algorithm computes respectively, satisfy

ay for 20 < n 4+ 1.
Ao+ A = 2N. (10)

Use Algorithm 1 to solvel,,_ vy = —(r1, -+, rn_1)?.
Thus, for a pair of complementary sequences, pairs of eigen-

n—1
vi=1 1+Z o values of the associated matrices are themselves comple-
b1 mentary. Since the eigenvalues of a correlation matrix are

a1l =y nonnegative0 < Aq, Ay < 2N. That is, Apax < 2N for

Fori=2 ---, [(n—1)/2] +1 a complementary sequence. Thus, the figure of merit 2.
Therefore, complementary sequences perform quite close to
i ‘= @i—1,i—1 T+ ,% = f_ . 6 . ’
“ Git,i=1 + VWi = Vet © the ideal sequences.

Theseaq;; will give tr(A). Algorithm 2 requires abougn

multiplications after Algorithm 1, which needén — 1)2
multiplications. So the total number of multiplications is about In this letter a performance measure has been proposed to

n2. Note that this algorithm may also be derived from assess the quality of binary sequence for CE, using the trace
triangular decomposition approach [7]. of the inverse of its associated autocorrelation matrix. An
A computer search has been performed to find the bedgorithm for fast computing this trace has been developed and
binary nonperiodic sequence for a given number of channeded to find optimal aperiodic codes up to length 32. For longer
tap weights and sequence length, using the figure of nk&rit lengths, complementary sequence pairs are proposed and it is
as given in (4). Table | lists the best binary sequences fouskdown that these codes are quite close to ideal, by reference
up to length 32, represented in hexadecimal. If the sequernoea figure of merit which, for a givetv, is proportional to
length is not a multiple of four, as many zeros as is necesséng largest eigenvalue of the associated autocorrelation matrix.

I1l. CONCLUSIONS
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Moreover, the autocorrelation matrices of a complementarfs] L. L. Scharf, Statistical Signal Processing.Reading, MA: Addison-

sequence pair have eigen spectra that sum to a constant.

REFERENCES

[1] A. Milewski, “Periodic sequences with optimal properties for channel [6]

estimation and fast start-up equalizatiohBM J. Res. Develop.yol.
27, pp. 426-431, 1983.

[2] S. N. Crozier, D. D. Falconer, and S. A. Mahmoud, “Least sum of
squared errors (LSSE) channel estimatidAdc. Inst. Elect. Eng.—pt.

F, vol. 138, pp. 371-378, Aug. 1991.

Wesley, 1991.

J. Durbin, “The fitting of time series modelsRev. Inst. Int. Statyol.
28, pp. 233-243, 1960.

G. H. Golub and C. F. Van LoamMatrix Computations. Oxford, U.K.:
North Oxford Academic, 1983.

W. F. Trench, “An algorithm for the inversion of finite Toeplitz
matrices,”J. SIAM,vol. 12, pp. 515-522, 1964.

C. W. Therrien,Discrete Random Signals and Statistical Signal Process-
ing. Englewood Cliffs, NJ: Prentice Hall, 1992.

M. J. E. Golay, “Complementary serieslRE Trans. Inform. Theory,
vol. IT-7, pp. 82-87, Apr. 1961.

Authorized licensed use limited to: UNIVERSITY OF ALBERTA. Downloaded on December 23, 2009 at 17:18 from IEEE Xplore. Restrictions apply.



