
The Performance of Trellis Coded q-ary PSK in 
Rayleigh Fading and Nakagami Fading with Dual 

Diversity Reception 
C. Tellambura 

Dept. of Digital Systems 
Monash University 
Wellington Road 

Clayton, Victoria 3168 
Australia 

Ph: +61 3 9905 3296 
Fax: 1 6 1  3 9905 3574 

Email: chint haedgs. monash. edu. au 

Abstract- An analvtic techniaue is Dresented for com- where Q, is the channel rrain. and w, is an additive Gaus- 
" I  

puting the performance of trellis coded q-ary PSK in 
Rayleigh fading. A contour-integral expression for the 
pairwise error probability (PEP) is used to define a trans- 
fer function, enabling the union bound to be evaluated 
exactly for the ideal CSI (channel state information) case 
and imperfect-CSI case. The case of TCM in Nakagami 
fading and dual diversity reception is also analysed. 

sian noise sample. The following is used throughout the 
presentation: 

Z n  is a q-ary Phase Shift Keying (PSK) symbol (i.e., 
z,  E {ej2nklq I k = 0,1, .  . . , q - l} and j = a). 
~2 ~ ; ~ h  an is a 
variable (RV). The an's are independent (i.e., ideal inter- 

complex, ~~~~~i~~ 

I. INTRODUCTION 
The use of coding and diversity reception to enhance 

system performance in mobile communications systems 
has recently become feasible. Therefore, the perfor- 
mance of trellis coded modulation (TCM) schemes over 
mobile fading channels has recently received consider- 
able attention. The average bit error probability Pb is 
the most useful performance measure. Since explicit 
evaluation of Pb appears impossible, the development 
of bounds on Pb has been extensively researched [l-61. 
The union bound technique is based on 

where IC is the number of input bits per encoding inter- 
val, P ( z  -+ 2) is the PEP, a(z + 2) is the number of 
associated bit errors, and C is the set of all legitimate 
code sequences. But the evaluation of even the union 
bound is difficult since P ( z  + 2) requires residue calcu- 
lations [3 ] .  Thus, bounds on P ( z  -+ 2) itself are used 
to compute (l), resulting in a weaker union bound. Re- 
cently, however, a method has been developed to com- 
pute the union bound exactly [6] for the ideal CSI case. 
This paper provides a more general method to evaluate 
the union bound exactly with ideal or imperfect CSI. 
Thus, the method is applicable to practical schemes such 
as differential detection and pilot tone aided detection. 
Performance evaluation for diversity reception of TCM 
in Nakagami fading is also provided. 

11. SYSTEM MODEL 
The received complex sample at time n is 

Y n  = anzn + un 

leaving/deinterleaving) and identically distributed RVs. 
A3 Each an remains constant during a symbol interval 
(i.e., non-selective slow fading) 
A4 The receiver has some form of CSI given by & which 
is a complex Gaussian RV. The correlation coefficient 
between a and iin is p. 
If p = 1, ideal CSI exists. For practical channel estima- 
tors lpl 5 1. The more ,u deviates from unity, the larger 
is the performance penalty. 

111. PAIRWISE ERROR EVENT PROBABILITY 
Consider two codewords z = {zl, 22,. . . , ZN} and 

2 = {&, ,522,. . . ,ZN} of length N .  The Viterbi decoder 
computes the path metrics [3,  (9)] and selects z over 1 
according to  the path metric difference D. The charac- 
teristic function of D, + ( j w )  = E[ejwD], can be written 
as [3, (2311 

A A where A, = [I + (1 - I/l12)~s] /(Ip121zn - sn12Ys), = 
{n I # .2n,n = 1,. . . , N } ,  and ys = ES/No is the 
average signal-to-noise ratio. It can be shown that [7, 
(B-411 

where E is a small positive number. An explicit expres- 
sion for P ( z  4 ii), which cannot be used with the trans- 
fer function approach, can be obtained by solving for the 
residues of the contour integral [3 ] .  However, a transfer 
function can be defined with the fac tors  of d)(jw). 
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IV. UNION BOUND 
Consider the evaluation of the union bound (1). Let 

Z = (&, 2 2 ,  . . . ) be a vector of formal variables. Define 
the generating function of the form 

Z , i E C  nEv  

where I is another formal variable. Moreover, let 

The number of distinct values that Dn(w) can take de- 
pends on the size of the signal constellation. The transfer 
function T ( D ( w ) ,  I )  can be determined by a signal flow 
graph with the branch labels I"Dn(w) for uniform trel- 
lis codes [8]. By contrast, for the union-Chernoff bound, 
the branches are labeled with I " ( l +  l/(4An))-'. 

Combining (l), (3) and (4), and using the standard 
analysis [9], it follows that 

where the partial derivative can be computed with [9, 
4.5.91. While this integral has no analytical solution in 
general, its numerical computation poses little difficulty. 
Since JT(D(w),l)l  + 0 as IwI + m, simple techniques 
such as the Simpson method are adequate. 
Example 1: Consider the reception of rate 1/2, two- 
state trellis-coded QPSK in Rayleigh fading. This coded 
modulation is analyzed in [lo, Example 9.11 for ideal 
CSI. Using branch label gains, Dn(w), the transfer func- 
tion becomes 

where A2 and A4 are obtained with IZn - &I2 equal to 2 
and 4, respectively. Substituting this in (6), carrying out 
the integration, and evaluating the derivative at I = 1, 
one has 

This is the union bound for this coded modulation. If 
differential detection is used in a flat fading land mobile 
channel, the correlation coefficient p is given in [3, (32)] 
as a function of the normalized maximum Doppler fre- 
quency f d T .  Fig. 1 shows (7) for several f d T  values. 
Unless f d T  = 0, error floors exist. 
Example 2: Consider the trellis coded 8PSK scheme 
given in [2, Fig. 51. Its transfer function [2, (19)] can be 
defined with the weight profiles obtained using Dn(W). 
Consider pilot tone aided detection with p given in [3, 
(40)]. Assume that the bandwidth of the pilot tone filter 
be 2 fd  and the power-split ratio be [5, (17)) Fig. 
2 shows the simulation results and the union bound (6). 
At Pb M the simulation results are within 0.2, 1.0, 
and 1.5 dB of the union bound for f d T  of 0, 0.02, and 
0.04, respectively. 

Fig. 1. Bit error performance of rate 1/2 trellis-coded QPSK 
(differential detection) for fast Rayleigh fading. 

v. DUAL DIVERSITY MRC RECEPTION IN NAKAGAMI 
FADING 

For brevity, some results in [ll] are taken as the start- 
ing point of the development here. From a theoretical 
point of view, the Nakagami distribution is more general 
than the Rayleigh model and may be used to model a 
wide variety of fading scenarios. 

Assuming maximal ratio combining (MRC) and inde- 
pendent fading branches, the PEP is given as [ll, eq. 
(711 

(8) 
where m k  is the Nakagami fading index and ^/k. is the 
average signal-to-noise ratio for the kth diversity branch. 
Similar to Section 4, let 

The number of distinct values that Dn(4) can take de- 
pends on the size of the signal constellation. As before, 
the transfer function T ( D ( # ) , I )  can be determined by 
a signal flow graph with the branch labels I"Dn($) for 
uniform trellis codes [8]. 

Combining (l), (8) and (4), and using the standard 
analysis [9], it follows that 

where the partial derivative can be computed with [9, 
4.5.91. While this integral has no analytical solution in 
general, its numerical computation poses little difficulty, 
and simple techniques such as the Simpson method are 
adequate. 
Example 3: Consider the reception of rate 1/2, two- 
state trellis-coded QPSK in Nakagami fading with dual 
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MRC reception. This coded modulation is analyzed in 
[lo, Example 9.11 for ideal CSI. In the absence of fading, 
the transfer function is given as 

In this case, using branch label gains, Dn(4),  with 

k=l 

k=l 
c = q-J(l+- 2 

2sin Yk 4 2 k=l 

the transfer function becomes 

where A2 and A4 are obtained with Iz, - & I 2  equal to 
2 and 4, respectively. Substituting this in (lo),  carrying 
out the integration, and evaluating the derivative at I = 
1, one has the union bound for this coded modulation. 
Fig. 3 shows some performance curves for several values 
of Nakagami fading index (m = 0.5,1,2). It is seen that 
increasing values of m k  lead to improved performance. 

VI. CONCLUSIONS 
A novel method to compute the union bound (exactly) 

on the average bit error probability of TCM schemes 
over Rayleigh fading channels has been derived. The 
contour integral can be evaluated with simple numerical 
algorithms. The method facilitates the evaluation of the 
system performance in fading channels where ideal co- 
herent detection is unrealizable. The basic results have 
also been extended to  the case of dual diversity reception 
and Nakagami fading. 
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Fig. 2. Bit error performance of rate 2 / 3 ,  four-state, trellis-coded 
8PSK for fast Rayleigh fading and pilot tone aided detection. 
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Fig. 3. Bit error performance of rate 1/2 trellis-coded QPSK 
in dual MRC reception; independent and identical fading 
branches with Nakagami fading. 
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