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Abstract - In this study, we derive new expressions for the 
probability of outage where a mobile unit receives a Nakag- 
ami desired signal and multiple, cochannel, independent 
Nakagami interferers. Unlike some previous results, the 
expressions are usable when the Nakagami fading parameter, 
m ,  is not necessarily an integer. An exact formula is also 
derived for the outage probability when the desired signal 
power must exceed a minimum threshold for satisfactory 
reception. Typically, in mobile radio, the received signal also 
experience log-normal shadowing. The outage probability is 
derived when the received signals suffer both Nakagami-fad- 
ing and shadowing simultaneously. 

I. INTRODUCTION 

The design of cellular mobile radio systems is fundamentally 
based upon the concept of frequency reuse. This gives rise to 
cochannel interference (CCI). Thus, it is the goal of system 
design to ensure that for any mobile unit in given cell, the 
desired-signal-to-interference ratio be higher than a specified 
minimum. When this condition fails, a signal outage occurs, 
degrading the quality of service. 

In a previous paper, Wojnar [ 13 derives the outage probability for 
a single Nakagami interferer. Abu-Dayya and Beaulieu [2] obtain 
the outage probability for cellular mobile systems in the presence 
Nakagami interferers. However, some of the results therein apply 
only when 0.5 5 m < 00 is constrained to take integer values. For 
nonintegral m , the use of linear extrapolation is suggested to get 
the exact result for m. To overcome this difficulty, zhang [3] 
proposes a method based on direct numerical inversion of the 
characteristic function. 

To circumvent such difficulties, we derive a new series solution 
for the probability of outage when the signals experience Nakag- 
ami fading with arbitrary parameters, with or without specifying 
a minimum signal power level for satisfactory reception. This 
method of evaluating the probability of outage avoids numerical 
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integration and residue calculation. We also analyze the case 
where the signals experience both Nakagami fading and log-nor- 
mal shadowing simultaneously. 

A. Description of the System Model 

The total received signal can be expressed as 

where ac is the carrier frequency, pj ( t )  U= O , l ,  ... L )  are the 
random fading amplitudes, 8 .  ( t )  are the random phase, and 
yr . ( t )  represent the data-beai!ing signal phase of each carrier. 
' d e  desired signal is indexed with j = 0 and the interfering sig- 
nals with j = ( 1,2,. . . C) . In typical cases of interest, the varia- 
tion of p j  ( t )  and O j  ( t )  over the data symbol duration T is 
negligible. Thus, the short-term power of each carrier signal is 
expressed as p j  = pj ( t )  

Assume that the signal amplitudes p . ( t )  are mutually indepen- 
dent Nakagami random variables (kVs). Then, the short-term 
power p j  is a Gamma RV with probability distribution (PDF) 
given by [l] 

2 U= 0, 1, ..., L )  . 

where m. 2 0.5 and p j  denotes the local-mean power of the j th 
signals. f. (x) is the gamma function, and mj is referred to as the 
fading parameter. 

Assuming incoherent power addition, the total interference 
power, denoted by I ,  is I = p 1  + ... + p L .  Since the characteris- 
tic function of I is readily available (14), for integral m . ,  the 
PDF of Z can be obtained via residue calculation, which, how- 
ever, fails for nonintegral mj . For the subsequent derivations, it 
is convenient to define the usual average-signal to average-inter- 
ference power ratio, concerning each interferer, as A .  = p o / p j .  

J 
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11. ANALYSIS 

The signal outage probability is the probability that the signal-to- 
interference ratio drops below a minimum threshold q . The out- 
age probability due to L interferers ilj then expressed as 

where q is a power protection ratio and S and I are the short- 
term powers of the desired signal and the composite interfering 
signal, respectively. f,(y) is the PDF of the total interference 
variable 1. The power protection cntio, q ,  usually specified in 
decibels, is fixed by the type of modulation and transmission 
technique employed and the quality of service desired. Typical 
values for q are 18 dB for analog Fh4 systems [2] and on the 
order of 20 dB for linear SSB modullation. 

Suppose that K (x) = P { 0 I S I x }  . Then (6) becomes 

the results show that for L = 1, an Al/q of almost 40 dB is 
essential to achieve an outage probability of while this fig- 
ure drops to about 5 dB when m = 6.5. This clearly shows that 
increasing m leads to a nonfading channel. 

B. Arbitrary Parameters 

In the general case, we let m . # m k  and pj#fpk for 
j # k U, k= 1,2, . . ., L)  . Note that if any two or more mterfer- 
ers have the same parameters, then they can be combined to a 
single interferer, as was the case in !be previous section. Using 
the PDF of I given in (16) and the series expression for the ker- 
nel and, by integrating term-by-term in the series expansion we 
obtain the probability of outage as 

J 

where, for convenie ce = mo+ ...+ YttL , 

(4.) rt = r2+... + r L ,  q1 = ('2: ... z 7 ) m / F ( m o +  1) 

The only requirement, one which is not at all restrictive, for the 0 

convergence of (6) is that m l A l  > mjA.  for j = 2, 3, . .., L.  The 
convergence rate depends on m l X l  and the differences 
m l A ,  - mjAj,  and with favorable conditions, i.e., m l A l / q  D 1 
and i3j << I ,  the convergence of the multiple series is extremely 
rapid. 

which can be viewed as an integral( transform of the PDF of the 
joint interference power. The kernel K ( q y )  is the cumulative 
distribution of the short-term power p o ,  and since p o  is a 
Gamma variate (2), the kernel is expressed by the incomplete 
gamma function [41: K ( x )  = y(mo, mon/pO) / r ( m o )  . 

A. ldentical Interferers 
Using (6), we have calculated the probability of outage for the 
following case. Consider six Nakagami interferers with the 
parameters given by m = (4.7, 1.3,2.1, 1.8,0.9,2.25} and 
p = {3.1,2.2, 1.6, 1.2, 1.5, 1.93 .For calculations, 
SIR = Po/ (pl + ... + p 6 ) .  In the following, outage probabili- 
ties are computed as a function of the quantity SIR/q . FlCJuRE 
2. shows the probability of outage for a Nakagami fading desired 

reduces significantly as the desired signal is subjected to less fad- 
ing. 

When all the interfering signal sources are roughly equidistant 
from the receiving mobile, and interfering signals experience tlae 
same degree of fading, we have, for j =  1 ,Z,. . ., L,  ml = mi and 
p = p j  . Consequently, the total interference I has the PDF 

stituting this in (4) and integrating term-by-term, we can readily 
prove that 

f I  (y) given by (3) with the plumeter' ml and 1 * Sub- signal with a varying fading parmeter. The effect of intexferers 

0, = k1z  m0 ( 1  - 2) m , L  @ (Ino + mlL, mo + 192) ( 5 )  C. Rayleigh-fading Desired Signal 

where ( a ,  b, z) is the confluc:nt hyprgametric series [4], 
k ,  = l- (mo + m l L )  / (r ( m l L )  r' (mO -t I ) )  md 

in particular for large SRS (signal-to-interference ratios), only a 
few terms need to be calculated to get veIy high accuracy. This 
result, in a slightly different format, has also been derived in ref- 
erences 111 and [21. 

our general eXpreSSiOn (6) simplifies considerably if the desired 
signal is Rayleigh fading (i.e., mo = 1 ). Thus, the kernel 

pobability of outage b " - u ~  
= moq/ (moq + " , A l )  . This :;cries i s  dways convergent 2nd K(qy) = 1 -exp ( q y / p o ) .  By substimting this in (4)9 the 

1 + m j A j / q  
j = 1  

(7) 

FIGURE 1. shows the outage probability, computed using (3, for 
several cases. Note that m = 0.5 is the most severe fading, (and 
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For multiple uncorrelated interferers in a Rayleigh fading envi- 
ronment, m.  = 1 for all j = 1,2, . . ., L , this reduces to a previ- 
ously derived result [6]. 

I 

FIGURE 3. shows, given an outage due a single interferer, the 
incremental outage caused by an addition of a second interferers 
as a function of the relative strength of the second interferer. 
Three cases where both the interferers are heavily faded 
ml  = m2 = 0.5, first one is heavily faded ml  = 0.5 and the 
second one less faded m2 = 7.5, and vice versa. It can be seen, 
for instance, if the first interferer causes an outage probability of 
20%, the additional interferer must be at least 2.0 dB, 3.0 dB and 
3.5 dB, respectively, weaker than the first one in order that the 
total outage not exceed 30%. 

D. Desired Signal with an Integral m 

Suppose the Nakagami fading parameter of the desired signal is 
an integer (i.e., mo is an integer). In this case the kemel can be 
expressed as a finite polynomial of y [4]. By substituting this in 
(4) and using the fact that differentiation of the Laplace transform 
of a function corresponds to the multiplication of the function by 
-y , we obtain 

m,-1 ,. 

s = mOq/pO 
o,= 1-  c - 

k! 
k = O  

k 
where $ I  (s) is the k th derivative. Since $I (s) is given in (14), 
this can be alternatively used to compute the probability of out- 
age. 

111. NAKAGAMI FADING AND LOG-NORMAL SHADOWING 

Shadowing refers to a large-area distribution of the signal power. 
Many experimental studies show that the local-mean signal 
power fluctuates with a log-normal distribution about the area- 
mean signal power. This means, using the notation in (2>, p j  is a 
log-normal RV with the mean denoted by j j .  for j = 0, 1, . . ., L.  
Mathematically, this is expressed as [SI I 

/ -  \ 

where os is the logarithmic standard deviation (expressed in nat- 
ural units) of shadowing and In (n) is the natural logarithm of x. 
When signal powers are specified in decibels, the standard devia- 
tion ss is given by ss = 4.340~ [5].  Typical values for the stan- 
dard deviation range from 5 to 12 dB for most channels. In the 
following we make simplifying assumption that the shadowings 
of the signals are uncorrelated. 

For a given area-mean power j j ,  the composite PDF of the local- 
mean signal power pi is then given by averaging (2) over (9). 
When mj = 1, this reduces to the Suzuki distribution [5].  There 
appears to be no analytical solution for this integral. 

It is quite useful find the characteristic function on the composite 
PDF above. To express this more compactly, if we let 

then, we can show that [71 4, (s) = 4, ( s j j /mj l  mi) . 

In order to compute the integral in (10) efficiently, following the 
method of Linnartz [SI, we can use an n-point Hermite-Gauss 
integration formula. According to this, where the abscissas xi 
(ith root of an n th order Hermite polynomial) and weights wi 
are tabulated in Table 25.10 of reference [4]. In all our calcula- 
tions we have used n = 20. 

Pj 0 s  

For simplicity we only consider the case where the desired signal 
is Rayleigh fading. Then following the reasoning in (7), we have 

By averaging thn over the shadowing distribution of the desired 
signal (9), the probability of outage is obtained. 

For mobile radio communications, the area-mean PO er received 
by the mobile can be expressed as [5] j .  = KT.  , 0 < j  S L, 
where K is a constant common to all the signals, p ’is a propaga- 
tion loss exponent, and ro and r .  U= 1,2, ..., L)  are the radio- 
path distances from the mobile unit to the desired and interfering 
base-station transmitters. For calculations, we assume an inverse 
fowth power propagation low (i.e., f3 = 4 ). 

3 ’ 
’ 

Given an idealized cellular network with a hexagonal cell layout, 
let the cell radius be r .  Worst-case cochannel interference occurs 
when the mobile unit is at the cell boundary, i.e., ro = r. 
Assume that there are L active cochannel interferers at the reuse 
distance. This means a normalized reuse distance can be defined 
as [2]U = ( rO+ r . ) / r  = 1 + r./rO. 

Based on the Hermite integration formula, we have shown that 

J J 

[71 

n f I f -J20.x. \ \  
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Using (12), the probability of outage is plottedl in FIGURE 4. as a 
function of the reuse distance with q and os as parameters for a 

ing is to require increasing reuse distances to ensure the quality 
of service desired. 

(14) 
macrocellular system. The results show that the effect of shadow- j = l  

L 
Define p. = m / p . ,  fo r j  = 1,2 ,..., L ,  m, = m.,and J J J  J 

j = 1  

Iv. MINIMUM SIGNAL CONSTRAINT 
J r .  J 

D (M;A;R) = 1 n - j/(r (m,+ r t ) )  (15) For adequate reception of the desired signal, the short-term SIR 
must be greater than q ,  and the desired signal power level j = 2  

exceeds, simultaneously, a minimum power level denoted by yo 
[61. Therefore, the outage probabi1ir.y is expressed as the proba- where 

8j = (p,-p.)  fo r j  = 2 ,... ,L,,andR = ( r z  ,..., r L ) .  

By takmg the inverse Laplace transform of (14), we obtain [7] 

M = (m2, ..., mL) , A = (a2, ..., aL) with 
bility union: 0, = Pr { [ S/Z < q] LI [ S < yo] } . J 

Then we obtain [7] 

for O<y<m. Observe that this equation implies a floor on the outage probabil- 
ity because the first term on the right hand side is a constant 
regardless of cochannel interferena:. The second term vanishes 
as yo -+ m. Of course, for yo = 0 ,  (13) reduces to (4). 
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Appendix 

The characteristic function of the total interference variable is [2] 
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FIGURE 1. The outage probability of a Nakagami fading 
signal and L interferers as a function of Al /q .  Dashed 
lines correspond to L = 6 and solid lines to L = 1. 

FIGURE 3. The difference in dB between the SLRS of two 
interferers versus the increase in the outage probability. 
The solid lines correspond to ml = m = 0.5, the dashed 

ml  = 7.5, m2 = 0.5. 
I I I 1 lines to ml = 0.5, m2 = 7.5, and the hashdot lines to 

SIR/q dB 

REUSE DISTANCE 
FIGURE 2. The outage probability as a function of 
S R / q  for a Nakagami fading signal and six interferers. 

FIGURE 4. The outage probability versus normalized 
reuse distance for six interferers in macroceliular. All 
signals suffer fading and log-normal shadowing. 

388 

Authorized licensed use limited to: UNIVERSITY OF ALBERTA. Downloaded on December 23, 2009 at 18:12 from IEEE Xplore.  Restrictions apply. 


