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Abstract

IN THIS THESIS, the use of adaptive source transmission with amplify-and-

forward (AF) relaying is proposed. Three different adaptive techniques are

considered: (i) optimal simultaneous power and rate adaptation; (ii) constant

power with optimal rate adaptation; (iii) channel inversion with fixed rate.

The capacity of these adaptive protocols are derived for the AF cooperative

system over both independent and identically distributed (i.i.d.) Rayleigh

fading and non-identically and independent distributed (non-i.i.d.) Rayleigh

fading environments. The capacity analysis is based on an upper bound on the

effective received signal-to-noise ratio (SNR), and its tightness is validated by

the use of Monte Carlo simulation. The use of constant-power, fixed switch-

ing rate-adaptive M -QAM transmission is applied to AF cooperative network

as a practical technique for rate adaptation. The outage probability, achiev-

able spectral efficiency, and error rate performance are analyzed. The spectral

efficiency of fixed switching rate-adaptive M -QAM is compared to the theoret-

ical capacity of constant power with optimal rate adaptation. Optimization of

the switching thresholds for constant-power, rate-adaptive five-mode M -QAM

transmission for the AF cooperative network is investigated. The optimum

switching levels are designed to meet a prescribed average bit error rate (BER)

and compared to the previous results with fixed switching.
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Chapter 1

Introduction

1.1 Motivation

WIRELESS COMMUNICATIONS HAS EXPERIENCED impressive

growth lately [14]. The primary drive for such advancements is fore-

most due to the consumers demand. The demand for inexpensive but effective

data services, such as wireless Internet access with rich video content is pushing

intensive research efforts on higher-quality higher-speed wireless services [14].

The main constraint on such services is signal fading in wireless channels. Fad-

ing can be classified as either small-scale or large-scale. That is, small-scale

fading is the time variation of the channel strengths due to multipath proro-

gation, while large-scale effects are such as path loss via distance attenuation

and shadowing by obstacles [44]. However, techniques have been developed

to help combat and/or exploit the effects of fading to increase the reliability

(higher-quality) or the spectral efficiency (higher-speed).

Diversity techniques in space, frequency, and time are commonly used to

combat the effects of fading. Diversity is achieved by making use of the mul-

tipath channel so that multiple copies of the transmitted signal are available

at the receiver. For instance, multiple transmit and receive antennas can be

1



used to exploit space diversity; orthogonal frequency division multiplexing

(OFDM) can be used to achieve frequency diversity; and repetition coding

with interleaving can be used for time diversity. The most modern approach

to the aforementioned techniques is MIMO (multiple input multiple output)

communications where the transmitter and receiver have multiple antennas,

which has been extensively studied in [44]. However, some practical situa-

tions arise where multiple antennas can not be used. For instance, in wireless

sensor networks, the sensors are usually very small, require low power, and

have limited hardware complexity which makes then not suited for multiple

antenna transmission [42]. Furthermore, in cellular networks mobile phones

have limited battery and size, making them ill suited for multiple antennas.

More recently, cooperative diversity has emerged as a technique to exploit

the benefits of multiple antenna diversity by using a collection of distributed

antennas belonging to multiple single-antenna devices [26]. In cooperative

communications, the source transmits information to the destination not only

through a direct-link but also through the use of other nodes in the network.

The destination receives a copy of the transmitted signal from the source, and

copies of the transmitted signal from each of the relays, resulting in multiple

copies of the transmitted signal at the destination. For instance, a satellite

relay is depicted in Fig. 1.1, where the mobile receive a copy of the signal

directly from the satellite and duplicate version through the relay.

The development of cooperative wireless networks can been seen in the cur-

rent and emerging network architectures. For instance, the use of cooperation

between nodes has been implemented in mesh type networks of the IEEE 802

standards (WiMAX, Wi-Fi, ZigBee, Bluetooth) [29, 42]. A limitation of the

currently implemented cooperative protocols is the ineffective use of adapta-

tion to the time-varying channel of the wireless network. Adaptation is known

to be advantageous in increasing the performance of wireless systems [1,2,16],

as it has been discussed for cellular systems such as GSM and CDMA, and at

2
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Fig. 1.1. Satellite relay network.

the physical layer of several IEEE and ETSI standards [10,13,33].

In adaptive transmission, the source adapts the transmit power level, sym-

bol/bit rate, constellation size, coding rate/scheme, or any combination of

these parameters in response to the changing channel conditions [1,16]. There-

fore, by transmitting faster and/or higher power under good channel conditions

and slower and/or smaller power under poor conditions, a higher spectral effi-

ciency without sacrificing performance can be achieved. Moreover, cooperative

networks under adaptive transmission has not been previously analyzed and

is the major contribution of this thesis.

1.2 Contributions

In this thesis, cooperative communication under adaptive transmission is an-

alyzed. Specifically, the capacity, spectral efficiency, outage probability, and

error performance are investigated under different scenarios based on practical

assumptions. The contributions of this thesis can be divided into three main
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parts:

• The capacity of three adaptive protocols are derived for the amplify-and-

forward (AF) cooperative system over both independent and identically

distributed (i.i.d.) Rayleigh fading and non-identically and independent

distributed (non-i.i.d.) Rayleigh fading environments. The three differ-

ent adaptive techniques considered are: (i) optimal simultaneous power

and rate adaptation; (ii) constant power with optimal rate adaptation;

(iii) channel inversion with fixed rate. The capacity analysis is based

on an upper bound on the effective received signal-to-noise ratio (SNR).

The tightness of the upper bound is validated by the use of a lower bound

and by Monte Carlo simulation. The results of this contribution have

been accepted to appear in an upcoming IEEE journal publication [36].

• The performance of constant-power, rate-adaptive M -ary quadrature

amplitude modulation (M -QAM) transmission with an AF cooperative

system is derived. Both continuous rate adaptation and discrete rate

adaptation with fixed switching is considered. Expressions are derived

for the outage probability, achievable spectral efficiency, and bit error

rate (BER) over both i.i.d. and non-i.i.d. Rayleigh fading environments.

The analysis is based on an accurate upper bound on the total effec-

tive signal-to-noise ratio SNR at the destination and is validated by

Monte Carlo simulation. The results of this contribution appeared in

the proceedings of the IEEE 2008 International Conference on Commu-

nication [35].

• The optimum switching levels for adaptive five-mode M -QAM transmis-

sion over an AF cooperative communication network are found. The

performance analysis for adaptive five-mode M -QAM with fixed switch-

ing to meet an instantaneous BER and with optimized switching to meet

an average BER are compared. Specifically, both i.i.d. and non-i.i.d.

4



Rayleigh fading environments are considered and the outage probabil-

ity, achievable spectral efficiency, and BER are computed for both fixed

switching and optimum switching. The results of this contribution have

been submitted to an IEEE journal [34].

1.3 Thesis Outline

This thesis is organized as follows:

• Chapter 2 introduces the preliminary ideas of cooperative communica-

tion systems and adaptive transmission techniques. It summarizes the

existing work in this area and provides the minimum background re-

quired to understand the rest of the thesis.

• Chapter 3 presents the system model for cooperative communication sys-

tems under adaptive transmission. The capacity for the AF cooperative

system over both i.i.d. Rayleigh fading and non-i.i.d. Rayleigh fading

environments, for three adaptive protocols is derived.

• Chapter 4 elaborates on the existing system model of Chapter 3, by

applying practical adaptive M -QAM transmission. The outage proba-

bility, achievable spectral efficiency, and error rate performance for the

AF cooperative system are derived. The achievable spectral efficiency

of adaptive M -QAM is then compared with the theoretically capacity

derived in Chapter 3.

• Chapter 5 extends the work of Chapter 4 by optimizing the switching

levels for adaptive M -QAM. Specifically adaptive five-mode M -QAM is

considered and the performance of the systems with optimal switching

and with fixed switch (considered in Chapter 4) are compared in terms

of outage probability, achievable spectral efficiency, and error rate per-

formance.

5



• Chapter 6 concludes this thesis and suggests future directions.
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Chapter 2

Preliminaries and Background

2.1 Cooperative Communications

MODERN WIRELESS NETWORKS consist of several users or nodes,

which are potentially able to communicate with one another. These

networks differ from the traditional point-to-point wireless systems, where for

instance a user would strictly communicate only with a base station. Although

direct communication between two nodes can be realized by point-to-point

communication it is sometimes advantageous to route the transmitted infor-

mation through multiple intermediate nodes. The reason behind this routing

is that the wireless link between specific nodes can often be poor, and re-

quires increased transmission power to achieve a specific reliability or quality.

Furthermore, by routing the transmitted signal through several intermediate

nodes an increase in power saving can occur while archiving a specific quality

of service [42].

The technique of routing the transmitted signal between nodes is more

formally known as cooperative communications [26, 27, 40, 41]. Recently, [26,

27, 40, 41] have investigated the achievable rate for cooperative transmission

for specific protocols. Reference [26] shows that full spatial diversity can be
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achieved by using cooperative communications. That is, single antenna nodes

in the network can share their antennas in a manner that is similar to multiple

antenna systems, to gain the well known diversity benefit of MIMO systems

[44]. By relaying the transmitted information through other nodes of the

network, the source ensures that the destination receives multiple independent

copies of the original transmitted signal, which creates diversity.

Although there has been a resent surge in research based on the findings

of [26, 27, 40, 41], the idea of information relaying has been around since the

1970’s [9]. There are some differences between the original work of [9] where

an information theoretical study of a single relay in additive white Gaussian

noise (AWGN) is studied, and the recent surge of work with relays in wireless

fading channels. For instance, the use of GSM and CDMA in [26, 27, 40, 41],

the concept of diversity, performance analysis, and practical consideration are

studied. It is worth mentioning that even though the information theoretical

study of the relay channel has been around since the 1970’s the capacity of the

general relay is not even known today [12]. Furthermore, there is no specific

cooperative strategy or protocol that is known to have the best performance

[12], however from a practical perspective there are two cooperative protocols

that are worth studying.

The two main cooperative protocols are [26]: i) amplify-and-forward (AF)

and ii) decode-and-forward (DF). In the AF case the relay nodes simply am-

plify the received signal and re-transmit it to the destination. For the DF case

the relays decode the transmitted signal, re-encode the message, not necessar-

ily with the same codebook as the source, and transmit the re-encoded signal

to the destination. Moreover, selection relaying where a subset of the relays

are used to re-broadcast the signal and incremental relaying where the relay

(or relays) only transmits if the direct transmission fails is presented in [26].

However, as this thesis only studies cooperative network under the AF proto-

col, only the specifics of AF will be presented in detail. Other protocols for

8



cooperative networks are described in [26].

2.1.1 Cooperative System Model
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����
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Fig. 2.1. Cooperative diversity wireless network.

Figure 2.1 presents the cooperative wireless network, where a source node

S communicates with a destination node D via a direct link and through m

non-regenerative or AF cooperative relays Ri, i ∈ {1, 2, ...,m}. In the first

phase of cooperation, the source transmits the signal x to the destination and

the relays. In the second phase of cooperation, the ith relay (i = 1, 2, ...,m)

amplifies the received signal and transmits to the destination in a round robin

fashion. This is illustrated in Fig. 2.2. The second phase of transmission

requires m time slots to guarantee orthogonal transmission, and time division

multiple access (TDMA) is required [26]. This is because of the half-duplex

constraint, the practical perspective that the relays can not simultaneously

transmit and receive. Furthermore, frequency division multiple access or code

division multiple access could also be used so that the relays can transmit

simultaneously to the destination, however at the cost of bandwidth expansion.

9



So without loss of generality, under the orthogonal constrain the cooperative

system model can be conveniently represent using time-division notation [26].

����

��������

�	����

����

�
���

����
��
�

���

	 � 
�	

Fig. 2.2. Transmission using TDMA.

In the first phase of cooperation, the received signals at the destination

and at the ith relay respectively are

rs,d = hs,dx + ns,d, (2.1)

rs,i = hs,ix + ns,i, i = 1, . . . ,m, (2.2)

where hs,i and hs,d denote the Rayleigh fading coefficients between the source

and the ith relay and the source and the destination, respectively. The chan-

nel coefficients are assumed i.i.d. circularly symmetric zero mean complex

Gaussian random variables with unit variance, such distribution is denoted by

CN (0, 1). The noise term is denoted at the relays as ns,i and at the destination

as ns,d. Where the AWGN at the relays and destination is assumed to have

zero mean equal variance N0, such distribution is denoted as CN (0, N0).

In the second phase of cooperation, the received signal at the destination

from the ith relay is

ri,d = Gihi,drs,i + ni,d, i = 1, . . . ,m, (2.3)

where hi,d is the Rayleigh fading coefficient between the ith relay and desti-

nation is CN (0, 1), the noise term ni,d from the ith relay at the destination

10



is CN (0, N0) and Gi is the ith relay amplifier gain. The received ith relays

signal at the destination can then be written as

ri,d = Gihi,d [hs,ix + ns,i] + ni,d. (2.4)

At the destination node, using maximum ratio combining (MRC) the total

SNR can easily be found to be [19,26]

γtot = |hs,d|2Es/N0 +
m∑

i=1

Es|hs,i|2|hi,d|2G2
i

[|hi,d|2G2
i + 1] N0

= |hs,d|2Es/N0 +
m∑

i=1

Es|hs,i|2
N0

Es|hi,d|2
N0

Es|hi,d|2
N0

+ Es

G2N0

(2.5)

where Es is the average symbol energy, and N0 is the noise variance. Equation

(2.5) shows that the equivalent SNR is dependent on the choice of the relay

gains Gi. Choosing the relay gain as in [26],

G2
i = Es/

(
Es|hs,i|2 + N0

)
, (2.6)

the resulting equivalent SNR is

γtot = γs,d +
m∑

i=1

γs,iγi,d

γs,i + γi,d + 1
, (2.7)

where γs,i = |hs,i|2Es/N0 is the instantaneous SNR between S and Ri, γi,d =

|hi,d|2Es/N0 is the instantaneous SNR between Ri and D, γs,d = |hs,d|2Es/N0

is the instantaneous SNR between S and D. The choice of the gain Gi is such

that it limits the output power of the relay when the fading between the source

and the ith relay is low [19].

Now that the system model for the cooperative communication system is

defined, the performance analysis of the model can be conducted. As the total

effective SNR can be formulated, the standard analysis considered in tradi-

tional communication systems can easily be extended to cooperative commu-

nication systems. The cooperative system model presented above will be used

through this thesis.
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It is also worth mentioning that in wireless networks there is the problem

that two transmitting nodes cannot sense each other and will often interfere

with each other. This problem is often combated using carrier sense mul-

tiple access with collision avoidance (CSMA/CA) control frames [39]. How

CSMA/CA control frames work is that they are used to reserve the trans-

mission channel for a data packet before the packet is transmitted. That is,

the sender transmits a request-to-send (RTS) frame to the receiver and after

receiving, the receiver sends out a clear-to-send (CTS) frame to respond to the

sender. The neighboring nodes after receiving the RTS and CTS frames check

the duration field and halts transmission for that time duration. For networks

where CSMA/CA protocol is used in the medium access control (MAC) layer,

the use of symbol level relaying at the physical (PHY) layer is suitable as

long as the RTS and CTS are limited in the number of symbols. As the relay

process requires the addition of m time slots per a symbol, it is important

that the RTS and CTS are limited so that they do not substantially interfere

with neighboring nodes. Although the research considered in this thesis is

conducted at the symbol level it is assumed that MAC layer control can easily

be applied.

2.2 Adaptive Transmission

Signal fading is a fundamental challenge in wireless communications. That is,

rapid variations of channel gain due to multipath prorogation can dramatically

reduce the reliability. However, adaptive wireless transmission techniques are

known to cope with the time varying nature of the wireless channel, by chang-

ing the transmission parameters according to the channel quality. The limited

availability of wireless spectrum is another challenge. This lack of available

spectrum for expansion of wireless services required more spectrally efficient

communication in order to meet the consumer demand. As this is the case,
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adaptive transmission techniques are considered a top candidate to increase

the spectral efficiency in many wireless systems and standards [10,13,33].

Adaptive transmission works by the receiver estimating the channel and

feeding back the channel state information (CSI) to the transmitter. The

transmitter then adapts the transmit power level, symbol/bit rate, constel-

lation size, coding rate/scheme or any combination of these parameters in

response to the changing channel conditions [1, 16]. The source may trans-

mit faster and/or at a higher power under good channel conditions and slower

and/or at a reduced power under poor conditions. As classical wireless commu-

nication systems are generally designed with the worst case channel in mind,

to maintain a fixed quality of service, adaptation allows for a higher spectral

efficiency without sacrificing performance.

Recently there has been a surge of research in the area of adaptive trans-

mission techniques for traditional point-to-point communication systems as

can be seen in [2,15,16,38,45,46], and the extension to systems with different

diversity techniques in [1,8,25,31,49]. This surge of research is primarily due

to the work of [16] where the Shannon capacity of a fading channel under

several adaptive policies is obtained. However, it is worth noting that adap-

tive techniques have been around since the 1960’s [7, 20], but have not been

practical till recent advancements in computing technologies. The techniques

of variable power adaptation and/or variable rate adaptation are applicable

in many practical wireless communication systems and specifically there are

three protocols worth studying.

The three adaptive protocols are [1,2,16]: (i) optimal simultaneous power

and rate adaptation, (ii) constant power with optimal rate adaptation, (iii)

channel inversion with fixed rate. The first protocol optimal simultaneous

power and rate adaptation, varies its power level and rate parameters in re-

sponse to the changing channel conditions. The second protocol is similar to

the first, and differs by fixing its transmit power level and adapts only its data
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rate. The third protocol is quite different then the first two protocols as it

maintains constant rate and adapts its power to the inverse of the channels

fading. More specifically, the first protocol achieves the ergodic capacity of

the system; that is, the maximum average rate achievable by use of adaptive

transmission [16, 31]. The problem with simultaneous power and rate adap-

tation is that some applications require fixed rate, making this technique not

suitable for all applications. In the second protocol, the transmitter adapts

its rate only while maintaining a fixed power level. Thus, this protocol can be

implemented at reduced complexity and is more practical than that of optimal

simultaneous power and rate adaptation. The third protocol achieves what is

known as the outage capacity of the system; that is the maximum constant

data rate the can be supported for all channel conditions with some probability

of outage [31]. However, the capacity of channel inversion is always less than

the capacity of the previous two protocols as the transmission rate is fixed.

On the other hand, constant rate transmission is required in some applications

and is worth the loss in achievable capacity.

2.2.1 Adaptive Transmission System Model
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Fig. 2.3. System Model for Adaptive Transmission.

In Fig. 2.3, the system model for an adaptive transmission wireless com-

munication system is illustrated, based on the model in [14]. The transmit-

ter firstly applies some form of adaptive coding and/or modulation, followed

by power control. The power level, modulation format, encoder structure is
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adapted based on the feedback of the received SNR. Based on this feedback

the symbol x[i] at time i, is transmitted. A wireless channel with gain h[i]

and AWGN noise n[i] is applied, the received symbol is denoted as y[i]. The

receiver then estimates the channel ĥ[i] decodes and demodulates accordingly,

and feedbacks the channel estimate. How frequent the channel gain h[i] varies

will effectively determine how often the transmitter will adjust its transmission

parameters of the encoder/modulator and power controller. For this system

model to be valid the channel must be slow fading, that is the channel gain

remains constant over multiple symbol durations. The reasons for this is the

channel estimator must be able to make a very accurate estimate and so the

delay of the feedback path is effectively negligible. As this assumption is valid

for many practical situations, the following assumption is made, for the re-

maining analysis in this thesis, that error-free channel estimation occurs and

that error-free delay-free feedback of the channel estimate from the receiver to

the transmitter occurs.

It is well-known that the Shannon capacity of the fading channel defines

the theoretical upper bound on the rate for reliable data transmission. That

is, the capacity can be used as a metric in which to compare the throughput of

practical communication systems to. The capacity for adaptive transmission

for the three aforementioned protocols has been shown in [16] and is as follow.

Optimal Simultaneous Power and Rate Adaptation

The channel capacity Copra (in bits/second) given the probability density func-

tion (PDF) of the received SNR pγ(γ), under the condition of optimal simul-

taneous power and rate adaptation is given by [1,16]:

Copra =
B

ln 2

∫ ∞

γ0

ln

(
γ

γ0

)
pγ(γ)dγ, (2.8)

where B (in hertz) is the bandwidth of the channel and γ0 is the optimal cutoff

SNR below which the transmission is stopped.
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The optimal cutoff SNR below which the transmission is halted satisfies
∫ ∞

γ0

(
1

γ0

− 1

γ

)
pγ(γ)dγ = 1. (2.9)

As the transmission is halted when γ < γ0, there is a probability that the SNR

falls below the optimal threshold γ0. This outage probability is given by:

Pout = P [γ < γ0] =

∫ γ0

0

pγ(γ)dγ = 1 −
∫ ∞

γ0

pγ(γ)dγ. (2.10)

Optimal Rate Adaptation with Constant Transmit Power

For optimal rate adaptation with constant transmit power, the channel capac-

ity Cora is given by [1,16]:

Cora =
B

ln 2

∫ ∞

0

ln(1 + γ)pγ(γ)dγ. (2.11)

Channel Inversion with Fixed Rate

Truncated channel inversion is possible as long as the received SNR is above

a cutoff γ0. The channel capacity Ctifr is given by [1,16]:

Ctifr =
B

ln 2
ln

(
1+

[∫ ∞

γ0

pγ(γ)dγ

γ

]−1
)

(1 − Pout). (2.12)

Now that the system model for the wireless communication system under

adaptive transmission is defined and the capacity under different protocols

is defined, the capacity of any system model can be derived as long as the

received SNR can be statistically formulated. This is because, all of the three

capacity equations defined have a common metric of the PDF of the received

SNR. As the capacity of a communication channel defines the upper bound on

the amount of information that can be reliably transmitted, the capacity of

adaptive transmission was only presented in this section as it can be used as a

benchmark for practical systems to achieve. For a more elaborate discussion

on adaptive transmission techniques, applications and performance analysis

see [14, Ch. 9].
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2.3 Summary

The system models for cooperative communication and adaptive transmis-

sion are defined. The AF cooperative network receive SNR was formulated.

Furthermore, the capacity expressions of adaptive transmission has been men-

tioned. If the PDF of the receive SNR for the cooperative network can be

derived then the capacity of the cooperative network under adaptive trans-

mission can be found. The analysis of the capacity of the cooperative network

under adaptive transmission will be the concern of the next chapter, followed

by chapters on practical techniques to achieve this capacity.
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Chapter 3

Channel Capacity of

Cooperative Communication

Under Adaptive Transmission

3.1 Introduction

AN EFFICIENT WAY OF PROVIDING DIVERSITY in wireless fading

networks is through the use of node cooperation for information relaying

[26,40]1. In cooperative communications, the source transmits information to

the destination not only through a direct-link but also through the use of

relays. This so-called “cooperative diversity” can dramatically improve the

performance by using the antennas available at the other nodes of the network.

The performance of cooperative communication systems has been analyzed

for various system and channel models. The average symbol error rate (SER)

of a two-hop cooperative system is analyzed in [3,19,23] for the Rayleigh and

Nakagami-m fading channels. The outage performance of the cooperative sys-

1A version of this chapter has been accepted for publication in IEEE Transactions on

Wireless Communications.
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tem with Rayleigh fading which operates on a half-duplex mode in the low

SNR regime is provided in [4]. In [5] and [43] the authors derive closed-form

expressions for the outage probability for Rayleigh and Nakagami-m channels,

respectively, with decode-and-forward relays. The performance of an analyti-

cal model for automatic repeat request (ARQ) cooperative diversity in multi-

hop wireless networks is presented in [28]. Furthermore, the enhancement of

spatial-diversity by applying space-time coding is investigated in [6] and [47]

for non-regenerative and distributed regenerative relaying, respectively.

All the aforementioned papers only consider fixed rate and fixed power

transmission. However, adaptive transmission techniques for the wireless chan-

nel are shown to be effective [1, 16]. Particularly, the transmitter adapts the

transmit power level, symbol/bit rate, constellation size, coding rate/scheme

or any combination of these parameters in response to the changing channel

conditions [1,16]. Therefore, by transmitting faster and/or higher power under

good channel conditions and slower and/or smaller power under poor channel

conditions, a higher spectral efficiency without sacrificing performance can be

achieved.

More recently, resource allocation in terms of power and bandwidth is

investigated for the basic three-node relay network in [18,21,24,30] and for the

m-node relay network in [32,37,48]. The majority of the aforementioned work

considers power allocation problems in the context of cooperative networks.

This problem is formulated by placing a fixed power constraint among the

relays, and one seeks to allocate the power to different nodes to optimize some

objective. This requires channels state information (CSI) of all the links and

fixed source rates, and as a consequence, it is distinctly different than the

adaptive policies of [1, 16]. In general, the power allocation problem has a

high overhead when the number of nodes in the network is large. This is due

to the requirement of having the CSI for all of the links. Furthermore, rate

adaptation at the transmitter is not considered in all the aforementioned work.
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Motivated by these observations, this chapter propose the use of fixed

non-regenerative cooperative systems with adaptive transmission techniques.

That is, only the source adapts its rate and/or power level according to the

changing channel conditions, while the m relays simply amplify and forward

the signals. For the proposed source-adaptation scheme only partial CSI is

required at the source. Thus, feedback of the effective SNR is only required

to be available at the source, not the m relays. In this chapter, the upper

bound expressions for the capacity and outage probability of such source-

adaptive cooperative networks in both i.i.d. and non-i.i.d. Rayleigh fading

environments are derived. A lower bound and Monte Carlo simulations are

used to substantiate the tightness of the derived upper bound. Three different

adaptive techniques are considered, namely (i) optimal simultaneous power

and rate adaptation, (ii) constant power with optimal rate adaptation, (iii)

channel inversion with fixed rate.

The remainder of this chapter is organized as follows. Section 3.2 presents

the channel and system model. The capacity analysis for the cooperative sys-

tem under the different adaptive transmission techniques is derived in Section

3.3. In Section 3.4 the results of the capacity derivations are compared. A

summary is given in Section 3.5.

3.2 Channel and System Model

3.2.1 System Model

The adaptive cooperative wireless network of Fig. 3.1, a source node S com-

municates with a destination node D via a direct link and through m AF

relays Ri, i ∈ {1, 2, ...,m}. This model is similar to the model discussed in

Chapter 2, and the important points of the model will be briefly reviewed. In

the first phase of cooperation, the source transmits the signal x to the desti-
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nation and the relays. The received signals at the destination and at the ith

relay respectively are

rs,d = hs,dx + ns,d, (3.1)

rs,i = hs,ix + ns,i, i = 1, . . . ,m, (3.2)

where hs,i, hi,d, and hs,d denote the Rayleigh fading coefficients between the

source and the ith relay, the ith relay and destination, and the source and the

destination, respectively. The noise is denoted at the relays as ns,i and at the

destination as ns,d and ni,d.

Encoder/

Modulator

S
hs,dInput

Feedback

Output
Power 

Control

Demodulator/

Decoder

D
Channel 

Estimator

R1

Rm

hs,1

hs,m

h1,d

hm,d

Fig. 3.1. Cooperative diversity wireless network with adaptive transmission.

The ith relay amplifies the received signal and transmits it to the destina-

tion in the second phase of cooperation. During this phase, orthogonal trans-

mission is required to transmit the m symbols at each of the relays. Without

lost of generality, this can be accomplished by using TDMA [26]. That is, each

of the m symbols are transmitted from the relays in a round robin fashion.

The received signal at the destination from the ith relay is

ri,d = Gihi,drs,i + ni,d, i = 1, . . . ,m, (3.3)

where Gi is the ith relay amplifier gain, chosen as [26], G2
i = Es/

(
Es|hs,i|2+N0

)

where Es is the average symbol energy, and N0 is the noise variance.

Using MRC at the destination node the total SNR is easily found as [26]

γtot = γs,d +
m∑

i=1

γs,iγi,d

γs,i + γi,d + 1
, (3.4)
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where γs,i = |hs,i|2Es/N0, γi,d = |hi,d|2Es/N0, γs,d = |hs,d|2Es/N0 are the

instantaneous SNRs between S and Ri, Ri and D, S and D respectively.

An upper bound of the total SNR at the destination node can be found

as [3, 23]

γtot ≤ γs,d +
m∑

i=1

γi = γub, (3.5)

where γi = min(γs,i, γi,d). The subsequent analysis exclusive relies on the

upper bound,γub. Furthermore, this upper bound has been shown to be

quite accurate [3, 23]. A lower bound can be formulated as in [3] where

γi = 0.5 min(γs,i, γi,d). As the lower bound is different from the upper bound

only by a factor of half, the following analysis can easily be extended to the

lower bound, but is omitted for brevity.

3.2.2 Probability Distribution Function Derivation

As γi and γs,d are independent, the moment generating function (MGF) of γub

is expressed as

Mγub
(s) = Mγs,d

(s)
m∏

i=1

Mγi
(s), (3.6)

where Mγs,d
(s) and Mγi

(s) are the MGF of γs,d and γi, respectively, and the

MGF is defined as MX(s) = E{e−sX}, E{·} denotes the statistical average

over the random variable X.

For Rayleigh fading, γs,d is exponentially distributed, thus Mγs,d
(s) = (1 +

γ̄s,ds)
−1, where γ̄s,d = E{|hs,d|2}Es/N0. The MGF of γi is derived via the use

of the cumulative distribution function (CDF) of γi

Fγi
(γ) = 1 − P (γs,i > γ)P (γi,d > γ). (3.7)

To proceed further, consider two different cases of fading channels as fol-

lows.
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I.I.D. Fading Channels

In this case, the statistic of all links is identical and the average SNR on each

link is given by γ̄ = E{|hs,i|2}Es/N0 = E{|hi,d|2}Es/N0. Differentiating (3.7)

the PDF of γi is easily shown to be pγi
(γ) = (2/γ̄)e−2γ/γ̄ . Then, the MGF can

be written as Mγi
(s) = (1 + 0.5γ̄s)−1. Applying these results into (3.6) the

expression for the MGF of γub is

Mγub
(s) = (1 + γ̄s,ds)

−1(1 + 0.5γ̄s)−m. (3.8)

Using partial fractions, (3.8) can be rewritten as

Mγub
(s) = β0(1 + γ̄s,ds)

−1 +
m∑

i=1

βi(1 + 0.5γ̄s)−i, (3.9)

where

β0 =

(
1 − γ̄

2γ̄s,d

)−m

and βi =
(0.5γ̄)(i−m)

(m − i)!

∂m−i

∂sm−i

[
(1 + γ̄s,ds)

−1
]
s=−1/(0.5γ̄)

.

(3.10)

Taking the inverse Laplace transform of Mγub
(s) in (3.9), and using the

fact that L−1{(1 + as)−k} = 1
(k−1)!ak xk−1e−

x
a , the pdf of γub is as follows:

pγub
(γ) =

β0

γ̄s,d

e
− γ

γ̄s,d +
m∑

i=1

βi(0.5γ̄)−i

(i − 1)!
γi−1e−

γ

(0.5γ̄) . (3.11)

Non-I.I.D. Fading Channels

In practice, the relays are often not symmetrically placed which causes dif-

ferent fading statistics among the relay-destination links. Thus, it is of in-

terest to consider independent but not identically distributed channels. Sim-

ilar to the case of i.i.d. fading, differentiating (3.7) we obtain the pdf of

γi as pγi
(γ) = (1/τi)e

−γ/τi , where τi =
γ̄s,iγ̄i,d

γ̄s,i+γ̄i,d
, γ̄s,i = E{|hs,i|2}Es/N0 and

γ̄i,d = E{|hi,d|2}Es/N0. The MGF can then be written as Mγi
(s) = (1+τis)

−1.

Applying these results into (3.6) the MGF of γub is

Mγub
(s) = (1 + γ̄s,ds)

−1

m∏

i=1

(1 + τis)
−1. (3.12)
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Again, using partial fractions, (3.12) can be rewritten

Mγub
(s) = β̂0(1 + γs,ds)

−1 +
m∑

i=1

β̂i(1 + τis)
−1, (3.13)

where

β̂0 =
m∏

i=1

(
1 − τi

γ̄s,d

)−1

and β̂i =

(
1 − γ̄s,d

τi

)−1 m∏

k=1,k 6=i

(
1 − τk

τi

)−1

, i = 1, . . . ,m.

(3.14)

Taking the inverse Laplace transform of Mγub
(s) in (3.13) gives the pdf of

γub as:

pγub
(γ) =

β̂0

γ̄s,d

e
− γ

γ̄s,d +
m∑

i=1

β̂i

τi

e
− γ

τi . (3.15)

The next section investigates the capacity of the cooperative system un-

der adaptive transmission. In the proposed system, only the source performs

adaptation, i.e., the source will vary its rate and/or power while the relays

simply amplify and forward their received signal. In order to implement adap-

tive transmission, it is assumed that the received SNR γtot is perfectly tracked

at the destination and is then fed back error free to the source. The channel

is assumed to be slow fading and feedback delay is negligible, thus allowing

the source to change the power and/or rate. These are more or less standard

assumptions in [1, 2, 15,16,31].

3.3 Capacity Analysis Under Adaptive Trans-

mission

It is well-known that the Shannon capacity of the fading channel defines the

theoretical upper bound on the rate for reliable data transmission. One way

to achieve this bound is to employ adaptive transmission, i.e., the transmitter

at the source adapts its power, rate, and/or coding scheme to the channel

variation. For fixed AF relaying where only the source performs adaptation,

the capacity of different adaptive schemes are as follows.
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3.3.1 Optimal Simultaneous Power and Rate Adapta-

tion

I.I.D. Fading Channels

The channel capacity Copra (in bits/second) given the pdf of the received SNR

pγub
(γ), under the condition of optimal simultaneous power and rate adapta-

tion is given by [1,16]:

Copra =
B

(m + 1) ln 2

∫ ∞

γ0

ln

(
γ

γ0

)
pγub

(γ)dγ, (3.16)

where B (in hertz) is the bandwidth of the channel and γ0 is the optimal cutoff

SNR below which the transmission is stopped. The factor 1/(m + 1) accounts

for the fact that the transmission process takes place in (m + 1) orthogonal

channels or time-slots.

The optimal cutoff SNR below which the transmission is halted satisfies
∫ ∞

γ0

(
1

γ0

− 1

γ

)
pγub

(γ)dγ = 1. (3.17)

As the transmission is halted when γub < γ0, there is a probability that the

SNR falls below the optimal threshold γ0. This outage probability is given by:

Pout = P [γub < γ0] =

∫ γ0

0

pγub
(γ)dγ = 1 −

∫ ∞

γ0

pγub
(γ)dγ. (3.18)

The capacity Copra is achieved when the source adapts its power and rate

simultaneously according to the perfect CSI at the transmitter. Substituting

(3.11) into (3.16), and making use of the integral Jn(µ) =
∫∞

1
tn−1 ln(t)e−µtdt, µ >

0; n = 1, 2, . . ., which is evaluated in closed-form [1, eq. (70)], the closed-form

expression for Copra is

Copra =
B

(m + 1) ln 2

[
β0γ0

γ̄s,d

J1

(
γ0

γ̄s,d

)
+

m∑

i=1

βi(0.5γ̄)−i

(i − 1)!γ−i
0

Ji

(
2γ0

γ̄

)]
. (3.19)

The optimal cutoff SNR γ0 is found by solving for γ0 in (3.17), which can

be rewritten as

1

γ0

∫ ∞

γ0

pγub
(γ)dγ −

∫ ∞

γ0

1

γ
pγub

(γ)dγ = 1. (3.20)
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First,
∫ ∞

γ0

pγub
(γ)dγ = β0e

− γ0
γ̄s,d + e−

2γ0
γ̄

m∑

i=1

βi

i−1∑

k=0

1

k!

(
2γ0

γ̄

)k

(3.21)

is established by using [17, eq. (3.351.2)]. Second,
∫ ∞

γ0

pγub
(γ)dγ

γ
=

β0

γ̄s,d

E1

(
γ0

γ̄s,d

)
+

2β1

γ̄
E1

(
2γ0

γ̄

)
+e−

2γ0
γ̄

m∑

i=2

βi

(i − 1)

i−2∑

k=0

γk
0

k!(0.5γ̄)k+1

(3.22)

is found similarly using [17, eq. (3.351.2)] where En(x) is the exponential in-

tegral of order n, defined by [1] En(x) =
∫∞
1

t−ne−xtdt, x ≥ 0. Substituting

(3.21) and (3.22) into (3.20) the optimal cutoff SNR γ0 can be obtained nu-

merically. Asymptotically as γ̄ = γ̄s,d → ∞, γ0 → 1. Numerical results also

indicate, but not shown, that γ0 lies in the interval of [0, 1].

The probability of outage is found by substituting (3.21) into (3.18)

Pout = 1 −
[
β0e

− γ0
γ̄s,d + e−

2γ0
γ̄

m∑

i=1

βi

i−1∑

k=0

1

k!

(
2γ0

γ̄

)k
]

. (3.23)

Non-I.I.D. Fading Channels

The closed-form expression for Copra is

Copra =
B

(m + 1) ln 2

[
β̂0γ0

γ̄s,d

J1

(
γ0

γ̄s,d

)
+

m∑

i=1

β̂iγ0

τi

J1

(
γ0

τi

)]
. (3.24)

The optimal cutoff SNR γ0 in (3.24) is found by numerically solving for γ0

in (3.20), where
∫ ∞

γ0

pγub
(γ)dγ = β̂0e

− γ0
γ̄s,d +

m∑

i=1

β̂ie
− γ0

τi , (3.25)

and, ∫ ∞

γ0

pγub
(γ)dγ

γ
=

β̂0

γ̄s,d

E1

(
γ0

γ̄s,d

)
+

m∑

i=1

β̂i

τi

E1

(
γ0

τi

)
. (3.26)

As in the case of i.i.d. fading, the probability of outage is found by substi-

tuting (3.25) into (3.18)

Pout = 1 −
[
β̂0e

− γ0
γ̄s,d +

m∑

i=1

β̂ie
− γ0

τi

]
. (3.27)
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3.3.2 Optimal Rate Adaptation with Constant Trans-

mit Power

I.I.D. Fading Channels

For optimal rate adaptation with constant transmit power, the channel capac-

ity Cora is given by [1,16]:

Cora =
B

(m + 1) ln 2

∫ ∞

0

ln(1 + γ)pγub
(γ)dγ. (3.28)

Substituting (3.11) into (3.28), and making use of the integral In(µ) =
∫∞
0

tn−1 ln(1+

t)e−µtdt, µ > 0; n = 1, 2, ..., which can be evaluated in a closed-form as

in [1, eq. (78)], the closed-form expression for the capacity Cora is

Cora =
B

(m + 1) ln 2

[
β0

γ̄s,d

I1

(
1

γ̄s,d

)
+

m∑

i=1

βi(0.5γ̄)−i

(i − 1)!
Ii

(
2

γ̄

)]
. (3.29)

Non-I.I.D. Fading Channels

Likewise, the closed-form expression for the capacity Cora is

Cora =
B

(m + 1) ln 2

[
β̂0

γ̄s,d

I1

(
1

γ̄s,d

)
+

m∑

i=1

β̂i

τi

I1

(
1

τi

)]
. (3.30)

As the transmitter only adapts its rate, instead of both rate and power,

to the changing channel conditions, the scheme of optimal rate adaptation

with constant transmit power can be implemented at reduced complexity, and

thus, is more practical than that of optimal simultaneous power and rate

adaptation. Furthermore, as discussed in [1], (3.28) is the capacity of a flat-

fading (m + 1) orthogonal wireless channel, without adaptation. Therefore,

optimal rate adaptation with constant power is a practical technique to achieve

the flat-fading channel capacity.
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3.3.3 Channel Inversion with Fixed Rate

I.I.D. Fading Channels

Truncated channel inversion with fixed rate is the least complex adaptive tech-

nique as the transmitter only adjusts the power level to provide a constant SNR

at the destination. Truncated channel inversion is possible as long as the re-

ceived SNR is above a cutoff γ0. This scheme achieves the outage capacity of

the system. The channel capacity Ctifr is given by [1,16]:

Ctifr =
B

(m + 1) ln 2
ln

(
1+

[∫ ∞

γ0

pγub
(γ)dγ

γ

]−1
)

(1 − Pout). (3.31)

The truncated channel inversion capacity with fixed rate is simply found

by substituting (3.22) and (3.23) into (3.31) but omitted here for brevity.

Non-I.I.D. Fading Channels

The truncated channel inversion capacity with fixed rate is similarly found by

substituting (3.26) and (3.27) into (3.31) but is omitted for brevity.

The capacity of this scheme is shown to be always less then the previous

two schemes as it does not perform rate adaptation relative to the channel

conditions. It should be noted that when channel inversion is done without

truncation i.e., γ0 = 0, the capacity is zero for i.i.d Rayleigh fading. How-

ever, some applications require constant rate even with the loss in achievable

capacity.

3.4 Numerical Results and Comparisons

This section presents, the channel capacity and the outage probability for coop-

erative systems with adaptive transmissions. For i.i.d. and non-i.i.d Rayleigh

fading, the system with one relay, m = 1 and two relays, m = 2 is considered,

respectively. However, the results of Section 3.3 can be used for any number
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of relays. Moreover, the average SNR of the links are chosen to represent a

practical model of a cooperative communication system.

In Fig. 3.2 a closed-form channel capacity derived in (3.19), (3.29), and

(3.31) are plotted for i.i.d. Rayleigh fading, with γ̄s,d = γ̄. Note that the

approximate lower bound of [3] where γi = 0.5 min(γs,i, γi,d) is also plotted

along with the Monte Carlo simulation results for the case of simultaneous

power and rate adaptation where 5×103 samples were used. There is a distinct

gap between the upper and lower bounds, which agrees with the results in [3].

The capacity of the optimal simultaneous power and rate adaptation and the

capacity of the optimal rate adaptation with constant transmit power scheme

are basically indistinguishable at high SNR. It is noticeable at low SNR that

the Monte Carlo simulation is tight to the lower bound. Similar results for the

Monte Carlo simulation result were obtained for the other adaptive policies,

but are omitted for clarity. Furthermore, the capacity performance of the

truncated channel inversion with fixed rate is clearly suboptimal to the other

schemes, as previously discussed.

Fig. 3.3 shows the probability of outage for the simultaneous optimal

rate-power adaptation and for the truncated channel inversion schemes. In

the former case, the optimal cut-off SNR was numerically found as in (3.20).

In the latter case, the optimal cut-off SNR is the value that maximizes the

capacity (3.31). However, this maximization occurs at the cost of increased

probability of outage. These results are illustrated in Fig. 3.4, where the

capacity per unit bandwidth is plotted as a function of the cut-off SNR γ∗
0 , for

γ̄s,d = γ̄ = 5, 10, 15 and 20 dB. The optimal cut off SNR γ∗
0 that maximizes the

capacity occurs at γ0 < γ∗
0 , as γ0 is restricted between the interval [0,1]. This

indicates that increased capacity occurs at the cost of some outage probability,

as in Fig. 3.3. Furthermore, it can be seen that the lower bound on the outage

probability is tight to the Monte Carlo simulation at low SNR and that the

upper bound is tight to the Monte Carlo simulation at high SNR. For the case
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Fig. 3.2. Channel capacity comparison of adaptive schemes with i.i.d.

Rayleigh fading channels.

of simultaneous optimal rate-power adaptation the Monte Carlo simulation

was ran for 105 samples for SNR of 0 to 12 dB, 106 samples for SNR of 13

to 16 dB, and 107 samples for SNR of 17 to 20 dB. Similarly, for the case

of truncated channel inversion the Monte Carlo simulation was ran for 106

samples for SNR of 0 to 12 dB, 107 samples for SNR of 13 to 20 dB.

For non-i.i.d. Rayleigh fading, the channel capacity with adaptive trans-

missions are plotted in Fig. 3.5. The average SNRs on the branches are as fol-

lows: γ̄s,1 = Es/N0, γ̄s,2 = 0.8Es/N0, γ̄1,d = 0.3Es/N0, γ̄2,d = 0.56Es/N0, and

γ̄s,d = 0.2Es/N0. The results obtained are similar to the i.i.d. Rayleigh fading

case, but, for this two-relay system, the gap between the truncated adaptive

scheme and the optimal scheme is decreased. Also it was noticed that as the

cooperative diversity increases (i.e., the number of relays increases) the differ-

ence in capacity of the adaptive channel inversion technique with respect to
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Fig. 3.3. Outage probability of adaptive schemes with i.i.d. Rayleigh fading

channels.

the other adaptive techniques depreciates. The outage probability is plotted

in Fig. 3.6.

3.5 Summary

This chapter has proposed the use of adaptive source transmission for the co-

operative networks with fixed AF relay processing. To the best of the authors

knowledge, this is the first time such source-adaptive relay networks have been

analyzed. The Shannon capacity of the AF cooperative i.i.d. and non-i.i.d.

Rayleigh fading channels with adaptive transmission are derived. The closed-

form capacity bounds were found using a tight upper bound on the effective

received SNR. The three adaptive techniques considered were: (i) optimal si-

multaneous power and rate adaptation; (ii) constant power with optimal rate
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Fig. 3.6. Outage probability of adaptive schemes with non-i.i.d. Rayleigh

fading channels.

adaptation; (iii) channel inversion with fixed rate. These capacity results rep-

resent achievable bounds for source-adaptive relay networks, and can be used

as a bench mark to compare practical techniques to.
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Chapter 4

Performance Analysis of

Adaptive M-QAM for Rayleigh

Fading Cooperative Systems

4.1 Introduction

IN THE PREVIOUS CHAPTER, adaptive transmission was analyzed for

the Rayleigh fading AF cooperative networks1. However, no insight is given

on how to achieve these capacity bounds. Although variable power, variable-

rate adaptive schemes are known to be optimum in the sense they obtain the

ergodic capacity, they have high implementation complexity. Thus, constant

power with optimal rate adaptation scheme is a potential candidate for in-

creasing capacity with reduced complexity [8,25]. Specifically, in [15] adaptive

M -QAM for the classical communication systems is considered as a practical

technique to realizing variable-rate fixed-power adaptive modulation.

Motivated by these observations, this chapter analyzes the performance of

1A version of this chapter has been published in the proceedings of IEEE International

Conference on Communications.
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the cooperative systems with constant power M -QAM adaptive rate transmis-

sion when the instantaneous BER is constrained to be below some threshold.

In particular, the closed-form expressions for the outage probability, achievable

spectral efficiency, and BER for the AF cooperative network in both i.i.d. and

non-i.i.d. Rayleigh fading environments are derived. Note that these results

provide a different perspective on the system implementation and analysis from

the previous chapter, where the Shannon capacity for the non-regenerative co-

operative system under adaptive transmissions for both i.i.d. and non-i.i.d.

Rayleigh fading channels was derived.

This chapter is organized as follows. Section 4.2 presents the channel and

system model. Analysis of adaptive M -QAM is conducted in Section 4.3. In

Section 4.4 the numerical results are presented. A summary is given in Section

4.5.

4.2 Channel and System Model

The cooperative wireless network with adaptive M -QAM transmission is de-

picted in Fig. 4.1. However, the general channel and system model is the same

as considered in Chapter 3, Section 3.2. Consequently, no discussion regarding

the general cooperative system model will be given in this chapter.

Channel 

Encoder

S

hs,d
Input

Feedback

Output
M-QAM

Modulator

Channel 

Decoder

D

Channel Quality 

Estimator

R1

Rm

hs,1

hs,m

h1,d

hm,d

Pre-

processing

Transmit Mode

Control

M-QAM

Demod-

ulator

Fig. 4.1. Cooperative diversity wireless network with adaptive transmission.
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4.3 Adaptive M-QAM Modulation

4.3.1 Adaptive Scheme

Among different adaptive transmission schemes, the constant-transmit-power

and variable-rate scheme has many practical advantages. The destination

needs only to calculate the total SNR and select the appropriate transmission

rate and send this information back to the transmitter. This makes adaptive

techniques based on adaptive M -QAM modulation such as those proposed

in [2, 15] viable. For this reason, adaptive M -QAM is also considered in this

chapter. The BER of a system which implements M -QAM modulation over an

AWGN channel, with coherent detection and Gray coding can be approximated

as [2, 15]

BER(M,γ) ≈ 0.2 exp

( −3γ

2(M − 1)

)
. (4.1)

where again γ is the received SNR.

It is shown in [2] that the approximate BER (4.1) is indeed an upper

bound on the exact BER for modulation order M ≥ 4 and for BER ≤ 10−2.

This approximation is used in [2, 15] and this work due to the fact that it is

invertible, which yields nice closed-form solutions for determining the spectral

efficiency, outage probability, and average BER. By inverting (4.1) the spectral

efficiency of the continuous-rate M -QAM can be approximated as [2, 15]:

R

B
= log2 M = log2

(
1 +

3γ

2K0

)
, (4.2)

where K0 = − ln(5BER0) and BER0 is the target BER. The spectral efficiency

of (4.2) is achieved by using the adaptive continuous rate (ACR) M -QAM [11].

How ACR M -QAM works is the number of bits per symbol is varied depending

on the instantaneous effective SNR γ. However, because of the practical limi-

tation of ACR, adaptive discrete rate (ADR) M -QAM with constellation size

Mn = 2n for n a positive integer, is implementable and is worth investigating.
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The ADR M -QAM scheme performs as follows. The range of the effective

received SNR is divided into N + 1 regions. In each region, a specific constel-

lation of size Mn is used. When the fading causes the effective SNR to fall

into the nth region (n = 0, 1, . . . , N), the constellation of size Mn is used for

transmission. The partitioning of the effective received SNR depends on the

desired BER level, BER0. For instance, to have reliable communication which

achieves a specific BER target of BER0 using Mn-QAM, the region boundaries

are set to the SNR required to achieve this desired performance, which can

easily be shown to be [2]:

γ1 = [erfc−1(2BER0)]
2,

γn = 2
3
K0(2

n − 1); n = 0, 2, 3, . . . , N,

γN+1 = +∞,

(4.3)

where efrc−1() is the inverse complementary error function. This partition of

the region boundaries is provided in [2], but presented here in Fig. 4.2 for

clarity, for a desired BER0 of 10−3.

4.3.2 Outage Probability

The Case of I.I.D. Fading Channels

As no transmission occurs when the received SNR is below the smallest pre-

determined threshold γ1, the probability of such an outage event is given by:

Pout = P [γub < γ1] =
∫ γ1

0
pγub

(γ)dγ

= 1 −
∫∞

γ1
pγub

(γ)dγ,
(4.4)

where ∫ ∞

γ1

pγub
(γ)dγ = β0e

− γ1
γ̄s,d + e−

2γ1
γ̄

m∑

i=1

βi

i−1∑

k=0

1

k!

(
2γ1

γ̄

)k

(4.5)

is established by using [17, eq. (3.351.2)]. Also, where the PDF pγub
(γ) is give

as in (3.11). The constants β0, βi are as in (3.10) and γ̄ = E{|hs,i|2}Es/N0 =

E{|hi,d|2}Es/N0, γs,d = E{|hs,d|}2Es/N0.
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The probability of outage is found by substituting (4.5) into (4.4), resulting

in

Pout = 1 −
[
β0e

− γ1
γ̄s,d + e−

2γ1
γ̄

m∑

i=1

βi

i−1∑

k=0

1

k!

(
2γ1

γ̄

)k
]

. (4.6)

The Case of Non-I.I.D. Fading Channels

In a similar fashion as the i.i.d case, the tail probability is

∫ ∞

γ1

pγub
(γ)dγ = β̂0e

− γ1
γ̄s,d +

m∑

i=1

β̂ie
− γ1

τi . (4.7)

Also, where the PDF pγub
(γ) is give as in (3.15). The constants β̂0, β̂i are as

in (3.14) and τi =
γ̄s,iγ̄i,d

γ̄s,i+γ̄i,d
, γ̄s,i = E{|hs,i|2}Es/N0 and γ̄i,d = E{|hi,d|2}Es/N0,

γs,d = |hs,d|2Es/N0.

Likewise, the probability of outage is found by substituting (4.7) into (4.4)

to give

Pout = 1 −
[
β̂0e

− γ1
γ̄s,d +

m∑

i=1

β̂ie
− γ1

τi

]
. (4.8)
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The analysis for the outage probability is the same as the case of optimal

rate optimal power adaptation adaptation considered in Chapter 3 Section 3.3.

However, γ1 is the cutoff for ADR which satisfies the BER target level, while

the cutoff γ0 is the optimal cutoff defined by (3.17).

4.3.3 Achievable Spectral Efficiency

The Case of I.I.D. Fading Channels

The average spectral efficiency for ACR is found by integrating (4.2) over the

PDF of the received SNR.

Racr =
B

(m + 1) ln 2

∫ ∞

0

ln

(
1 +

3γ

2K0

)
pγub

(γ)dγ. (4.9)

The factor 1/(m+1) accounts for the fact that the transmission process takes

place in (m + 1) orthogonal channels or time-slots. Substituting (3.11) into

(2.11), and making use of the integral In(µ),

In(µ) =
∫∞
0

tn−1 ln(1 + t)e−µtdt,

µ > 0; n = 1, 2, ...,
(4.10)

which can be evaluated in a closed-form as in [1, eq. (78)], the closed-form

expression for the achievable ACR spectral efficiency Racr is

Racr =
B

(m + 1) ln 2

[
2K0β0

3γ̄s,d

I1

(
2K0

3γ̄s,d

)

+
m∑

i=1

βi4K0(3γ̄)−i

(i − 1)!
Ii

(
4K0

3γ̄

)]
. (4.11)

For ADR the achievable average spectral efficiency is simply the sum of

the data rates in each of the partition regions weighted by the probability of

occurrence of each region and is given as follows:

Radr =
B

(m + 1)

N∑

n=1

bnδn, (4.12)
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where bn = log2(Mn) corresponds to the data rate of the nth region. Fur-

thermore, δn is the probability that the effective received SNR is in the nth

partition region and is given as,

δn =

∫ γn+1

γn

pγub
(γ)dγ, (4.13)

which evaluates to

δn = β0

(
e−γn/γs,d − e−γn+1/γs,d

)

+
m∑

i=1

βi

(
Pi

(
2γn

γ̄

)
− Pi

(
2γn+1

γ̄

))
, (4.14)

and where Pi(·) denotes the Poisson distribution, defined as

Pi(µ) = e−µ

i−1∑

j=1

µj

j!
. (4.15)

The Case of Non-I.I.D. Fading Channels

In a similar manner to the i.i.d fading channel, the closed-form expression for

the average ACR spectral efficiency Racr is

Racr =
B

(m + 1) ln 2

[
2K0β̂0

3γ̄s,d

I1

(
2K0

3γ̄s,d

)

+
m∑

i=1

2K0β̂i

3τi

I1

(
2K0

3τi

)]
. (4.16)

The average ADR spectral efficiency Radr for the non-i.i.d. fading channel can

be found by using (4.12), where δn is,

δn = β̂0

(
e−γn/γs,d − e−γn+1/γs,d

)

+
m∑

i=1

β̂i

(
e−γn/τi − e−γn+1/τi

)
. (4.17)

4.3.4 Average Bit Error Rate

The Case of I.I.D. Fading Channels

As ACR M -QAM constantly meets the desired BER target, the BER analysis

is not of interest as it is clearly fixed at the desired threshold. However, for
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the ADR M -QAM the discrete partitions of the received SNR results in a

conservative average BER. This results in the average BERadr always being

smaller then the target BER. The average BERadr can easily be calculated as

it is simply the ratio of the average number of bits in error divided by the total

average number of transmitted bits,

BERadr =

∑N
n=1 bnBERn∑N

n=1 bnδn

, (4.18)

where

BERn =

∫ γn+1

γn

BER(Mn, γ)pγub
(γ)dγ. (4.19)

By substituting (3.11) and (4.1) into (4.19) the closed-form expression for the

average BER for the nth region is

BERn =
0.2β0

1 + γ̄s,dcn

(
e−γn(γ−1

s,d
+cn) − e−γn+1(γ−1

s,d
+bn+1)

)

+
m∑

i=1

0.2βi

(1 + 0.5γ̄cn)i

(
Pi

(
γn(2γ̄−1 + cn)

)

−Pi

(
γn+1(2γ̄

−1 + cn)
)
)

, (4.20)

where

cn =
3

2(2n − 1)
. (4.21)

The Case of Non-I.I.D. Fading Channels

The average BERadr for the non-i.i.d fading channel can be found by substi-

tuting in BERn into (4.18), where

BERn =
0.2β̂0

1 + γ̄s,dcn

(
e−γn(γ−1

s,d
+cn) − e−γn+1(γ−1

s,d
+bn)

)

+
m∑

i=1

0.2βi

1 + cnτi

(
e−γn(τ−1

i +cn) − e−γn+1(τ+i−1+bn+1)
)

. (4.22)
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4.4 Numerical Results and Comparisons

In this section, numerical results for the outage probability, achievable spectral

efficiency, and BER analysis for cooperative systems with adaptive M -QAM

transmissions are presented. For all the numerical results containing to i.i.d.

Rayleigh fading,the system model as in Chapter 3 (one relay (m = 1)), is

considered. Although such a model is basic, the results of Section 4.3 can be

used for any number of relays. The effects of path-loss or shadowing can also

be taken into account readily. For the case of non-i.i.d. Rayleigh fading, all

the numerical results are obtained with two relays (m = 2). The average SNR

of the links are chosen arbitrarily as in Chapter 3 such that they represent a

realistic model of a practical cooperative communication system. Specifically,

they are as follows: γ̄s,1 = Es/N0, γ̄s,2 = 0.8Es/N0, γ̄1,d = 0.3Es/N0, γ̄2,d =

0.56Es/N0, and γ̄s,d = 0.2Es/N0.

Fig. 4.3 and Fig. 4.4 show the probability of outage (4.6) and (4.8) for the

M -QAM rate adaptation under various target BER levels, for the i.i.d., and

non-i.i.d. fading models, respectively. Note that the Monte Carlo simulation,

with 105 samples, is also plotted to show the accuracy of the upper bound. It

is quite clear to see the distinction between the diversity order for the m = 1

i.i.d. systems and the m = 2 non-i.i.d. systems. Also as expected, the diversity

order of each system is independent of the BER target level.

In Fig. 4.5 the achievable spectral efficiency of ACR M -QAM (4.11) and

ADR M -QAM (4.12) for the target BER level of BER0 = 10−3 for the i.i.d.

fading model is plotted. The number of partition regions of the SNR vary from

3, 5, 7, and 9 to show the capacity for different number of regions. Also plotted

for comparison is the Shannon capacity of the optimal rate and constant power

cooperative system with i.i.d. Rayleigh fading found in Chapter 3, (3.29).

Furthermore, the Monte Carlo simulation results are plotted where 5 × 103

samples were used for ACR and 104 samples were used for ADR. Similarly,
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in Fig. 4.6 the achievable spectral efficiency of ACR M -QAM (4.11) and

ADR M -QAM (4.12) for the target BER level of BER0 = 10−3 for the non-

i.i.d. fading model is plotted and compared with the Shannon capacity of the

optimal rate and constant power system previous plotted in Chapter 3, (3.30).

Fig. 4.5 and Fig. 4.6 show that ACR M -QAM comes within 5 dB of the

Shannon capacity limit. These figures are also similar in the performance of

the achievable spectral efficiency of ADR M -QAM. For both cases of Rayleigh

fading channels, ADR M -QAM suffers at least an additional 1.5 dB compared

to the spectral efficiency of ACR M -QAM.

The BER (4.18) for the ADR M -QAM for both i.i.d. and non-i.i.d. Rayleigh

fading model is plotted in Fig. 4.7 and Fig. 4.8 for the BER target of

BER0 = 10−3. Since ACR M -QAM is instantaneous continuous adaptation, it

always meets the BER target level. The average BER ADR M -QAM is always

below the target level, this is because the switching thresholds are chosen such
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that the instantaneous BER is always guaranteed to be below the BER target

level BER0. This results in an inefficient use of spectrum (lower spectral ef-

ficiency) in terms of average BER. Although the switching thresholds can be

optimized [8], this is not considered in this chapter as some applications do

require to meet instantaneous BER levels.

4.5 Summary

This chapter investigated the performance analysis of adaptive M -QAM schemes

for i.i.d. and non-i.i.d. Rayleigh fading cooperative channels. Specifically, the

outage probability, achievable spectral efficiency, and BER were derived using

an upper bound on the effective received SNR. The results indicate that ACR

M -QAM approaches the Shannon capacity within 5 dB for both the i.i.d. and

non-i.i.d Rayleigh fading models. However, the performance of ADR M -QAM
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results in an additional penalty. The analysis is based on an upper bound on

both the effective received SNR (3.5) and the approximate BER performance

of M -QAM (4.1). Monte Carlo simulation results show the accuracy regarding

the performance of the effective received SNR bound.

45



0 5 10 15 20 25 30 35 40
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

Transmit SNR E
s
/N

0
 (dB)

C
ap

ac
ity

 p
er

 U
ni

t B
an

dw
id

th
 C

/B
 (

B
its

/S
ec

/H
z)

 

 
Optimal Rate and Constant Power (Upper)
Continuous Rate Adaptive M−QAM (Upper)
Discrete Rate Adaptive M−QAM (Upper)
Optimal Rate and Constant Power (Sim.)
Continuous Rate Adaptive M−QAM (Sim.)
Discrete Rate Adaptive M−QAM (Sim.)

5 Regions

9 Regions

7 Regions

3 Regions

Fig. 4.6. Achievable rates of adaptive schemes with non-i.i.d. Rayleigh fading

channels.

10 15 20 25 30 35 40
10

−6

10
−5

10
−4

10
−3

10
−2

Transmit SNR E
s
/N

0
 (dB)

B
E

R

 

 
Continuous Rate Adaptive M−QAM
Discrete Rate Adaptive M−QAM

9 Regions

5 Regions

3 Regions

7 Regions

Fig. 4.7. Average BER for i.i.d. Rayleigh fading channels.

46



10 15 20 25 30 35 40
10

−6

10
−5

10
−4

10
−3

10
−2

Transmit SNR E
s
/N

0
 (dB)

B
E

R

 

 
Continuous Rate Adaptive M−QAM
Discrete Rate Adaptive M−QAM

3 Regions

5 Regions
7 Regions 9 Regions

Fig. 4.8. Average BER for non-i.i.d. Rayleigh fading channels.

47



Chapter 5

Optimum Switching Adaptive

M-QAM for Rayleigh Fading

Cooperative Communication

5.1 Introduction

THE USE OF ADAPTIVE TRANSMISSION with an AF cooperative m

relay network was proposed in Chapter 31. The closed-form expressions

are derived for the capacity of AF relaying over both i.i.d. Rayleigh fading

and non-identical and independently distributed (non-i.i.d.) Rayleigh fading

environments under these adaptive techniques. The capacity analysis is based

on an accurate upper bound on the total effective SNR at the destination. In

Chapter 4 the practical technique of adaptive M -QAM with fixed switching

thresholds is applied to the cooperative network. Simultaneous to the work

of this thesis, Hwang et. al [22] derive the performance analysis of adaptive

M -QAM for a single incremental AF relay in Nakagami fading. In [22] the

1A version of this chapter has been submitted to IEEE Transactions on Vehicular Tech-

nology.
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same upper bound on the SNR used in [35,36] is considered, and the spectral

efficiency, BER, and outage probability are found.

Motivated by these observations, this chapter optimizes the switching thresh-

olds for constant-power adaptive five-mode M-QAM transmission over an AF

relay network. The optimization is based on the one-dimensional Lagrangian

optimization method of [8]. The switching thresholds are optimized such that

an average BER constraint is satisfied. The performance of optimal switching

thresholds to that of fixed switching where an instantaneous BER constraint

is enforced, is compared. The closed-form expressions for the outage probabil-

ity, achievable spectral efficiency, and BER for the AF cooperative network in

both i.i.d. and non-i.i.d. Rayleigh fading environments are computed and com-

pared. Note that these results provide a different perspective on the system

implementation and analysis from our previous results of Chapter 3 where the

Shannon capacity for the non-regenerative cooperative system under adap-

tive transmissions for both i.i.d. and non-i.i.d. Rayleigh fading channels is

derived. Furthermore, the results of this chapter are a more in depth and

complete analysis of Chapter 4 where adaptive M -QAM with fixed switching

is only considered.

This chapter is organized as follows. Section 5.2 presents the channel and

system model. Analysis of adaptive M -QAM is conducted in Section 5.3. Sec-

tion 5.4 discusses the optimization of the switching thresholds. The numerical

results are presented in Section 5.5. A summary is given in Section 5.6.

5.2 Channel and System Model

The general channel and system model is the same as the one considered in

Chapter 3, Section 3.2 and Chapter 4 Section 4.2.
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TABLE 5.1

Five-Mode Adaptive M -QAM Parameters

SNR γ0 ≤ γ < γ1 γ1 ≤ γ < γ2 γ2 ≤ γ < γ3 γ3 ≤ γ < γ4 γ4 ≤ γ < γ5

n 0 1 2 3 4

Mn 0 2 4 16 64

bn 0 1 2 4 6

mode No Tx BPSK QPSK 16-QAM 64-QAM

5.3 Adaptive M-QAM

5.3.1 Five-Mode Adaptive M-QAM

The five-mode M -QAM scheme performs slightly different the adaptive M -

QAM considered in Chapter 4, as only square QAM constellation are used

five-mode transmission. Similarly to the Chapter 4, the range of the effective

received SNR is divided into N + 1 regions, partitioned by a set of switching

thresholds. In each region, a specific constellation of size Mn is used. When

the fading causes the effective SNR to fall into the nth region (n = 0, 1, . . . , N)

and the constellation of size Mn is used for transmission. For all analysis in

this chapter, five-mode adaptive M -QAM is considered as it has been well

studied by researchers [8]. The parameters for five-mode adaptive M -QAM

are given in Table 5.1, where again γ is the instantaneous received SNR, bn is

the number of bits per a transmitted symbol, γ0 = 0 and γ5 = ∞.

5.3.2 Outage Probability

The outage probability of the system can be found identically to that of Chap-

ter 4. Please refer back to Section 4.3.2 for the complete analysis.
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5.3.3 Achievable Spectral Efficiency

The achievable spectral efficiency of the system can be found identically to

that of Chapter 4. Please refer back to Section 4.3.3 for the complete analysis.

5.3.4 Average Bit Error Rate

The Case of I.I.D. Fading Channels

The average BER of the system can be found similarly to that of Chapter 4,

Section 4.3.4. The exception is that in Chapter 4 the BER was approximated

as in (4.1). In this section it will be seen that a tighter approximation is used

for the BER. For M -QAM with discrete partitions the average BERadr can

easily be calculated as it is simply the ratio of the average number of bits in

error divided by the total average number of transmitted bits,

BERadr =

∑N
n=1 bnPn,QAM∑N

n=1 bnδn

, (5.1)

where Pn,QAM is the average BER in a specific SNR region of [γn, γn+1] and

can be represented as

Pn,QAM =

∫ γn+1

γn

pmn,QAM(γ)pγub
(γ)dγ, (5.2)

where pmn,QAM(γ) is the BER of a system which implements square M -QAM

over an AWGN channel, with coherent detection and Gray coding as in [8]

pmn,QAM(γ) =
∑

l

AlQ(
√

alγ), (5.3)

where Q(·) is the standard Gaussian Q-function defined as Q(x) = 1√
2π

∫∞
x

exp(−λ2/2)dλ,

γ is the received SNR, and Al and al are some constants shown in Table 5.2.

After some mathematical manipulation as shown in the Appendix, Pn,QAM
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TABLE 5.2

M -QAM BER Parameters

Mn Mode {(Al, al)}
2 BPSK {(1, 2)}
4 QPSK {(1, 1)}
16 16-QAM

{
(3

4
, 12

5
), (2

4
, 32

5
), (−1

4
, 52

5
)
}

64 64-QAM
{

( 7
12

, 12

21
), ( 6

12
, 32

21
), (− 1

12
, 52

21
), ( 1

12
, 92

21
), (− 1

12
, 132

21
)
}

can be written as

Pn,QAM = β0

∑

l

Al

[
Q(

√
alγ)

[
1 − e

− γ

γ̄s,d

] ∣∣∣
γn+1

γn

(5.4)

−1

2

{
(π)−0.5Γ(0.5,

γal

2
)
∣∣∣
γn+1

γn

−
√

al

2π
(al/2 + γ̄−1

s,d)−0.5Γ(0.5, (al/2 + γ̄−1
s,d)γ)

∣∣∣
γn+1

γn

}]

+
∑

l

Al

m∑

i=1

βi

[
Q(

√
alγ)

(
1 − e−

γ

(0.5γ̄)

i−1∑

r=0

(2γ/γ̄)r

r!

)∣∣∣∣∣

γn+1

γn

−1

2

{
(π)−0.5Γ(0.5,

γal

2
)
∣∣∣
γn+1

γn

−
√

al

2π

i−1∑

r=0

(0.5γ̄)−r

r!
(al/2 + 2/γ̄)−r−0.5Γ(r + 0.5, (al/2 + 2/γ̄)γ)

∣∣∣
γn+1

γn

}]
.
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The Case of Non-I.I.D. Fading Channels

In a similar manner to the i.i.d fading channel the average BER can be com-

puted as in (5.1) where

Pn,QAM = β̂0

∑

l

Al

[
Q(

√
alγ)

[
1 − e

− γ

γ̄s,d

] ∣∣∣
γn+1

γn

(5.5)

−1

2

{
(π)−0.5Γ(0.5,

γal

2
)
∣∣∣
γn+1

γn

−
√

al

2π
(al/2 + γ̄−1

s,d)−0.5Γ(0.5, (al/2 + γ̄−1
s,d)γ)

∣∣∣
γn+1

γn

}]

+
∑

l

Al

m∑

i=1

β̂i

[
Q(

√
alγ)

[
1 − e−

γ

τ i

] ∣∣∣
γn+1

γn

−1

2

{
(π)−0.5Γ(0.5,

γal

2
)
∣∣∣
γn+1

γn

−
√

al

2π
(al/2 + τ−1

i )−0.5Γ(0.5, (al/2 + τ−1
i )γ)

∣∣∣
γn+1

γn

}]
.

5.4 Switching Thresholds

5.4.1 Fixed Switching Thresholds

With fix partitioning to have reliable communication which achieves a spe-

cific BER target of BER0 using Mn-QAM, the switching thresholds or region

boundaries are set to the SNR required to achieve this desired performance,

are [2]:

γ1 = [erfc−1(2BER0)]
2,

γn = 2
3
K0(Mn − 1); n = 0, 2, 3, . . . , N,

γN+1 = +∞
(5.6)

where efrc−1() is the inverse complementary error function and K0 = − ln(5BER0).

This partition of the switching thresholds is shown in Fig. 5.1 for five-mode

adaptive M -QAM, for a desired BER0 of 10−3. However, this technique only
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limits the peak instantaneous BER and is an inefficient use of spectrum or in

other words results in a lower spectral efficiency. It will be shown next, that

the switching thresholds can be optimized so that the average BER always

meets the desired BER threshold.
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Fig. 5.1. Constellation size relative to the received SNR (dB).

5.4.2 Optimum Switching Thresholds

Subject to a constraint on the average BER, the switching thresholds can

be optimized to maximize the throughput. For instance, in [2] the switching

thresholds are chosen as in (5.6), which are designed for an AWGN channel.

Optimization of the switching thresholds can be performed so that the aver-

age BER always meets the desired BER threshold. That is, one designs a set

of switching thresholds, denoted as s = {γn|n = 0, 1, . . . , N}, such that the

average throughput Radr(γ̄, s) is maximized, under the constraint that the av-

erage BER equals the desired BER target, BERadr = BER0. The Lagrangian
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optimization technique for deriving the globally optimized modulation-mode

switching thresholds can then be used [8]. The optimization problem required

is only one-dimensional and can be performed off-line so it does not add a

layer of complexity to the system.

Lagrangian optimization problem formulation:

Maximize the objective function Radr(γ̄, s) as given in (4.12), where it is Con-

strained by BERadr = BER0 as given in (5.1).

max
s

N∑

n=1

bnδn (5.7)

subject to:
N∑

n=1

bnPn,QAM = BER0

N∑

n=1

bnδn (5.8)

Furthermore, assuming that the switching thresholds are ordered

γn ≤ γn+1 (5.9)

also γ0 = 0 and γN = ∞ the optimization problem consists of N − 1 inde-

pendent variables, and hence a N − 1 dimensional optimization problem, as

discussed in [8]. Using a modified objective function it is shown in [8] that

this problem can be formulated as a one-dimensional Lagrangian optimization

problem. The details to this optimization problem can be found in [8], and

only the important results are summarized here.

The first step is to identify that γn ( n ≥ 1) are all dependent upon γ1

and is shown in [8], that for five-mode adaptive M -QAM that the switching
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thresholds s are constrained by the following equations

yk(γk) = y1(γ1); for k=2,3,. . . ,N, (5.10)

y1(γ1) = p2,QAM(γ1), (5.11)

y2(γ2) = 2p4,QAM(γ2) − p2,QAM(γ2), (5.12)

y3(γ3) = 2p16,QAM(γ3) − p4,QAM(γ3), (5.13)

y4(γ4) = 3p64,QAM(γ4) − 2p16,QAM(γ4), (5.14)

and are plotted in [8] and illustrated here for clarity in Fig. 5.2.
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Fig. 5.2. Switching level constraint relationship.

Given (5.10-5.14) the switching thresholds γ2, γ3, γ4 can be found in terms

of γ1. That is, γ2 = y−1
2 (y1(γ1)), γ3 = y−1

3 (y1(γ1)), and γ4 = y−1
4 (y1(γ1)). The

corresponding values of γ2, γ3, γ4 can be found numerically in terms of γ1 and

are provided in [8] but presented here for clarity in Fig. 5.3.

Since all the switching thresholds depend on the first threshold γ1, the

optimization problem is only concerned with finding the optimal value for γ1.
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For a given target BER of BER0, and the PDF of the effective SNR (3.11) or

(3.15) the optimal value for γ1 can be solved. Thus, the optimization problem

is a simple one-dimensional root-finding problem where the constrain function

is given as in [8],

Y (γ̄; s(γ1)) =
N∑

n=1

bnPn,QAM − BER0

N∑

n=1

bnδn = 0. (5.15)

Clearly, it is noticeable the relationship between Y (γ̄; s(γ1)) (5.15) and (5.8).

Furthermore, the first term of Y (γ̄; s(γ1)) can intuitively be thought of as

the sum of the BER in each mode weighed by the average throughput of each

mode [8]. While the second term of Y (γ̄; s(γ1)), is average throughput weighed

by the desired BER threshold. This means that, Y (γ̄; s(γ1)) (5.15) represents

the difference between the average BER and the desired BER, BER0. Con-

sequently, the problem is to find the solution to Y (γ̄; s(γ1)) = 0, when it

exists.
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5.5 Numerical Results and Comparisons

This section presents, the numerical results for the achievable spectral effi-

ciency, the outage probability, and the BER for cooperative systems with

adaptive five-mode M -QAM transmissions. Optimal switching thresholds and

fixed switching thresholds are computed and compared. For i.i.d. and non-

i.i.d Rayleigh fading, the system with one relay, m = 1 and two relays, m = 2

is considered, respectively. However, the results of Section 5.3 and 5.4 can

be used for any number of relays. As before, this is the same system model

considered in Chapter 3 and 4.

In Fig. 5.4 the constraint function (5.15) is plotted for i.i.d. Rayleigh

fading with one relay, m = 1 where γ̄s,d = γ̄. Adaptive five-mode M -QAM

is considered where the average transmit SNR is set to 20dB. Y (γ̄; s(γ1)) is

plotted for several target BER thresholds BER0 = {10−2, 10−3, 10−4, 10−6} to

illustrate the solution to Y (γ̄; s(γ1)) = 0.

Fig. 5.5 shows the switching thresholds for both the Lagrangian optimiza-

tion technique and the fixed switching thresholds as given in (5.6) for adaptive

five-mode M -QAM for i.i.d. Rayleigh fading with one relay, where the target

BER is set to BER0 = 10−3. It can be seen that there is an avalanche SNR

of γa ∼ 27.5dB, where all of the switching thresholds avalanche to zero. This

occurs when the BER of highest order modulation mode equals to the target

BER threshold, P4, QAM(γa) = BER0. Once this avalanche SNR is reached,

rate adaption is abandoned and only the highest order modulation mode is

used for transmission. Furthermore, it is worth mentioning that a unique so-

lution to (5.15) Y (γ̄; s(γ1)) = 0 exists as long as the transmit SNR is less than

the avalanche SNR, γ̄ < γ̄a.

For optimal switching and for fixed switching the achievable spectral effi-

ciency is plotted in Fig. 5.6 for adaptive five-mode M -QAM for i.i.d. Rayleigh

fading with one relay, where the target BER is set to BER0 = 10−3. It

58



−30 −20 −10 0 10 20
−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

Switching Thresholds γ
1
 (dB)

Y
(γ

1)

 

 

BER
0
 = 10−2

BER
0
 = 10−3

BER
0
 = 10−4

BER
0
 = 10−6

Transmit SNR = 20 dB

Locus of min(Y)

Fig. 5.4. Constraint function Y (γ̄; s(γ1)) for i.i.d. Rayleigh fading with

m = 1 relay.

0 5 10 15 20 25 30
−10

−5

0

5

10

15

20

25

Transmit SNR (dB)

S
w

itc
hi

ng
 T

hr
es

ho
ld

s 
γ n (

dB
)

 

 

γ
1

γ
2

γ
3

γ
4

BER
0
 = 10−3

Optimal Switching Thresholds

Fixed Switching Thresholds

Fig. 5.5. Switching thresholds for i.i.d. Rayleigh fading with m = 1 relay.

59



can be seen that optimal switching compared to fixed switching results in a

∼ 2 − 2.5dB improvement of the required transmit SNR to achieve a specific

average throughput. Monte Carlo simulation with 104 samples is also plotted

along with the upper bound analysis. It can be seen that upper bound is fairly

tight and is within 1dB of the simulation results, this is as expected as a similar

results occurs in [3, 23] and the previous two chapters of this thesis. Further-

more, in Fig. 5.7 the outage probability is plotted along with Monte Carlo

simulation with 105 samples. Similarly, there is an improvement in required

transmit SNR for a specific outage probability. For instance, at a probability

of outage of 10−2 there is ∼ 2dB improvement in SNR. The BER is plotted in

Fig. 5.8. It is clear that the optimal switching always meets the desired BER

threshold of BER0 = 10−3 until the avalanche SNR is reached where it then

has the error probability equal to the error probability for 64-QAM. Also, the

BER for fixed switching results in a conservative average BER that is always

below the BER target BER0 = 10−3. Semi-analytical simulation results with

103 samples for the BER are also plotted, that is (5.3) is used to calculate the

instantaneous BER, while the channel model is statistically simulated. The

simulation results for the BER are fairly tight to the analytical results, and

further substantiate the validity of using the upper bound of (3.5).

For non-i.i.d. Rayleigh fading, Fig. 5.9 shows the switching thresholds for

both the Lagrangian optimization technique and the fixed switching thresholds

as given in (5.6) for adaptive five-mode M -QAM with two relay, where the

target BER is set to BER0 = 10−3. The average SNRs on the branches are

as follows: γ̄s,1 = Es/N0, γ̄s,2 = 0.8Es/N0, γ̄1,d = 0.3Es/N0, γ̄2,d = 0.56Es/N0,

and γ̄s,d = 0.2Es/N0. The results obtained are similar to the i.i.d. Rayleigh

fading case, and the avalanche SNR γ̄a ∼ 27.5dB. Similarly to the i.i.d. case

the spectral efficiency, outage probability, and BER are plotted in Fig.’s 5.10,

5.11, and 5.12, respectively.
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Fig. 5.8. Average bit error rate for i.i.d. Rayleigh fading with m = 1 relay.
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Fig. 5.10. Achievable rate for non-i.i.d. Rayleigh fading with m = 2 relays.
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Fig. 5.11. Outage probability for non-i.i.d. Rayleigh fading with m = 2

relays.

63



0 5 10 15 20 25 30 35 40
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

Transmit SNR E
s
/N

0
 (dB)

B
E

R

 

 

Optimal Switching (Sim)
64 QAM (Sim)
Fixed Switching (Sim)
Optimal Switching
64 QAM
Fixed Switching

Fig. 5.12. Average bit error rate for non-i.i.d. Rayleigh fading with m = 2

relays.

5.6 Summary

This chapter investigated optimum and fixed switching adaptive M -QAM

schemes for i.i.d. and non-i.i.d. Rayleigh fading cooperative channels. The

Lagrangian optimization technique was applied to find the optimal switch-

ing thresholds. The performance of optimum and fixed switching adaptive

M -QAM was analyzed and compared. Specifically, the outage probability,

achievable spectral efficiency, and BER were derived. The analysis relied on

using an upper bound on the effective received SNR (3.5). Monte Carlo sim-

ulation results show the accuracy regarding the performance of the effective

received SNR bound. Moreover, a tight upper bound [8] on the BER perfor-

mance of M -QAM (5.3) is used for the optimizing the switching thresholds.

The results indicate that for a specific average throughput optimum switching

thresholds gain 2.5 dB compared to fixed switching. Furthermore, the spectral
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efficiency of adaptive five-mode M -QAM with optimized switching was com-

pared to the theoretical Shannon channel capacity derived in Chapter 3 and

approaches this fundamental limit within ∼ 6 dB.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

THIS THESIS HAS ANALYZED the AF cooperative network under adap-

tive transmission protocols. First the network capacity was derived un-

der three adaptive protocols. Second, the practical technique of adaptive M -

QAM with fixed switching levels was applied. Finally, the switching levels of

adaptive M -QAM were optimized to increase the spectral efficiency.

Chapter 1 provides the motivations for the problems considered and ana-

lyzed in this thesis. The contributions of the thesis are briefly presented along

with an outline.

Chapter 2 discuses the preliminary work and background of cooperative

communication systems. A brief review of the previous research along with

the benefits of cooperative communication are discussed. Furthermore, the

transmission technique of adaptive modulation is discussed. A brief overview

of the adaptive protocols (i) optimal simultaneous power and rate adaptation;

(ii) constant power with optimal rate adaptation; (iii) channel inversion with

fixed rate, are presented and the capacity of each technique is formulated.

Chapter 3 ties the techniques of adaptive modulation and cooperative com-
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munication together and presents the combined system model. The motivation

to consider the combined model is reassured with a discussion of the current

literature. In fact, the proposed system model of combining adaptive trans-

mission with cooperative communications is original as it has not been studied

in the existing literature. The capacity of the system is derived using a tight

upper bound. The capacity and outage probability of the different adaptive

policies are compared and it is shown that channel inversion suffers sever

penalties compared to the other adaptive policies.

Chapter 4 applies the technique of adaptive M -QAM to the cooperative

communication system. Continuous rate adaption and discrete rate adapta-

tion with fixed switching levels is considered. The spectral efficiency of the

adaptive M -QAM cooperative network is compared to the theoretical chan-

nel capacity of the system previously derived in Chapter 3. It was seen that

discrete rate adaptation suffers a small loss in capacity compared to the un-

practical continuous rate adaption, while both come with in a constant gap of

the Shannon capacity.

Chapter 5 optimizes the switching levels for five-mode adaptive M -QAM

for cooperative communication. The optimization is achieved by placing a

constraint on the desired average BER. It was observed that optimum switch-

ing levels result in over 2 dB gain in compared to fix switching. The outage

probability and BER plotted and compared.

6.2 Future Work

This thesis is the first of its kind in adaptive transmission for cooperative

communication systems, and opens up a large number of research problems.

For instance the work of thesis can be extended for other fading channel models

such as Nakagami or Rician fading. Other cooperative protocols and network

could also be considered, such as DF relays. Furthermore, relay selection where
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only a subset of the relays re-transmits to the destination could be analyzed.

Distribution space time coding could also be considered for such a network.

Moreover, the technique of source adaptive transmission could be applied to

many of the node resource allocation problems.
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Appendix A

Derivation for Pn,QAM

A.1 The Case of I.I.D. Fading Channels

The BER for square QAM with gray coding over an AWGN channel can be

represented as [8]:

pmn,QAM(γ) =
∑

l

AlQ(
√

alγ), (A.1)

where Al and al are constants given in Table 5.1.

The average BER in a specific SNR region of [γn, γn+1] can then be com-

puted as follows:

Pn,QAM =

∫ γn+1

γn

pmn,QAM(γ)pγub
(γ)dγ, (A.2)

for an i.i.d Rayleigh fading for the cooperative network

pγub
(γ) =

β0

γ̄s,d

e
− γ

γ̄s,d +
m∑

i=1

βi(0.5γ̄)−i

(i − 1)!
γi−1e−

γ

(0.5γ̄) . (A.3)

Substituting in (A.1) and (A.3) into (A.2), the n-th mode BER is given by
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Pn,QAM =

∫ γn+1

γn

∑

l

AlQ(
√

alγ)

{
β0

γ̄s,d

e
− γ

γ̄s,d +
m∑

i=1

βi(0.5γ̄)−i

(i − 1)!
γi−1e−

γ

(0.5γ̄)

}
dγ(A.4)

=
β0

γ̄s,d

∑

l

Al

∫ γn+1

γn

Q(
√

alγ)e
− γ

γ̄s,d dγ (A.5)

+
∑

l

Al

m∑

i=1

βi(0.5γ̄)−i

(i − 1)!

∫ γn+1

γn

Q(
√

alγ)γi−1e−
γ

(0.5γ̄) dγ.

Eq. (A.5) can be solved as follows. First defining

Ii =

∫ d

c

Q(
√

alγ)γi−1e−βγdγ (A.6)

=

∫ d

c

Q(
√

alγ)dF (γ) (A.7)

= Q(
√

alγ)F (γ)
∣∣∣
d

c
−
∫ d

c

F (γ)
d

dγ
Q(

√
alγ) (A.8)

where integration by parts is used in the step from (A.7) to (A.8) and dF (γ) =

γi−1e−βγdγ.

Firstly, the CDF is give by

F (γ) =

∫ γ

0

dF (x) =

∫ γ

0

xi−1e−βxdx (A.9)

= β−i

∫ βγ

0

ti−1e−tdt = β−iγfunc(i, βγ) (A.10)

= β−i(i − 1)!

[
1 − e−βγ

i−1∑

r=0

(βγ)r

r!

]
(A.11)

where, γfunc(α, x) is defined in [17, (8.350.1 & 8.352.1)] as

γfunc(α, x) =

∫ x

0

tα−1e−tdt (A.12)

= (α − 1)!

[
1 − e−x

α−1∑

r=0

xr

r!

]
; for integer α = 1, 2, . . .(A.13)

Secondly, using the definition

Q(x) =
1√
2π

∫ ∞

x

exp(−λ2/2)dλ, (A.14)
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the derivative can be given by

d

dx
Q(x) =

− exp(−x2/2)√
2π

. (A.15)

When x =
√

alγ => dx =
√

al

2
γ−0.5dγ. Getting,

d

dγ
Q(

√
alγ) = −1

2

√
al

2π
γ−0.5 exp(−alγ/2). (A.16)

By substituting (A.16) and (A.13) into (A.8), Ii can be written as,

Ii = Q(
√

alγ)β−i(i − 1)!

[
1 − e−βγ

i−1∑

r=0

(βγ)r

r!

] ∣∣∣
d

c
(A.17)

+
1

2

√
al

2π
β−i(i − 1)!

∫ d

c

[
1 − e−βγ

i−1∑

r=0

(βγ)r

r!

]
γ−0.5 exp(−alγ/2)dγ.

Now taking a look at the following,

∫ d

c

[
1 − e−βγ

∑i−1
r=0

(βγ)r

r!

]
γ−0.5 exp(−alγ/2)dγ

=
∫ d

c
γ−0.5 exp(−alγ/2)dγ −

∫ d

c
exp(−γ(al/2 + β))

∑i−1
r=0

βrγr−0.5

r!
dγ.

(A.18)

Furthermore, looking at

∫ d

c

γr−0.5 exp(−Kγ)dγ = K−r−0.5

∫ dK

cK

tr−0.5 exp(−t)dt (A.19)

= −K−r−0.5Γ(r + 0.5, Kγ)
∣∣∣
d

c
, (A.20)

where the incomplete gamma function can be written as [17, (8.350.2)]

Γ(α, x) =

∫ ∞

x

e−ttα−1dt, (A.21)

and (A.18) can then be written as

= −(
al

2
)−0.5Γ(0.5,

γal

2
)
∣∣∣
d

c
+

i−1∑

r=0

βr

r!
(al/2 + β)−r−0.5Γ(r + 0.5, (al/2 + β)γ)

∣∣∣
d

c
.

(A.22)
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Finally, Ii can be written in closed form as,

Ii = Q(
√

alγ)β−i(i − 1)!

[
1 − e−βγ

i−1∑

r=0

(βγ)r

r!

] ∣∣∣∣∣

d

c

(A.23)

−1

2
β−i(i − 1)!

{
(π)−0.5Γ(0.5,

γal

2
)
∣∣∣
d

c

−
√

al

2π

i−1∑

r=0

βr

r!
(al/2 + β)−r−0.5Γ(r + 0.5, (al/2 + β)γ)

∣∣∣
d

c

}
.

Also it is interesting to know I1, given by

I1 = Q(
√

alγ)β−1
[
1 − e−βγ

] ∣∣∣
d

c
(A.24)

−1

2
β−1

{
(π)−0.5Γ(0.5,

γal

2
)
∣∣∣
d

c

−
√

al

2π
(al/2 + β)−0.5Γ(0.5, (al/2 + β)γ)

∣∣∣
d

c

}
.

Lastly, the average BER of (A.5) can be written as follows by substituting

in I1 and Ii,

Pn,QAM = β0

∑

l

Al

[
Q(

√
alγ)

[
1 − e

− γ

γ̄s,d

] ∣∣∣
γn+1

γn

(A.25)

−1

2

{
(π)−0.5Γ(0.5,

γal

2
)
∣∣∣
γn+1

γn

−
√

al

2π
(al/2 + γ̄−1

s,d)−0.5Γ(0.5, (al/2 + γ̄−1
s,d)γ)

∣∣∣
γn+1

γn

}]

+
∑

l

Al

m∑

i=1

βi

[
Q(

√
alγ)

(
1 − e−

γ

(0.5γ̄)

i−1∑

r=0

(2γ/γ̄)r

r!

)∣∣∣∣∣

γn+1

γn

−1

2

{
(π)−0.5Γ(0.5,

γal

2
)
∣∣∣
γn+1

γn

−
√

al

2π

i−1∑

r=0

(0.5γ̄)−r

r!
(al/2 + 2/γ̄)−r−0.5Γ(r + 0.5, (al/2 + 2/γ̄)γ)

∣∣∣
γn+1

γn

}]
.
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A.2 The Case of Non-I.I.D. Fading Channels

In a similar fashion as the i.i.d. case, and by making use of the non-i.i.d. pdf,

pγub
(γ) =

β̂0

γ̄s,d

e
− γ

γ̄s,d +
m∑

i=1

β̂i

τi

e
− γ

τi . (A.26)

and substituting in (A.1) and (A.26) into (A.2) getting the n-th mode BER

as,

Pn,QAM =

∫ γn+1

γn

∑

l

AlQ(
√

alγ)

{
β̂0

γ̄s,d

e
− γ

γ̄s,d +
m∑

i=1

β̂i

τi

e
− γ

τi

}
dγ. (A.27)

Equation (A.27) can be rearranged as

Pn,QAM =
β̂0

γ̄s,d

∑

l

Al

∫ γn+1

γn

Q(
√

alγ)e
− γ

γ̄s,d dγ (A.28)

+
∑

l

Al

m∑

i=1

β̂i

τi

∫ γn+1

γn

Q(
√

alγ)e
− γ

τi dγ.

Substituting in I1 (A.24) into (A.28), it can be found that

Pn,QAM = β̂0

∑

l

Al

[
Q(

√
alγ)

[
1 − e

− γ

γ̄s,d

] ∣∣∣
γn+1

γn

(A.29)

−1

2

{
(π)−0.5Γ(0.5,

γal

2
)
∣∣∣
γn+1

γn

−
√

al

2π
(al/2 + γ̄−1

s,d)−0.5Γ(0.5, (al/2 + γ̄−1
s,d)γ)

∣∣∣
γn+1

γn

}]

+
∑

l

Al

m∑

i=1

β̂i

[
Q(

√
alγ)

[
1 − e−

γ

τ i

] ∣∣∣
γn+1

γn

−1

2

{
(π)−0.5Γ(0.5,

γal

2
)
∣∣∣
γn+1

γn

−
√

al

2π
(al/2 + τ−1

i )−0.5Γ(0.5, (al/2 + τ−1
i )γ)

∣∣∣
γn+1

γn

}]
.
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